NEARLY OVERCONVERGENT MODULAR FORMS

ERIC URBAN

ABSTRACT. We introduce and study finite slope nearly overconvergent (elliptic) mod-
ular forms. We give an application of this notion to the construction of the Rankin-
Selberg p-adic L-function on the product of two eigencurves.

1. INTRODUCTION

The purpose of this paper is to define and give the basic properties of nearly overconver-
gent (elliptic) modular forms. Nearly holomorphic forms were introduced by G. Shimura
in the 70’s for proving algebraicity results for special values of L-functions [Sh76]. He
defined the notion of algebraicity of those by evaluating them at CM-points. After in-
troducing a sheaf-theoretic definition, it is also possible to give an algebraic and even
integral structure on the space of nearly holomorphic forms, allowing to study congru-
ences between them. This naturally leads to the notion of nearly overconvergent forms.
For that matter, we can think that nearly overconvergent forms are to overconvergent
forms what nearly holomorphic forms are to classical holomorphic modular forms. The
notion of nearly overconvergent forms came to the author when working on his joint
project with C. Skinner (see [Url3] for an account of this work in preparation [SU]) and
appears as a natural way to study certain p-adic families of nearly holomorphic forms
and its application to Bloch-Kato type conjectures. In the aforementioned work where
the case of unitary groups' is considered, the notion is not absolutely necessary but it is
clearly in the background of our construction and keeping it in mind makes the strategy
more transparent.

An important feature of nearly overconvergent forms is that its space is equipped
with an action of the Atkin operator U, and that this action is completely continuous.
This allows to have a spectral decomposition and to study p-adic families of nearly
overconvergent forms. Another remarkable fact which is not really surprising but useful
is that this space embeds naturally in the space of p-adic forms. In particular, this
allows us to define the p-adic g-expansion of these forms. All the tools and differential
operators that are used in the classical theory are also available here thanks to the sheaf
theoretic definition and the Gauss-Manin connection. In particular, we can define the
Maass-Shimura differential operator for families and the overconvergent projection which
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1t will be clear to the reader that it could be generalized to any Shimura variety of PEL type.
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is a generalization in this context of the holomorphic projection of Shimura. Our theory
is easily generalisable to general Shimura varieties of PEL type. To make this notion
more appealing, I decided to include an illustration (which is not considered in [SU]) of
its potential application to the construction of p-adic L-functions in the non-ordinary
case. In the works of Hida [Hi85, Hi88] on the construction of 3-variable Rankin-Selberg
p-adic L-functions attached to ordinary families, the fact that the ordinary idempotent
is the p-adic equivalent notion of the holomorphic projector makes it play a crucial role
in the construction of Hida’s p-adic measure. Here the spectral theory of the Uy-operator
on the space of nearly overconvergent forms and the overconvergent projection play that
important role.

We now review quickly the content of the different sections. In the section 2, we recall
the notion of nearly holomorphic forms and give its sheaf-theoretic definition. This
allows to give an algebraic and integral version for nearly holomorphic forms and define
their polynomial g-expansions as well as an arithmetic version of the classical differential
operators of this theory. We also check that Shimura’s rationality of nearly holomorphic
forms is equivalent to ours. In section 3, we introduce the space of nearly overconvergent
forms and we prove it embeds in the space of p-adic forms. We also study the spectral
theory of U, on them and give a g-expansion principle. Then we define the differential
operators in families and the overconvergent projection. In the last section we apply
the tools introduced before to make the construction of the Rankin-Selberg p-adic L-
functions on the product of two eigencurve of tame level 1. When restricted to the
ordinary locus, this p-adic L-function is nothing else but the 3-variable p-adic L-function
of Hida.

After the basic material of this work was obtained, I learned from M. Harris that he
had also given a sheaf theoretic definition? using the theory of jets which is valid for
general Shimura varieties of Shimura’s nearly holomorphic forms in [Ha85, Ha86] and
the fact his definition is equivalent to Shimura’s has been verified by his former student
Mark Nappari in his Thesis [Na92]. It should be easy to see that our description is
equivalent to his in the PEL case. However, Harris did not study nor introduce the
nearly overconvergent version. I would like also to mention that some authors have
introduced an ad hoc definition of nearly overconvergent forms as polynomials in Fs
with overconvergent forms as coefficients. However this definition cannot be generalized
to other groups and is not convenient for the spectral theory of the Up-operator (or the
slope decomposition). Finally we recently learned from V. Rotger that H. Darmon and
V. Rotger have independently introduced a definition similar to ours in [DR] using the
work [CGJ].The reader will see that our work is independent of loc. cit. and recover
the result of [CGJ] has a by-product and can therefore be generalized to any Shimura
variety of PEL type.

This text grew out from the handwritten lecture notes of a graduate course the author
gave at Columbia University during the Spring 2012. After, the work [SU] was presented

2His definition follows a suggestion of P. Deligne.
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at various conferences® including the Iwasawa 2012 conference held in Heidelberg, several
colleagues suggested him to write up an account in the GL(2)-case of this notion of nearly
overconvergent forms. This text and in particular the application to the p-adic Rankin-
Selberg L-function would not have existed without their suggestions.

The author would like to thank Giovanni Rosso and Chris Skinner for interesting con-
versations during the preparation of this work. He would like also to thank Pierre Colmez
who encouraged him to write this note. He is also grateful to the organizers of the confer-
ence Iwasawa 2012 held in Heidelberg for their invitation and for giving the opportunity
to publish this paper in the proceedings of this conference. This work was also lectured
during the Postech winter school in january 2013. The author would like to thank the
organizers of this workshop for their invitation. Finally the author would like to thank
the Florence Gould Foundation for its support when he was a Member at the Institute
for Advanced Studies and when some part of this work was conceived.

3The first half of this note was also presented in my lecture given at H. Hida’s 60th birthday conference.
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Notations. Throughout this paper p is a fixed prime. Let Q and Qp be, respectively,
algebraic closures of Q and Q, and let C be the field of complex numbers. We fix
embeddings ts : Q — C and lp : Q — Qp. Throughout we implicitly view Q as a
subfield of C and Qp via the embeddings to, and ¢,. We fix an identification Qp =~ C
compatible with the embeddings ¢, and t. For any irreducible rigid analytic space X
over a p-adic number field L, we denote respectively by A(X), A%(%), A%(%) and F(X)
the rings of analytic function, bounded analytic function, the ring of analytic bounded
by 1 and the analytic function field on X.
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2. NEARLY HOLOMORPHIC MODULAR FORMS

2.1. Classical definition. In this paragraph, for the purpose to set notations we recall*
some classical definitions and operations on modular forms.

2.1.1.  We recall that the subgroup of 2 x 2 matrices of positive determinant GLy(R)™
acts on on the Poincaré upper half plane

h:={r=x+iyeC|y>0}
by the usual formula

at +b
ct +d

VT = fory=(2%) € GL,(R)" and 7 €

Let f be a complex valued function defined on h. For any integer £ > 0 and v €
GLy(R)™, we set
Fliv(r) = det(y)"?(er + d)* f(y.7)

Let 7 > 0 be another integer. We say that f is a nearly holomorphic modular form of
weight k& and order < r for an arithmetic group I' C SLo(R) if f satisfies the following
properties:

(a) fis C*® on b,
(b) fley = f forall y €T,
(c) There are holomorphic functions fy, ..., fr on h such that

F(7) = o)+ () +++ ()
(d) f has a finite limit at the cusps.

If f is a C°° function on b, we set following Shimura’s e.f the function of § defined by

(2.1.1.a) (e.f)(7) = 8m'y2%(7)

It is easy to check that the condition (¢) can be replaced by the condition
() etlf=0

Moreover if f is nearly holomorphic of weight k and order < r, then e.f is nearly
holomorphic of weight k£ — 2 and order < r — 1. We denote by N} (I', C) the space of
nearly holomorphic form of weight k, order < r and level I'. For r = 0, this is the space
of holomorphic modular form of weight k£ and level I' and we will sometimes use the
standard notation My (T, C) instead of N(T', C).

4Those facts are mainly due to Shimura
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2.1.2. Recall also the Maass-Shimura differential operator J; on the space of nearly
holomorphic forms of weight k defined by

Ll k0 ke L Of Kk
On-f = 2i7ry 8T<y 1) = 2i7r(87+2iy )

An easy computation shows that d. f is of weight k42 and its degree of near holomorphy
is increased by one. For a positive integer s, let 07 be the differential operator defined
by

1 ,0f k

0f := Oq2s—20-- 00

The following easy lemma is due to Shimura and is proved by induction on r. We will
generalize it to nearly overconvergent forms in the next section.

Lemma 2.1.3. Let f € N](I',C). Assume that k > 2r. Then there exist go, ..., g, with
gi € Mg_9;(T, C) such that

f =090+ 0k—2g1+ -+ _2.9r

It is easy to check, the forms g¢;’s are unique. When the hypothesis of this lemma are
satisfied, Shimura defines the holomorphic projection H(f) of f as the holomorphic form
defined by

H(f) = g0

Remark 2.1.4. The conclusion of this lemma is wrong if the assumption k > 2r is not
satisfied. The most important example is given by the Eisenstein series Fo of weight 2
and level 1.

