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Abstract

This thesis studies the p-adic nature of the Saito-Kurokawa lifting from
a classic modular form to a Siegel modular form of degree 2, and its ap-
plication on the algebraicity of central values. Applying Stevens’ result
on A-adic Shintani lifting, a A-adic Saito-Kurokawa lifting is constructed
analogous to the construction of the classic A-adic Eisenstein Series. It’s
applied to construct a p-adic L-function on Spy x GLa. A conjecture on

the specialization of this p-adic L-function is stated.
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1 Introducation

Suppose G is a reductive group over a number field F. We may define L-functions
attached to automorphic forms on G. In algebraic number theory, the arithmetic
of critical values of L-functions plays a key role in Iwasawa-Greenberg Main Con-
jectures, which connect it to the size of Selmer groups. And the special values
of automorphic L-functions are closely related to Eisenstein series via Rankin’s
method [Ran]. Garrett [Gal], [Ga2], Bocherer [Bol], [Bo2] and Heim [Hei] applied
pullback formulae of Siegel Eisenstein series to prove the algebraicity of critical
values of certain automorphic L-functions. More generally, there are conjectures
on the relationship between pullbacks of Siegel cusp forms and central critical
values of L-functions, such as the Gross-Prasad conjecture in [GP1, GP2|. In
this work, we are concerned with a pullback formula of Saito-Kurokawa lifts by
Ichino [Ich], which shows the algebraicity of critical values of certain L-functions
for Sp, x GLs. In this work, we will construct a A-adic Saito-Kurokawa liftings,
and make a conjecture on a one-variable p-adic L-function interpolating those

algebraic critical values.

Precisely, let us fix a prime number p > 5. Let k£ be an odd positive integer,
and let N be an odd positive integer prime to p. Let f € Sor(Io(IV)) be a
normalized Hecke eigenform of weight 2k and level N. Put h € S;" | . (I'o(4N))

k+1/2

to be a Hecke eigenform associated to f by the Shimura correspondence. Let



F € Spy1(T3(N)) be the Saito-Kurokawa lift of h. For each normalized Hecke

eigenform g € Sg11(Fo(N)), we know that the numbers

A(2k,Sym*(g) ® f)
(9,9)%Q

are algebraic by modified Ichino’s pullback formula on Saito-Kurokawa lifting.

(1)

Here Qf is the period of f as in [Sh3], and A(s, Sym*(g) ® f) is the completed

L-function given by
A(s,Sym?(g) @ f) = Te(s)Te(s — k)Tc(s — 2k + 1) L(s, Sym®(g) @ f),

where I'c(s) = 2(2m)~*I'(s). Let f and g vary through families of cusp forms,
we collect families of algebraic critical values. We shall construct a one-variable
p-adic L-function to interpolate these algebraic numbers in (1).

Let us fix a fundamental discriminant —D < 0, with —D = 1 mod 8, such
that A(k, f,x_p) = D*T'c(k)L(k, f,x_p) # 0, where x_p is the Dirichlet char-
acter associated to Q(v/—D)/Q. Such a discriminant exists by [BFH, Wal]. Put
K = Q(v/—D), the quadratic imaginary field. Let 7 be the irreducible cuspidal
automorphic representation of GLy(Ag) associated to g, and let 7 be the base
change of 7 to IC. Let o be the irreducible cuspidal automorphic representation
of GLa(Ag) associated to f. Let v(N) denote the number of prime divisors of N.
Ichino proved three seesaw identities in [Ich]. By the local integral representation

of L(s,mc ® o) and the generalized Kohnen-Zagier formula [KZ, Ko3]:

Ak, f,x-p) = 217"V DV ey (D)? éi {z; ’ (2)



he got a pullback formula on Saito-Kurokawa lifting for full level cusp forms.

Here’a a modified version of the pullback formula for higher level forms [Li]:

(f, 1) {Floxs, 9 x 9)°
(h h) (9,9) ’

A(2k, Sym?*(g) ® f) = 2" Mgy (3)

Where, £y is an alebraic number given by:

&v =N ] &1 +p)°(1 =p)* (e —p) 2,

pIN

and €, = —as(p), ¥(N) is the number of prime divisors of N. Hence we may

decompose the algebraic numbers in formula (1) into:

A(2k,Sym*(g) ® f)

(9,9)*Q5
_ 2% e A Ak, x-p. f) _ [(F x5, 9 % g)I°
=D {len(D)I7?}, { QF }H { (9. 9)" }III. W

Here, ¢, (D) is the D-th Fourier coefficient of h. Our goal in this work is to study

the p-adic nature of these algebraic numbers.

We now outline our interpolation argument. Let K be a finite extension of
Q, and let Ok denote its p-adic integer ring. Put Ax = Ok[[X]] be the Iwasawa
algebra. Let Lx be the fractional field of Ag. Suppose K is a finite extension of
Ly and let Z denote the integral closure of Ag in K. Suppose h°(N, Ok) is the
universal ordinary p-adic Hecke algebra of level N. Suppose A : h°(N,Ox) — T
is a homomorphism of Ax-algebras. Let f be the A-adic cusp form corresponding

to A. It’s a Hida family of p-adic cusp forms. Greenberg and Stevens attatch a



A-adic modular symbol ®¢ to f. And they define a two-variable p-adic L-function
Ly(®¢) on Spec(Z) x Spec(Z,[[Zy]]), which interpolates the critical values of the
L-function associated to f and twisted by a character. Our second factor in (4)

is the central value of the L-function.

Next, we consider the first factor in (4), involving the D-th Fourier coefficient
of h. By Stevens [Ste], there exists a A-adic half-integral cusp form h = O(P¢),
which is the A-adic Shintani lifting of f. Let ap be its D-th Fourier coefficient.

Up to a period scale, we may use the ap to interpolate ¢ (D).

Before we interpolate the third factor in (4), we construct a A-adic Saito-
Kurokawa lifting SK(f), which is a A-adic Siegel cusp form interpolating the
Saito-Kurokawa lifting F' = SK(f). Skinner and Urban developed a more general
A-adic Saito-Kurokawa lifting in [SU]. In this work, our method is different from
theirs. This construction is a generalization of the classical construction of A-adic

Eisenstein series.

Put A, be the semigroup of symmetric, semi-definite positive, half-integral

n r/2
matrices of size 2. For every T = € Ay, we denote A(T) = A(n,r,m)

r/2 m
and we say d|T" if d|(n, r,m) for any integer d. Suppose the Saito-Kurokawa lifting

I has a formal g-expansion:

F(Z)=") AT)q"",

TeAy



for any Z € $2 Then the coefficients satisfying the following relation:

Anm — r?
A(n7T7 m) - Z dkC(T)7

0<d|(n,r,m)
where ¢(l) are the coefficients of g-expansion of h. The expression of A(n,r,m)
is similar to that of the coefficient

or(n) =Y d*

0<d|n
of Eisenstein series. Based on this observation and Stevens’ result, we construct

a A-adic Saito-Kurokawa lifting.

Put ¢ = w® be an even Dirichlet character, where w : Z; — p,-1 is the
Teichmuller character. For each power series © = ) a(n)q" € Z[[q]], we define a

formal power series:

det(27)

SK(O,¢) == Y (Y w(d)Au(X)al )
TeAy 0<d|T
(d,p)=1

where A4(X) =d1(1 + X)*U4D) is an element of A = Z,[[X]].

Denote SK(f, ) = SK(O(P¢),v). Put 6, = diag(p,p,1,1) € My(Z). Here’s

the main theorem:

Theorem 1.1 For each arithmetic point P € Spec(Z) with signature (2k, id),

satisfying a =k +1 mod p — 1, we have

SK(f,¢)(P) = g—P(SK(fP) — SK(fp)|6,) € Sk1(T5(Np); Ox). ()

fp



Here, Qp is a p-adic period given by Greenberg and Stevens, and Qf; is a complex

period defined by Shimura.

Denote w(SK(f,w*)) the pullback of SK(f,w®) on $ x 9. Let M be a
finite extension of Lk defined over K, and J be the integral closure of Ax in
M. Suppose XN : h°(N;Ok) — J is a homomorphism of Ag-algebras. Let
g be the A-adic cusp form corresponding to \'. Then there’s an isomorphism
h°(N; Ok) @y, M = M @ B. Let 14 be the idempotent corresponding to the
first factor of the decomposition. Following Hida, we define a congruence module
C, and fix Hg to be a generator of the annihilator of C.

