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ABSTRACT
REMARKS ON SOME NON-LINEAR HEAT FLOWS IN KAHLER GEOMETRY
Donovan C. McFeron

In this thesis, we clarify or simplify certain aspects of the Calabi flow and of the

Donaldson heat flow.

In particular, in [33], the Calabi flow is studied as a flow of conformal factors

gij(t) = 62“(t)§z'j(0),
) 1
u(t) = §AR (0.0.1)

and the convergence of the conformal factors u(t) in the Sobolev norm || - || is
obtained. Although the convergence of the conformal factors established by Struwe
[33] is only in the || - ||(2) norm, he states clearly that the convergence in arbitrary
Sobolev norms, and hence in C'**°, should follow in the same way. In the first part of

this thesis, we confirm that this is indeed the case.

Next we discuss the Donaldson heat flow. We shall show directly the C° bound-
edness of the full curvature tensor Fiip on [0,00). Once again, our main technique is
differential inequalities for the L? norms of the derivatives of F};%5, in analogy with
the methods of [22, 34] and the treatment of the Calabi flow that we used in the

previous section.
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1 INTRODUCTION 1
1 Introduction

The classic uniformization theorem asserts that, on any compact Riemann surface
X, there exists a unique metric of constant curvature. This is the starting point
for a modern viewpoint to geometry, which is to try and characterize each geometric
structure by a “canonical metric”, that is, a metric with optimal curvature properties.
Major successes in this viewpoint have been the existence of Kéhler-Einstein metrics
on Kéhler manifolds X with ¢;(X) < 0 [40, 1] or ¢;(X) = 0 [40], and the existence
of Hermitian-Einstein metrics on stable vector bundles [11, 12, 38]. There is at the
present time a great deal of activity in addressing the existence of canonical metrics
in a wide variety of contexts in complex and algebraic geometry, in particular Kahler-
Einstein metrics when ¢;(X) > 0 under suitable stability conditions [41, 36, 13, 14],
extremal metrics [3], metrics of constant scalar curvature in a given Kéhler polar-
ization [13, 14] (see also the survey in [23] for a more extensive list of references),
as well as singular Kahler-Einstein metrics when the first Chern class is not definite

15, 37, 10, 19, 30, 31, 32].

The equation for optimal curvature, e.g., constant scalar curvature or constant
Ricci curvature, is usually a non-linear partial differential equation in the metric.
For example, let L — X be a positive line bundle over an n-dimensional compact
complex manifold X. Let hy be a metric on L with strictly positive curvature wy =
—£00 log hg. The problem of finding a Kéhler metric w in the class ¢;(L) with
constant scalar curvature R can be viewed as the problem of finding a metric h =
e %ho on L, with positive curvature w = wy + %85¢, and satisfying the differential

equation
—ngﬁjag log w" = R, (1.0.1)

where gj; is the metric corresponding to the Kahler form w. This is a 4th-order non-
linear partial differential equation in the potential ¢. In the particular case where

L = K3, it is not difficult to see that the condition of constant scalar curvature is
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actually equivalent to the seemingly stronger condition of constant Ricci curvature,

REj = 1grjs (1.0.2)

where p is a constant. This is the defining condition of Kéhler-Einstein metrics. In
a different set-up, let £ — (X,w) be a holomorphic bundle of rank r > 1 over an
n-dimensional compact Kéhler manifold (X,w = %g,;jdzj A dz%). Let Hgp denote
metrics on E, 1 < o, < 7. Let Fy;%s = —05(H*0;H5s denote the curvature of

Hgpz. Then the metric Hgp is said to be a Hermitian-Einstein metric if
9 F e = 1% (1.0.3)

where 1 is a constant. Although there has been considerable progress in the study of
all these equations in recent years, many important questions about the existence of

solutions, their regularity, and their geometric implications remain open.

One general approach to the problem of existence of canonical metrics is through
the study of geometric flows with these canonical metrics as fixed points. Thus,
corresponding to the three notions of canonical metrics we have just discussed are the

Calabi flow,
gr;(t) = 0;0kR, (1.0.4)

whose fixed points are the Kéahler metrics of constant scalar curvature, the Kahler-

Ricci flow,

ij(t) = _(REj - Mgl}j) (1-0-5)

which is a special case of Hamilton’s Ricci flow [16] and whose fixed points are Kéhler-

Einstein metrics, and the Donaldson heat flow

H'(t)H(t) = —(¢"" Fyy — ul), (1.0.6)

whose fixed points are the Hermitian-Einstein metrics. All these geometric flows

are parabolic, and their short-time existence is guaranteed by the general theory of
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parabolic partial differential equations. So the main issue is their long-time existence,
the description of the singularities if they develop, and their convergence. More
specifically, the Donaldson heat flow [12] and the Kéahler-Ricci flow (for definite Chern
classes) exist for all time [4], and the issue is to determine the asymptotic behavior
of the flow with or without stability conditions. As for the Calabi flow, it has been
shown by Chen-He [6] and Szekelyhidi [35] that the flow will continue to exist as long
as the Ricci curvature remains bounded, but many other natural questions remain

unanswered.

In this thesis, we clarify or simplify certain aspects of the Calabi flow and of the
Donaldson heat flow. We discuss now the relevant aspects of these flows in greater

detail.

The Calabi flow has received a lot of attention very recently. Especially noteworthy
are the criteria for long-time existence which we have already discussed above, and
the analysis of the flow in various important special cases, such as ruled surfaces and
toric varieties, for initial metrics with certain symmetry properties [34, 7]. Perhaps
the most complete results to date are in the case of compact Riemann surfaces, thanks
to the works of Chen [5], Chrusciel [8], and Struwe [33]. In particular, in [33], the

Calabi flow is studied as a flow of conformal factors g;(t) = €2“)§;;(0),
. 1
u(t) = §AR (1.0.7)

and the convergence of the conformal factors u(t) in the Sobolev norm || - || is
obtained by ruling out concentration-compactness phenomena, using an estimate of
Brezis-Merle for the two-dimensional Laplace equation when studying the Liouville
equation. Although the convergence of the conformal factors established by Struwe
[33] is only in the || - ||(2) norm, he states clearly that the convergence in arbitrary
Sobolev norms, and hence in C'*°, should follow in the same way. In the first part of
this thesis, we confirm that this is indeed the case. An important step along the way

is to establish the uniform boundedness of the scalar curvature R. To do this, we
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derive explicit differential inequalities for the L? norms of R and its derivatives, and
apply the results of [33]. The method of exploiting such differential inequalities is a
well-known method in the study of geometric flows (see e.g. [17], but our analysis is

perhaps closest in spirit to those of [22, 35, 18, 20, 24].

Next, we discuss the Donaldson heat flow. The flow was originally introduced by
Donaldson [12], who established its long-time existence, and who showed that, if the
bundle £ — X is stable in the sense of Mumford-Takemoto, a subsequence of the
flow will converge to a Hermitian-Einstein metric. That Mumford-Takemoto stability
implies the existence of Hermitian-Einstein metrics was also shown independently by
Uhlenbeck and Yau [38], using elliptic rather than parabolic PDE methods. An impor-
tant component of the approach of Uhlenbeck and Yau is a separate meromorphicity
theorem, the proof of which was subsequently simplified by Shiffman [27] (see also
[26] for a more recent proof). A detailed exposition of Donaldson’s results is provided
in the lecture notes of Siu [29]. Subsequently, Simpson [28] extended the Donaldson
heat flow approach to Higgs bundles over non-compact manifolds, incorporating also
the ideas of Uhlenbeck-Yau of how to obtain a coherent destabilizing bundle from
| - |y estimates. In the process, he also showed how to derive directly Donaldson’s
inequality from the Mumford-Takemoto condition, without establishing first the exis-
tence of Hermitian-Einstein metrics, as was shown first by Donaldson [12]. Although
these results have essentially clarified the picture completely for the Donaldson heat
flow when the bundle E is Mumford-Takemoto stable, we note that it is much less
understood when the bundle F is not stable. For the case of complex surfaces X,
the convergence of the flow, in a suitable sense, to the Harder-Narasimhan-Seshadri
filtration of E has been established by G. Daskalopoulos and R. Wentworth [9], but

again, many questions remain open in the general case.