2.2. Sheaf theoretic definition.

22.1. Let Y = Yp :=T\H and X = Xr := I'\(h UP(Q)) be respectively the open
modular curve and complete modular curve of level I'. Let E = E x xp YT be the universal
elliptic curve over Yr and let p : E — X7 be the Kuga-Sato compactification of the
universal elliptic curve over Xp. We consider the sheaf of invariant relative differential
forms with logarithmic poles along OE = E\E which is a normal crossing divisor of E.

w = p*Q]l;:/X(log@E))
It is a locally free sheaf of rank one in the holomorphic topos of X. We also consider
Hip = R'p.Qy x (log(IE))

the sheaf of relative degree one de Rham cohomology of E over X with logarithmic poles
along OE. The Hodge filtration induces the exact sequence

(2.2.1.a) 0= w—Hop > w’ —0
and in the C*°-topos, this exact sequence splits to give the Hodge decomposition:

Hip=w®w
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2.2.2.  More concretely, let ™ be the projection h — Yr and 7*E be the pull back of E
by m. We have

™E = (C x h)/Z*
where the action of Z2 on C x b is defines by (z,7).(a,b) = (z+a+b7,7) for (z,7) € Cxh
and (a,b) € Z2. The fiber E, of 7*E at 7 € h can be identified with C/L, with
L, =7+ 7Z C C. We have

m'w = Oydz

with Oy the sheaf of holomorphic function on h. Note also that

E =T'\C x h/Z?

with the action of I' on C x h/Z? given by 7.(z,7) = ((er +d)~'z,7.7). We therefore
have

y*dz = (et +d) " tdz
From this relation and the condition at the cusps, it is easy and well known to see that
HO(Xp,w®") 2 M(T, C)
Let Cgo the sheaf of C'*° functions on h. Then the Hodge decomposition of W*HéR reads
T Hip © Cp° = Ci°dz @ Cp°dz
On the other hand, by the Riemann-Hilbert correspondence, we have
T Hip = T R'p.Z ® Oy = Hom(R1p+Z, Oy) = Oy @ Oy

where «, 8 is the basis of horizontal sections inducing on Hi(F.,Z) = L, the linear
forms a(a + b7) = a and S(a + br) = b so that we have

dz=a+ 78 and dz=a+ 70
From the action of I' on the differential form dz, it is then easy to see that
. (dz\ _ [(er+d)7? 0 dz
! (5) B ( —c (cv+d>) (5)
We define the holomorphic sheaf of Xt:
Hy = w7 ® Sym™ (Hig)
Then we have the following proposition.

Proposition 2.2.3. The Hodge decomposition induces a canonical isomorphism

HO(er,Hz) = N]:(F, C)

Proof. Let 7 € H(Xp,Hy). Then 7*n(r) = Y5, fi(r)dz®""' %" where the f;’s are

holomorphic functions on . Since we have 8 = le(dz — dz), we deduce:
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The projection of 7*n on the (k,0)-component of Ho(b,ﬂ*HZ) is therefore given by
f(7)dz®" with

fr) =y 1)

— (2iy)"
It is clearly a nearly holomorphic form. It is useful to remark that the projection on
the (k,0)-component is injective”. Conversely, if f(7) = >"_, ! lzsz) is a nearly holomor-
phic form of weight k& and order < 7, using the injectivity of the projection onto the
(k,0)-component, it is straightforward to see that Z;ZO(Qi)lfl(T)dz‘gk_lB@l is invariant
by I' and defines an element of H°(Xp,H}) projecting onto f(T)dZ®k via the Hodge
decomposition. =

The quotient by the first step of the de Rham filtration of H) induces by Poincaré
duality the following canonical exact sequence

(2.2.3.a) 0—w® 5 H 5 HZL =0

The map Hj — H}_5 induces the morphism € of (2.1.1.a).
2.3. Rational and integral structures.

2.3.1. Let N be a positive integer and let us assume I' = I';(N) with N > 3. Then
Xr = X1(N) is defined over Z[y] as well as w, H}, and H}. Recall that Y7 = Y;(N)
classifies the isomorphism classes of pairs (E, ay),s where E/g is an elliptic scheme over
an Z[3]-schemes S and ay is a I'y(N)-level structure for E (i. e. an injection of group
scheme: juy /g < E[N]/g). Moreover the generalized universal elliptic curve is defined
over X1(N) and we can define the sheaves w, Hl, and H} over Xl(N)/Z[%] as in the

previous paragraph. The exact seqeunce (2.2.3.a) is also defined over Q. For any Z[%]—
algebra A, we define My (N, A) and N} (N, A) respectively as the global section of w%f

and Hj /4. This gives integral and rational definitions of the space of nearly modular
forms.

2.3.2. Nearly holomorphic forms as functors. For any ring R, we denote by R[X], the
R-module of polynomial in X of degree < r. Let B the Borel subgroup of SLy of upper
triangular matrices. Then we consider the representation pj of B(R) on R[X], defined
by

Pr((8 aél )).P(X) = a*P(a™2X 4 ba™1)

We write R[X],(k) to stress that it is given this action of B(R).

It follows from the exact sequence (2.2.1.a) that H}p is locally free over Y;(N )Z[1/N]-
A similar result would hold for general Shimura varieties of PEL type. In that case
the torsion-freeness result from the basic properties of relative de Rham cohomology
(for example see [Ka70]). We may therefore consider 7 the B-torsor over (Y1(N))zqr of

SWe will see a similar fact in the p-adic case. See Proposition 3.2.4.
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isomorphisms ¥ : ’HCllR yu = Oy & Oy inducing an isomorphism w[l] rwiy =0y & {0}
such that the isomorphism (H}p/w) ;i = Oy induced by 4y is dual to Yl for all Zariski
open subset U C Yr. Then over Y;(N), we have

T xP AX]r (k) = Hjya

This implies the isomorphism above since the formation of both left and right hand sides
commute to base change.

For an elliptic scheme E,p we consider a basis (w,w’) of Hjp(E/R) such that w is
a basis of wg/p = HO(E,Q}E/R) and (w,w’)qgr = 1. Then f € NJ(N,A) can be seen
as a functorial rule assigning to any A-algebra R and a quadruplet (E,an,w,w’)/p a
polynomial

f(B,an,w,o)(X) =) b X' € R[X],
=0

defined such that the pull-back of f to Hin(E/R) is >, biw® ™ @ w'®. For any
a € R*,b € R, we have

f(E,an,aw,a W' +bw)(X) = a *f(E, ay,w,w)(a®*X — ab)

The condition that f is finite at the cusps is expressed in terms of g-expansion as usual.
It will be defined in the next paragraph.

Proposition 2.3.3. Let f € N7 (N, A) and e.f € N]5(N,A) the image of f by the
projection (2.2.3.a). Then for any quadruplet (E,ay,w,w') /g, we have

(e.)E, ay,w,w)(X)= din(E, ay,w,w)(X)

Proof. For any ring R, we have the exact sequence:
0 = R[X]o(k) = R[X]r(k) = R[X]r—1(k —2)

where the right hand side map is given by P(X) — P’'(X). It is clearly B(R)-equivariant.
By taking the contracted product of this exact sequence with 7, we obtain the exact
sequence of sheaves (2.2.3.a) which implies our claim. Notice that the map of sheaves
inducing € is surjective only if r! is invertible in A. =

2.3.4. Polynomial q-ezpansions. We consider Tate(q) the Tate curve over Z[+]((g)) with
its canonical invariant differential form weq, and canonical I'; (V) level structure an can.-
We have the Gauss-Manin connection:

Y+ Hyp(Tate(9)/ 2] ((0))) — Hip(Tate()/Z10(0) © Q4 0,
and let

d
Uecan = V(Q@)(wcan)
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Then (Wean, Ucan) form a basis of H},(Tate(q)/Z[]((q))) and ucqy, is horizontal, more-

over < Wean, Ucan >dr= 1 (see for instance the appendix 2 of [Ka72]). For any Z[%]—
algebra A and f € N (N, A), we consider

f(q, X) := f(Tate(q) /a((q))> Ceans Wean, Uean) (X ) € A[lq]][X].
We call it the polynomial ¢g-expansion of the nearly holomorphic form f.

Remark 2.3.5. We can think of the variable X as %.

2.3.6. The nearly holomorphic form FEs. It is well-known that the Eisenstein series of
weight 2 and level 1 is a nearly holomorphic form of order 1. Its given by

where o] is the sum of the positive divisor of n and ¢ = ",

We can define Fs as a functorial rule. Let R be a ring with é € R and E be an elliptic
curve over R. Recall (see for instance [Ka72, Appendix 1]) that any basis w € wg/p
defines a Weierstrass equation for E:

Y2 =4X® — X — g3
such that w = % and n = X% form a R-basis of Hl,(E/R). Moreover if we replace
w by Aw, n is replaced by A'7). Therefore w ®n € wg/R® H!-(E/R) is independant of
the choice of w. It therefore defines a section of H3i over Y/Z[l}' If (w,w’) is a basis of
6
H}.(E/R) such that < w,w’ >4r=1 then we can put
EQ(E,UJ,(/J/) =< 777(“/ >qr + X< W, >dRr
where < -, >4 stands for the Poincaré pairing on H)(E/R).

Its polynomial ¢g-expansion is given by

D ; P
Ex(q, X) = Ey(Tate(q), Wean, tcan)(X) = 1(2(1) L x
because Uegn = —%wcan + Nean and < Wean, Nean >dr= 1 and where P(q) is defined in

[Ka72] by
Plg)=1-24) ouq"
n=1

Since the g-expansion of Es is finite at ¢ = 0, F5 defines a section of H} over X. From
the g-expansion, it is easy to see that Ey = —2F5. We clearly have e.Fy = 1 (i.e. is the
constant modular form of weight 0 taking the value 1).

Remark 2.3.7. We can see easily that multiplying by E» is useful to get a splitting of
’H,lc:

k—2
® AN

k
0—w® = Hi = w
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In particular, that shows that nearly holomorphic forms are polynomial in Es with
holomorphic forms as coefficients. As mentioned in the introduction, this provides a way
to give an ad hoc definition of nearly overconvergent forms.