Let g; € S°(N;Ak) (i = 0,1,2,--- ;m) be a basis, and suppose g = go.
Linear forms I* : S°(N; Ag) — Ak are defined by [ (g;) = 6; ;. We now define a

linear form

(w(SK(f),w"),g x g) := 19 x I(w(SK(f),w")|Hg - 1g, X Hg - 1g,).  (6)

Q

Suppose the arithmetic point P’ € Spec(Zs) lies above P € Spec(Z). We

define a p-adic function ap(f, P) = ap(P’), then we have

Q
ap(f, P) = Q—f - en(D).
fp
0 -1
Here, Q2p and Qf_p are periods defined in Theorem 1. Put 7y = . Now
N 0

we define a one-variable p-adic L-function L,(Sym?(g) ® f) for Sp, x GL, on

6



Spec(J) x Spec(Z) by

Ly(Sym*(g) ® £)(Q, P) := ap(f, P)~" - ap(flry, P) ™" - Ly(®¢)(P)

X (W(SK(f,w")), g x g)(P, Q) - (SK(f|7y,w"), glrw x glmw) (P, Q). (7)

Suppose P and @ have matching weights such that k(P) 4+ 2 = 2k(Q), ep =

€ = id. Assume a = k(@) mod p — 1.

Conjecture 1 The p-adic L-function L,(Sym?*(g) ® f) interpolates the central

values by :

A(2k, Sme(gQ) ® fp)

Ly(Sum(g) @ (Q.P) = t- 1@ == 80

, (8)

where

b= T<X22kD\)/%§11)v2 W(gq) alp, tp) " (1—x_p(p)alp, fp) "' p* ") (1—a(p, g8o)*p?)*

and W(gq) 1is the root number of gq.

Here’s the outline of the content in this work. In section 2, we give a review of
various types of modular forms needed for Saito-Kurokawa lifting. In section 3 we
recall the correspondences between spaces of modular forms, including Shimura
correspondence and Shintani correspondence between integral weight and half-
integral weight modular forms, the maps from half-integral weight forms to Jacobi
forms, and the maps from Jacobi forms to Siegel modular forms of degree 2. In
section 4, after reviewing Stevens work on A-adic Shintani lifting, we construct

7



a A-adic Saito-Kurokawa lifting. In the last section 5, applying the p-adic L-
function of a A-adic form by Greenberg and Stevens, we get a conjecture on the

specialization of the one variable p-adic L-function for Sp, x GL,.



2 Modular Forms

Since we work on various types of modular forms, in this section, we present
basic definitions and facts on modular forms and Hecke algebras if necessary to
understand Saito-Kurokawa lifting. For more details, please refer to standard

textbooks and papers, e.g. [Shl, Sh2, EZ].

2.1 Integral Weight Modular Forms

2.1.1. Let = $H'={z € C;Im(z) > 0} denote the complex upper half plane.
And let GL3 (R) be the group of 2 x 2 real matrices with positive determinant.

We let GL3 (R) act on §) by linear fractional transformation.

Let k be a positive integer. For any function f on §, and for any v € GL3 (R),

we define f|zy on $H! by

Flev(z) = det (V)2 f(v(2))i (v, 2) ¥, (9)

where j(v, z) = ¢,-z+d,. This gives an action of GL3 (R) on functions f : § — C.



For a positive integer N, we define subgroups of SLy(Z) by

a b
I(N) ={ €SLy(Z);a=d=1 mod N,b=c=0 mod N},
c d
a b
Fo(N)={ € SLy(Z);¢ =0 mod N},
c d
a b
I(N)=H{ € SLy(Z);a=d=1 mod N,c=0 mod N}.
c d

Let ® be a congruent subgroup of SLy(Z) containing I'(N'). We consider those
holomorphic functions on $) satifying f|yy = f for all v € I'(IV). Such a function

has Fourier expansion of the form:

where e(z) = >,

Definion: Let k a positive integer with £ > 2, and ® be a congruence sub-
group of SLy(Z). A holomorphic function f on § is said to be a modular form of

weight k with respect to @, if it satisfies:
1. flgy=f forall y € ®,
2. a(f, flka) = 0 if n < 0 for each a € SLy(Z).

We denote by My (®) the vector space of modular forms of weight k& with respect
to @.

10



Let U be the standard unipotent subgroup of SLy(Z). When the congruence
subgroup ® equals ['((N) (or I';(N)), we call f a modular form of level N. Since

® contains U, f € My (®P) has Fourier expansion of the form:

f(z) =Y am, "

n=0
where ¢ = e(z). It’s called the g-expansion of f, by which we may view M;(®P)

as a subspace of Cl[[g]].

Definition: f € My(®) is called a cusp form if a(0, f) = 0. We denote by

Sk(®) the vector space of cusp forms of weight k£ and with respect to ®.

2.1.2. For any Z-subalgebra A of C, we put

My(®; A) = My (@) N Al[q]],

Sk(®; A) = Sk(®) N Allg]]-
Then we have the following isomorphisms [Sh1]:
My (®; A) = My (9;Z) @ A, Sp(P; A) = Sk(P;Z) ® A. (10)

For any commutative algebra A, we take the above equations as the definitions
of the spaces of integral modular forms and cusp forms with coefficients in A.

When ¢ =T'y(N), we simply write

My(N; A) = M(I'1(N); A), - Sk(N; A) = Si(T1(N); A).

11



For each character x : ® — A* of finite order, we put

Mi(®, x; A) = {f € Mi(ker(x); A); flxy = x(0)f, Vv € @},

Se(®, x5 A) = My(®, x; A) N Si(ker(x); A).

2.1.3. Let GG be a multiplicative group, and ® be a subgroup of G. We define

the commensurator of ® in G to be the subgroup:
P = {y € G;y®~y~ ! and ® are commensurable.}

For any semi-group A such that ® C A € ®, we denote by R(®, A) the Z-module
of all formal finite sums of double cosets [®y®]| with v € A. We introduce a
multiplication on R(®, A) by disjoint coset decomposition [Shl]. Then R(®,A)
becomes an associative ring, we call it the Hecke ring with respect to ® and A.
Fix a positive integer N prime to p. For any two integers s and r such that

s> 0,r>1and s <r, we put

a b
oF = € SLy(Z);a =d = 1( mod Np*),c =0( mod Np")},
c d
a b
A=/ € My(Z);a = 1( mod Np*),c=0( mod Np"),ad — be > 0}.
c d

For each prime ¢, with ¢ { Np, we take an element o, of SLy(Z) satisfying

* ok
o = ( mod Np").

12



Let ® = &, A = A?, and we put
T() =[P o],  T((,0) =[P(lo,)P].

It’s well-known that R(®, A) is the free Z-module generated by T'(¢) for all primes
¢ and T'(¢,¢) for £+ Np.

Note that @] =T';(Np"). The action of R(®], A’) on M(Np") is defined by

fl[@ra®]] = det(a ’f/QZf!kal, (11)

where ®7a®] = LD ;. It’s independent of the choice of the representatives
{a;}. The space of modular forms My (Np") is stable under this action, so do
the subspaces Si(Np"), Mg(®,x;C) and Si(®P, x;C). For any R(P!, Al)-module
L, we define the Hecke algebra h(L) as the image of R(®, AT) in Endz(L). We

denote
Hi(Np"; Z) = h(My(Np")),  hi(Np"; Z) = h(Sp(Np")),
Hi(®7, 6 2) = M(Mi(®7, X)), 7 @7, Z) = h(Sk(®7, X))
When k > 2, the pairing <, >: Si(PZ, x; Z) X hi(PE, x;Z) — Z defined by
< f,T >~ a(l, fIT) (12)

is a perfect pairing.
M. (Np";Z) is also stable under the action of Hecke operators by Hida, [Hi4].
Then the Hecke algebras Hy(Np";Z), hi(Np";Z) are free of finite rank over Z.

13



For any commutative algebra A, we define
Hip(Np™; A) = H(Np";Z) @ A, hp(Np™; A) = hy(Np"; Z) ® A.

2.1.4. Put SLy(Z) = SLy(Z)/ £ I,. Let ® be the image of ® in SLy(Z). For

fyg € Sk(®), we define the Petersson inner product of f and g by

1 —, k-2
(f,9) = m o f(2)g(2)y" “dxdy. (13)

The Hecke operators are self-adjoint with respect to the Petersson product:

(T'(n)f,9) = (f,T(n)g),

where ® = I'y(N) and ged(n, N) = 1.

Suppose f € Sg(I'o(N)). The L-function associated to f is defined by

oo

L(s, f) = Za(n, fin—s.

n=1
It has analytic continuation to the entire complex plane, and it also satisfies a

functional equation. Suppose f is a newform, then L(s, f) has an Euler product.

Let x be a Dirichlet character, the twisted L-function is defined by

L(s, f,x) = Y _ x(n)a(n, fyn™

This L-function also has analytic continuation, functional equation and Euler

product expansion.