The theory of geometric flows has been developed considerably since the time
when the Kéhler-Ricci flow and the Donaldson heat flow were first introduced. In

particular, it is useful to reduce the (subsequential) convergence of geometric flows
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to a single (or at most a few) uniform bounds for a key geometric quantity along the
flow. For example, the convergence of the Kahler-Ricci flow was known from early

days, following the work of Yau [40], to reduce to a single C° estimate
Sup; | @llco < A < o0, (1.0.8)

along the flow, where gz;(t) = g5;(0) 4+ 0;05¢, and ¢ is suitably normalized (see e.g.
[20, 24, 23|, where seemingly weaker criteria are also given). In the second part
of this thesis, we establish a similar criterion for the Donaldson heat flow, namely,
we show that, if Hss(t) is the metric evolving under the Donaldson heat flow and

h(t)*s = H(0)*"Hsp(t), then the estimate

sup; || Tr hflco < Ap < 00 (1.0.9)
implies the uniform boundedness of all the derivatives of h(t)

supysol | Allor < A < 00, (1.0.10)

Properties of this type are formulated more precisely in the elliptic version of [38]. In
the study of the Donaldson heat flow, as carried out in [12] and explained in greater
detail in [29], they are more implicit. We provide a precise statement and complete
derivation. Perhaps the main technical innovation in our approach is in the proof of
the uniform boundedness of the relative connection Vi h™1. The basic observation
here is to exploit the analogy of this estimate with that of the C? estimate for the
Monge-Ampere equation, once this latter estimate has been formulated in terms of
the relative endomorphism h(t), instead of the Kéhler potential ¢ (see [20, 25]). Once
this observation has been made, we can adapt the proof of the Calabi identity, as
formulated in [20]. As in [12, 29], the boundedness of the relative connection Vi h™*
implies then the uniform boundedness of Ah, and hence the L? boundedness of the
full curvature Fy;*s for any 1 < p < oco. In [12, 29], it is shown that this L? uniform
boundedness is sufficient to lead to the desired conclusions. However, it would be

simpler if the C° boundedness of the full curvature tensors can be derived directly
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from the LP uniform boundedness. For finite time intervals [0,7), T' < oo, it was
shown in [12, 29] that the C° boundedness on [0,7) follows from the L estimates
for p large enough and standard estimates for the heat hernel. In this thesis, we
shall show directly the C° boundedness of the full curvature tensor ks on [0, 00).
Once again, our main technique is differential inequalities for the L? norms of the
derivatives of Fy;s, in analogy with the methods of [22, 34] and the treatment of the

Calabi flow that we used in the previous section.
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2 The Calabi Flow

2.1 Background

Throughout this chapter, X represents a Riemann surface with an initial metric
go- The Calabi flow generates a family of metrics, denoted by g¢(t), with scalar
curvatures R. We use ¢ to denote a fixed metric in the Kéahler class [¢(¢)] with constant
scalar curvature R. We denote the (1,1)-forms corresponding to g and § by w and
w. Also, we denote their laplacians by A and 3, with the sign convention that
Af = ¢**V.V:f. All constants, C, k, ..., are positive and independent of time, and
all norms are taken with respect to the evolving metric, unless otherwise indicated

by a subscript.

Definition 1. The Calabi energy, C(w), is defined by the integral

/ ’R R‘ (2.1.1)

2.1.1 Previous Results

If we let u be a function satisfying g(t) = e**® g, then the Calabi flow on a surface,

7 = gAR;
g g (2.1.2)
g(O) = 4o,
can be rewritten in terms of u as
w = %AR;
(2.1.3)
uw(0) = up.

In [33], Struwe proves that the metrics given by the Calabi flow are uniformly equiv-

alent. He also proves that for some constants C' and k,
ull g2y < Ce™™, (2.1.4)

and that
Clw) < Ce™, (2.1.5)



2 THE CALABI FLOW 8

From the relation between R, E, and u given by R = 2R — 2Au, we calculate the

derivative of R with respect to time to be

R=—RAR — A’R. (2.1.6)

2.2 Exponential Decay of the Calabi Flow

We show u converges to 0 smoothly and exponentially with respect to ¢ in five steps.
First, in Lemma 2, we show that for positive genus surfaces, ||A"R||z2 < Ce™* for all
n. Next, in Lemma 3, we show that in the case of the sphere, ||A"R||z: < Ce™** for
all n. Then, in Lemma 4, we show this implies ||A"u|zz < Ce ™ for all n. Next, in
Lemma 5, we show this implies || Al 2@y < Ce ™ for all n. Then by the Sobolev

imbedding theorem, we can prove the main theorem.

Theorem 1. For allr > 0, t > 0, and some constants C' and k depending on r,

ullor(xo) < Ce™™. (2.2.1)

Before we prove the convergence of A"R, we state and prove some preliminary

lemmas, claims, and corollaries that we use throughout this chapter.

Lemma 1. For all functions f defined on X with dim X = 2 and for all p > 2,
17 l@ < G (197120 + 1l ) - (222)

Corollary 1.
[fllr < Co IV Fllzz + 11 llz2) - (2.2.3)

Proof. By the equivalence of the evolving metrics and the fixed metric([33], Thm
3.2.),

£l < Cl Aoy < G (19l + 12y ) < Co (VS s + 1 fls2) - O
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Corollary 2. Moreover, for all tensors V¥ f on X with dim X = 2, for all k € N,
and for all p > 2,
IVEFller < C(IVHH Flle + IV5F2) - (2.2.4)
Proof. We have for any integer k and any function f € C*1(X),
IVIVFFIL < VR (2.2.5)
(See [2], Prop 2.11). Now we apply Corollary 1 to the function |V*f|.
IV fllee < C(IVIVFFlllee + IV fllz2) S C IV fllee + VO flle2) . O

Claim 1. For all functions f defined on X, there exists a constant C, such that

IVl < ClIAS|z2, (2.2.6)
IV?fllzz < ClASr2, (2.2.7)
[Afll < CIVAS] L (2.2.8)

Proof. Letting A\ be the first positive eigenvalue of —ﬁ, we use the Poincaré inequality

and the fact that —c¢ < wu < 0 ([33] p. 251) to obtain inequality (2.2.6).

IVFl122 = IV fl22@) < CIAS IR = Clle“Af|2: < CIAS]2. (2.2.9)

To establish (2.2.7), first, we integrate by parts and commute derivatives to get

IV2£]132 = [|Af]32 —i—/X(QAu—e_Q“}A%HVﬂQw. (2.2.10)

Then by (2.2.6), Hélder’s inequality, Corollary 2, and the fact that
[Au|| 2 < Ce™™, (2.2.11)

we have inequality (2.2.7) for sufficiently large ¢.