2.4. Differential operators. Recall that the Gauss-Manin connection
Vi Hap = Har ® Qx, ()22 (log(Cusp))
induces the Kodaira-Spence isomorphism w®” 22 Q) X1 (N)/2(% }(log(Cusp)) and a connec-
tion
V: SymF(HIg) = SymF(Hip) QXI(N)/Z[%}(ZOQ(CUS]))) >~ SymF(Hlg) ® w®
The Hodge filtration of Sym*(Hl.) is given by Fil® > - > Fil* O Filk*1 = {0} with
Filk=" = H} = W ® Sym” (Hjg) for 0<r <k

Since V satisfies Griffith transversality, when k > r > 0, it sends Fil*~" into FilF "1 @
Qyx, vz 1 j(log(Cusp)). We therefore get the sheaf theoretic version of the Maass-

Shimura, operator®:
O HE—WHZTF% for 0<r<k
We still denote dy, the corresponding operator
5k : NE(N, A) = N (N, A)
The following proposition gives the effect of J; on the polynomial g-expansion.
Proposition 2.4.1. Let f € N](N,A). Then the polynomial q-expansion of 6 f is given
by:
(6.f)(a, X) = X*D(X " f(q, X))
where D is the differential operator on A[[q]][X] given by D = qa@q - XQ%. In other
words, if f(q, X) =Y, filq) X", we have

(Orf)(g, X Zq Sfila )X+ (k=) filg) X

Proof. The pull-back of f to ¢*H} with ¢ : Spec (A((q))) — Xl(N)/A corresponds to
(T'ate(q), N can) /A((q)) 18 given by

T
* k—i
¢ f:Zfl(q ?;:m ® gzn
i=0
Since V induces % > V(qdiq)(wam) = Upan and V(qd%)(uam) = 0,, we have:

d k—i+2 i . k—i—1 it+1
Z di ?;zn ® ugn + (k - Z)fi(‘])w?;zn ® u?an
=0

6We leave it as an exercise to check that this operator corresponds to the classical Maass-Shimura
operator via the isomorphism of Proposition 2.2.3.
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This implies our claim by the definition of the polynomial g-expansion.m

Remark 2.4.2. We can rewrite the formula for d; in the following way:
op =D+ kX
Using the relation [D, X] = —X?2, we easily show by induction that
T
r L(k+r) S
2.4.2.a 05, = — XD/
(2422 ’ JZOO Lk + 7~ j)

Notice in particular that for s < r and h holomorphic, we have

"/ D(k+7m)T(+1) e d
(2.4.2.b) (ehrorodp)h=> | XI5 (g—)""h
R = (J) I( dg

E+r—)r'(G+1—2s)

2.5. Hecke operators.

2.5.1. Let R;(N) be the abstract Hecke algebra attached the pair (I'1(V), A1 (N)) by
Shimura [Sh73, chapt. 3]. This algebra is generated over Z by the operators T, for n run-
ning in the set of natural integers. If £ is a prime dividng N, the operator Ty is sometimes
called Uy. These operators act on the space of nearly holomorphic forms by the usual
standard formulas and preserve the weight and degree of nearly holomorphy. Moreover
the Hecke operators respect the rationality and integrality of nearly holomorphic forms.

2.5.2. For any ring A C C, we then denote by h} (N, A) C Endc(N] (N, C)) the sub-
algebra generated over A by the image of the T),’s. If Z[%] C A C B, then the above
remark shows that we have

(2.5.2.a) KL (N, A) @4 B 2 hi(N, B)

2.5.3.  An easy computation shows that, for each integer n and f € N (N, C) we have:

(2.5.3.&) (5k-f)|k+2Tn = n5k(f|an)
(2.5.3.b) e(fleTn) = n.(e.f)|k—2Tn
Remark 2.5.4. From these formulae, we see that if f is a holomorphic eigenform of weight
k. Then 47 f is a nearly holomorphic eigenform of weight k + 2r. Moreover the system of

Hecke eigenvalues of ¢;,f is different than the one of any holomorphic Hecke eigenform
of weight k + 2r if r > 0.

2.6. Rationality and CM-points.



NEARLY OVERCONVERGENT MODULAR FORMS 13

2.6.1. We review quickly the rationality notion introduced by Shimura. For K C Q an
imaginary quadratic field and 7 € hN K, the elliptic curve . has complex multiplication
by K and is therefore defined over K C Q the maximal abelian extension of K by the
theory of Complex Multiplication. We then denote by w, an invariant Kéhler differential
of E; defined over K% and we denote by , the corresponding CM period defined by

wr = Qrdz

Then (w,,w,) forms a basis of H},(E;/K®). Let E be a number field and f € NJ (N, E).
Let ay,- the I'1(IV)-level structure of E, induced by +Z/Z C C/L,. Then the polyno-
mial f(E-, an,,ws, w,)(X) belongs to EK[X]. Since we have @, = Q,dz, we deduce
that f(Er, an,r,wr,wr)(0) is the left hand side of (2.6.1.a) and that we therefore have

f(7) b
(261&) Qiﬁ € E/Ca
According to Shimura, a nearly holomorphic form is defined as rational if and only if it
satisfies (2.6.1.a) for any imaginary quadratic field K and almost all 7 € H N K. It can
be easily seen his definition is equivalent to our sheaf theoretic definition.

Proposition 2.6.2. Let f € N[ (N,C) and E be a number field such that for any
imaginary quadratic field K C Q and almost all T € K N b, we have
f(7)

v € E.K®,

then, f € N7 (N, EQ™).

Proof. We just give a sketch under the assumption k& > 2r since the general case can
be deduced after multiplying f by Fo. Thanks to a Galois descent argument, we may
assume F contains the eigenvalues of all Hecke operators acting on N/ (N, C). By Lemma
2.1.3, we can decompose f as

f=fo+0h—afi+ - +01_o.fr

with f; holomorphic of weight k — 2i. Now we remark that if T is a Hecke operator
defined over E, then f|,T satisfies (2.6.1.a). This follows easily from the definition of
the action of Hecke operators using isogenies. Moreover from Remark 2.5.4, the system
of Hecke eigenvalues of nearly holomorphic forms 6’k and 6% h/ are distinct for any two
holomorphic forms h and A’ when i # i’; we deduce that &' f; satisfy (2.6.1.a). We may
assume therefore f = d;_,, g for an holomorphic form g of weight k — 2r. In fact using a
similar argument, we may even assume g is an eigenform. Then g = A.gyp with gg defined
over E. Since ;_,.go is defined over E, we deduce from §2.6.1 that ¢6;,_,,go satisfies
(2.6.1.a) and therefore A € EK% and f € NJ (N, EK®). Since this can be done for any
K the result follows. u
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3. NEARLY OVERCONVERGENT FORMS

In this section, we introduce our definition of nearly overconvergent modular forms and
show they are p-adic modular forms of a special type. We use the spectral theory of the
Atkin Up-operator on them and we define p-adic families of such forms. We study also
the effect of differential operators on them and define an analogue of the holomorphic
projection. These tools are useful to study certain p-adic families of modular forms and
also to study p-adic L-functions.

3.1. Katz p-adic modular forms.

3.1.1. We fix p a prime. Let X,;;, be the generic fiber in the sense of rigid geometry of
the formal completion of X,z along its special fiber. Let A € HO(X/;p, w®p71) be the
Hasse invariant and let A? be a lifting of A% to characteristic 0 for ¢ sufficiently large.
For p € pQ N [p~ 1P+ 1], we write X=° for the rigid affinoid subspace of Xrig defined as
the set of x € X,;, satisfying |A%(z)|, > p9. For p =1 we get the ordinary locus of Xrig
and we denote it X .q. The space of p-adic modular forms of weight & is defined as

k

MP=He(NY = HO(Xgpa, w®")

The space of overconvergent forms of weight k is the subspace of p-adic forms which are
defined on some strict neighborhood of X4 so:

M (N) = lim HO(XZ*, w®")

p<1

3.1.2. Let ¢ : Xora —> Xord the lifting of Frobenius induced on Y,q by (E,an) —
(E¥), a%’)) where E¥) := E/E[p]° and O‘N) is the composition of an and the Frobenius
isogeny E — E¥). We get a *-linear morphism obtained as the composite

P HcllR — SO*HcllR = ,HcllR(Ew/Xord) — HcllR

This morphism stabilizes the Hodge filtration of ’HCllR and we know by Dwork that there
is a unique ®-stable splitting, called the unit root splitting:

HtliR/Xord = w/Xord @ U/Xord
such that & is invertible on U and U is a free sheaf of rank 1 generated by its sub-sheaf
of horizontal sections for the Gauss-Manin connection. This unit root splitting induces
a splitting of Hj /x,_ . and therefore of a canonical projection

r k
(3.1.2.a) M Xora = W)

ord

We now recall the definition of the Theta operator on the space of p-adic modular forms
of weight k. At the level of sheaves, © is defined as the composite of the following maps
of sheaves over the ordinary locus:

@k 5 1 @k+2
w/Xord 4 Hk+2/Xord - w/Xord
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where he second arrow is the one given by (3.1.2.a) for » = 1. This defines
6 MPU(N) — MP5Y(N)

It follows from the Proposition 2.4.1 and Proposition 3.2.4 below that on the level of
g-expansion, we have:
_d

o(f)(q) f(q)

for all f e M} ~adi¢( ). The following proposition will be useful in the next paragraph.

Proposition 3.1.3. For any p < 1 and any Zariski open V. C X=P, the unit root
splitting on Vyrq := U N Xorq does not extend to a splitting of the Hodge filtration of HcllR
over any finite cover of V.

Proof. We show it by contradiction. Let us assume that this splitting extends to some
finite cover S of V for some p < 1.

Hir(E/S) = wg/s ®U(E/S).

Let Sorg = S xy,,, V. Since U(E/S) ® Og,,, is stable by ® so is U(E/S). Since V
is a strict neighborhood of V4, we can find an unramified extension L of Q, and
z € S(L)\Sora(L). Then, we will obtain a splitting Hj,(E,/L) = wg, /1, ®U(E,/L) with
¢, inducing a semi-linear invertible endomorphism of U (E;/L). Let kr, be the residue
field of L. By the results of [BO, §7.4 and §7.5], the pair (H}(€,/L), ®;) is isomorphic to
(Ht}rys (Ez0/OL), F*) where Hclrys (Ez0/Op) stands for the crystalline cohomology of the
special fiber E; o/, of E; and where ®, ® 15, = F™* is induced by the Frobenius isogeny
F: E;o— E;Zj[)). Since it has a splitting of the form Hclrys(Ex,O/OL) = Fil' @ U with
F* inversible on U, E; o has to be ordinary which is a contradiction since x ¢ Sorq(L).m

3.2. Nearly overconvergent forms as p-adic modular forms.

3.2.1. Definition of mearly overconvergent forms. For each p, HO(XZ",’HZ) is natu-
rally a Qp-Banach space for the Supremum norm |- |, and if p’ < p < 1, the map
HO(XEPI7 Hp) — H°(X =P, H}) is completely continuous. We define the space of nearly
overconvergent forms of weight £ and order < r by

NPHN) = lim NP ()

p<1

with N}*(N) := H%(X =P, H}). We can define the operators &), and € on nearly overcon-
vergent forms since they are defined at the level of sheaves. Moreover we can define the
polynomial g-expansion of a nearly overconvergent form and it is straightforward to check
that the action of J; and € on this g-expansion is the same as for nearly holomorphic
forms.
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Remark 3.2.2. For any nearly overconvergent form f of weight k& and order at most r,

we can easily show that there exist overconvergent forms gy, ..., g, such that
f=90+g.Ex+t - +grE
where for ¢ = 0,...,r, g; is of weight &k — 2¢. This could be used as an ad hoc definition

of nearly overconvergent forms but it would be uneasy to show this space is stable by
the action of Hecke operators and that it has a slope decomposition as we will see in the
next sections. Moreover, this definition would not be suited for generalization to higher
rank reductive groups.

