
NOTES ON AUTOMORPHIC FORMS OF GL(2)

STANISLAV ATANASOV

The following summaries of the chapters of Bump’s ”Automorphic Forms and Representations”
came to life from my attempts to prepare for my oral qualification exam in automorphic forms of
GL(2). They are part of my complete notes on the whole book. I would be very happy if they help
even one other person in his or hers first steps in the tantalizing world of automorphic forms and
representations.

None of the results, but all of the mistakes, are mine. If you are interested in the complete notes
or you find any mistakes - both typographical or serious mathematical ones - please email me at
stanislav@math.columbia.edu.

Chapter 2: Automorphic forms and Representations of GL(2,R)

In this chapter we study the representation theory of G := GL(2,R)+ or GL(2,R) and its
connection with automorphic forms on the upper half plane. The first manifestation of this inter-
action comes from observing that the L2-spaces of automorphic forms of level Γ and that of the
quotient Γ\G may be identified. Under this identification, we have decomposition L2(Γ\G,χ) =
⊕kL2(Γ\G,χ, k) and the subspace of weight k-modular forms L2(Γ\H, χ, k) corresponds to eigenspaces
L2(Γ\G,χ, k) of the right regular action restricted to the maximal compact SO(2,R) or O(2,R).
These spaces are studied via the Laplace-Beltrami operator ∆ on the dense subspace C∞(Γ\G,χ, k),
which commutes with right-translation and thus preserves the spectral decomposition. The inter-
actions between the spaces L2(Γ\G,χ, k) for different k, on the other hand, are governed by the
lowering L and raising R Maass differential operators. This chapter analyzes these eigenspaces in
the case of compact quotient Γ\H, in which case the spectral decomposition is discrete. We also
study the more general question of classifying representations of G.

From the right regular representation of G on C∞(G), we construct a g := gl(2,R)-representation
via differentiation, which extends to a representation of the universal enveloping algebra U(gC) of
the complexification. This map is faithful and thus the elements of U(g) may be thus identified
with central left-invariant differential operators. For instance, the central Casimir operator, denoted
suggestively by ∆, then recovers the Laplace-Beltrami operator.

For Γ ⊆ SL(2,R) with compact quotient Γ\H, the space L2(Γ\G,χ) decomposes into a Hilbert
direct sum of irreducible invariant subspaces, while the space L2(Γ\G,χ, k) decomposes as a Hilbert
direct sum of eigenspaces for ∆k := ∆

∣∣
C∞(Γ\G,χ,k)

The eigenvalues λi of each ∆k satisfy
∑
λ−2
i <∞;

as a consequence, the spectrum of ∆k is discrete and the (unbounded) operator ∆ admits a self-
adjoint extension.

Even though all of the irreducible constituent of L2(Γ\G,χ) are necessarily unitary, we also study
nonunitary representations. There are (at least) two good reasons to do so. The classification of
unitary representations of Lie groups is hard and still open, and nonunitary representations arise in
the theory of automorphic forms – for instance, these generated from Eisenstein series. For these
reasons, we study the more general class of admissible representations. This resolves both issues –
they admit a nice classification (due to Langlands) and are sufficient for the purposes of studying
automorphic forms.
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The study of admissible representations of G is greatly augmented if we take advantage of the Lie
algebra g and introduce the notion of (g,K)-modules of Harish-Chandra. These are simultaneously
modules of the Lie algebra g and the maximal compact subgroup K. Viewing h as a K-module
alone, it admits a Hilbert sum decomposition into isotypic component h =

⊕
[σ]∈Irrep(K) h(σ).

Nevertheless, as K ∼= R/Z, all irreducible representations are the characters σk(kθ) = eikθ, k ∈
Z, and we may denote the corresponding isotypic component by h(k). These are at most one-
dimensional (a ”multiplicitity one” result) and are eigenspaces for ∆. We restrict ourselves to the
dense subset hfin ⊆ h of K-finite vectors, defined as the algebraic direct sum of h(k)′s.

It turns out that every irreducible admissible (g,K)-module may be realized as the space of
K-finite vectors of an irreducible admissible representation of GL(2,R)+. Furthermore, for uni-
tary representations, equivalence as (g,K)-modules, called infinitesimal equivalence, is the same as
equivalence as representations of G. Hence, we may transfer the question of classifying the irre-
ducible admissible representations of G to the significantly easier one for (g,K)-modules. Since we
are mostly interested in the unitary representations there is little price to pay for this transition.