Lastly, for ¢ sufficiently large, (2.2.8) follows from the Poincaré inequality, Holder’s
inequality, and Corollary 1. O
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Corollary 3. Fort sufficiently large,

IVfllze < CllASll2 < CIVASlL2 < CA |z < CIVA flle < ... (2:212)

Now we have the necessary tools to prove |A"R||z2 < Ce . We treat the cases

of positive genus surfaces and the sphere separately.

2.2.1 Surfaces with positive genus.

Lemma 2. If R <0, then for alln € Z* and t > 0, |A"R||;» < Ce ™.

Proof. The key step is proving | VR||;2 < Ce™*. After we have this estimate, we can

bound the L? norms of all higher derivatives of R by induction.

Step 1: We show |[VR| ;2 < Ce™* by calculating 4|V R||2., integrating by parts,
and applying Holder’s inequality. We get

d ~ ~
CIVE = —2||VARH%2+2R||AR||%2+2/(R—R)\AR\% (2.2.13)
X

< —2||VAR|% + 2R||AR|%: + 2C(w)? || AR|2..  (2.2.14)
Then by Corollaries 1 and 3, C(w) < Ce™, and for large enough t,

d
ZIVEIL: < =2VAR|L= +e (IVAR|L= + [|AR]L:) < <K VR|=. (2:2.15)

Step 2: To prove Lemma 2 for n = 1, we use the method and results of Step 1.

%HARHiz < —2|AR|}: + 2R| VAR + 2C(w)? [VAR|[:  (2.2.16)
+4| VR 2| AR| 4[| VAR]| 14 (2.2.17)

< 2| A%R|[72 + e[ VAR 12| A*R|| 2 + €| A’R]|7. (2.2.18)

< —k||AR|3.. (2.2.19)
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Step 3: We assume for n < m, |a| =2n — 1, and |3| = 2n

IVflle < CIVA™ fl1z, (2.2.20)
VAR < Ce ™, (2.2.21)
IVOflle < ClIA™f] 12, (2.2.22)
|A™R[|2 < Ce™. (2.2.23)

Step 4: If |o| = 2m + 1, we commute derivatives, integrate by parts, and apply the
triangle inequality. Then

IV fllze < V2 A2 + CIRVA fllz2 + C Y [VIRV £ 2, (2.2.24)

v,6
where [A| < 2m —1, and ||+ |0] = 2m — 1. It follows from Holder’s inequality,

Corollaries 1 — 3, and our assumptions in Step 3 that

||Vaf||L2 < C||VAmf||L2 + O||AmR||L2||AmeL2 < CHVAmep. (2.2.25)

Step 5: To prove (2.2.21) for n = m + 1, first, we calculate

d
X
23 / ARN'RA™™ Ruw. (2.2.26)
i=1 /X

We integrate by parts repeatedly and apply Holder’s inequality, Corollaries 1—3,
and the assumptions in Step 3. Then for sufficiently large t,

CIVATRIZ, < 2| VAR + 2RI AT R,
+2C(w)2 |[VA™HR|12,
+C||A™R|| 2 [VA™ T R||3. (2.2.27)
YA R|2 [V A™ R

IN

—k|[VA™R|)3.. (2.2.28)
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Step 6: If | 3| = 2m + 2, the results of Steps 4 and 5 and the method of Step 4 yields

IV2fllze < CIA™ fllz2 + CIVA™RI| 2 [VA™ fl 2 < CIA™ f| 2. (2.2.29)

Step 7: To prove (2.2.23) for n = m + 1, first, we calculate
d
EHAm“RH; = —2|A™PR|3, — 2/XRARA2W+2Rw (2.2.30)
—2 Z / ARA'RA™ " Ry — / AR|A™MR|?w.
i=1 VX X

We integrate by parts repeatedly and apply Holder’s inequality, Corollaries 1—3,
the assumptions in Step 3, and the results of Steps 4 and 5. Then for sufficiently

large t,
d m m D m 1 m
ZIA™IRIL: < =2 AR + 2R VAT IR] G 4 2C(w)2 AR
+CIVA™R] 12| VA™ |72 + CIVA™ R|Z: ] A™ Rl
< —K[A™TR|Z. m

2.2.2 The sphere.

When R > 0, we are dealing with the case of the sphere (i.e R = 2). The result
of Lemma 2 is still valid, however the proof requires more bootstrapping and some
additional results of Stuwe’s. First, let G = Mob™ (2) be the Mébius group of oriented
conformal diffeomorphisms on S%. For any element ¢ € G, let ¢*g be the pull-back

of the metric g under ¢. We define a new function, v, by
1
vi=uop+ §log (detdy). (2.2.31)

Then p*g = €?*g. We denote the (1,1)-form with respect to ¢*g by @ and its Lapla-
cian by A. We also define

= Ryy=Royp, (2.2.32)

= =

‘= Rpy=R=2 (2.2.33)
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This implies that C(@) = C(w). Moreover, for any function f on 52,

A(fop)=(Af)ogp. (2.2.34)
It follows that, for any n > 0,
|A"R|| 2@ = [A™R||L2 (2.2.35)
IVA"R||p2e) = [[VA"R]|r2. (2.2.36)
Then we also know

C(@) < C|IVR|[32(z).- (2.2.37)

In [33], Struwe proves
0] g2y < Ce™. (2.2.38)

Next, we let {¢;} be an L? orthonormal basis of eigenfunctions of —A on (52, §),

with eigenvalues \g =0, Ay = Aa = A3 =2 < Ny < A5 < ... We expand

R—-R=> Ry, (2.2.39)
and it follows that
—AR=>"NR'g;. (2.2.40)
=0

Furthermore, in [33], Struwe proves

(R')? < eC(@) for i =1,2,3. (2.2.41)

We use the following two equations relating v and R.

-1 ~
Av = 7(32”1% + 1, (2.2.42)

~ -1~
Av = 73+e—2”. (2.2.43)
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Claim 2. There exists a constant C, such that for all functions f defined on X,

Ve < CllASlr2@), (2.2.44)

”62f||L2(LZJ) < CHZfHL?(@), (2.2.45)

IAfllz2@) < CIVAF| 2. (2.2.46)

Proof. The proof is done using the same method as the proof of Claim 1. O
Corollary 4. Fort sufficiently large,

IVFl2@) < ClAfl 2@ < CIVAF|2@) < CIA |l 2@y < - .. (2.2.47)

Lemma 3. If R > 0, then for alln € Z* and t > 0, |A"R||;2 < Ce k.

Proof. We use the bounds we have on ||v||g2(s) to get bounds on [[VR||2. Then we
use those bounds to get bounds on higher derivatives of v. Then we use those to get

bounds on higher derivatives of R. We can then prove the lemma by induction.