3.2.3. We now want to consider nearly overconvergent modular forms as p-adic modular
forms. Using (3.1.2.a), we get a map
k

(3.2.3.2) HY(X=P H;) — HY(Xora, Hyp) — H(Xora, w®)
We have the following

Proposition 3.2.4. The maps (3.2.3.a) induces a canonical injection
(3.2.4.a) NPH(N) s MP~o%e( )

fitting in the commutative diagram:

NPH(N) s o)

| |

Qp[[qmX]r Qp[[QH

where the bottom map is induced by evaluating X = 0.

Proof. The fact that the diagram commutes follows from the fact that ucq, belongs to
the fiber of the unit root sheaf U at the Z,((¢))-point defining T'ate(q). Indeed, it is
explained in the appendix 2 of [Ka72] that weqy, is fixed by Frobenius. We are left with
proving the injectivity. We consider f in the kernel of this map. Let U C X2" N Y.ig be
an irreducible affinoid. It is the generic fiber in the sense of Raynaud of an affine formal
scheme Spf(R) with R a p-adically complete domain. Let &, the universal elliptic curve
over R. Let us choose a basis (w,w’) of H};(£/R) as in the previous section and such
that (w,w’)qr = 1. Let h € R be a lifting of the Hasse invariant of & x i Spec(R/pR)
and let S := R/[l/\h} where the hat here stands for p-adic completion. Then £/S has
ordinary reduction and the unit root splitting over S defines a basis (w,u) of H}r(E/S).
We must have
uw=uw + Aw

with A € §. But U is a strict neighborhood of U,,q = U N X,q Which is the generic
fiber of Spf(S), we know by the previous proposition that A is not algebraic over R.
Let Q(X) = f(&/r,an,w,w)(X) € R[X],. We want to show that Q(X) = 0. By
assumption, we know that Q(\) = f(£/g, an,w,w’ + Mw)(0) = (g, an,w,u)(0) = 0.
Since A is not algebraic over R, this is possible only if Q(X) = 0. Since this can be done
for any pair (w,w’) we conclude that f =0. =
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If f is a nearly overconvergent form, the p-adic g-expansion of f is by definition the
g-expansion of the image of f in the space of p-adic forms. The following corollary can be
thought of as a polynomial g-expansion principle for the degree of near overconvergence.

Corollary 3.2.5. Let f € /\/',:’T(N). If f(q,X) is of degree r then there is no g €
./\/’,:_17T(N) having the same p-adic q-expansions.

Proof. We prove this by contradiction. Let us assume that such a g exists. Let h = f—g.
Since f(q,X) is of degree r and g € N,:fl’T(N), h(g, X) is still of degree r and therefore
h is non-zero. However, by assumption h(g,0) = 0. This implies that A~ = 0 by the
diagram of the previous proposition, which is a contradiction.m

3.3. Fs, © and overconvergence. In the following two corollaries, we recover the main
results of [CGJ] using the polynomial g-expansion principle. It can be easily generalized
to modular forms for other Shimura varieties.

Corollary 3.3.1. The p-adic modular form Es is not overconvergent.

Proof. By the Corollary 3.2.5, this is immediate since the polynomial ¢ expansion of Es
is of degree 1.m

Corollary 3.3.2. If f is overconvergent of weight k and k # 0, then ©.f is not over-
convergent.

Proof. It follows from Proposition 2.4.1 and Proposition 3.2.4, that ©.f is the image of
the nearly overconvergent form J.f in the space of p-adic modular forms by the map
(3.2.4.a). Moreover

(60-F) (g, X) = qjqf L EX f(q)

It is therefore of degree 1 since k # 0 and the result follows from Corollary 3.2.5.m

3.3.3. Overconvergent projection. We give a p-adic version of the holomorphic projector.

Lemma 3.3.4. Let f be a nearly overconvergent form of weight k and order < r such
that k > 2r. Then for each i =0,--- ,r, there exists a unique overconvergent form g; of
weight k — 21 such that

r
f= Z Ok —2-9i
i=1

Proof. This is special case of the proof of Proposition 3.5.4 below. =
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We define the overconvergent projection H'(f) of f by:
HI(f) = g0

It is an overconvergent version of the holomorphic projection since if f is holomorphic,
then we clearly have:

which means that #(f) is holomorphic.

Remark 3.3.5. Let f € /\fkr’T(N, Qp) and g € /\/lS’T(N, Qp) such that k +1 > 2s + 2r.
Then the following holds HT(fd"g) = (—1)™HT(gé*f). One can also show that when a
Hecke equivariant p-adic Petersson inner product is defined then § and € are very close
to be adjoint operators. This implies a formula of the type (f, 9)p—adic = (f, HT(Q))p—adic
when f is overconvergent. We hope to come back to this in a future paper.

3.3.6. Action of the Atkin-Hecke operator U,. If p > p~ /P it follows from the theory
of the canonical subgroup (Katz-Lubin) that we can extend canonically ¢ on X4 into
0: X2 - x=r

Let E/XZ7" be the generalized universal elliptic curve over X=#" and let E(¥)/XZF be
its pullback by ¢. We have degree p isogeny

E g

over X2 and we denote Vo - E® — E the dual isogeny. On the level of sheaves, the
operator U, is defined as the composition of the following maps.
r V:; (o) T Id®%-Tr r J I
%k/xzp — H, /XZp = Hk/xzpp Dp* O/XZP — Hk/xzpp - Hk/xz;)

where j is induced by the completely continuous inclusion O x>, — Ox>, defined by
the restriction of analytic function on X=#" to X=° and T is induced by the trace of
the degree p map ¢* : Ox>p» — Ox>,. Since j is completely continuous, U, induces a
completely continuous endomorphism of N;”(N, Q,). The following proposition is easy
to prove.

Proposition 3.3.7. Let f € N,:’T(N, Qp). Let us write its polynomial q-expansion as:

g, %) =3 aln, f)(X)q"

n=0

Then we have:

(1) (f1Up)(g, X) =352 alnp, £)(pX)q"
(i) e(f|Up) = p-(ef)|Up
(iil) (0x.f)|Up = por(f|Up)

Proof. (i) follows from a standard computation and (ii) and (iii) follow from (i) and the
effect of §; and € on the polynomial g-expansion explained in Section 2.m
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3.3.8. Let ]\Afgo’p(N, Q,) be the p-adic completion of
NI:O7p(N7 Qp) = UN,:’p(N, Qp)-
r>0

Then we have:

Corollary 3.3.9. The action of U, on /V,:O’p(N, Qp) is completely continuous.

Proof. Tt follows easily from the lemma below for the sequence M; = N, ,i’p (N) and the
relation (ii) of the previous proposition.m

Lemma 3.3.10. Let M; be an increasing sequence of Banach modules over a p-adic
Banach algebra A. Let u be an endomorphism on M :=|J; M; such that

(i) w induces a completely continuous endomorphism on each of the M;’s.
(ii) Let cvj be the norm of the operator on the Hausdorff quotient of M;/M;_1 induced
by u. Then the sequence a; converges to 0.

Then u induces a completely continuous operator on the p-adic completion of M.

Proof. This is an easy exercise which is left to the reader.m

Remark 3.3.11. We can give a sheaf theoretic definition of N,:O’p. Let A be the ring of
analytic functions defined over Q, on the closed unit disc. It is isomorphic to the power
series in X with Q,-coefficient converging to 0. We denote it A, if one equips it with
the representation of the standard Iwahori subgroup of SLs(Z,) defined by:

() 00 = @+ X0

If we restrict this representation to the Borel subgroup we get a representation that con-
tains Z,[X], (k) for all 7. In fact, it is the p-adic completion of Z,[X|(k) = U, Zp[X], (k).
It is not difficult to see, one can define a sheaf of Banach spaces on X=* (in the sense of
[AIP]) by considering the contracted product

'Hzo ::TXB.Ak

Then, we easily see that
NP = HO(X=P,HEY)

3.3.12. Slopes of nearly overconvergent forms. Let f € /\/’,:’T(N, Qp) which is an eigen-
form for U), for the eigenvalue a. If A\ # 0, we say f is of finite slope a = v,(A). The
following proposition compares the slope and the degree of near overconvergence and
extends the classicity result of Coleman to nearly overconvergent forms.

Proposition 3.3.13. Let f € N,SO’T(N, Qp), then the following properties hold

(i) If f is of slope o, then its degree of overconvergence r satisfies r < «,
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(ii) If f is of degree r and slope o« < k—1—r, then f is a classical nearly holomorphic
form.

Proof. The part (i) is easy. If r is the degree of near overconvergence of f, then g = €".f
is a non trivial overconvergent form and by Proposition 3.3.7 its slope is « — r. Since a
slope has to be non-negative, (i) follows. The part (ii) is a straightforward generalization
of the result for » = 0 which is a theorem of Coleman [C096]. We may assume that r
is the exact degree of near overconvergence. By the point (i), we therefore have o > r.
From the assumption, we deduce k — 1 — r > r. Therefore k > 2r and we may apply

Lemma 3.3.4: .
F=> bl 20
i=o

with g; overconvergent of weight k& — 2¢ for each i. By uniqueness of the g;’s, we see easily
that that the d_9;9; are eigenforms for U, with the same eigenvalue as f. So for each 1,
giis of slope a —i < k—1—r —i < (k—2i) — 1. Therefore it is classical by the theorem
of Coleman. This implies f is classical nearly holomorphic.a

3.4. Families of nearly overconvergent forms.

3.4.1. Weight space. Let X be the rigid analytic space over Q, such that for any p-adic
field L C Qp X(L) = Homeont(Zy, L™). Any integer k € Z can be seen as the point
[k] € X(Qp) defined as [k](x) = " for all € Z}. Recall we have the decomposition
Z, = A x 1+ qZ, where A C Z; is the subgroup of roots of unity contained in Z; and
qg=pif podd and g =4 if p = 2. We can decompose X as a disjoint union

x=|]By
YeA

where A is the set of characters of A and By is identified to the open unit disc of center
1in Q,. If k € X(L) then it correspond to u, € By(L) if k|a = ¢ and k(1 + q) = .