14



2.2 Half-Integral Weight Modular Forms

2.2.1. In this section, we review the definitions and facts about half-integral

weight modular forms by Shimura [Sh2] and refined by Kohnen [Kol, Ko2, Ko3].
Let v/z be the branch of the square root function taking its argument in

(_

,2]. For any positive integer m, put z™/* = (y/z)™.

(SIE

For a positive integer k, and for any v € GLj (Q), we define a complex-valued

holomorphic function ¢, on $ by:
6, (2)| = det(y)¥* e 2 + d, [F71/2

Denote by &;_1/2 the set of pairs (7v,¢(z)) for v € GL3(Q). We introduce a

multiplication law on &;_; /5 by

(7, ¢(2)) - (@, ¥(2)) = (ya, p(az)¢(2)).

Then &;,_;/, becomes a group. Let m_q/2 : Gp_1/0 — GL;(Q) be the projection

onto the first factor. The group &;_,/, acts on functions g : § — C by
9l(v,9,)(2) = ¢, (2) "' g(72).

We directly copy the definition of the quadratic residue symbol (%) by Shimura

in [Sh2]. For any element ~ of I'y(4), we define a function

. Cy —4\ TF k—1/2
](77 Z) = <d_> (d ) (C’yZ—i-d'y) - .
y y

15



Now we define an inverse map of m,_1/5. Let ® C I'g(4) be a congruence
subgroup. Put & = {3 = (7,(7,2)) : 7 € ®}. The map v — 7 = (3,j(7,2))
is a left inverse of the map m;_;/2, so we can define an action of any congruence
subgroup of I'g(4) on the set of functions g : § — C through the action of &;_; 5.
Suppose that ® is a congruence group of level 4N. The action of ¢ on functions

g: $H — Cis given by

Ile-1727(2) = j(7,2) g(v2).

Definition: A complex-valued function g on $) is called a modular form of
weight k — 1/2 for ® if g|,_1/2y = g for all v € ® and that g is holomorphic at

all the cusps. If g vanishes at all the cusps, we say ¢ is a cusp form.

We denote the space of weight k& — 1/2 modular forms by Mj_;,2(®), and

denote its subspace of cusp forms by Sj_1,2(®).

For any commutative algebra A, we put

My_1/2(P; A) = My_1/2(P) N Al[q]],

Sk—1/2(P; A) = Si—1/2(P) N M1 /2(P; A).

2.2.2. Since we will not make use of the Hecke operators on half-integral weight
modular forms, here we skip its definition. One may consult [Sh2, Ko2] for further
details.

Suppose @ is a congruence subgroup of I'y(4).Let f, g € Sip—1/2(®), we define

16



the Petersson inner product of f and g by:

1

ST ]y ICI dady.

(fi9) =

We now recall a subspace of Sj_1/2(I'g(4/N)), called Kohnen’s +-space. Let

S+

i_1/2(T'0(4NV)) denote this subspace consisting of forms with expansion:

h(z) = Z c(n, h)q".

n>1
(=1)F—1n=0,1( mod 4)

There’s a Hecke-equivariant isomorphism between the space S,;F_’riC/VQV(FO(ZlN )) and

the space S5, (Io(N)).

2.3 Jacobi Forms

2.3.1 In this section, we give a review of Jacobi forms based on the standard

reference [EZ].

Firstly, we introduce the Jacobi group for a congruence subgroup I'. Let I'/

denote the semi-direct product I' x Z?, its mulitplication laws are given by
(M, X)(M', X"y = (MM', XM+ X') € SLy(Z) x Z*.

Put I'; = SLy(Z), and we call I'{ = SLy(Z) x Z* the full Jacobi Group.

The actions of I" and Z? on § x C are given by

ayT + by z )
JvT) g ’

Ve = 70 7)

(AN p) - (1,2) = (T, 2+ AT+ p).

17



It’s easy to check that these actions are compatible with the group structure of
the Jacobi group I'/. Thus, it defines an action of I'/ on § x C.
Let k£ and m be positive integers. Let ¢ be a complex-valued function defined

on $) x C, we define an action of I'/ on ¢ by

¢|k,m7(7—7 Z) = ](77 T>_k6m(_ .
Blm (A, 1) (T, 2) = em(N2T +2X2) (T, 2 + AT + p)
for v € T, (\, p) € Z?%, and e,,(2) = e*™m=,

Definition: A holomorphic function ¢ : § x C — C is called a Jacobi form

of weight k& and index m on a subgroup I' C I'y of finite index, if it satisfies:
1. ¢lgmy = ¢ for every v € T,
2. ¢lm(\ p) = ¢ for every (A, u) € Z%,

3. for each v € SLo(Z), ¢|im7 has a Fourier expansion of the form

Z Z C(b(n?r)qngra
n=0

r€Z
'r2§4mn

where ¢ = e(7) and ¢ = e(2).
If ¢ satisfies the stronger condition
co(n,r) £ 0= r® < dmn,

it is called a cusp form. The vector space of all such Jacobi forms (resp. cusp
forms) is denoted Jy ,(T) (vesp. Ji P (T')).

18



Note that it’s also convenient to write the Fourier expansion of a Jacobi form

in terms of a discriminant D = r2 — 4nm:

7’2—

D
T+ 7r2).

o)=Y co(Dr)e(
D<0,reZ
D=r2( mod 4m)

2.3.2. Now we recall the definition of the operator V,, (n > 0) on functions

¢ : H x C — C, which is important to understand the Saito-Kurokawa lifting.

For any positive integer n € N, we define a linear operator V;, on Jy ,,(I'o(V))

by
_ D T T‘2—D r
V= > > oo 1%(@,8) T (14)

D<0,reZ r2-D
D=r2( mod 4mn) d‘ng( 4mn ,n,r)

Theorem 2.1 ([EZ, MR1]) The operatorV,, is an index changing operator map-

ing Jim(Lo(N)) to Jimn(Lo(N)).

2.4 Siegel Modular Forms

2.4.1 In this section, we make a review on the definitions of Siegel modular

forms of degree 2.

The Siegel upper half-space of degree 2 is defined as the set
92 ={Z e My(C);'Z = Z,Im(Z) > 0}

of complex symmetric n X n matrices with positive definite imaginary part. Let

G = GSp, be the symplectic similitude group defined by

GSpy = {M € GLy;"MJ,M = v(M)Jy,v(M) € Gy},
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0 —15
where J; = and v : GSp, — G,, the scale map. Let Sp, = ker(v)

1, 0,
denote the sympletic group. Let G*(R) be the positive real symplectic group, it

acts transitively on $? by the rule:

A B
.7 = (AZ + B)(CZ+ D).

C D

Let k be a positive integer. For a holomorphic function F' : $§2 — C, we define

an action of GT(R) on F by:
Flyy(Z2) = det(v)kdet(CWZ + Dw)_th/(Z))y

for any v € GT(R). Let As denote the lattice of all half integral symetric matrices
in the vector space of 2 x 2 symetric matrices over R. Let By C As denote the
subset of all positive definite matrices. Let ® C G(Q) be a congruence subgroup

commensurable with Sp,(Z).

Definition: A holomorphic function F' : $§2 — C is called a Siegel modular
form of degree 2 and weight & with respect to ® if F'|,y = F for all v € ®. (Since

the degree is 2, the regularity at cusps is automatically satisfied by Koecher.)

Any Siegel modular form F' of degree 2 has a Fourier expansion of the form:
F(Z)= ) ATe(Tx(TZ)).
TeA2,T>0

If A(T) =0 unless T' € By, we say F'is a Siegel cusp form. The vector space of
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all such Siegel modular forms (resp. Siegel cusp forms) is denoted M;(P) (resp.
Si(®)). We drop the index s for simplicity if there’s no confusion.

For a positive integer N, we define the congruence subgroups I'?(N),T3(N)

and T%(N) of Sp,(Z) as:

A
I?(N) ={ b € Spy(Z); A= D = 13( mod N),B=C = 0y( mod N)},
C D
A B
F3(V) = { € 8p,(2); C = 05( mod N},
C D
A B
I'2(N) ={ € I'%(Z); A= 15( mod N)}
C D

with the convention that the congruences regarding the matrices are with respect
to their entries. If ® C Sp,(Z) is a subgroup of finite index that contains I'*(V)
for some N, we say that ® is a congruence subgroup of level V.

Let x be a Dirichlet character. F is called a classical Siegel modular form of

weight & and character x for T3(N) if
F(+(2)) = x(det(D,)) det(C, Z + Dy} F(2)

for all v € T3(N). The vector space of all such Siegel forms is denoted M3 (N, x).