Step 1: We prove ||€£f||[/2(‘;,) ~ ||§3f||Lz(@) by applying the triangle inequality,

Holder’s inequality, Lemma 1, Claim 2, and the exponential decay of ||v|| g2

Step 2: We show |[VR||;: < Ce . Recall from Step 1 of the proof of Lemma 2
that

d = 1
EHVRH%Q < 2R||AR|2: — 2|VAR|2: + 2C(w)2 ||AR||24. (2.2.48)

Due to (2.2.35) and (2.2.36), it suffices to show that for some C,

RIAR ) — IVAR|R ) < ~CIVARIZ = ~CIVARIE.  (22.49)
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After writing the left hand side in terms of the fixed metric, we must show
F(R) := z/X e ' |ARPo — /X e "|IVARZG < —C||VAR|22,).  (2.2.50)
Since |v| < Ce™ for all € > 0, we can take t large enough such that

26—21)

IA

2+ e, (2.2.51)

—e < -1 (2.2.52)
We choose ¢ such that ¢ < Ay — 2. Then by (2.2.40) and (2.2.41),

F(R) < (2+s)/ |£§|2a)+/£§£2§a+s||€ﬁﬁ||§%) (2.2.53)
X

xT

[e's) 3
2 ~ - PP
= > N < e 1) (R +e) N(R') +e|VAR|72 ) (2.2.54)
i=4 Ai

i=1

o) 3
2+4+¢ ~. ~. e~
< -1 M(RY +4e ) (RY? +¢|VAR|2,,, (2.2.55
< (57 1) DNRS 4R+ ATARy (0259
o) - 3 - o
= kY N(R)+ (k+42) Y (R) +¢|VAR| 72 (2.2.56)
=1 =1
= (=k+e)[VAR|F2i + (k+42) Y (R')? (2.2.57)
i=1
< —C|VAR|s). (2.2.58)

The result follows from (2.2.36), Step 1, and the remainder of the argument
in Step 1 of Lemma 2, which shows that all other terms can be absorbed by

Step 3: We apply V to (2.2.43), the triangle inequality, and Steps 1 and 2 to show
VA2 < Ce ™ (2.2.59)

IVAV| 12y < Ce™ (2.2.60)

Step 4: H£2f||L2@) ~ ||32fHL2(@) follows from the triangle inequality, Holder’s in-
equality, Lemma 1, Claim 2, and Step 3.
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Step 5: Using the same method as in Step 2 and applying the results of Step 4, we

prove Lemma 3 for n = 1, [|AR||2 < Ce ™.

Step 6: The proof is completed using an inductive argument similar to the one used

in the proof of Lemma 2.

2.2.3 Any closed compact surfaces

Observe that by Lemmas 2 and 3, we know for any closed compact surface, multi
indices a and (§ with |a| = 2n and |f| = 2n + 1, for all n > 0, ¢ > 0, and some

constants C' and k

|A"R||: < Ce™ (2.2.61)
VPl < |A™ul| 2 (2.2.62)
|VPullp2 < [[VA™ L2 (2.2.63)

Lemma 4. ||A"u||p2 < Ce ™ for alln >0 and t > 0.

Proof. We know this is true for n = 1 and
-1 1~
Au=—R+ -Re ™" (2.2.64)
2 2
Assuming true for n, we apply A" to both sides of the equation. The result is
-1 N
Ay = 7A”R — Re™ A"y + lower order derivatives of u. (2.2.65)

We take the L? norm with respect to the evolving metric and apply the triangle
inequality, Holder’s inequality, Corollary 1, and inequalities (2.2.61)-(2.2.63) to get

|A |2 < C||A"R)|| 2 + C||A™ul[2 < Ce™™, O
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Corollary 5. Hﬁ”uHLz(@) < Ce % for alln >0 and t > 0.

Proof. We write ||3”u|| 12(@) in terms of the evolving metric, then we apply the tri-
angle inequality, Holder’s inequality, Corollary 1, inequalities (2.2.61)-(2.2.63), and

Lemma 4.

1A ]| 20y = [|e A A( .. (¥ Au) .. )| 12 (2.2.66)
= |le® =V [A™y + lower order derivatives of u] ||z (2.2.67)

< Ol|AMul|g2 < Ce . O
Now we prove the main theorem.

Proof of Theorem 1. By Corollary 5, we know that for all s >0 and ¢ > 0
] gy (x.0) < Ce™. (2.2.68)
Then by the Sobolev imbedding theorem for all » > 0 and ¢ > 0

||u||cr(X@) S C’e_kt. L]
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3 The Donaldson Heat Flow

3.1 Background

Let £ — X be a holomorphic vector bundle over a compact complex manifold X,
equipped with a Kahler metric w = % g,;jdzj Adz. Our notation is as follows. Locally,
the sections ¢ of E are viewed as vector-valued functions ¢%(z2), 1 < a < r, where
r is the rank of F. A Hermitian metric on F is locally a positive definite Hermitian

form Hap. We denote by H* its inverse, and by F; ki p its curvature,
Fi%s = —Op(H"0;Hs5),  H*VHsp = 6%. (3.1.1)

It is also convenient to use matrix notation, in which case Hsp is denoted by H,
H*7 is denoted by H™', and Fy; = —0i(H '0;H). We note that Fj;dz/ A dz" is a
(1,1)-form valued in the bundle End(E) of endomorphisms of E.

Fix now a Hermitian metric K53 on the bundle F, with 1 < a, 8 < r, where r is
the rank of £. The Donaldson heat flow is the following flow of metrics Hsp(t) on E,

H'H = (AF —pul), H(0)=K, (3.1.2)

where A is the standard Hodge operator AF = gj’;F,;j, and g is given by

wnfl
Jx TeF A o]

a rfx%

It is easily seen that u depends only on the class [w] of w and on the first Chern class

(3.1.3)

c1(E) of E, and not on the metrics g; and Hsp themselves.

It is sometimes convenient to use the endomorphism h defined by
hs = K" Hpg, (3.1.4)

instead of the metric Hys itself. In terms of h, the Donaldson heat flow can be readily

verified to be equivalent to the following flow of endomorphisms,

hlh=—(AF —pul),  h(0)=1. (3.1.5)
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3.1.1 The flow of the curvature
Our main goal is to discuss some qualitative properties of the flow. In order to do
so, we shall need the evolutions under the flow of key quantities associated with the
curvature. It is convenient to derive all these evolutions here in this preliminary
subsection.
3.1.2 General variational formulas
The curvature Fj; can be defined by the following equation on endomorphisms,
Vi, V] = —F. (3.16)
Under a variation 0 Hsp of metrics, 0Vy = 0, and
6V, =0(H *0;H) = H "(0;0H — §H) = H 'V,;(6H). (3.1.7)
This implies
6FI_€j = 5[vj> Vl_c] = [5vj7 vl_c] + [vjv (SVE]
= —Vi(H'V,;(6H)). (3.1.8)
3.1.3 The flow of the curvature
Specializing now to the Donaldson heat flow (3.1.2), we find
Fyy = —Vi(H'0,VH) = ViV;(AF — ul) = ViV, (AF), (3.1.9)
and, upon contracting with A,

(AF) = ¢"VV,(AF) = A(AF), (3.1.10)
where A = gﬂ“VjV,;. However, on endomorphisms W<, we have the following
commutation rules

GV W = gH(V VW — By W+ W Fyy )
= AW — (AF)* W75+ W%, (AF)7g, (3.1.11)
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or, in simpler matrix notation,

AW = AW — (AF)W + W (AF). (3.1.12)
In particular, taking W = AF, we obtain

(AF) = A(AF) = A(AF). (3.1.13)

We recast now the evolution equation for the full curvature tensor Fj; as a non-
linear heat equation for Fy;. For this we apply the Bianchi identity to the right hand
side ViV, (AF),

ViVi(AF) = g"ViV,Fy%s (3.1.14)
= AFEjaﬁ

" <_REMEFZJQB + Ry Egn” s — i Fgy s + Fkﬂﬂ%“v) '
Substituting in the evolution equation for Fj;, we obtain, in matrix notation,
chj =AF; — R;;ngj + R;;qijqm — FEquj + F@F]gq. (3.1.15)

When the detailed expression for the multilinear terms on the right hand side does

not play any significant role, it is convenient to abbreviate this type of equation by

F=AF+R*F+F«F. (3.1.16)

3.1.4 The flow of curvature densities
As in [12, 29], we introduce the following densities and derive their evolution,

e = |F> (= Fy"sFm 759" ¢ Hyo H?)