3.4.2. Families. Let {{ C X be an affinoid subdomain. It is known from the works of
Coleman-Mazur [CM98] and Pilloni [Pi10], that there exist py € [0,1) N p@ such that for
all p > py, there exists an orthonomalizable Banach space My over A(&l) such that for

all k € 4(Q,), we have

M ®, Q, = H (X7, w,)
We consider the sheaf” Qy over £l x X=F associated to the A({ x X=¢)-module M{ and
we put

Hi = Qu @ H,
For any weight k € Z such that [k] € 4(Q,), we recover H;, by the pull-back
(3.4.2.a) ([k] x idx>,) " Hg = Hy,

"In [Pi10], this sheaf is constructed in a purely geometric way and the existence of M is deduced
from it.
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For general weight x € (L), we define the sheaf H], = w, @ H{ where wy, is the invertible
sheaf defined in [Pil0, §3]. We define the space of nearly overconvergent forms of weight
K by
NP (N, L) = HY(X=0, 1y 1)
and the space of i-families of nearly overconvergent forms:
NGP(N) = HO(X 2P 1Y)

We also define Ni'{(N) and ./\/Z;’T(N ) the spaces we obtain by taking the inductive limit
over p. The space N *(N) is a Banach module over A({l) and for any weight x € (L),
we have

NG (N) @ L = NEP(N, L)
This follows easily from (3.4.2.a) and the fact that X =7 is an affinoid.

As in the previous section, one can define an action of U, on these spaces and show
it is completely continuous. For any integer r, any affinoid 4 C X and p > py, we may
consider the Fredholm determinant

P{(X) = P{(r, X) := det(1 — X.Uy|N{*) € A(W)[[X]]

because one can show as in [Pi10] that N *(N) is A(4f)-projective. A standard argument
shows this Fredholm determinant is independent of p. For i = {x}, we just write P, (X).
If r = 0, we omit r from the notation.

For any integer m, we consider the map [m] : X — X defined by k — k.[m] and we
denote U[m]|, the image of 4 by this map. We easily see from its algebraic definition,
that the operator € can be defined in families and induces a short exact sequence:

0= MG = Ny = N 12]”—>0

From Proposition 3.3.7 and the above exact sequence one easily sees by induction on r
that

Pk, X) = Hpu oy (k.[=2i], " X))

Let us define N{"”(N) as the p-adic completion of N~*(N) := U N{P(N). Then it
r>0

follows from Lemma 3.3.10 again that U, acts completely continuously on it with the

Fredholm determinant given by the converging product

P (k, X) HPu[ 2i) X)

Definition 3.4.3. Let {4 C X be an affinoid subdomain and Q(X) € A(U)[X] be a
polynomial of degree d such that Q(0) = 1. The pair (Q,4) is said admissible for nearly
overconvergent forms (reps. for overconvergent forms) if there is a factorization

P(X) = QX)R(X)  (resp. Py(X) = QX)R(X))
with P and Q relatively prime and Q*(0) € A(U)* with Q*(X) := XQ(1/X).
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If (@, L) is admissible for nearly overconvergent forms, it results from Coleman-Riesz-
Serre theory [Co] that there is a unique U,-stable decomposition

NG = Nos @ Squ
such that Ng g is projective of finite rank over A(Y) with

(i) det(1 —UpX|Ngy) = P(X)
(ii) @*(U,) is invertible on Sg «

It is worth noticing also that the projector eg ¢ of N;fo’p onto Ng ¢ can be expressed as
S(Up) for some entire power series S(X) € XA(LU)X. If we have two admissible pairs
(Q,4) and (Q', '), we write (Q, ) < (Q, ) if U C Y and if @ divides the image
Q'|u(X) of Q'(X) by the canonical map A()[X] — A(L)[X]. When this happens, we
easily see from the properties of the Riesz decomposition that

(3.4.3.a) €Q.4 © (BQ/,u/ QAW 1,4(54)) =eQu

We have dropped p from the notation in Ng g since this space is clearly independant

of p by a standard argument. We define NL{S as the inductive limit of the N g over the
Q’s. Since Ng g is of finite rank and Up,-stable it is easy to see that there exists 7 such
that

Nou € N

Remark 3.4.4. If agy is the maximal® valuation taken by the values of the analytic
function @Q*(0) € A(L) on 4, then one can easily see that r» < ag g by the point (i) of
Proposition 3.3.13.

3.4.5. Families of q-expansions and polynomial q-expansions. By evaluating at the Tate
object we have defined in section 2, w e can define the polynomial g-expansion of an
element F' € N ”(N) that we write F(¢, X) € A(4)[X],[[¢]]. The evaluation Fy (¢, X) at
k of F(g, X) is the polynomial g-expansion of the nearly overconvergent form of weight s
obtained by specializing F' at k. We also denote Fi(q) = Fy(q,0) the p-adic g-expansion
of the specialization of F' at k. In what follow, we show that when the slope is bounded
a family of g-expansion of nearly overconvergent forms is equivalent to a family of nearly
overconvergent forms.

Let F(q) € A(WI[g]] and ¥ C U(Q,,) a Zariski dense subset of points. We say that
F(q) is a X-family of g-expansions of nearly overconvergent form of type (@, ) if for all
but finitely many « € ¥ the evaluation F(q) of F(q) at k is the p-adic g-expansion of a
nearly overconvergent form of weight x and type @ (i.e. is annihilated by Q% (Up)). Let
Ngu be the A()-module of families of g-expansion of nearly overconvergent forms of

type (Q,4). Similarly, we can define ./\/'S”ﬁoz C A()[X][[q]] the subspace of polynomial
g-expansion satisfying a smiler property for specialization at points in 3 with an obvious
map:
3, pol >
Noi" = Ngu

8This maximum is < oo since Q*(0) € A(L)*
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given by the evaluation X at 0.
Then we have:

Lemma 3.4.6. The g-expansion map and polynomial expansion maps induce the iso-
morphisms

~ E, I ~
Nou ENGE = NGy

Proof. From Proposition 3.2.4, it suffices to show that the g-expansion map induces:
NQAJ' = Ncgu.

The argument to prove this is well-known but we don’t know a reference for it. We
therefore sketch it below. Notice first that for any ro € £(Q,) the evaluation map at g
induces an injective map:

(3.4.6.2) NG 1 ®@ro Q= Q,l[4]]

Indeed if F' € N’S o is such that Fy,(q) = 0 then if w,, € A(4l) is a generator of the ideal

of the elements of A(l) vanishing at g, we have F'(q) = wy,.G(g) for some G € A(U)[[¢]].

Clearly for any k € X\ {ro}, we have Gx(q) = ﬁ(n)F,{(q) is the g-expansion of a nearly
~0

over convergent for of weight x and type Q. Therefore G € ./\/511 and our first claim is

proved. Now let k € . We have the following commutative diagram:

— (3) —
NQyu 2y Qp — Ng?u (o Qp

(UJ/ i(Z)

NG — Q]

Since (2) and (4) are injectives and (1) is an isomorphism, we deduce (3) is injective.
Now since the image of (2) is included in the image of (4) and (1) is surjective, we deduce
that (3) is an isomorphism of finite vector spaces. Since qug,u is torsion free over A(Ll)

such that Ng o Pk Qp has bounded dimension when « runs in ¥, a standard argument

shows that ./\/'(311 is of finite type over A(4l) (see for instance [Wi, §1.2]). Notice that the
injectivity of (3) below is true for all x and therefore we deduce that the map

(3.4.6.b) Ny — Ny

is injective with a torsion cokernel of finite type. We want now to prove the surjectivity.
Let F(q) € Néu and let Ir C A(Y) be the ideal of element a such that a.F(g) is in
the image of (3.4.6.b) and let ap be a generator of Ir. Let G € Ng g whose image is
ar.F(q). For any ko such that ar(kg) = 0, we get that G, = 0. By the isomorphism
(1), G is therefore divisible by w,, and thus ;—50 € Ir which contradicts the fact that
ap is a generator of Irp. Therefore ap does not vanish on 4 and F' is in the image of
(3.4.6.b). This proves the surjectivity we have claimed.m
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More generally, for any Q,-Banach space M, we can define Ngu(M ) the subspace of

elements F' € A(4)®M][[q]] such that for almost all k € ¥, the evaluation Fy at s of
F(q) is the g-expansion of an element of Ny, (M) = Ng, » ® M. Similarly, one defines

/\/ E’I’ Ol( M). Then it is easy to deduce the following:

Corollary 3.4.7. We have the isomorphisms:
Nou@M = No ' (M) = NG u(M).

Proof. Left to the reader.m

3.5. Maass-Shimura operator and overconvergent projection in p-adic fam-
ilies. The formula for the action of the Maass-Shimura operators on the g-expansion
suggests it behaves well in families. We explain this here using the lemma 3.4.6.b. This
could be avoided but it would take more time than we want to devote to this here. We
explain this in a remark below.

3.5.1. We defined the analytic function Log(x) on X by the formula:

logy(K(1+q))
logp((1+q)*)

where log, is the p-adic logarithm defined by the usual Taylor expansion log,(z) =

Log(r) =

>, a nw) for all z € C, such thar |z — 1|, < p~! and ¢ is an integer greater than
1/vp(k (1 +q)). Of course, from the definition we have Log([k]) = k. Moreover Log is
clearly an analytic function on X.