T z
2.4.2. For any Z = in the Siegel upper half-space $?, we may write it

z T
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as a row vector (7, 2,7), here 7,7 € ), z € C and Im(2)? < Im(7)Im(7'). And we

write F(7,z,7") instead of F'(Z). Similarly, we write A(n,r,m) for A(T), where

n o r/2
T = € Ay, with n,r,m € Z, n,m > 0 and r? < 4mn. Thus, the

r/2 m

Fourier expansion of F' has the form:

F(r z,7) = Z A(n,r,m)e(nt + rz + mt'). (15)

n,r,me”s
n,m,4mn77'2 >0

Now we introduce a subspace of Mj(®) called Maass "Spezialschar’. A Siegel
modular form F' € M3 (®) is called a Maass modular form if its Fourier coefficients

satisfy the relation

A(n,r,m) = Z dkflA(@,g,l) (16)

d|ged(n,r,m)

for every n,r,m € Z with n, m,4nm —1r? > 0. The space of Maass modular forms
(resp. Maass cusp forms) is denoted M} (®) (resp. S;(P) := S;(P) N M (P)).
The relation of Siegel modular forms to Jacobi forms is given by the following

result.

Theorem 2.2 Let F' be a Siegel modular form of weight k and degree 2 with

respect to ®, we write the Fourier expansion of F' in the form

F(r,21") = Z G (T, 2)e(mT"). (17)

Then ¢ (T, 2) is a Jacobi form of weight k and index m.
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Following Piatetski-Shapiro, we call (14) the Fourier-Jacobi expansion of the
Siegel modular form F'. Note that ¢(7,0) the restriction of a Jacobi form ¢ on $
is an ordinary modular form of weight k.

Let’s fix an embedding 7 :  x  — H? by

(r,7)

0o 7
Then we have the pullback of a Siegel modular form F' via the embedding 7y,

Floxs € Sp(P) ® Si(P). And by Lemma 1.1 in [Ich],
(T'(p) ®1d)Flgxsn = ([d @ T(p)) Flaxs
for all primes p. Here T'(p) is the Hecke operator on Si(®).

2.4.3. We give a short review of the definitions of the Hecke operators. Put
Y =GT(Q)NMy(Z), and %,, = { € 3;v(vy) = n}. Note that Sp,(Z) = ;. Put
Y=/ ;C'=0(mod N),A € GLy(Z/NZ)}.

C D
Let in =Y, N3, For each positive integer n, define the n*® Hecke operator Ts(n)
by
Ts(n) = ) T§(N)al§(N)
where the sum is taken over all « € T3(N) \ in/Fg(N).

As the case of integer weight modular forms, we call I’ a Heck eigenform, if
there exists Ap(n) € C such that Tg(n)F = Ap(n)F for all n > 1. Suppose F' is
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a non-zero Hecke eigenform of weight k and level N with eigenvalues Agp(n). We

define the spinor zeta function associated to F' by

Lepin(s, F) = ((2s — 2k + 4) i Ar(n)n=%. (18)

It has meromorphic continuation, functional equation and Euler product as well

by Andrianov [Anl, An3].
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3 Saito-Kurokawa Lifting

Based on numerical evidence, Saito and Kurokawa in 1977 made a conjecture
that for a Hecke eigenform f € S5 (SLa(Z)), there exists a Siegel eigenform F' of

degree 2 and weight k + 1 such that
Lspin<5, F) - C(S - I{Z)C(S —k+ 1)L(S7 f)

Most of this conjecture was proved by Maass in his series paper, another part
by Andrianov [An2] and the remaining part by Zagier. In 1993 Manickham,
Ramakrishnan and Vasudevan [MRV] extended this result to odd square-free
level. Later Manickham and Ramakrishnan improved it to all positive levels

[MR1, MR2].

3.1 Shimura Lifting

Shimura in 1973 [Sh2] firstly pointed out the correspondence of integral weight
elliptic modular forms of weight 2k to half-integral weight modular forms of weight
k + 1/2. Kohnen later provided more precise results on determining the level of
half-integral weight modular forms.

Let M be a positive integer. Suppose D is a fundamental discriminant with

(=1)¥D > 0. For any g in Kohnen’s +-space S;+1/2(F0(4M)) with Fourier ex-
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pansion:
9(z) = iC(n;g)q”7
n=1
where c(n;g) = 0 whenever (—1)*n = 2,3(mod 4), The Shimura lifting (}, :
S,:FH/Q(FO(ZLM)) — Moy (Tg(M)) is given by:

CBg(z):i > (%) dk_lC(uz#;g) q".

n=1 d|n
ged(d,M)=1

3.2 Shintani Lifting

3.2.1. Fix a positive integer M, and denote by Fj; the set of all integral
indefinite binary quadratic forms, Q(X,Y) = aX? + bXY + cY?, satisfying the

conditions:
b> —4ac>0; and (a,M)=1, b=c=0mod M. (19)
The action of I'o(M) on Fyy is defined as:

(Qlfy) (Xv Y) = Q((X, Y)7_1)7

for Q € Fy and v € Ig(M).

To each quadratic form Q(X,Y) in F,s, Shintani associated the following
data: the discriminant dg = b* — 4ac, the pair (wq,wy,) of points in R U {ico},
and the oriented geodesic path Cg in the upper half plane. For further details of

the definitions of wg, wy and Cg, please refer to [Shi].
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Fix an interger £ > 0. Suppose M is odd. For a given Dirichlet character y

of conductor M, we define a new Dirichlet character x' : (Z/4MZ)* — C* by

Y(d) = x(d) (#) d e (Z/AMT) . (20)

For each Q € Fy, we put x(Q) = x(a). For each f € So(To(M), x?), we define

an integral

Ly (f.Q) = x(Q) - [ f(NQQ, —7)"ldr. (21)

Cq

For any z € $, we define

GaN)(2) = D Ly (£, Q)™ (22)

QEFp /To(M)

When y is trivial, we write (5 instead of (.

Theorem 3.1 ([Shi]) For any f € Sar(To(M), x?), the series Cp(f)(2) is the

q-expansion of a cusp form in Siy1/2(Lo(M), x"). Moreover, the map

Chox + San(Lo(M), X*) = Sir1y2(To(4M), X')

is a Hecke equivariant linear function. Precisely, for any prime {,

Cen (f1T2) = Cox ()| T2

3.2.2.  As above, let D be a fundamental discriminant with (=1)*D > 0, and

M a positive integer such that ged(D, M) = 1.

Theorem 3.2 The Shimura lifting C}, and the Shintani lifting (. give a Hecke-

equivariant isomorphism between S;ﬁ%(l"o(élM)) and SPE(To(M))
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Let Oy be the ring generated by the Hecke eigenvalues of f. Suppose an
embedding of Oy into C exists. Choose and fix such an embedding. We identify

O with its image in C via the embedding.

Theorem 3.3 ([Ste]) For any Hecke eigenform f € Sop(Lo(M), x?), there is a

non-zero complexr number (¥, € C* such that
]‘ /
Q—; “Cx(f) € Siy12(To(4M), x5 Of).

Fix such a period Q once for all for each Hecke eigenform f € So(To(M), x?)

and define:

1

Oex(f) = Q—; G (f) € Skr1y2(To(4M), X5 Of). (23)

We call 6 ,(f) the algebraic part of ;. (f).

3.3 Half-Integral Weight Forms to Jacobi Forms

The case of full level is presented in [EZ], here we recall the correspondence for

arbitrary levels M by Manickham and Ramakrishnan in [MR1] and [MR2].

For a negative fundamental discriminant D, let P} be the D-th Poincare series

in Kohnen’s +-space S;H/Q(FO(ZLM)). We put S; ., »(I'o(4M)) for the subspaces

of cusp forms, where * means + if 2 { M and nothing if 2|M. Let P denote

the subspace of Sy, »(I'o(4M)) generated by the Poincare series P, , with D

+1/2

running over all discriminants satisfying D = 0, 1(mod 4), (=1)*D > 0.
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Denote by Sp¢Y ,(4M, f) the subspace of cusp forms g € Sp,, ,(I'0(4M))
satisfying T'(p?)g = a(p; f)g for all primes p { M. Since the index of Jacobi
forms in this section is 1, we drop it from the notations for simplicity. Denote
by Jit (M, f) the subspace of Jacobi forms ¢ € J.Y(M) satisfying T;(p)¢ =

k+1

a(p; f)¢ for all primes pt M. Put
SEpAM) =P D SLMUM. ),
feSZEY (Lo(M))

ThM) = D HnOL)).

fESTY (To(M))

We define a map p: SpSY »(4M) — Jiily (M) by

Z c(N)¢N — Z c(4n — r?)q"C". (24)

N>0 n,r€Z
N=0,3( mod 4) rzgn

Theorem 3.4 ([MR1]) The map p : Spfy,,(AM) — Jii (M) is a cononical

isomorphism compatible with the action of Hecke operators.