AF[?

>
I

e, = |[VMFP (3.1.17)



3 THE DONALDSON HEAT FLOW 21
Consider first the flow of é,

(0, —A)e = (0, — A)(AF,AF)
= (0 = A)(AF),AF) + (AF, (0, — A)(AF)) — [V(AF)? = [V(AF)[?
= —|V(AF)]* = |V(AF)]* <0, (3.1.18)

in view of the equation (3.1.13. This implies the following important property of the

Donaldson heat flow:

Lemma 5. We have the following uniform estimate
SUp;>o || AF||co < oo0. (3.1.19)
Next, consider the flow for e,

(0r—A)e = (0 —A)(F,F)
= ((0, — A)F,F) + (F,(0, - A)F) — |[VF|> — [VF|*. (3.1.20)

Substituting in the equation (3.1.16), and noting that AF = AF + R« F + F x F,
we find (0; — A)e < C(|F)? + |FJ?), or

(& — A)e < C (e + e%> , (3.1.21)

where C' is a constant independent of time.

Similarly, as shown in [12, 29], we have

1 11
(8, — A)ey, < O e? ( > ei(e 1)) . (3.1.22)
i+j=k

3.1.5 Normalization of the flow

The Donaldson heat flow is a parabolic flow, so its existence for some time interval
[0,T") is guaranteed by the general theory of parabolic partial differential equations.

It is well-known that the flow can be normalized as follows:
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Lemma 6. There exists an initial metric K so that for all endomorphisms h in the

mazimal existence interval [0,T), we have
deth = 1. (3.1.23)
Proof. First, we show that there exists a metric K53 on E with
Tr(AFx — pl) =0, (3.1.24)

where Fj denotes the curvature of K53. To see this, let f(@g be any metric on F,

and consider the metric K53 = eW%'dg. Clearly,
(Fi)pj = =0 ?K0;(e”K)) = =0;050 1 + (Fi )iy (3.1.25)
and hence
Tr(AFg) = —(Ag)r + Tr(AFy). (3.1.26)
Thus, to insure that Tr(AFx — pl) = 0, it suffices to choose ¢ so that
Ad— %Tr(AFK ). (3.1.27)

The definition of the constant p is precisely the value which guarantees that the right
hand side integrates to 0 with respect to the measure w™. Thus the equation admits

a C* solution ¢.

Consider now the Donaldson heat flow (3.1.4) where the initial metric K satisfies
the condition Tr(AFx — ul) = 0. However, in view of the equation (3.1.13) derived

earlier, we have
(0y — A)Tr(AF — pl) = 0. (3.1.28)

By the uniqueness of solutions of the heat equation, and the fact that Tr(AF—pul) =0
at time t = 0, it follows that Tr(AF — pf) = 0 for all times t.

This implies that det h is constant, since
(log det h) = h*Phs, = Tr(hth) = —Tr(AF — ul) = 0. (3.1.29)

Since det h = 1 at time ¢ = 0, the lemma is proved. O
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3.2 (% Estimates for the Donaldson Heat Flow

It is one of the basic results of the theory [12] that the flow exists for all times, so

that T = oco. Here we shall establish the following theorem:

Theorem 2. Consider the Donaldson heat flow (8.1.2), with an initial metric chosen

as in Lemma 6, so that det h =1 for all times. Then the hypothesis

supPg<s 7|/ Tr hllco < Agr < 00 (3.2.1)
implies that for any k € N, we have

supg<s || Tr hfjor < App < 00. (3.2.2)
In particular, for T = oo, we have

supg<|| Tr hl|co < 00 = supg<, || Tr A||cr < oo, k e N. (3.2.3)

3.2.1 The C! estimate
The first step is to show that
supOSKTHTr hl|co < 00 = Sup0§t<T||Vh h_1||éo < 0. (3.2.4)

This C! estimate for h is established in the same way as the Calabi identity for
C3 estimate for the potential in complex Monge-Ampere equations [40]. We follow
the derivation given in [20], which adapts particularly well in our case, since it is

formulated in terms of endomorphisms. Thus set
= (Vihh™ )%, S = W2 (3.2.5)
Then the same formula as in [20] gives
(A—8)S = ¢"H..H? ((A —8,) ]-‘“BW_,]&> + WA = D)Wy, + VW[ + [V ]2
g Hy o HP WS REW
g (W h+ AR)YPW W Heo + ¢7F (W h+ AF) 5 Wi W5 HP

(3.2.6)
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More succinctly, we can express this identity as

(A - at)s = <(A - at)Wa W> + <VV7 (A - at)W> + |?W|2 + |VW|2
+ g T Wi (h™h 4+ AFYWy, + ™" T Wi (b~ h + AF)W,; + R¥*Tr W, W,

(3.2.7)
We shall show that
(A — 0y W | < CLW| + Co. (3.2.8)
To see this, we begin by evaluating the left hand side.
Recalling the formula (Fg)z; — F; = Vi(V;hh™1), we obtain
A<thh71) = gm’;vm((FK)l_ej — Fyy)
= "V (Fr) — Vi(AF), (3.2.9)
in view of the Bianchi identity. Since we also have
O (V;h ™Yy = V,(h71h), (3.2.10)
we find
(A= 3)(V;h ™Y = g™ V,.(Fx)i — Vi(AF +h7'h). (3.2.11)

Since h flows by the Donaldson heat flow (3.1.4), we arrive at
(A= 0)(V;hh™) = g™ "V (Fi )iy — Vi(ul) = " Vo (Fr )i (3.2.12)

Since the connection is of size O(|W]), this establishes the desired estimate.

With this, we can conclude that

(A —=0,)S > |[VW)? + [VW|* — C38 — C. (3.2.13)

We need to find now a counterterm to take care of the expression —C3S on the

right hand side of the previous inequality. For this, we begin by calculating

ATrh = Tr((AFx — AF)h) + g"Tr(V,h ™'V h), (3.2.14)
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which implies that
(A —0,)Trh = Tr((AFx — ul)h) + ¢"?Tr(V,h h 'V zh). (3.2.15)

We now need the following version of the classical inequality of Yau [40], formu-

lated in terms of endomorphisms:
Lemma 7. We have for some positive constant c,
"I Te(V,h h 'V gh) > c|[W)2 (3.2.16)
Proof. To see this, we rewrite the left hand side as follows
GITe(V,h k' gh) = g"Te(V,h h 1) (V™ hh) = gpéwgﬂwg Ry, (3.2.17)
This can be re-written in turn as
¢TI (V,h bV gh) = W oW HPH (3.2.18)

where HY is defined by HY, = HysH%Hy,. Since the metrics Hap are uniformly

bounded from above and below, the desired statement follows.