35.2. IfF(q,X)=>1"gan(X, F)q" € A(N)[X],[[g]], we define
dF (¢, X) = D.F(¢q,X)+ Log(r)XF(q,X)

where
0 0
D=g——-X*—.
Y99~ 7 ox
If F(q,X) e N, QE ’50[ for a Zariski-dense set of classical weight ¥, it is clear that §.F(q, X ) €

/\/'Z’poz with ¥ = [2] and Q(k,X) = Q(k.[-2],pX). We therefore thanks to Lemma
3. 4 6 deduce we have a map

5 Nj,r,fs NT 7“+1 fs

Remark also, it is straightforward to see that the effect of the operator € on the polyno-
mial g-expansion of families is the partial differentiation with respect to X:

0
—_F(q,X) VFeN}""

(€F)a.X) = 5 -
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Remark 3.5.3. Like in Remark 3.3.11, we can give a sheaf theoretic definition of /\A/;To P,
For simplicity, let us assume that all the p-adic characters in 4l are analytic on Z,. Let
Ay == A(U)®.A. Elements in Ay, can be seen as rigid analytic functions on 4 x Z,. It is
equipped with the representation of the standard Iwahori subgroup of SLy(Z,) defined
by:

(25) £)5 X) = sla+ X))

Again as in remark 3.3.11, one can define but now using the technics of [Pil0] a sheaf of
Banach spaces on X=° x

HY =T xB Ay = wy @ HY
and show that we have:
NGP = HOXZP x 84, HE)

Since Ay is a representation of the Lie algebra of sls, it would be possible to define a
connection using the BGG formalism like in the algebraic case (see for instance [Till,

§3.2])

One would then obtain the Maass-Shimura operator in family without the finite slope
condition:

. N[Ps® \ 7,00
SN = Nnm
It is then easy to verify that (AV{") € Nfot!. We leave the details of this construction

2]
for another occasion or to the interested reader.

Finally, we want to mention that Robert Harron and Liang Xiao [Xi] have also given a
geometric construction of this operator in family using a splitting of the Hodge filtration
and showing the definition is independent of the chosen splitting. The above sketched
construction can be done without such a choice but it probably boils down to a similar
argument.

Now we have the following proposition.

Proposition 3.5.4. Let 31 C X be an open affinoid subdomain and F € ./\/?;’r’fs, then for
each i € {0,...,r} there exists

1
Gi c ./\/’T’(i’fs»
[T, (Log(r) — j) 2

such that
F=Gy+0G1+---+.G,
Moreover, this decomposition is unique.

If 4 = {Kk} such that Log(k) & {2,3,...2r}, the result holds as well.
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Proof. Tt is sufficient to prove this when il is open since we can obtain the general result
after specialization. We prove this by induction on r. Notice that for G € N, f.0.fs

d[—2r)> W€
have by (2.4.2.a)

€.0".G=rl H(Log(li) —r—1).G
=1

since the left hand and right hand sides coincide after evaluation at classical weights
bigger than 2r. We put

1
G, := "F
" LTI, (Log(k) — r — ) ‘
then G, € e (Logl(ﬁ)_T_i)NJi(i’gi] and F' — 0".G, is by construction of degree of nearly
i=1

overconvergent less or equal to » — 1. We conclude by induction. m

Then we define
HI(F) = Gy

This is the overconvergent (or holomorphic) projection in family since it clearly coincides
with the holomorphic projection for nearly holomorphic forms of weight k& > 2r.

Lemma 3.5.5. For any nearly overconvergent family of finite slope F € NJ’T’fS, and
Heke operator T', we have

HI(T.F) = THI(F).

In particular, for any admissible pair (Q,4) and we have

eQu(H(F)) = Hl(egu(F)).

Proof. Tt follows easily from the relation 6/ (T'(n).F) = n/T(n).6?(F) and the uniqueness
of the G;’s in the decomposition of Proposition 2.4.2.a.m

4. APPLICATION TO RANKIN-SELBERG p-ADIC L-FUNCTIONS

Let £ be the eigencurve of level 1 constructed by Coleman and Mazur. in [CM98].
In this section, we give the main lines of a construction of a p-adic L-function on & x
€ x X. The general case of arbitrary tame level can be done exactly the same way.
The restriction of our p-adic L-function to the ordinary part of the eigencurve, gives
Hida’s p-adic L-function constructed in [Hi88] and [Hi93]. Our method follows closely
Hida’s construction for ordinary families of eigenforms. We are able to treat the general
case using the framework of nearly overconvergent forms. We will omit the details of
computation that are similar to Hida’s construction and will focus on how we get rid of
the ordinary assumptions. We don’t pretend to any originality here. We just want to
give an illustration of the theory of nearly overconvergent forms to the construction of
p-adic L-functions in the non-ordinary case.
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4.1. Review on Rankin-Selberg L-function for elliptic modular forms. We recall
the definition and integral representations of the Rankin-Selberg L-function of two elliptic
modular forms and its critical values. Let f and g be two elliptic normalized newforms
of weights k and [ with k£ > [ and nebentypus ¢ and £ respectively of level M. We denote
their Fourier expansion by:

Z anq” and g(z Z bnq"

Shimura is probably the first one to study in [Sh76] the algebraicities of the critical values
of

Du(s, f,9) == L&k +1—25 = 2)(D_ anbyn )
n=1

More precisely he proved that for every integer m € {0,...,k — 1 — 1}, then
D(l+m,f9g)
r2mAL ey

Here (f, f)ar is the Petersson inner product of f with itself. Recall it is defined by the
formula

€eQ

(f.9)m = / F(r)g(r)y*2dzdy
L1 (M)\

When 0 < 2m < k — 1, the essential ingredient in the proof of Shimura was to establish
a formula of the type

Dy(l+m, f,9) = (f, 968 1_omE) v = (f, H(901—omE)) Mt
where E is a suitable holomorphic Eisenstein series of weight k — [ — 2m.

When f and g vary in Hida families and m is also allowed to vary p-adically, Hida
has constructed a 3-variable p-adic L-function interpolating a suitable p-normalization
these numbers. We now recall the precise formula that is used to interpolate these
special values in [Hi88]. We first need some standard notations. For any integer M,

we put Ty = ( ]\04 _01) and for any modular form h, we dente by h” the form defined

by hf(r) = h(—7) for 7 € h. For any Dirichlet character x of level M and any integer
J > 2 such that x(—1) = (—1)’, we denote by E;(x) the Eisenstein series of level M,
nebentypus x and weight 7 whose g-expansion is given by

B()(r) = “*””WZ S x(dd g
dln

(d,M)=1

Proposition 4.1.1. [Hi88, Thm 6.6 | Let L be an integer such that f and g are of level
Lp®, then we have

Dry(l+m, f,g) = t.a 2 ey H(GN e 01— om (Bh—1—2m,p (V€)) 1y
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with

. 2k+l+2m(Lp,8)%fmflil—k
N m!(l +m —1)!

andm € Z with0 <m < (k—1)/2.
4.2. The p-adic Petersson inner product.

4.2.1. For simplicity, we assume the tame level is 1. Fix and admissible pair (R, D)
for overconvergent forms and let Mg o the corresponding associated space of U-families
of overconvergent forms. Let Tpgy the Hecke algebra acting on Mpy. A standard
argument using the g-expansion principle shows that the pairing

Mry @awy Try — A(D)
given by
(T, f) == a(L, fIT)
is a perfect duality. Since the level” is 1, we also know that T Ry is reduced. Therefore,
the trace map induces a non-degenerate pairing on T ¢ with ideal discriminant 0 g C

A(®0) whose set of zeros is the set of weight where the map g g — Y is ramified. In
particular, we have a canonical isomorphism:

(4.2.1.a) Mpy ® F(0) = Tryg ® F(D)

4.2.2. From this, we deduce a Hecke-equivariant pairing
(= —)rw : Mpy ®aw) @Mpg — F(D)

Let now F be a Galois extension of F'() the field of fraction of A(Y). We assume that
for each irreducible component C of g gy, F contains the function field F/(C) of C. For
each irreducible component C, we define the corresponding idempotent 1¢ € Try ® F
and we write Fr for the element defined by

Fe =Y Ae(Tu)g" € Flg]
n=1

where A¢ is the character of the Hecke algebra defined by T.1¢ ® idr = 1¢ @ A¢(T). If
we denote by (—, —) 7 the scalar extension of (—, —)ry to F then the Hecke invariance
of the inner product implies that

a(l,1¢.G) = (Fe, G)F
is the coeflicient of F¢ when one writes G as a linear decomposition of the eigen families
Fes.
Remark 4.2.3. This construction can be easily extended to the space Np g for any ad-

missible psi (R, Q) for nearly overconvergent forms.

9When the level is not 1, one uses the theory of primitive forms which described the maximal semi-
simple direct factor of Tru @ F ()
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4.3. The nearly overconvergent Eisenstein family. We consider the Eisenstein fam-
ily E(q) € A°(X)[[g]] such that for each weight x € X(Q,), its evaluation at  is given
by

E(k,q) = Za(n, E k)¢" = Z Z(d%.dilq".

=1 n=1
" (e 4m

where for any m € Z, (m), € A(X) stands for the analytic function of X defined by
K+ k(m)
In particular, when x = [k].¢) with ¢ a ramified finite order character of Z,, then F(x, q)
is the g-expansion of
B @)(r) = Bi($)(r) = Ee()(pr).
We define the nearly overconvergent Eisenstein family ©.E € A%(X x X)[[q]] by

o0

©.E(k, k) := Z (n)ca(n, B, k")q"
(1

Lemma 4.3.1. If k = [r] and ' = [k}, the evaluation at (k,K') of ©.E is
0.E(s, 1) = "B (¥)(q).

It is the p-adic g-expansion of the nearly holomorphic Eisenstein series 5};E,(§p) (¥).

Proof. The first part is obvious and the second part follows from the formula (2.4.2) and
the canonical diagram of Proposition 3.2.4.m

4.4. Construction of the Rankin-Selberg L-function on £ x £ x X.

4.4.1. Some preparation. Let (Q,4) be an admissible pair for overconvergent forms of
tame level 1 and let Ty ¢ be the corresponding Hecke algebra over A({). By definition
it is the ring of analytic function on the affinoid subdomain &g g sitting over the affinoid
subdomain Zg ¢ associated to (@, %) of the spectral curve of the U,-operator. Recall
that
Zou = Maz(A8)[X]/Q*(X)) C Zy, C Ay, x 4

where Zy, is the spectral curve attache to U, (i.e. the set of points (a, k) € A%Z-g x Y
such that P%(a) = 0) and

TQ’H = A(5Q7u) with 5Q’u =& ®ZUp ZQ’L[

The universal family of overconvergent modular eigenforms of type (@, 4) is given by

Gou =Y T(n)q" € Tyullq]
n=1

Tautologically, for any point z € gy of weight k, € 4, the evaluation Gg y(x) at x of
G@,u is the overconvergent normalized eigenform f, of weight x, associated to x.
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Let
GGy = GouO.E € Tou® A" (X x X)|[¢]] = A"(Egu x X x X)][q]
The Fourier coefficients of this Fourier expansions are analytic functions on £g g x X x X.

