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Minkowski Geometry, R4
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General Relativity



Observations



Black Hole



Null Cones



Schwarzschild Geom., “Sph. Symmetric Vacuum”





Null Geometry

We denote γ := ds2|Ω,
¯
χ := 1

2L
¯
Lγ:

¯
L ∈ TΩ ∩ T⊥Ω =⇒ γ|Σ1(p) = γ|Σ2(p)

∇
¯
L
¯
L = 0 =⇒

¯
χ|Σ1(p) =

¯
χ|Σ2(p)

i.e. geometry of Σ ⊂ Ω “intrinsic” to Ω, determined
“pointwise”.



Σ ⊂ Ω admits a normal null basis {L,
¯
L} ⊂ T⊥Σ:

〈L, L〉 = 〈
¯
L,
¯
L〉 = 0, 〈L,

¯
L〉 = 2

1 “extrinsic” geometry of Σ “intrinsic” to Ω ↔
¯
χ := 1

2L
¯
Lγ

2 “extrinsic” geometry of Σ “extrinsic” to Ω ↔ χ := 1
2LLγ

3 tr
¯
χ(χ)

√
det γ =

¯
L(L)

√
det γ, 〈#H, #H〉 = tr

¯
χ trχ

4 Σ ⊂ Ω =⇒ tr
¯
χ > 0,

5 Σ a “Black Hole” ⇐⇒ trχ = 0 ⇐⇒ 〈#H, #H〉 = 0



Positive Energy Theorem

If a Null Cone Ω “sits” in physically isolated system, {Σs} ⊂ Ω
foliation along

¯
L:

lim
s→∞

γ|Σs

s2
= γ∞

Uniformization Thm =⇒ γ∞ = φ2
∞dσ2,

dσ2 = dϑ2 + sin2ϑdϕ2 standard metric on S2. For:

#v ∈ R3, |#v | < 1, ω!v :=

!
1− |#v |2

1− #v · #n(ϑ,ϕ) ,

we expect foliation {Σt}, t = ( ω!v
φ∞

)2s + o(s), to give

lim
t→∞

EH(Σt) = “total energy” ≥ 0.



To study EH =⇒ studying 〈#H, #H〉 =⇒ studying tr
¯
χ, trχ:

Structure Equations
Along {Σs}s we have the following propagation equations:

•
¯
L tr

¯
χ = −1

2 tr
¯
χ2 − |ˆ

¯
χ|2 − G (

¯
L,
¯
L),

•
¯
L trχ = G (L,

¯
L) + 2K − 2∇ · ζ − 2|ζ|2 − trχ tr

¯
χ

ζ =“connection” on T⊥Σs , K =“Gauss-Curvature” of Σs .

Asymptotics
In an isolated system:

• tr
¯
χ = 2

s − ¯
θ
s2

+ o(s−2)

• trχ = 2K∞
s − θ

s2
+ o(s−2)



A closer look at tr
¯
χ

¯
L tr

¯
χ = −1

2 tr
¯
χ2 − |ˆ

¯
χ|2 − G (

¯
L,
¯
L)

1 We define a = s2 tr
¯
χ− 2s:

=⇒ a = −
¯
θ + o(1) &

¯
La = −1

2
a2

s2
− s2(|ˆ

¯
χ|2 + G (

¯
L,
¯
L))

=⇒
¯
θ =

"∞
0

1
2
a2

u2
+ u2(|ˆ

¯
χ|2 + G (

¯
L,
¯
L))du

2 Recall
¯
L(dAs) = tr

¯
χdAs :

=⇒ dAs2 = e
! s2
s1

tr
¯
χdu

dAs1 = (
s2
s1
)2e

! s2
s1

a
u2

du
dAs1

=⇒ dA∞ =
e
!∞
s

a
u2

du

s2
dAs

=⇒ dAs = s2e−
!∞
s

a
u2

dudA∞



Calculating lim
s→∞

EH(Σs)

EH(Σ) =
#

|Σ|
16π

$
1− 1

16π

"
〈#H, #H〉dA

%

Consequently, we have:

EH(Σs)!
|Σ∞|
4π

=

s

2

"
1− 1

16π

#
(
2

s
− ¯

θ

s2
)(
2K∞
s

− θ

s2
)s2e−

! ∞
s

a
u2 dudA∞

$
+ o(1)

=
1

16π

# "
2K∞

1− e−
! ∞
s

a
u2

du

s−1
+ (K∞

¯
θ + θ)e−

! ∞
s

a
u2

du
$
dA∞

+ o(1)

=⇒ lim
s→∞

EH(Σs) =
1

16π

%
|Σ∞|
4π

#
(θ −K∞

¯
θ)dA∞.



A closer look at trχ

¯
L trχ = G (L,

¯
L) + 2K − 2∇ · ζ − 2|ζ|2 − trχ tr

¯
χ

1 We observe:

¯
L(8πs −

&
trχdAs)

= 8π −
&

¯
L trχdAs + trχ

¯
L(dAs)

= 8π −
&

G (L,
¯
L) + 2K − 2∇ · ζ − 2|ζ|2dAs

=

&
2|ζ|2 + G (

¯
L,−L)dAs

=⇒ lim
s→∞

(8πs −
&

trχdAs)

= −
"
trχ0dA0 +

"∞
0

"
2|ζ|2 + G (

¯
L,−L)dAudu



2 Considering asymptotics:

8πs −
&

trχdAs

=

& $
2K∞s − (

2K∞
s

− θ

s2
)(s2e−

!∞
s

a
u2

du)
%
dA∞ + o(1)

=

& $
2K∞

1− e−
!∞
s

a
u2

du

s−1
+ θe−

!∞
s

a
u2

du
%
dA∞ + o(1)

=⇒ lim
s→∞

(8πs −
&

trχdAs) =
"
(−2K∞

¯
θ + θ)dA∞

Combining both expressions for lim
s→∞

(8πs −
&

trχdAs):

&
(θ − 2K∞

¯
θ)dA∞ = −

&
trχ0dA0 +

&∞
0

&
2|ζ|2 + G (

¯
L,−L)dAudu



Combining everything:

lim
s→∞

EH(Σs)

1
16π

"
|Σ∞|
4π

=

#
(θ −K∞

¯
θ)dA∞

=

#
(θ − 2K∞

¯
θ)dA∞ +

#
K∞

¯
θdA∞

= −
#

trχ0dA0

+

# # ∞

0

"'
2|ζ|2 + G (

¯
L,−L)

(
u2e−

! ∞
u

a
t2
dt

+
' a2

2u2
+ u2(|ˆ

¯
χ|2 + G (

¯
L,
¯
L)
(
K∞

$
dudA∞.

Consequently, choosing t = ( ω"v

φ∞
)2s + o(s) =⇒ K∞ = 1. Choosing

Σ0 to be a Black Hole, or a point, yields non-negative total energy.
Proof by: Piotr T Chruciel and Tim-Torben Paetz 2014 Class.
Quantum Grav. 31 102001



The End