For any integer ring O, by (21) we have the following result.

Corollary 3.1 For any g € S,Zf”"f/Q(ZLM; O), the corresponding Jacobi form ¢ =

1(g) has Fourier coefficients in O and vice versa.
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3.4 Jacobi Forms to Siegel Forms

Fix positive integers k and M. Introduced in section 2.4, we know that a Siegel

modular form F € Mj_,(I'§(M)) has Fourier-Jacobi expansion of the form:

F(r,z,7) Zgmez (mt").

Here, ¢;(7, 2) is a Jacobi form of weight k + 1 and index 1 with respect to I'J (M)
by Theorem 2.2. Assigning ¢; in its Fourier-Jacobi expansion to each Siegel

modular form F', we define a map

w: M1 (To(M)) — Jyp11(To(M)).

F(r,2,7) — ¢1(7, 2)

Theorem 3.5 ([MR2]) The map w : Mj (F5(M)) — Jiy11(To(M)) is an

1somorphism commuting with the action of Hecke operators.

Let ¢(7, z) be a Jacobi form of weight k+1 and index 1 with Fourier expansion:

= D clnna¢C"

n=0 rez
'r2§4n
Recall the index changing operator V,,, : Jii1.0(Do(M)) = Jit1mn(To(M)), we
define a map on Jy11(Fo(M)),
Vig(r,z)m F(r,2,7) = Y (6Vi) (7, 2)e(m7’). (25)

m>0
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Theorem 3.6 ([EZ],[MRV]) V(¢) € M;(T3(M)) is a Siegel modular form in
the Maass "Spezialschar’. And V : Jyp11(Do(M)) — M (T3(M)) is a Hecke

equivariant isomorphism. V s the inverse of w.

The Fourier coefficients of F(7,z,7") = V(¢) and the Fourier coefficients of ¢
satisfy the relation:

A(n,r,m) Z d¥e( 4nm ) (26)

d|(n,r,m)

for (n,r,m) # (0,0,0).

Corollary 3.2 Suppose M is odd. Let h(t) = S c¢(N)¢" be a cusp form in

Kohnen’s +-space S, | ,,(4M), then A(n,r,m) defined by equation (23) are the

+1/2

coefficients of a Maass form F € S; ,(T§(M)). The map h — F is an isomor-

phism between this two spaces.

3.5 A pullback formula of Saito-Kurokawa lifting

Let f € So(To(N)) be a normalized Hecke eigenform. Suppose F' € Siy1(T2(N))
is the Siegel cusp form corresponding to f by the composition of 0y ,, p and V

defined by (20), (21) and (22) respectively.

Theorem 3.7 ([MRV]) Assume N is a positive odd square free integer. The

space S;'T"(T5(N)) is 1-1 correspondence with S5 (To(N)). For a Siegel Hecke
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eigenform F and a nomalized Hecke eigenform f, the correspondence is given by:

Lapinls, F) = C(s = k)C(s — k + 1) L(s, ).

Suppose h € S:H/z

(['p(4NN)) is a Hecke eigenform associated to f by Shimura
correspondence. For each normalized eigenform g € Si1(I'0(V)), we consider

the period integral

<F|ﬁ><$§7g X g>

0

1 / / m k—1_ k—1
F 9(m)g(m2)yi Yy dmidrs.
[SLa(Z) : To(N)]? Jre(vns Jro(v0\6 0 b

T2

Let A(s,Sym*(g) ® f) be the complete L-function.

Theorem 3.8 ([Ich, Li|) Assume N is a positive odd square free integer, and

k is odd with k > 3. Then we have

A2k, Sym®(g) © f) = 2" Mgy

(f, ) [{F loxs, 9 X )|
(h, h) (9,9)? ’

where En is an algebraic number given by

Ev=NT[e+p)°1=p)(6—p) 7

pIN

and €, = —ag(p), v(N) is the number of prime divisors of N.

Let QJJ{ be the period of f as in [Sh3]. By the generalized Kohnen-Zagier

formula [KZ, Ko3]:

Alk, fox-p) = 27D g (D) A,
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we have the following corollary.

Corollary 3.3 The quotients

ARk, Sym*(g) ® ) —
or ar O

are algebraic numbers.

4 A A-adic Saito-Kurokawa Lifting

We develope a A-adic analog of Saito-Kurokawa lifting in this chapter, which is

a generalization of A-adic Eisenstein series.

4.1 p-adic Modular Forms

4.1.1. In this section, we recall p-adic theory on classic modular forms by Hida.
We fix a prime p > 5 once for all. Let K, be a finite extension over Q in Q, and
let K be the topological closure of Ky in C,. Let Ok be the p-adic integer ring
of K. Suppose ® is a congruence subgroup of SLy(Z), and x : & — K* is a finite

order character. By results in section 2.1, we may put

Mi(®; K) = Mp(®; Ko) ®k, K, Mi.(®, x; K) = M(®, x; Ko) ®x, K,
If the congruence group @ is of level N, we may view these spaces inside the

formal power series ring K[[g]] by using their g-expansions.

33



For each positive integer j, we put

M (®; K) = @Mk(@;K),Sj@;K) =P Sk(@; K).
k=0 k=0

We take inductive limits inside K{[q]]:

M(®; K) = M*>(®; K) = lim M’ (®; K) @Mk (®; K),

J

S(®; K) = S°(®; K) = lim $7(®; K) @Sk P K).

J

We define a p-adic norm on these spaces by

[f1 = 1flp = sup [a(n, f)lp-

for a power series f = > a(n, f)¢" € K[[q]]. We take the p-adic completion of
these space under this norm | - |, inside K{[g]], and denote the completion of

M(®; K) (resp. S(®; K)) by M(®; K) (resp. S(®; K)).

We now consider the forms with coeflicients in Ok . Put

M (®; Ok ) = M (®; K) N Ok|[q]], Sk(®; Ok ) = Si(®; K) N Ok|[ql],

M;,(®; Ok) = My(®; K) N Okl[a]], Sk(®; Ok ) = Sk(®; K) N Oxllal].

The space My (®; Ok) (resp. Si(®; Ok)) is the completion of M (®; Of) (resp.
52°(®; Ok)) under the norm | - |,. When ® = I';(N), we write M;(N; Ok) and

Sk(N; Ok) for M(®; Of) and Si(®; Ok) respectively.
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For A = K, Ok or any commutative algebra A C C, we put

M (Np>; A) = lim M (I'y (Np"); A),

Sp(Np>; A) = lim S ("1 (Np"); A).
We have natural inclusions:
M (Np>; Ox) C M(N;Ok), Si(Np®;Ok) C S(N; Ok).

4.1.2. For asubspace V of M(N; O), we define the Hecke algebra h(V) of V as
in section 2.1. We write hy(®, x; Of) for h(Sip(®, x; Ok)) and W/ (T (Np"); Ok)
for h(S9(T'1(Np"); Ok)) with I';(Np") € ® C I'y(N). For any pair i > j, the re-
striction of hi(T'1 (Np"); Ok) to the subspace S7(T'y (Np"); Ok ) of W (L1 (Np"); Ok)

gives a surjective Og-algebra homomorphism:
W(Cy(Np"); Ok) — I (T1(Np"); Ok).
By taking the projectiv limit, we define

h(N;Ok) = lim hj(Fl(Np); Ok).

J

We extend the action of h(N; Ok) to S(N; Ok) by uniform continuity.

Denote I' = 1+ pZ,. Let Ax = Ok|[[[']]. For each positive integer N prime to
p, we put

Zy =lm(Z/Np'Z)* = 2} x (Z/NZ)*.
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Write (z,, 29) for the projection of an element z € Zy. And we have an isomor-
phism Ok|[[Zy]] = Ak ®o, Ox[(Z/NpZ)*]. For any f € My(Np"; Ok), we define
a slash operater by
flz = 2, fllo,

where 0, € SLy(Z) is a matrix defined as in Section 2.1. This operator induces
an endomorphism of S(N; Ok) which belongs to h(N; Ok), hence it induces a
continuous character : Zy — h(N;Og)*. Then we have an Og-algebra homo-
morphism from Og[[Zy]] to h(N;Ok). And h(N; O) is a Ag-algebra.

Recall the pairing we define by equation (9), we extend it to
<,>: h(N;OF) x S(N; Og) — O
(h, f) — a(1, f|h). (27)

Theorem 4.1 ([Hi3]) The pairing defined by (23) is perfect. It induces isomor-

phisms:
h(N; Og) = Home, (S(N; Ok), Ok), S(N; Og) = Home, (h(N; Ok), Ok).