In view of the hypothesis || Tr hl|co < Cs, we can apply the preceding lemma and

obtain

for some strictly positive constant C';. It follows that for a constant A large enough,

we have
(A —0,)(S+ ATrh) > [VW 2+ |[VW|? + CsS — Cy. (3.2.20)

An easy application of the maximum principle implies now that ||.S||co is bounded by

a constant. O
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3.2.2 The W?P estimate for h

We show next that
supsol|[ VA h ™o < 00 = ||A[lwar < 00 (3.2.21)

for any 1 < p < oo. This follows from the same arguments as in [12, 29]. Recall the
following classic formula relating the curvatures of two metrics Hsp and Ksg,

Fyy — (Fr)g; = —05(h'V,h) = =7 'VpVh + A 'Vih A IV (3.2.22)
where V denotes covariant derivatives with respect to the metric K53. Thus

Ah = h(AFx — AF) + ¢/"Vih b1V, h. (3.2.23)

Since h is uniformly bounded by hypothesis, and since we can apply Lemma 5, we
see that the right hand side is in L*°. By the general LP theory of elliptic PDE’s, it

follows that for any 1 < p < oo, we have

HhHWQ’p < Q. (3224)

3.2.3 The L? boundedness of Fy;

The uniform boundedness in C° and W2P? of h and the uniform boundedness of Vi A~}

imply that for any 1 < p < oo,

supg< || Fl|r < 00. (3.2.25)

3.2.4 The C° boundedness of [}; for finite time T

We can now quote the following lemma from [12, 29], which shows that the C° bound-
edness of the curvature Fy; is a consequence of the L boundedness and the differential

inequality (3.1.21):

Lemma 8. Let p be any value strictly greater than po = 3n, and let Fy; be the

curvature of the metric Hap evolving according to the Donaldson heat flow. Then

SUPg<i<7 || Fllr < 00 = supge;op||Fllco < Or < o0. (3.2.26)
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This lemma does not extend to the case T = oo.

3.2.5 The L? boundedness for V*F'
Our boundedness arguments will make use of the following elementary claims.
Claim 3. For any function f >0, if f < —kf +c, then f is bounded for t € [0,00).

Proof. Rearranging the given inequality, we have

kf+f < ¢ (3.2.27)
keF f et f o < cett (3.2.28)
%[ekt f] < ceM (3.2.29)
MFo< gekt + A (3.2.30)
0<f < £+Ae*’“§a
O
Claim 4. For any real numbers a and b, and for all € > 0
ab < ea® + C.b%. (3.2.31)

In [35], the following lemma is derived from the basic interpolation inequality in

[16].

Lemma 9. Let £ — X be a holomorphic vector bundle over a compact complex

Kihler manifold X, and T be any (1,1)-form on X wvalued in the bundle End(E).

For0<i<kand1<q<k/i we have

. i p(l_ 4
[T 0 < CIFFT ST, (3.2.32)
where
k—1i
=2 2.
p=20— 5 (3.2.33)

and the constant C' depends only on the dimension of X, i, k, and q.
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Proof. (Adapted from [35]). The basic interpolation inequality in [16] is

VT2 < CINVPTIENT |7 (3.2.34)
where
1 1 1
—=—+4-. (3.2.35)
r b q

We choose an increasing sequence of numbers rq > ry > ... > r; such that

2 1 1
=4 (3.2.36)

T Ti—1 i1

Then we let
F@) = VTl (3.2.37)

Then the basic interpolation inequality says that

FG) < Cf(i—1)2f(i+ 1)z, (3.2.38)
By a lemma in [16], it follows that
fi) < C'f(k)E F(0)'F. (3.2.39)

If we choose r; such that Ti are in an arithmetic progression, r, = 2, and r; = 2gq,

then
k—1
k—qi’

ro = 2q (3.2.40)

and we obtain the desired inequality. O

This interpolation inequality together with the LP boundedness of F' implies

Claim 5. For k € N,

IVVEFIZ

IN

C||IV*F|3: + C||VFF|)3., (3.2.41)

A

IVV*(AF)|3, C|[ VY (AF)|2: + C. (3.2.42)
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Proof. The proof follows from integration by parts, Holder’s inequality, and Lemma 9.

IVVFEF|2, = \|V’f+1F\|§2+/ R*ka*v’wau/ FxVFF %« VFFW" (3.2.43)
< [IVER|T. + ||2||Loo||V’“Flliz + ||F||Lp||XV’“FIIiz+5 (3.2.44)
< C|VFTF|2, + C||IVFF||2.. (3.2.45)
Also,
IVVFE(AF)|2, = HV'“H(AF)H%ng/F*V’“(AF)*V’“(AF)@” (3.2.46)
< [IVEHAR) 7 + H;HLPHV’“(AF)IIZLM (3.2.47)
< C|VFTYAR)|2. 4+ C (3.2.48)
O

From this claim, we deduce the following claim.
Claim 6. For k € N,
IVEFIE. < VP + C VP, (3.2.49)
IVFAFR)|Z: < e VEHAF) L2 + CoIVFHAR)|Z: + OV HAF)]| 2. (3.2.50)

Proof. From integration by parts, Holder’s inequality, and Claims 4 and 5, we have

IVEF|3, = —/ VVFEVF P (3.2.51)

< Wé’“FHLzHV’“’lFHLQ (3.2.52)

< COIVFPF| )V Fl 2 + [VEF| ][ VE ]2 (3.2.53)

< g|VEPR|2, 4 6| VRF|2, + C|[ VR F)2, (3.2.54)

< | VM2, + VLR 2. (3.2.55)

Also,

IVEAR) |2, = — / VVHAF)V (AF)w” (3.2.56)

< Wé’“(AF)||L2||V’“‘1<AF)IIL2 (3.2.57)

< CIVEYAF) |2 [[VEHAF) || 2 + ClIVEHAF) | 12 (3.2.58)

IA

el[VFIF|Le + C VP + OV HAF) | 2.0
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By induction, we have
Claim 7. For k € N,
IVFE|2. < e[V R + O Fl3e (3.2.59)

IVFAR)Z. < el VAR + CAF|IZ: + ClIAF 2. (3.2.60)

Using the interpolation inequality, we will establish the L? boundedness for V¥ F.

Lemma 10. Let Fy; be the curvature of the metric Hap evolving according to the

Donaldson heat flow. For any 1 < p < oo and any k € N,

supg<|| V¥ F || 1 < 0. (3.2.61)

Proof. The key step is proving the L? boundedness of VE. After we know this bound,
we can bound the L? norms of all of the higher derivatives of F'. We will then be
able to get LP bounds on VF' by Lemma 9. Proceeding inductively, we will be able

to complete the proof.
Step 1: The first step is to show that
Supg< || VAF |2 < oo. (3.2.62)
This is shown by first calculating
GIVAPIE: = <2IVAP)[+ [ PaVAF) «TAF)R"
+ /X AF xV(AF) % V(AF)w™. (3.2.63)

For the second term, we apply Holder’s inequality and then apply Lemma 9
withi =1 k=2 and ¢ =3/2.

[ FeVAR) VAR < IFIL VAR (3264
: < CIV(AReAF  (3265)
< CIVAR): (3266
< e[|VHAFR)|% +C. (3.2.67)
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For the third term, we also apply Holder’s inequality and then apply Lemma 9
withi =1 k=2, and ¢ =3/2.

/AF*V(AF)*V(AF)M < |AF|| || V(AF)|3 (3.2.68)
i < CIVAR)|LIAFIS.  (32:69)
< ClVHAF)||z (3.2.70)

( )

IN

e|VA(AF)|3. + C.
Combining these estimates and Claim 7, we have
%HV(AFﬂ@ = —CIV*AF)|: +C (3.2.72)
< —C|V(AF)|3. +C, (3.2.73)
which means that the L? norm of V(AF) is bounded for all ¢ > 0.