The interactions between the different isotypic components h(k) in h = ⊕kh(k) are achieved
through the lowering and raising operators, and one shows that all nonzero h(k) have the same
parity ε for k. The isotypical components are parameterized by two parameters – the eigenvalues
λ and µ of the action of the central elements ∆ and the identity I2 (viewed as an element of the
universal enveloping algebra). If λ is not of the form k

2 (1 − k
2 ) with k ≡ ε (mod 2), then there

is unique irreducible admissible (g,K)−module Pµ(λ, ε), called principal series. Otherwise, if λ

is of the form k
2 (1 − k

2 ), then there is three irreducible admissible (g,K)−module D±1
µ (k), called

discrete series. Since GL(2,R)+ and GL(2,R) have the same Lie algebra gl(2,R), the classification
for the later is obtained from that of the former via a general result about representations of index
2 compact subgroups applied to SO(2) and O(2).

After classifying the irreducible admissible representations of G, we pinpoint the unitary ones
among them. Since unitaricity asserts that infinitesimal equivalence implies equivalence, each infin-
itesimal equivalence class contains a unique unitary representative. Most of these representations
are unitary ”for free” as induced from unitary representations of the Borel subgroup. Nevertheless,
not all unitary representations arise in this fashion. Among the principal series Pµ(λ, ε) this is the
case for the complementary series. The construction of Hermitian inner products for these leads
to the study of intertwining integrals, which are also related to the constant term of the Eisen-
stein series. The case of finite-dimensional representations, which are not automatically unitary
as for compact groups, is also easily resolved – the only unitary representations are the characters
g 7→ det(g)r for purely imaginary r. Lastly, the discrete series and the limit of discrete series are
shown to be square-integrable, i.e. can be embedded in L2(G,χ) for χ a character of the center
Z(G).

We conclude with establishing the uniqueness of the Whittaker model of an irreducible admissible
(g,K)-module for G and proving a theorem of Harish-Chandra concerning the functional analysis
of a semisimple Lie group G. As a consequence from it, one shows that an automorphic form is of
uniform moderate growth.
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Chapter 3: Automorphic Representations

This chapter describes the theory of automorphic representations of GL(n) for n ≤ 2, although
many of the results stated for n = 2 remain true for general n.

The chapter begins with the theory of automorphic representations of GL(1), which is the content
of Tate’s thesis. A bijection between Hecke characters of finite order and primitive Dirichlet char-
acters is established. Afterwards, the (partial) L-function LS(s, χ) and the zeta function ζ(s, χ,Φ)
are introduced. Even though the former is a formal product of ”Euler” factors and the latter is
given as an adelic integral of a Schwartz function against a Hecke character, it turns out that their
local components Lv(s, χ) and ζv(s, χv,Φv) coincide for all unramified v. Massaging the integral
representation of the zeta function ζ(s, χ,Φ), one establishes its meromorphic continuation to all
of C and a functional equation with symmetry s ↔ 1 − s, introducing the γ-factors. As a conse-
quence one obtains similar meromorphic (in fact entire, unless χ(x) = |x|λ for purely imaginary
λ) continuation of the (partial) L-function LS(s, χ) to all of C and a functional equation involving
γ-factors. The attempt to define the completed L-function with local factors at all places leads to
the introduction of the epsilon factors εv(s, χv, ψv), which are functions of exponential type that
are the constant function 1 at all unramified places v. Importantly, the global epsilon factor does
not depend on the choice of additive characters even though the local ones do.

The discussion of the problem of decomposing the space L2
(
Γ\PGL(2,R)+

)
is extended to the

case of noncompact quotient. The space splits into two pieces and our focus is on the cuspidal
part L2

0

(
Γ\PGL(2,R)+

)
. In light of a fundamental result of Gelfand, Graev and Piatetski-Shapiro,

it splits into a direct Hilbert sum of irreducible invariant subspaces, each of which occuring with
finite multiplicity, and containing a dense subspace A0

(
Γ\PGL(2,R)+

)
of automorphic forms. The

restriction of every invariant subspace V to A0

(
Γ\PGL(2,R)+

)
is an irreducible admissible (g,K)-

module and falls into the classification of §. The orthogonal complement of A0

(
Γ\PGL(2,R)+

)
does not decompose into a direct sum – it is a direct integral parameterized by the Eisenstein
series.