4.1.3. The Hecke algebra h(N;Ok) is a pro-artinian ring, we may write it as

the direct sum of local rings:

Let m(R) be the unique maximal ideal of R. We call the local component R
ordinary if T'(p) ¢ m(R), i.e. T'(p) is invertible in R. We define the ordinary part
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of h(N; Ok) by the direct sum of all the ordinary local components. We denote
by h°(N; Ok) the ordinary part, and denote by e the idempotent corresponding

to the ordinary part. Then we have:

h?(Np*>; Ok) = eh(Np™; Ok).

For any h(N; Ok)-module M, we define the ordinary part of M by M° = eM.
Similarly, we define the ordinary parts hf (1 (Np"); Ok) and h(To(Np”), x; Ok)
by the biggest direct factor of the original Hecke algebra on which the image of

T(p) is a unit.

Theorem 4.2 ([Hi3]) h°(N;Ok) is free of finite rank over Ak.

4.2 p-adic Families of Cusp Forms

4.2.1. Denote I' = 1+pZ,, and A = Z,[[I']]. For any finite flat A-algebra R, we
put X(R) = Hom.(R,C,). The elements of X(R) are called points of R. The

restriction to A induces a surjective finite-to-one mapping

m: X(R) — X(A). (28)

We identify X'(A) with the group of continuous characters P : I' — C. For any

P € X(R) unramified over A, there exists a natural local section Sp of 7,
Sp:UCX(A) — X(R) (29)
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defined on a neighborhood U of 7(P) € X and Spon(P) = P. The image of any
local chart Sp about an unramified point P is called an analytic neighborhood of
P. A function f: U C X(R) — C, defined on an analytic neighborhood U of P

is called analytic if f o Sp is analytic.

4.2.2. Choose and fix a topological generator u of 1 + pZ,. For each finite

order character ¢ : I' — C=*

> and for each integer k, the continuous character

u — uFe(u) of T induces a Z,-algebra homomorphism P, : A — C,. Such a

character is called arithmetic. A point P € X'(A) is said to be arithmetic if the

associated character of I' is arithmetic. We put
Xag(A) = {Pre;k >2,e: T — C;,[I': ker(e)] < oo}.

For a finite flat A-algebra R, a point P € X(R) is said to be arithmetic if it lies

over an arithmetic point on X'(A). We put
Xalg<R) - {P c X(R), P’A € Xalg(A)}-

A point P € X,,(R) is called an arithmetic point of type (k,¢€), if P|y = Py..

Theorem 4.3 ([Hi3]) For each integer k > 2, and for each finite order charac-

ter e : I' — O of conductor p" with r > 1, there is an isomorphism:
h°(N; Ok) /Py h°(N; Ok ) = by (DL, €; Ok),

which takes T'(n) of h°(N; Ok) to T'(n) of the right-hand side.
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4.2.3. Let L denote the quotient field of A, and let I be a finite extension of
L. Let Z be the integral closure of Ax in K. Suppose that the algebraic closure

of Q, inside K coincides with K.

For each P € X,,(Z), there are an integer £k > 0 and a finite order character €
on I', such that P|y, = Pg.. The integer k is called the weight of P, denoted by
k(P). The character € is called the character of P, denoted by ep. The exponent

in p of the conductor of ep will be denoted by r(P). (When €p is trivial, we put

Let A : h°(N; Ok )®z,Z — T be an Z-algebra homomorphism. The Ok|[[Zy]]-
algebra structure on h°(N;Of) induces a character ¢ : (Z/NpZ)* — Oj, it’s

called the character of . For P € X,,(Z), we consider the reduction of A mod P:
Ap : h°(N;Ok) @, (Z/PT) — Z/PT = Ok.
If the weight k(P) > 2, by Theorem 4.3 we have:
ho(N; O) @a (Z/PI) 22 By p)(Py ) €p; Ok).-
Hence we get an Og-algebra homomorphism:
Ap: hZ(P)(<I>i(P),ep; Okg) — Ok.
By duality theorem, there’s a unique normalized eigenform

fr € Sk(P)<FO<Npr(P)7 epthw HN),
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such that fp|T'(n) = Ap(T'(n))fp for all n > 0. We say A is primitive if it satisfies

one of the following two equivalent conditions:

1. there exists P € X,,(Z) with k(P) > 2, such that fp is primitive of con-

ductor Np™®):

2. fp is primitive for every P with k(P) > 2 such that the p-part of € ptpw=*()

is non-trivial.

Theorem 4.4 ([Hi2]) Suppose X\ : h°(N;Ok) ®@a, I — I is a primitive Z-

algebra homomorphism. Then X\ induces a decomposition of K-algebras:

h?(N;Ok) @z, K=K DA (30)

such that the projection of h°(N; Ok) @n, I into K coincides with \.

Let 1x be the idempotent corresponding to the first factor. Let Ry and Ay
denote the images of h°(N; Ok) ®a, Z in K and A respectively. We may identify
the elements in h°(N; Ok) ®a, Z and their images in Ry. Define a congruence
module C(A\;7) := (Ry @ An)/(h°(N; Ok) @p, I).

The universal p-stabilized ordinary newform of tame conductor N is defined
to be the formal g-expansion fy = > 7 a,q" € Ryl[q]], where a,, = T'(n) €
Ry. We may regard fy as an analytic function on X(Ry) interpolating the

g-expansions of ordinary newforms at arithmetic points.
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4.3 Modular Symbols

Let D be the free abelian group generated by the rational cusps QU{ioco} = P}(Q)
of the upper half plane §. Put $, = H UP(Q). Let Dy be the subgroup of D of
divisors of degree 0. The congruence group ® C SLy(Z) acts on Dq by fractional
linear transformations. Suppose A is a right Z[%][@]—module. The group of A-

valued modular symbols is defined to be
Symb(®; A) := Homg (Do, A).

Theorem 4.5 There is a canonical isomorphism between the cohomology group

with compact support and modular symbols H}(®, A) = Symb(®; A).

The matrix ¢+ = diag(l,—1) € SLy(Z) induces natural involutions on the
cohomology groups H'(®, A) and H!(®, A). On modular symbols, this involution
is given by ¢ — ¢|i, where @|¢ : d — p(td)| for d € Dy. Through this involution,
the cohomology groups can be decomposed into + eigenspaces: H = HT @& H™.
Each cohomology class ¢ decomposes as ¢ = ¢t + ¢~ where ¢* = %(gp + o).
Simple computation shows ¢*|i = +p*.

Suppose ® = I'y(M) and that A is a commutative ring. For a non-negative

X
integer n, we put L,(Z) = Z""" and L,(A) = L,(Z) ® A. For € Ly(Z), put
Y
X
F.(X,Y) = = X" XY, YY) € Lo(Z).
Y
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For each v € My(Z), we define an action on L, (Z) by
(Fuly)(X,Y) = F,(v(X,Y)).

This action extends to L,(A). Let ¢ be a A-valued Dirichlet character modulo

M. If the action of ® on the same underlying module is twisted by e:

(Fu7)(X,Y) = €e(v) - Fu(7(X,Y)), (31)
we denote this A[®]-module by L, (A).

Theorem 4.6 (Eichler, Shimura) For either choice of sign +, there is a Hecke

equivariant isomorphism

E 1 Spya(Lo(M),€) — Hpap(To(M), Ly (C))E.
For each f € S,42(To(M),€), we define ¢y : Dy — L, (C) by

Yr({ea} —{a}) = /c2 f(2)F.(z,1)dz.

The integral is taken over the oriented geodesic path joining c¢; to ¢ in $.
By Theorem 4.5, we identify ¢ as a compactly supported cohomology class in
H}To(M), L, (C)). And E(f) is the image of ¢; in HI}M(FO(M), L,.(C)).

Let Oy be the ring generated by the Hecke eigenvalues of f. It’s well known
that there are two complex numbers Qf € C* such that (Q?)_1 : wf is defined

over O;. Put gp? = (Qf)*l -w?, we may refer to it as the algebraic part of ¢}t
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4.4 A A-adic Shintani lifting

4.4.1.  We call a pair (a,b) € Z primitive if p { (a,b) as a vector. Let (Z2)’
denote the set of primitive vectors in Z2. Let D = Meas((Z3)'; Z,) be the group of
Z,-valued measures on (Z2)'. The scalar action of ZX on (Z2)" induces a natural
action of Zp[[Z;]] on D. For p € D, v € T'o(N), and f € Cont((Zz)'), we define
an action of I'y(N) on D by ((u|y)f)(z,y) = u(fly)(z,y). Thus we regard D as
a Zyp[[Z]][To(NN)]-module.