Step 2: Next, we show that
supo< ||V F| 12 < o0, (3.2.74)

by calculating
d _ _
£||VF||%2 = —2||V2F||%2+/ R*VF*VF@”+/ VR *F «VFw"
X X
+/ F*vF*?qu/ F+«VF«V(AF)W".  (3.2.75)
X X

Then we use Holder’s inequality, the LP boundedness of F, Lemma 9, and

Claim 7 to control all of the terms by the first one. Since R is fixed

/ RxVF*xVFw" < ||R|=|VF|7 (3.2.76)
’ < C|VFIE; (3.277)
< el VEF|[72 + Cof| FIJ7- (3.2.78)
< || VEF|3, + C. (3.2.79)
Also,
/ VR*FxVF" < [VR|e | Fllp| VF 2 (3.2.80)
) < C||VF|2 <e||V2F|j3: + C. (3.2.81)
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For the fourth term, we apply Holder’s inequality and then apply Lemma 9 with
i=1,k=2and ¢g=3/2.

/F*VFNFM" < |IFls|VFI% (3.2.82)
i < CIVFFIL (32:83)
< C|V*F|z2 (3.2.84)
< €| V2F|j3, + C. (3.2.85)

For the last term, we also apply Holder’s inequality, and then we use the results

of Step 1 and apply Lemma 9 with i =1, k =2, and ¢ = 3/2 .

/ FxVFxV(AF)W" < ||F|zs]|VF zs]| V(AF) || 12 (3.2.86)
X
< C|V*F| 2| F||S6 (3.2.87)
< CO|V*F|z2 (3.2.88)
< e[ VEF|3, + C. (3.2.89)
Combining these estimates and Claim 7, we have
d
%HVFH%Q = —C|V?F|3. +C < —C||VF|3: + C, (3.2.90)
which means that the L? norm of VF is bounded for all ¢t > 0.
Step 3: The next step is to show that if
supg<|| V¥ F||r2 < o0 (3.2.91)
supg || VF(AF) |2 < oo (3.2.92)

for k < m — 1, then for any multi-indice 6 with |6| < m + 1 and some constant

(' independent of time, we have the estimate

IVO(AF)|| 2 < C||V™THAF)|| 2 + C. (3.2.93)
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After integrating by parts and commuting derivatives, we have
VAR = VAR~ [ V7 HE TAR) « T A
X
+ / V" 2(FxV(AF))« V™" (F«V(AF))w"  (3.2.94)
X
= [[V"™R|z
m—2
-3 / VR« VY (AF) « VV™(AF)w" (3.2.95)
k=0 v X
-2

+ 3 | VR VR (AF) % VTR F o VI AR )"

jk=0"X

After applying Holder’s inequality to the second term, it is bounded by

m—2
V2R F|| 20 [ VFTHAE) || 120 || VV™(AF)|| 12, (3.2.96)
k=0
with
1 1
-+-=1 (3.2.97)
p q
Case 1: £k <m —2. Let
m—1—¢
A — 3.2.98
L ( )
Then
m—1—¢
S — 3.2.99
p 1+k—c¢ ( )
If we choose € such that
2k + 2
0 3.2.100
<e< ——, ( )
then we will have the following bounds on p and ¢
| < g<_m—1
—1
1 < p<—2 (3.2.101)

kE+1
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Then by Lemma 9 and Claim 4

m—2—k k41
[V 24 F | [V A 20 < CIV™ U FILET [0 AR

N

eIV THAF)]| 12 + C-. (3.2.102)

Case 2: k=m —2. Wecan let p=1+c¢ for € sufficiently small. Then ¢ will

be large, but we know that the LP norm of F'is bounded for all 1 < p < oo.

Also, by Claim 5, we have
IVV™(AF)||z2 < C|[V™ ™ AF)|| g2 + [|[V™(AF)]| 12 (3.2.103)
Then the second term

_/ V™ 2F « V(AF)] « VV™Fuw™ < e| V™ (AF)|2, + C. (3.2.104)
X

After applying Holder’s inequality to the third term, it is bounded by

m—2

D AIVTTEEE [V AF) || 2 [ V2 F | s [V (AF) |2, (3.2.105)
3,k=0
with
1 1 1 1
—+-=1, -+-=1 (3.2.106)
p q T S

We choose the same p, ¢, and € as we did for the second term, and we choose r

and s in the same way, then the third term is also bounded

/ V" 2(FxV(AF)* V™" 2(FxV(AF))w" < g|| V™ AF)||7:+C.. (3.2.107)
X

Step 4: The next step is to show that if

supg<|| V¥ F||r2: < o0 (3.2.108)

supg || VF(AF)| 2 < oo (3.2.109)
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for k < m — 1, then for any multi-indice 6 with |6| < m + 1 and some constant

C independent of time, we have the estimate

|VOF || < C|IV™ M F|| 12 + C. (3.2.110)

After integrating by parts and commuting derivatives, we have
IVOF|2, = ||V F|2, + / V" (RxF+ F%F)*«V"Fuw"
X
+/ V"™ RxF+FxF)xV™ Y R%F + F % F)w"
X

— |yvm+1F\|iQ+Z/ (VR4 VF)x V' Fx V™ Fuw" (3.2.111)
a,b X

+) / (VIR+V'F)«V/F % (VFR+ V*F) » V' Fw",

ikt 7 X

where a, b, 7, j, k, and ¢ are integers that satisfy

0<a,b<m, 0<4,5<m-—-1, 1<k /l<m-1,

a+b=m, i+j=m—-1, k+l=m-—1. (3.2.112)

After carefully applying Holder’s inequality and Lemma 9, we can bound all of
the terms by C||V™F|2, + C. Since R is fixed, the most difficult term to

bound is
/ ViF %V FxV*F %V Fw". (3.2.113)
X
We can assume

<jl<m-—1. (3.2.114)

We apply Hélder’s inequality

/ ViF %« VIFxVFF % VIFW™ < ||VEF| 20| VI || 20 || VFF || 20 || VEF | L2,
X
(3.2.115)
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with
1 1 1
-+-=1, -+-=1
P q r s
Let
m+1—¢
q= —.
J
Then
_m—l—l—s
b= =
If we choose € such that
2m —2 — 2
l<e<< —m,
m—1—1¢

then we will have the following bounds on p and ¢

1
1§q<m+ ,
J

m—1

]

1<p<

Then by Lemma 9 and Claim 4

IV Fll2e [V Fll2e < CIVT T E[| [VTHE]|

Next, let
m+1—o
§ = — ——.
1
Then
m+1—o
r=—
24+k—o0
If we choose o such that
2m — 2 — 2k
0<o< ———

m—1-—k

< €va+1F|lL2 + Cg.

36

(3.2.116)

(3.2.117)

(3.2.118)

(3.2.119)

(3.2.120)

(3.2.121)

(3.2.122)

(3.2.123)

(3.2.124)
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then we will have the following bounds on r and s
1<r< mt 1,
l
l<se 1l (3.2.125)
Then again by Lemma 9 and Claim 4
[VAE o [Vl < OV P[9P 7
< e|VPTEE|| e 4 C.. (3.2.126)
Then
/ ViIFxVIF %« V*F« VIFW" < g| V™|, + C.. (3.2.127)
X
We bound the remaining terms in a similar way.
Step 5: It follows from Steps 3 and 4 that if
supg< || V¥ F||r2 < o0 (3.2.128)
supg || VF(AF) |2 < oo (3.2.129)
for Kk <m — 1, then
supg<|| V" (AF)|| 2 < oo. (3.2.130)
This is shown by calculating
GIVMAPIE: = <2V AR~ [ VP VAR £ VI (AR
+/ V™(AF % AF) % V™(AF)w". (3.2.131)
X

Now we must apply Holder’s inequality carefully, in order to use Lemma 9 to

control the second and third terms by the first one.
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From (3.2.104), we know
— /X V"2 F « V(AF)] « VV™(AF)w" < e[V AF)|3. + C. (3.2.132)
Next, we bound the third term.