Having the homeomorphism Γ0(N)\SL(2,R) ∼= Z(A)GL(2,Q)\GL(2, A)/K0(N) in mind, we de-
fine the notion of automorphic representation of the adele group GL(n,A). This notion, however,
is a bit misleading for an automorphic representation π of GL(2, A) is not a GL(2, A)-module but
rather a combination of compatible (g∞,K∞)-module and a GL(2, Af )-module structures. This is
the case because the action of GL(n, F∞) at the archimedean places does not preserve K-finiteness,
a defining property for an automorphic form. The adelic analog of the theorem of Gelfand, Graev
and Piatetski-Shapiro implies that the space of cuspidal functions L2

0

(
GL(n, F )\GL(n,A), ω

)
de-

composes into a Hilbert direct sum of irreducible invariant subspaces. The study of these cuspidal
automorphic representations is greatly augmented by two important results.

The first one, the tensor product theorem of Flath, asserts that π ∈ Irrepadm(G(A)) for a reduc-
tive group G is expressible as a restricted tensor product π =

∏′
v πv with πv ∈ Irrepadm(G(Fv)).

The proof relies on general results about idempotented algebras and a key component in the proof
is the introduction of the Flath’s Hecke algebra HG of distributions on a reductive group G. This
group is useful for a (g,K)-module is the same as a ring over it.

The second is the multiplicity one theorem asserting the no irreducible admissible representation
of GL(n,A) occurs with multiplicity greater than one in the cusp forms Acusp(GL(A), ω). Its
proof leads to the study of Whittaker functionals and the closely related Whittaker models, and
essentially follows from their uniqueness. One shows that all automorphic cuspidal representations
π admit Whittaker model and Fourier expansion, and uses this fact to define a (partial) L-function
LS(s, π). Just like the GL(1) case the local factors Lv(s, π) at unramified places coincide with
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certain local zeta integrals. These zeta integrals rely on the existence of Whittaker models. The
question of proving their convergence requires the full description of the functions in the Kirillov
model obtained in §. Pursuing analogy with the GL(1) case one establishes continuation of the
(partial) L-function LS(s, χ) to all of C and a functional equation involving γ-factors from the
analogous statement for the zeta integral. To define the completed L-function with local factors at
all places, one uses the full classification of the local admissible representation πv from §. It again
leads to the introduction of the epsilon factors εv(s, χv, ψv), which are the constant function 1 at
all unramified places v.

Exiting the world of cuspidal automorphic representations we focus on the Eisenstein series.
These account for the non-discrete part of the spectral decomposition of L2

(
GL(n, F )\GL(n,A), ω

)
.

We show that these are orthogonal to the cusp forms. An extremely useful consequence of this
fact is that two Eisenstein series with the same constant coefficient are necessarily the same. We
show also that the Eisenstein series admit a meromorphic continuation and a functional equation.
They admit a Fourier expansion and their constant term comes as product of the local intertwining
integrals. The constant terms are of interest for yet another reason – they account for all the poles.

The chapter concludes with a discussion of the Langlands functoriality conjecture and the L-
group. As an application of the conjecture, we establish that the (partial) Rankin-Selberg L-
function LS(s, π × π̂) has a pole at s = 1 if and only if π ∼= π̂.
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Chapter 4: Representations of GL(2) over a p-adic Field

The overall theme of the chapter is that representations of GL(2, F ), where F is a finite field or
a local nonarchimedeal field are (essentially) parameterized by characters of its maximal tori.1

(1) for a finite field F = Fq this heuristic is correct. The irreducible representations of GL(2, F )
are:
• principal series π(χ1, χ2), when B(χ1, χ2) is irreducible (equivalently, when χ1 6= χ2),

and Steinberg (or special) representation σ(χ1, χ2) or the representation afforded by
the character

g 7→ χ
(

det(g)
)
,

occurring as invariant subspaces of B(χ, χ). These are induced from the standard split
torus Ts.
• the (cuspidal) Weil representation for the anisotropic torus Ta.

All representation can be obtained by extending the Weil representation of SL(2, F ), which
is obtained as a linear lift of a projective representation of the Heisenberg group, to GL(2, F )
by a character of the appropriate torus.