Let now (R,) be an admissible pair for nearly overconvergent forms of tame level 1.
Then we consider

GG urn(9) € A(T x Egu x X)([q]]
defined by
G5 uru(ry.v)(q) = eru.Gouy, v,k 'v)(q)
and where eg g = S(U,) for some S € X.A(U)[[X]] is the projector of /\/Qo]o’fs onto Ng .

Proposition 4.4.2. With the notation above GS,Q,R,Q}(Q) is the g-expansion of an ele-
ment of GSMR‘U € Nry ®q, A°(Egyu x X). Moreover if we have (Q,4) < (Q', W) and
(R,0) < (R'Y'), then Gg,u,Rm is the image of Ggf,u’,R’m' by the natural map

NR/,%' ®Qp Ab(gQ/,u/ X 3€) — NR7m ®QP Ab(gQM X :{)

Proof. By Corollary 3.4.7, with with (Q, 1) replaced by (R, %) and with M = A®(Eg ¢ x
X), it is sufficient to show that the specialization at a Zariski dense set of arithmetic
points of ([k],z,[r]) € T x Egy x X is the g-expansion of a nearly holomorphic form of
weight & annihilated by Rjj,(Up). It is sufficient to choose the triplet ([k],,[r]) such
that k; = [l] with [ € Z>9, r > 0 such that k£ — [ — 2r > 0 since such triplets form a
Zariski dense set of U x £g ¢ x X. The evaluation at such a triplet is easily seen to be the
p-adic g-expansion of eg 1,(92.©" . Ej_;_2,). By definition of eg j, it follows that this form
belongs to Ng ;. The second part of the proposition is a trivial consequence of (3.4.3.a).
| |

4.4.3. A 3-variable p-adic meromorphic function. Let Zr gy C A%ig x S0 the affinoid of
the spectral curve Zg‘; attached to Py’. This affinoid is a priori not contained in the
spectral curve attached to U, but the eigencurve is still sitting over it since Zy, C Zi’,‘; .
We can therefore consider
Erw = EN Xzz  ZRw
and the Ep g’s form an admissible covering of £y when the (R,0) vary.
Let C C £y be an irreducible component. Then we set
De,gu = a(l,1¢.H(GE g r)) € F(C) ® F(Egy x X)

Remark 4.4.4. If He C A(C) is a denominator of 1¢, then the poles of D¢ g ¢ come from
the zeros of He and the poles of the overconvergent projector. Therefore we have:

2rr,m
(4.4.4.a) He. [ (Zog(k) —i).De,gu € A(C x Egu x X)
i=2
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We denote by Dg g0 the unique element of
F(€rpx EquxX) = [ FC) ®F(&quxX)

CCER,%
irreducible

restricting to De gy on C x Egg x X for each irreducible component C of ry. It
can be constructed as the image of HT(G57H7R7W) in Thy @ F(V) @ F(gu x X) =
F(Ery x Egyu x X) by the map (4.2.1.a) tensored by F(Egy x X)

We have the following result:

Lemma 4.4.5. There exist a meromorphic function D on £ x & x X whose restriction
to F(Epg x Egu x X) gives Dry gy for any quadruplet (R,*5, Q,L1).

Proof. If we have pairs (R, U), (Q, ), (R, ), (Q', Y1) with (R, V) < (R',Y’) and (Q, ) <
(Q',4') then we have by (3.4.3.a) er ay|poery = ery and eqr |y 0 ey = egu. Since
the overconvergent projection is Hecke equivariant, we deduce that

ery ® eQu-(Dr v .q wloxy) = Dryqu
and that the Dpr g g u’s glue to define a memormorphic function D € F(€ x € x X).

4.4.6. The interpolation property. For x € £(Q,,), we denote 0, the corresponding char-
acter of the Hecke algebra. If x is attached to a classical form, we denote by f, the
eigenform attached to z. By definition,

lp © Lgol (fz(q) = Z 0:(Th)q"
n=1

We denote by k, its weight, ¢, its nebentypus and p™=* its minimal level with m, a
positive integer. We will always assume k, > 2 and that p~ is the conductor of ¢,,. We
consider the complex number W (f,) defined by

hy == fL|mpme = W (f2)fa
It is a complex number of norm 1 called the root number of f.
If € is smooth at x, then there is only one irreducible component containing it and if
C is the irreducible component of an affinoid £g g containing x, then
(4.4.6.a) He(ky) #0
In that case, we can define the specialization 1, € Tg, _ x, of 1¢ at k; and it satisfies:
Thly =0.(T,).1, Vn

In general, Tg, ,, is not semi-simple so 1, is not necessarily the (generalized) 6,-
eigenspace projector. But if the projection map £ — X is étale at x then it is. We
know it is the case when z is non-critical; recall that = is said non-critical if

0p(0(U,)) < kg — 1.

If all the slopes of Ry, are strictly less that k, — 1 (something that we can assume after
shrinking £p ), the image of 1¢ into the Hecke algebra acting on the space of forms
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MR, x, is the projector 1y attached to the new form f,. Moreover we can show by
the same computations as [Hi85, sect. 4] that

p
(46D)  all 1) = alp, o)l a2y U Ol

<h:1:v fx>pm¢
for any g € Mg, x, of level p" with n > m,.

For any v € %(Qp), we write k, := log(v). We say v is arithmetic if k, € Z and we
denote 1), the finite order character such that v = [k,].¢),.

We have the following theorem.

Theorem 4.4.7. Let L be a finite extension of Q, and (z,y) € & x E(L) and any
arithmetic v = [r].¢, such that ks, ky are arithmetic and satisfy the following

i) ky —ky >r >0,
(ii) x is classical and non-critical,
(iii) y s classical,
(iv) The level of fl equals the level of f§|1,
(v)
Then we have
- k
(44.7.8) D(x,y,v) = (~D)W ()W (F)alp, fr)"evpme(1= 5 Hmr+ )

Dp”(fxa f5|¢w ky + T)
e R T A

V) Y and vy, are ramified.

xT'(ky +7)['(ky + 1)

Proof. This computation follows closely those of Hida in [Hi93]. We treat the case
ky — ky > 2r > 0. The case k; — ky > r > (ky — ky)/2 can be treated similarly (see for
instance [Hi93]) and is obtained using the functional equation for the nearly holomorphic
Eisenstein series. We also assume 1), is trivial to lighten the notations.

By our hypothesis, we can choose a quadruplet (R, U, @, ) such that

(a) (z,y) € Ery x Egu(L)
(b) The eigenvalues of R} (X) € L[X] are of valuation smaller than k, — 1

Then, D(z,y, [r]) = Drw,u(z,y,[r]). By the condition (b), we know that Tg, ., =
TRy ®r, L is semi-simple and therefore the map Er gy — U is étale at x. In particular,
Er is smooth at x and = belongs to only one irreducible component C of Egg. By
construction, we have:

Drwou(@.y,[r]) = a(l,1;0H (er,, x, (Gou)OE([r], rery, ' [2r]71))))
= a(1, 15, (Y (enn, i (Foh g2 BN 4, -20)))
= a(l,1y, oen,, r, (H'(9)))
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with g = f,67 ky—2r ka:_ ky—2r ) Since g is nearly holomorphic of order < r and

(¢a
weight k, > 2r , we have HT( ) = ( ) is holomorphic. Since H(g) is an holomorphic
form of level p™ with n = Max(m,,m,), we have

(4.4.7b) Drygu(@,y.[r]) = a(l, 1y, oer,, xH(9))
- )_<f£’7p"v7'l(9)>p”

= alp, f)m

| &

(hx’ fq:)pm-r
- 2z ] <f£’7_p”ag>p"
= afp, oy gm0 2 gl
(hiﬂv f$>17mz
As in [Hi93], we now transform f, a little:
fy = (_1)kyfy|7'p"‘7'p” = (_1) P Fn=my) Syl Tpmy [P ]|
k
= (DR W()p 2 TSl e
By replacing this in the expression above we get for (4.4.7. b)'
(44.7.0) a(p, fo)™ (LW () I CE ) )
R 1 [ 0 o L (TR Do M8

<hz7fm> max
a(p, f)™= (=1 W (). prsrtr) bme (L=t —my

Dy (f, fy [[p" "], ky + 1)

1!
(kx + ky +r+ 1)7" Trky+2T+12kx+ky+2Tiky_k$ <hma f33>pmw

Now using the fact that for p dividing M, we have:

m(f:9lp™], ) = alp, /)"p™"Dun(f, 9, 5))
we deduce that (4.4.7.b) is equal to

ap, f)™ (1T (£0) e A= b+ ) o
DP” (fxa fgﬂ [P”_my], ky —+ r)

— 1)y
(ky +7 1).7“--ka+2r+12kz+ky+2rikrkz<hz, fu)pma

and the specialization formula stated in the theorem follows.m

Remark 4.4.8. a) This result is still true if x is classical and critical if it is not f-critical.
The condition (iv) and (v) are not necessary and could be removed at the expanse to
modify the formula by adding some Euler factors at p.

b) From the construction, we see that this meromorphic function has possible poles
along certain hypersurfaces of £ x £ x X corresponding to intersections of the irreducible
components of the first variable and also along certain hypersurfaces created by the
overconvergent projection. This happens when the overconvergent form f, is at the
same time the specialization of a family of overconvergent forms and a family of positive
order nearly overconvergent forms. It is easy to see that implies x is @-critical. In the
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next section, we review the definition of a 6-critical point and compute the residue of D
when the weight map at this point is étale.

4.4.9. Residue at an étale 6-critical point. Let x1 € £(L) of classical weight k1 > 2 and
slope k1 — 1. We say that x is #-critical if there exist xg of weight kg = 2 — k1 such that
fo, = ©F171f, . Here we denote f,, the ordinary form of weight kg = 2 — k; attached
to xp. We then write x1 = 6(zg). We have the following result.

Theorem 4.4.10. Let xg and x1 as above. Assume that k. : € — X is étale at x1 = 0(xq)
or equivalently that € is smooth at xo. Then the order of the pole of D(x,y,v) at x1 is
at most one and
k1—2 . .
155" (Log(vky) — j)(Log(v) — j)

(4.4.10.a) Res|z=z, (D(z,y,v)) = oy = 1] D(xo,y,v[l — k1))

for all (y,v) € Ex X

Proof. The fact that £ = X is étale at z; is equivalent to & smooth at z is well-known
and follows from R. Coleman’s work.