Put I' = 1+ pZ,, and A = Z,[[I']]. Let K be a finite extension of Q, and let
Ok denote its p-adic integer ring. Let Ax be the iwasawa algebra Og|[[I']] and
L be the fractional field of Ag. Let IC be a finite extension of Lx and Z be the

integral closure of Ag in K. Define
D:=D @,z L.

Let T'g(N) act on D through D. Then D is a Z[['g(N)]-module.

For an arithmetic point P of signature (n,€) in X(Z), we factor € = €pey,

where €y is defined modulo N and ¢, is defined modulo a power of p. And we

denote Op = Z/P. Define a map ¢p : D — L,, .(Op) by

or(n©a) = P@) [ ) Falw)dulzv) 32

Zy XZp
It induces a map on cohomologies:
Op : H(To(N), D) — Hi(To(Np"), L, (Op)). (33)
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Where 7 is the integer such that €, is defined modulo p”.
Here H!(To(N), D) = Symby, () (D) is a space A-adic modular symbols.
Suppose h°(N, Ok) is the universal ordinary p-adic Hecke algebra of level N.
and A : h°(N, Ok) — T is a homomorphism of Ag-algebras. Let f be the A-adic
cusp form corresponding to A. It’s a Hida family of p-adic cusp forms. For each

arithmatic point P € X(Z), the associated cohomology class s, is defined over

O, .

Theorem 4.7 ([GS]) For each arithmetic point P € X(Z), there is a nontrivial

cohomology class ®¢ € H}(To(N),D) and a p-adic period Qp € Op, such that
(P) =Qp -y, = STP'W
P

4.4.2. Let 0 : Og[[l']] = Ok][I']] be the ring homomorphism associated to
the group homomorphism ¢ +— ¢* on I". For each quadratic form Q € Fy,, we
put [Q]x := [a]y € Ay. For each p € D, we define a Z,-linear map

jo i D — Meas(Z}, Z,) = Z,[[Z]
e Jo(u)(f) = p(f o Q)

for any continuous function f : Z; — Z,. For each t € Z;, by definition we have
Ja([tly - 1) = [*]n - ja(n).

We extend jg to Jg : D — Ax ®, T by :

Jo(p®a® B) = jo(u) - o(a) ®y B.
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Put Z, = Ax ®, Z. For each ® € H}(Ty(N), D), we define
J(®,Q) = Jo(®(9Cq)) € L.

It’s well defined, since dCy € Dy, the subgroup of D consisting of divisors of

degree 0. And J(®, Q) only depends on the I'y(Np)-equivalent class of Q.

The ring homomorphism Z — 7, by @ — «a ® 1 is not a homomorphism of
Ag-algebras. If P’ € X(Z,) lies over P € X(ZI), the signature (2k,€?) of P is

twice the signature (k,¢€) of P'.

We define © : H(T'4(N), D) — Z,[[q]] by :

O@) = > J(® Q).

QEFNp/T'o(Np)

Theorem 4.8 ([Ste]) Suppose O(P¢) = > -, ang" € L,[[q]]. For each arith-

metic point P € Spec(Z,) with signature (k,€), we have
O(2r)(P') =) an(P)g" € Sy 1 (To(4NP'), €3 Q).
n=1

Moreover, if P is the image of P’ in Spec(Z), then there is a p-adic period Qp €
@p, such that
Qp

@(@f)(Pl)lT;;_l = Q__ . Qkﬁ(fp).
fp

Where r is the smallest positive integer for which € is defined modulo p".

By Stevens, O(®) is called a A-adic Shintani lifting of ®.
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4.5 A A-adic Saito-Kurokawa Lifting

4.5.1 Let’s first recall the classical construction of A-adic Eisenstein series. For

each integer k > 2, we put

Ei(z) =27'C(L— k) + > ox_1(n)g",

where 0,,(n) = 32y, " is the sum of m-th powers of divisors of n. We remove

the powers of the divisors divisible by p to get the modified coefficient :

o(n)= > d

0<dln,(d,p)=1

which viewed as a function on the weight m is p-adic continuous.

Fix a topological generator u in I'. Let log be the p-adic logarithm function.
We define a function s : I' — Z, by s(z) = log(z)/log(u). For any element z € T',
we may write z = u*?). Let (z) = w(z) 'z donte the projection from ZX to I,
where w : Z; — 1,1 is the Teichmuller character. For any integer d prime to p,

we define a function by

Ag(X) =d (1 + X)),
Easy to check that Ag(u® — 1) = d=H{d)* = w(d)™*d*~!. We regard A4(X) as an
element of A by identifying A = Z,[[X]].

Suppose 1 = w® is an even Dirichlet character. There exists a power series

®,(X) in Z,[[X]], such that for all integer k > 1,

Oy (uf —1) = (1 —w *(p)p* L1 — k,ypw™")
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if ¢ # id; and
Pia(u’ — 1) = (u* = 1)(1 = w ™ (p)p" L1 — k,w™).

We put Ay (0; X) = @, (X)/2if ¢ # id and Ajq = D;q4(X)/2X. For every positive
integer n, we define
AmX)= Y Y@ AX).
0<dln,(d,p)=1
For each even character ¢ = w®, we define the A-adic Eisenstein series E(¢)(X) €
Allql] by

E@)(X) =Y Ay(n; X)q".

Proposition 4.1 For each positive even integer k > 2 with k = amod p — 1, we

have

E()(u* — 1) = Ex(2) — p* ' Ey(pz) € Mi(To(p))

in Q[[q]]-

4.5.2 Let Ay be the semigroup of symmetric, semi-definite positive, half-integral
matrices of size 2. Let A be the one variable power series ring O[[X]] with
coefficients in O. We fix a character x = w® of (Z/pZ)*, where a is some integer
with 0 <a <p-—1, and w : Z; — fp—1 is the Teichmuller character. Following
Panchishkin and Kitagawa [Pan], we call a formal power series F' of A[[g??]]

a A-adic Siegel modular form with character x if F'(P) gives a g-expansion of
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Siegel modular forms in My p)(T2(p" ")), epxw ™ F); O) for all P € X,,(A) with
k(P) > 5. We denote by M*(x;A) the A-submodule of A[[¢?]] generated by
A-adic Siegel modular forms. A A-adic Siegel modular form F' is called a A-adic
Siegel cusp form if F/(P) is a cusp form for any P € X, (A) with k(P) > 5. We

may regard it as a power series in A[[g??]].

a b/2
For every T = € Ay with a,b,c € Z, we say d|T if d|(a, b, c) for
b/2 ¢

any integer d. Suppose ¥ = w® is an even Dirichlet character. For each power

series © = > «a(n)q" € Z,[[q]], and for each T' € Ay, we define an element

we(0,7) = 3 w(d)Ad(X)a(%) €T,
o<d|T
(d,p)=1

Now we define a map SK : Z,[[¢]] — Z,[[¢*?]] by

SK(0,¥) == > wy(6,T)q". (34)

TeAs
Let f be the A-adic cusp form associated to A as in section 4.4. Let © =
O(®¢) be the A-adic Shintani lifting of f. We denote SK(f, 1) = SK(O¢,1), and
put 6, = diag(p,p,1,1) € My(Z). For each arithmetic point P € X,(Z) with
signature (2k,id), suppose P! € X(Z,) and P? € X(Z, ®4 A) lie over P, then P?

has signature (k,id) and P? has signature (k + 1,id).

Theorem 4.9 Let ¢ = w® be an even Dirichlet character with 0 < a < p — 1.

For each arithmetic point P € X(I) with signature (2k, id), satisfying a =k + 1
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mod p — 1, we have

SK(F,0)(P?) = 02 (SK(fp) — SK(E)I5,) € Sn(T3VD):Ox)  (35)

fp
We call SK(f, 1) a A-adic Saito-Kurokawa lifting of f.
Proof. Since ©(P') is a half-integral cusp form in Kohnen’s +-space, we may

write its g-expansion as

O(P )= Y cn)q" € S nTo(ANp"); O).

0<n=0,3 mod4
By Theorem 3.4, the power series defined by

O(r,2) = > cldn—r*)q"¢"

n,r€Z
r2<dan

is a Jacobi cusp form in Jii11(Np"; Ok). For each positive integer m, recall the
index changing operator V,, : Jy411 — Ji+1,m defined by equation (11) in scetion

2.3. Applying Theorem 3.6, we have

Foi(Z) = Vo(Z) =Y (6[Vi)(7, 2)e(mr)

m>0
4mn — r?
— Z Z dk_lc(T) e(nt +rz+mt')
n,r,m \ d|(n,r;m)
is a Siegel cusp form in Si1(I'o(Np"); Ok).

n r/2
On the other side, for T' = € A,y, we have

r/2 m

dmn — r?
O.1)(P) = Y dre(E ),
0<d|T
(d,p)=1
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Therefore,

SK(f,¢)(P*) = Y w(©,T)(P)q" = Fi1(2) = p" Fria(p2).

