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In 3D:
ds? = dx? + dy2 +ot
ds, |
;dz In 4D:
~~~~~~~ —»  ds2 = dt? + dx? + dy? + dz?
y %:3;%:3“““- .
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Minkowski Geometry, R?
ds? = —dt® + dx? + dy? + dz?

(spherical) = —dt* + dr* + r*(d9? + (sin9)2dp?)
128 Special Relativity (speed of light ¢ = 1)
A d5° < 0— “timelike”

ds2 =0 — “null”

ds®> > 0 — “spacelike”

» I

Y
(free falling) particle in SR <> timelike (line) curve {a/,a’) < 0

light-ray in SR < null line (', 8') =0
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X,z
For v € B3 we have a “boost”:

(t,x.y.2) 2 (£.%,7,2)

observers at rest — observers, relative velocity
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Can generalize to:

ds? = (dt dx dy dz)

o If signature (—, +,+,+) = "

8oo 8o1
8ol 811
802 812
803 802

General Relativity

go2 03 dt
g12 g13 dx
g2 £23 dy
823 &33 dz

spacetime”

e If functions g.s(t,x,y,z) = Curvature.

In 1915 Einstein publishes:

Curvature of space

indicates

produces

= Matter content
p—

G, =

1y/{€;
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Loy

(free-falling) particle in GR <« (geodesic) timeline curves

light-ray in GR <> null geodesics
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Observations

curvature affects dynamics = i.e. “gravity”



Black Hole

: e GR .
Singularities in Curvature = Extreme Physics!
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Null Cones

Null Hypersurface, Q:
Induced metric is degenerate:
e JLeTQNTQ
= L null!

e Vi L =0 = integral
curves geodesic,
“light-rays”

pry’

Nullcone:
e Q = {shoot light-rays off of ¥ = S? along L}
<« foliation {¥s} C Q, L(s) =1
e Lol — {E} = (T4} (ie oL(t) = 1)
if » = (9, ) = “geodesic foliation” of Q
if & = ¢(s,9,9) = “general foliation” of Q

[m] = = =

DA



Schwarzschild Geom., “Sph. Symmetric Vacuum”

6 = (1~ "My + (1~ )N 1 (a0 +sin® 0d?)

—(1— g)dﬁ + 2dvdr + r?(d¥? + sin? 0dp?)
2M
where: dv =dt + (1 — T)_ldr

=2M Nullcones

O Q:={v=w} Dyd =0
— any X — 2 given by
£ = {r=w(®, )}
® H:={r=2M}: Dy,0, =0
— all ¥ — H have area
|¥| = 16mM?! = BH!
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Hawking Energy:
En(T) =

/
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We denote v := ds?|q, X = %E_m/:

Null Geometry

LeTQNTIQ = 7|5,(p) =5, (p)

ViL=0 = x| (p) = x|5.(p)
i.e. geometry of ¥ C  "“intrinsic” to €2, determined
“pointwise” .
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Y C Q admits a normal null basis {L,L} C T+X:

KN

(LLy=(LLy=0, (L L)y=2

Tt

™

H

V,W e T(T%) .

@ ‘“extrinsic” geometry of X “intrinsic” to Q < x = %El_fy
@® ‘extrinsic’ geometry of L “extrinsic” to Q <> x := %Ln
© trx(x)vdety = L(L)v/dety, (H,H) =trytrx
OXCQ = try>0,

@® Y a “Black Hole” <= try=0 <= (H,H)=0
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Positive Energy Theorem
foliation along L:

If a Null Cone Q “sits” in physically isolated system, {¥s} C Q

lim gl

s—o00 52

= Yoo

Uniformization Thm = 7, = cbgod02,

do? = d¥? + sin9dp? standard metric on S?. For:

VERS V| <1, wyi=

1-|vP?
1—-v- ﬁ(fﬂa QD)’
we expect foliation {¥;}, t = (5% )?s 4 o(s), to give
t—o0

lim Ey(X;) = “total energy” > 0.
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To study Eyy = studying (H, H) = studying try, trx
Structure Equations

Along {¥s}s we have the following propagation equations:
° Ltry= —%tr;_(2 — |)_2|2 — G(L, L),
o Ltry=G(LL)+2K—-2V-(—2|¢]* —trxtry

¢ ="connection” on T+¥,, K ="Gauss-Curvature” of ¥.
Asymptotics

In an isolated system:

9 .
o tr;_gz%—s-—2+o(s 2)
o ter—2’Cs°°—

s% +o(s72)
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rx = —§trX2

A closer look at trx
Lt :

R1? - G(L, L)

@ We define a = s2 try — 2s:

2
=

a _
2
9= [>12

s

=>3:—Q+O(1)&_La:—%

s*(IR1%+ G(L, L))
5% + (IR + G(L, L))du
@ Recall L(dA,) = tr ydAs:

a

— dA, = el TINA = (22N hga,
o

— dAx =

—

oco a
dA, = s2e ) w@dga

DA



Calculating lim Ep(Xs)

) = (1

& [ (A, F)dA)
Consequently, we have
EH(XS) _
[zl
47
S_ 1 [R 0K 8o~
2(1 167 (s 52)( s _?) € 2 dA°°>+o(1)
1 l_e_fs‘x’fzdu —fooadu
== (QICOO (Kl +0)e ST )dA
+ o(1)
im (%) = o ,/ /(0 Koo dAn.
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A closer look at try
Ltrx =G(L, L) +2K -2V - = 2[¢]*> —trxtry
@ We observe:

I__(87rs—/trdis)

=87 — /Ltr XdAs + tr xL(dAs)

=81 — / G(L,L) + 2K — 2V - ¢ — 2|¢|>dAs
= [ 2P + 6L~ L)da.

= lim (87rs—/trdi5)
S$§—00

— [ trxodAo + J5° [ 212 + G(L, —L)dA,du

<
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® Considering asymptotics:

8ms — /trdis

= / (21Coos - (% - %)(s%—ff" %d“))c/Aoo +0(1)

:/(2/c Lo

o a
- +oe T w d“) dAs + o(1)
== sllg.\o(&rs - /trdis) =

J (2K + 0)dA

Combining both expressions for Ii)m (8ms — /trdis):
5§—00

— [trxodAo + [3° [2|¢)> + G(L,—L)dA,du
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Combining everything:

I|m EH

T / (0 — Koo)dAs
- /(9 — 2Kl dAe + /}CoonAoo
—/trXOdAo
// 2|g|2+ G(L,—L))uPe™ S~ &
+ (ﬁ +2(IR2 + G(L, L)k )dudAoo
Consequently, choosing t = (%)254— o(s) = K = 1. Choosing

Y to be a Black Hole, or a point, yields non-negative total energy.

Proof by: Piotr T Chruciel and Tim-Torben Paetz 2014 Class
Quantum Grav. 31 102001
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THANK You!!

Pictures

Einstein equation: manyworldstheory.com

Sun and light: http://www.zamandayolculuk.com/cetinbal/HTMLdosyal/RelativityFile.htm
Earth and Moon: https://einstein.stanford.edu/MISSION/missionl.html

Sun-WD-NS-BH: https://s-media-cache-ak0.pinimg.com/originals/07/6c/df/
076cdf115caedd07£08cea6252c13783. jpg