We choose (Rp,Up) such that zo € Egya,(L). Consider the pair (R;,%;) with
Ri(k, X) = Ro(k[2 — 2k1],p" 71 X) and By = Vo[2k; — 2].

For ¢ = 0,1, let C; be the (unique) irreducible component of €, o5, containing z; and
let consider F; = Fg, the corresponding Coleman family. Let G' = thml,@,ﬂ for some
admissible pair (Q, ).

Let F be an extension of F'(U) as in §4.2.2. Then by definition of D = D¢, ¢« and of
the overconvergent projection, we have

(4.4.10.b) G=D.F + D" 'Fy+H
with some D' € F®@ A*(Egu x X) and H € Np, o, ® A*(Eg y x X) such that (H, F;)x =0
for i = 0,1 where (—, —) £ is the p-adic Petersson inner product defined in §4.2.2. Notice
that by our hypothesis, Fy(z1) = fo, = 6"~ 1 Fy(x0). Since G is regular at [k;] and Fy and
§*1~1Fy are the only families of nearly overconvergent forms of finite slope specializing
to fz,, this implies that D + D’ is regular at x1. Therefore in particular the order of the
pole of D at x7 is the same as the order of the pole of D’ at x1 and
(4.4.10.¢) Res|p—z, (D(z,y,v)) = —Res|z—z, (D' (x,y,v))
From (4.4.10.b), we have

k1—2
(4.4.10.d) G Ry, y,v) = H (2 — Log(kz) + j) D' (z,y,v).Fo + 1 H

§=0
Since the eigencurve is smooth at xg, this implies that H?lz62(2 — Log(ky) + j)D' is
regular at x = x1 and therefore the pole of D" at x is at most simple. Moreover, we get

_1)\k1
(4.4.10.e) Res|pezy (D' (x,y,v)) = (](‘611—)1)!‘&(1’ 150.6k1_1G([k1],y, v))
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Now we want to evaluate €¥1~1G(k,y,v). For any classical triplet (k,y,v) = ([k],y, [r])
with k — ky, > 2r > 0 and ¢ = 1), we deduce from the evaluation of (2.4.2.b) at
X =0 that

EklilG(xa Y, V)(Q) = EklileRl,‘lh fyer-Ekfky72r (¢)(Q)

= eRo,moekl_lnyT'Ek—ky—QT (d}) (Q)

= eRo,mo fyekl_ler'Ek—ky—Qr (1/)) (q)

T(k—ky—7)r! _
F(kfkyfg"fk1il)%7“7k1+l)!6R0m0fy®T k1+1Ek—ky—2r(¢)(Q)

We deduce that
ki—1

MGk, y,v) = [] (Loglrny 'v™Y) = 1) (Log(v) — j + 1)GE, o (12 — 2k, g, v[1 — ki)
j=1

since the left and right hand sides of the above have the same evaluations on a Zariski
dense set of point of X x £ ¢ x X. Evaluating at x = [k;] gives:

(4.4.10.f)
k1—2

1 1G([k),y,v) = ] (G — Log(vky))(Log(v) = §)G Ry we0u([2 — kil y, v[1 — k1))
=0

Since

a(17 1COG}E%0,%0,Q,M([2 - kl]? Y, V)) = D(Hfo, Y, I/)

for (y,v) € Egu x X, the formula (4.4.10.a) follows from (4.4.10.c), (4.4.10.e) and
(4.4.10.f).m

Remark 4.4.11. This residue formula has a flavor similar to the work of Bellaiche [Bel2]
in which it is proved that the standard p-adic L-function attached to a #-critical point
is divisible by a similar product of p-adic Log’s.

Remark 4.4.12. 1t is also possible to define a two variable Rankin-Selberg p-adic L-
function interpolating the critical values Dy (fz, fy, ks — 1) by replacing ©.E(k, ) by
E°"(k) in our construction where for x = [k].¢, and k € Z>y we have

o0

L —k,¢) -1
Eord — ’ n
() 7 Tl Z s(d)d")g
N
Since E(k) has a pole at k = [0], this two-variable p-adic L-function would have a

pole along the hypersuface defined by k; = k,. It should be easy to compute the
corresponding residue and obtain a formula similar to the one of Hida’s Theorem 3
[Hi93, p. 228].



36

[AIP]

[Bel2]
[BO]

[Co]

[Co96]
[CM98]

[Hi85]
[Hi88]
[Hi93]
[Ka70]
[KaT2]
[Na92]

[Pi10]
[Sho4]

[Sh76]
[Sh73]
[SU]

[Urll]

[Ur13]

[Ti11]

ERIC URBAN

REFERENCES

F. Andreatta, A. Tovita and V. Pilloni, Families of Siegel modular forms, to appear in Annals
of Math. .

J. Bellaiche, Critical p-adic L-functions, Invent. Math. 189 (2012), no. 1, 1-60.

P. Berthelot and A. Ogus , Notes on crystalline cohomology, Princeton University Press ; Uni-
versity of Tokyo Press, Tokyo, 1978. vi+243 pp

R. Coleman, p-adic Banach spaces and families of modular forms. Invent. Math. 127 (1997),
no. 3, pp 417-479.

R. Coleman, Overconvergent and classical modular forms, Invent. math. 124 (1996), pp 215-241.
R. Coleman and B. Mazur, The FEigencurve, Galois representations in arithmetic algebraic
geometry (Durham, 1996), vol. 254 of London Math. Soc. Lect. Note Ser. 1-113. Cambridge
Univ. Press, Cambridge, 1998.

R. Coleman, F. Gouvea and N. Jochnowitz, E2, © and overconvergence, IMRN International
Mathematics Research Notices 1995, No. 1

H. Darmon and V. Rotger, Diagonal cycles and Euler systems I: A p-adic Gross-Zagier Formula,
to appear to the Ann. Sc. Ecole Norm. Sup.

M. Harris, Arithmetic vector bundles and automorphic forms on Shimura varieties. I, inventiones
math. 82 (1985), pp 151-189

M. Harris, Arithmetic vector bundles and automorphic forms on Shimura varieties. II, Compo-
sitio math., tome 60 (1986), pp 323-378.

Robin Hartshorne, Residues and duality, Lecture notes of a seminar on the work of A.
Grothendieck, given at Harvard 1963/64. With an appendix by P. Deligne. Lecture Notes in
Mathematics, No. 20. Springer-Verlag, Berlin,

H. Hida, A p-adic measure attached to the zeta functions associated with two elliptic modular
forms. I, Invent. math. 79, 159-195 (1985)

H. Hida, A p-adic measure attached to the zeta functions associated with two elliptic modular
forms. II, Annales de I'Institut Fourier, tome 38 n3, pp 1-83 (1988).

H. Hida, Elementary theory of L-functions and FEisenstein series, Cambridge Univ. Press, Lon-
don Math. Soc. Student Texts 26, (1993).

N. Katz, Nilpotent connections and the monodromy theorem: Applications of a result of Turrit-
tin, Inst. Hautes tudes Sci. Publ. Math. No. 39 (1970), 175232.

N. Katz, p-adic Properties of Modular Schemes and Modular Forms, International Summer
School on Modular Functions, Antwerp (1972).

M. Nappari, Holomorphic Forms Canonically Attached to Nearly Holomorphic Automorphic
Forms Thesis Brandeis University (1992).

V. Pilloni, Formes modulaires surconvergentes , to appear in the Annales de 'Institut Fourier.
G. Shimura, Arithmeticity in the Theory of Automorphic Forms, American Mathematical So-
ciety, Mathematical Surveys and Monographs, Vol. 82, (2004).

G. Shimura, The special values of the zeta functions associated with cusp forms, Comm. Pure
Appl. Math. 29 (1976), no. 6, 783-804.

G. Shimura, IIntroduction to the arithmetic theory of automorphic functions, Kan Memorial
Lectures, No. 1. Publications of the Mathematical Society of Japan, No. 11. Iwanami Shoten,
Publishers, Tokyo; Princeton University Press, Princeton, N.J., 1971. xiv+267 pp.

C. M. Skinner and E. Urban, p-adic families of nearly holomorphic forms and Applications, in
preparation.

E. Urban, Figenvarieties for reductive groups, Annals of Math. 174 (2011), pp 1685-1784.

E. Urban, On the ranks of Selmer groups of elliptic curves over Q, in Automorphic Representa-
tions and L-Functions, Proceedings of the International Colloquium held at the Tata Institute
of Fundamental Research, pp 651- 680 (2013)

J. Tilouine, Companion forms and classicity in the GL2(Q)-case, Number theory, 119141, Ra-
manujan Math. Soc. Lect. Notes Ser., 15, Ramanujan Math. Soc., Mysore, 2011.



NEARLY OVERCONVERGENT MODULAR FORMS 37

[Wi] A. Wiles, On ordinary ?-adic representations associated to modular forms, Invent. Math. 94
(1988), no. 3, 529573.
[Xi] R. Harron and L. Xiao, Gauss-Manin connections for p-adic families of nearly overconvergent

modular forms, arXiv:1308.1732.

DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY, 2990 BROADWAY, NEW YORK, NY 10027

E-mail address:  urban@math. jussieu.fr, urban@math.columbia.edu



	1. Introduction
	2. Nearly holomorphic modular forms
	2.1. Classical definition
	2.2. Sheaf theoretic definition
	2.3. Rational and integral structures
	2.4. Differential operators
	2.5. Hecke operators
	2.6. Rationality and CM-points

	3. Nearly overconvergent forms
	3.1. Katz p-adic modular forms
	3.2. Nearly overconvergent forms as p-adic modular forms
	3.3. E2,  and overconvergence
	3.4. Families of nearly overconvergent forms
	3.5. Maass-Shimura operator and overconvergent projection in p-adic families

	4. Application to Rankin-Selberg p-adic L-functions
	4.1. Review on Rankin-Selberg L-function for elliptic modular forms
	4.2. The p-adic Petersson inner product
	4.3. The nearly overconvergent Eisenstein family
	4.4. Construction of the Rankin-Selberg L-function on EEX

	References