Note that p"Fj11(pZ) = Fii1|k+10,(Z). Thus Fpy1(Z) — pPFrp1(pZ) is a Siegel
modular form for

@ = T3(Np") N9, "T3(NY)3,.
Easy to see that @ contains I'2(Np"™!). This completes the proof.

4.5.3 Let m: Ay — N x N be the diagonal projection map:

r/2 m

Note that for each pair (n,m) € N x N, the fiber 77!(n,m) is a finite set:
{r € Z;r* < 4mn}.

For each A-adic form F = Y A(T,F)q" € A[[¢"?]], we define a power series

@(F) € Allg™"]] by

> aln,mw(F)gle = A((n,r,m), F) | ¢ty (36)

n,meN n,meN \ rexr—1(n,m)

Then w is a A-module homomorphism.

Proposition 4.2 If F' is an odinary Siegel cusp form, then

w(F) € S°(N;A) @ S°(N; A).
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Proof. Following Panchishkin’s argument in [Pan], and applying the patching
lemma by Hida and Wiles, we have w(F) € S°(N;A) ® S(N;A). For each

arithmetic point P € X(7),

(T'(p) @ Nw(F)(P) = 1@ T(p))w(F)(P).

Hence w(F) € S°(N;A) @ S(N; A) =2 S°(N; A) @ S°(N;A).
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5 One Variable p-adic L-Functions

In this chapter, we construct p-adic measures attached to modular symbols and

to modular forms, to define a one variable p-adic L-function for Sp, x GL.

5.1 p-adic measures attached to modular symbols

We recall the two-variable p-adic L-function by Greenberg and Stevens in [GS].
Put Xy = Spec(Z,[[Z;]]), and pe = ({0} — {ico}) € D for any modular symbol
® € Symbp v)(D). It’s called the special value of the L-function by Greenberg
and Stevens.

Define the standard two-variable p-adic L-function L,(®) on &y x Xy by

L,(®,P,6) = / P(2)d(y/2)djua(z, ),

Ly XLy
for (P,é) S XO X Xo.

Moreover, for fixed d, there’s a unique Z,[[Z]]-morphism
Lp(-,0) : Symbr, ) (D) — Zy[[Z;]]; (37)

such that L,(®,6)(P) = L,(®, P,0) for all P € A;. We extend the map (37) by
Z-linearity:

Ly(-,8) : HY(To(N),D) — T. (38)
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Then we associate to each ® € H!(Ty(N), D) a two-variable p-adic L-function

L,(®) on X(Z) x X, by
LP((I)’ P, 5) = Lp(q)v 5)(P)7

for (P,6) € X(Z) x Xp.

Let f and & = ®¢ have the same meaning in Chapter 4.

Theorem 5.1 ([GS]) The two-variable p-adic L-function L,(®¢) interpolates
critical values of the A-adic form £. Suppose 6 has signature (sg,pw' ™), and v
is an even character. For each arithmetic point P € X (Z), there exist a p-adic

period Qp € @p and a complex period Qf; € C, such that

LP<(I)f) Pu 5) -

T(Yw' ™) (=1) "z A(so, ', fp)

Qp - alp,fp) 7" (1 — a(p, fp)yw' ™ (p)p*™ ") i a 7
f

where M is the conductor of w'=%.

Let’s fix a fundamental discriminant —D < 0, with —D = 1 mod 8, such that
the complete L-function A(k, f,x_p) # 0, where x_p is the Dirichlet character
associated to Q(v/—D)/Q. Suppose P € X(I), with signature (2k,id). Put
0 = Pi_1, , € Xp. Then ¢ is totally determined by the weight of P, we denote
d(P) = 6. It’s the central value of the L-function. We then define a one-variable

p-adic L-function L,(f)(P) = L,(®¢, P,6(P)). Here’s the specialization to central
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values :

Ly(®¢)(P) =Qp - a(p,fp) ™" (1 — x_p(p)a(p,fp)'p" ")

A(k,x-p, fp)
. Shnb) (39)

Here, r is a positive integer such that x_p is of conductor p” on Z, and 7(x - D)

is the Gauss sum w.r.t y_p.

5.2 Linear form

Denote Lx as the fractional field of Ag. Let M be a finite extension of Lg

defined over K, and J be the integral closure of Ag in M.

Suppose X : h°(N;Ok) — J is a homomorphism of Ag-algebras. Let g be
the A-adic cusp form corresponding to \'.

There’s an isomorphism h°(N; Ok) @p, M = M & B. Let 15 be the idem-
potent corresponding to the first factor of the above decomposition.

Put h% = h°(N;Og) ®a, J, and denote its image in B as h(B). Then the
congruence module is defined as C = (J @ h(B))/h% by Hida. It’s a J-torsion

module. Fix a generator Hg of the annihilator of the congruence module C.

Let g; € S°(N;Ak) (i = 0,1,2,--- ,m) be a basis, and suppose g = go.

Define Ag-adic linear forms I : S°(N; Ag) — Ax by

1(g;) = b5

o4



Suppose SK(f,w?) is a A-adic Saito-Kurokawa lifting of f, where w is the
Teichmuller character and a is an integer. w(SK(f,w?)) is its pull back on H x H.

We define a linear form
(w(SK(f),w"), g x g) := 10 x (@ (SK(f),w")|Hg - 1g, x Hyg - 1g,) € IOJ.

For any arithmetic points P € X(Z) and ) € X(J) with matching weights
kE(P)+ 2 = 2k(Q), ep = €g = id, suppose that a« = k(@) mod p — 1, then we

have the specialization expression:

(w(SK(f),w"), g x 8)(P, Q)
Qp  (w(SK(fr)) — w(SK(fr))|dp, hg X he)

= H(Q)* —.
@5 (80 % 80, ho x hg)
Qp _ (@w(SK(fr)), 8 X 8q)
=H(Q)" 5= - (1—p*alp, g0)*) - (40)
%, ¢ (g0 80)?
0 -1
where hg = gé|TNp, and Ty, =
Np 0

5.3 One variable p-adic L-functions for Sp, x GL,

Suppose O(®P¢) is the A-adic Shintani lifting of f. Let ap be its D-th Fourier
coefficient. For an arithmetic point P € X(Z), suppose h is the algebraic Shintani
lifting of fp. Assume P! € X(Zs) is an arithmetic point lying over P, by Theorem

4.8, we have



Fix a A-adic form f, we define a p-adic function ap(f, P) = ap(P') on X(Z).

0 -1
Put 7y = . For a normalized eigenform f € So(Io(V)), it’s

N 0

well-known that a(n, f|7y) is the complex conjugate of a(n, f) for any n € N.
Here a(n, f) and a(n, f|7y) are eigenvalues of the Hecke operator T'(n), such that
T(n)f = aln, f)f and T(n) flry = a(n, fl7n).

Suppose A’ is the Shintani lifting of f|ry. It’s not clear that ¢/ (n) is the
complex conjugate of c,(n) for any n € N.

Combining the p-adic L-function of a A-adic form f by Greenberg and Stevens,

and the linear form in Section 5.2, we now define a one-variable p-adic L-function

L,(Sym?(g) @ f) for Sp, x GLy on Spec(J) x Spec(Z) by
Ly(Sym*(g) @ £)(Q, P) := ap(f, P)™' - ap(f|ry, P)™' - Ly(f)(P)
(SK(f), g x g)(P, Q) - (SK(f|7w), g|7v x glmw)(P, Q).
Conjecture 2 For any arithmetic point P € X(I) and Q € X(J) with matching
weights k(P) + 2 = 2k(Q), ep = eg = id, suppose that a = k(Q) mod p — 1, then

we have the specialization of the p-adic L-function to central values:

A2k, Sym’(gq) @ fp)
(20, 80)%%,

L,(Sym?(g) @ £)(Q, P) = t- H(Q)*Qp

where

= T(é;f\)/%;)vQ W (gq)*alp, tp) " (1=x_p(p)alp, tp) ~'p" ) (1—a(p, 8o)*p?)*,

and W(gq) is the root number of gq.
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The last piece for the proof of this conjecture is to show that the Fourier
coefficients of h’, the Shintani lifting of f|7y, are complex conjugates of the

Fourier coefficients of h, the Shintani lifting of f.
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