/X V™(AF) % (AF)V™(AF)w" = Em: /X VE(AF) x V™ AF) « V™ (AF)w".
o (3.2.133)

Here we can assume k < 7.

Case 1: £k =0. We make use of the boundedness of the L” norm of (AF') for

all p < 0.

/ (AF)x V™(AF) « VM (AF)W" < [(AF)|[ e[V (AF) 7245
X
< e[V AR 7. +C. (3.2.134)

Case 2: k < 73. We apply Holder’s inequality as follows

/ VHAF) x V"M AF) « V' (AF)w™ < ||VE(AE)| 120 || V™ F(AF)| 120 -
X

JIVT(AF)]| 2, (3.2.135)
with
1 1
-+ -=1. (3.2.136)
b q
Let
m+1—e
— ) 3.2.137
¢= ( )
Then
m+1—c¢
- ) 3.2.138
P k+1—¢ ( )
If we choose € such that
— 2k
0<e< (3.2.139)
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then we will have

(3.2.140)

(3.2.141)

Then by Lemma 9

k

k _
IVF AP e [V HAF) 2 < CIVTHAR) |7 IV AR | 57

IN

eIV AF)| 2 + C.. (3.2.142)
Also by Lemma 9

[V™(AF) |2 < el V™" AF)|| L2 + C.. (3.2.143)
Then it follows that

/ VEAF)x V™ F(AF) %« V™(AF)w™ < || V™Y AF)||2: + C.. (3.2.144)
X

Case 3: When m is even and k = 7. By Holder’s inequality

/ V3 (AF)x V3 (AF) x VAF)W" < [|[V2 (AF)||22 | V™(AF)|| 120,
X

(3.2.145)
with
1 1
-+ —=1 3.2.146
> g ( )
Let
1 —
g=r e (3.2.147)
m
Then
m+1—c¢
=— 3.2.148
b il ( )
For any 0 < ¢ < 1, we have
1
1 < g< 20 (3.2.149)
m
1
| < p T (3.2.150)

w3
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Then by Lemma 9

IN

/ V3 (AF)x V% (AF) x« V(AF)w" V2 (AF)| 22 | V™ (AF)|| 126
X

OV (AR (3.2.151)

IN

IN

e|[V™THAF)|3, + C..

Now that all of the terms are controlled by the first term, we have

d m
%va(AF)H%Q < —C|V™TH AR+ C (3.2.152)
< —C|V™(AF)|2. + C. (3.2.153)

Then the L? norm of V™(AF) is bounded.

Step 6: It follows from Steps 3-5 that if

supg<|| V¥ F||r2 < o0 (3.2.154)
supg|| VF(AF) |2 < oo (3.2.155)

for kK < m — 1, then
supo< ||V F 2 < oo0. (3.2.156)

This is shown by calculating

d _
%vaFniz = —2||Vm+1F||%2—/XV”‘_Q[V(AF)*F]*VV’”FM”

+/ V™(RxF+F%F)xV"Fu". (3.2.157)
X

Now we must apply Holder’s inequality carefully, in order to use Lemma 9 to

control all of the terms by the first one.
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First we control the terms involving R,

/vm(R*FWme” = Z /Vm—kR*v’fF*?me" (3.2.158)
X X

0<k<m

IN

> IVER| e VR 2| V™ F 2 (3.2.159)

VAN

C||V™F|2, (3.2.160)

IN

e|VTHIE|2, + C. (3.2.161)

Next, we bound

/VW(F*FW’"FW"Z Z /V’fF*vm—’“F*vaw. (3.2.162)
X X

0<k<m

Here we can assume k < 2.

Case 1: £ =0. We make use of the boundedness of the L? norm of F' for all

p < oo.

/F*va*?mFuﬂ < |NF|e|V™F 324 (3.2.163)
X

N

e|VPHF|7. +C. (3.2.164)

Case 2: k < 3. We apply Holder’s inequality as follows

/ VkF*Vm_kF*?men < HkaHszva_kFHLz‘Z“va”LQa (32165)
X

with
1 1
4= (3.2.166)
p q
Let
m+1—¢
= 3.2.167
¢=—— ( )
Then
1—
P (3.2.168)

o k+1-—¢
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If we choose € such that

O<e<

then we will have

Then by Lemma 9

_k
IVEF [V F g2 < CIVTIF|| VR

IN

e[ VRl 2 + C.
Also by Lemma 9

IV Fllp2 < e VPHF 2 + Ce.
Then it follows that

/ YV« VP F % VM FL” < e V|2, + O
X

Case 3: When m is even and k = 7. By Holder’s inequality

/ V2FxV3FxV"FW" < ||[V2F|2,||V™F 124,
X

with
1+ 1 _1
p 2
Let
m+1—e¢
¢g=—
m
Then
m+1—c¢
p:m

L

42

(3.2.169)

(3.2.170)

(3.2.171)

(3.2.172)

(3.2.173)

(3.2.174)

(3.2.175)

(3.2.176)

(3.2.177)

(3.2.178)
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For any 0 < ¢ < 1, we have

43

m—+1

1 < ¢g< , (3.2.179)

m

1

1 < p< P2 (3.2.180)

2

Then by Lemma 9
/V?F*V?F*?mmn < |IVEF|2,||[ V™ F |20 (3.2.181)
X
2m_

< CV™IE| T (3.2.182)
< e[VPF|. + Co (3.2.183)

Lastly, we bound

/ V" 2[V(AF) % F] %« VV™Fuw"*
X

m—2
> / VR« VI FAR
k=0 /X

*VV™Fuw™

< S UV |V AR g
IVV™E 2,
with
1
St -=1 (3.2.184)
b q
Let
m—¢€
= ) 3.2.185
(= —7—7 ( )
Then
m—¢
— . 3.2.186
p k+1—c¢ ( )
If we choose € such that
0<e< : (3.2.187)
m—k
then we will have
1 < < 3.2.188
1 < p< ™ (3.2.189)
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Then by Lemma 9

m k

k. —1—
IVl 2o |V FAF |20 < OV VTAF ™ (3.2.190)

IN

eIV 2 + C.. (3.2.191)
We also know that

IVV"F| 2 < C|V™ 1|2 +C (3.2.192)

Then all of the terms are controlled by the first term, and we have

d m m
E||V Fl2, < —K|V™TE|2%, +C (3.2.193)
< —k||VTF|3 + C. (3.2.194)

Then the L2 norm of V™F is bounded.

Step 7: Steps 3-6 imply that for |y| < m,

supg<¢ ||V F|[z2 < oo. (3.2.195)

Step 8: By an inductive argument, we have for any k > 1,

supg<|| V¥ F |2 < oc. (3.2.196)

Step 9: Now, consider
IV F || 120 (3.2.197)

By Step 8, for any i € N and 1 < ¢ < oo, there exists a k > ¢i such that
IVEF| 2 < C. (3.2.198)
Then by Lemma 9,

i

i i 2%
IV F||20 < |VEF|NFI 2" 5 < C. 0
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The following corollary follows immediately from the Sobolev imbedding theorem.
Corollary 6. For any k > 0

supg< || Fller < oo. (3.2.199)

We note that, once the C° uniform boundedness of the full curvature tensor is

established, the higher order C* estimates also follow from the general theory (see

e.g. [39]).
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