(2) for a local nonarchimedean field F , the irreducible admissible representations are
• principal series π(χ1, χ2), when B(χ1, χ2) is irreducible (equivalently, when χ1χ

−1
2 (y) 6=

|y|±1), and Steinberg (or special) representation σ(χ1, χ2) or the representation af-
forded by the character

g 7→ χ
(

det(g)
)
,

occurring as invariant subspaces of B(χ, χ±1). These are induced from the standard
split torus Ts.
• the dihedral supercuspidal representation.

Again, all representation can be obtained (with some modifications) from the Weil repre-
sentation of SL(2, F ) extended to GL(2, F ) by a character of the appropriate torus. It is
worth emphasizing that in this case this assertion is the content of theta correspondence
or Howe duality, which predicts deep connection between representations of GL(2, F ) and
GO(V ), where V is a quadratic space.

It would be a serious oversimplification to say that the classification of irreducible admissible
representations of GL(2, F ) for local nonarchimedean field F follows similarly to that for finite
fields, though certainly the latter provides a good roadmap.

First, a brief comment on why the techniques employed in the finite field case are insuffucient.
The main tool there is the Mackey theory allowing us to count the dimension of End(V G

1 , V G
2 ) for

induced representations V G
1 and V G

2 by interpreting that space as functions with certain transfor-
mation laws. Its application relies on the idea that for a representation (π, V ) of G,

dim EndG(V ) = 1 =⇒ π is irreducible.

Nevertheless, this is only true if V is unitary (which is automatic for finite-dimensional represen-
tations). As it turns out, this is seldom the case when F is a local nonarchimedean field.

The ideas of Mackey theory, however, are still salient; for instance, functions satisfying transfor-
mation laws like ∆(n1gn2) = ψN (n1)∆(g)ψN (n2) are reminiscent of distributions satisfying

λ(u)∆ = ψN (u)−1∆,

ρ(u)∆ = ψN (u)∆.
(0.0.1)

1for the right generalization to GL(n, F ) when F is a local nonarchimedean field of odd residue characteristic see
the Local Langlands correspondence.
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These in turn are shown to be invariant under the involution ι(g) = ωT0 gω0 with ω0 being the matrix
along the anti-diagonal, which is pivotal in establishing Local multiplicity one via the Gelfand trick.
The role of the functions in the classical Mackey theory is now played by distributions following
the technique of Bernstein-Zelevinsky.

We introduce the Jacquet functor J : B-Mod → T-Mod, which is adjoint to parabolic induc-
tion, and its twisted version Jψ : B-Mod→ Z-Mod. They are both exact, of very low dimension
(dim J(V ) ≤ 2 and dimJψ(V ) ≤ 1), and are used to study the Jordan-Hölder series of parabolic
induction. For instance, the twisted functor Jψ(V ) is used to prove irreducibility for most B(χ1, χ2)
as well as to find conditions on the characters for the existence of Steinberg representations. The
different types of irreducible admissible representations (π, V ) may be distinguished by the dimen-
sion of their Jacquet modules. The case dim J(V ) = 0, i.e. when V is supercuspidal, leads to a
unique2 representation – the dihedral one. The uniqueness, however, is involved and can be found
in Tunnell’s thesis. The case dim J(V ) = 1 occurs for the Steinberg representation σ(χ1, χ2) and
the principal series π(χ1, χ2), where χ1χ

−1
2 (y) = |y|±1. Lastly, the case dim J(V ) = 2 occurs only

for the principal series π(χ1, χ2) with χ1χ
−1
2 (y) 6= |y|±1.

The natural next question of when two representations in the classification are isomorphic is also
answered – the only nontrivial isomorphism is B(χ1, χ2) ∼= B(χ2, χ1), and the quest for explicating
this isomorphism leads to the study of intertwining integrals M : B(χ1, χ2) → B(χ2, χ1), whose
archimedean analogs naturally occur in the constant terms of Eisenstein series. The composition
M ′ ◦M of two such intertwiners leads to the introduction of γ-factors.

The finer analysis of the spaces in each isomorphism class requires convenient models. The
character g 7→ χ

(
det(g)

)
turns out to be the unique finite-dimensional irreducible admissible rep-

resentation and all infinite-dimensional ones admit a Whittaker functional. This leads to (at least)
two distinct models for such (π, V ) – the Whittaker model and the Kirillov model. The latter is
the preferred choice and we show that the asymptotics of the functions in that model is controlled
by the Jacquet module J(V ).

Another useful way of differentiating between irreducible admissible representations is to ex-
amine whether they admit a K-fixed vector for a maximal compact K. The ones that admit
such a vector, called spherical, occur only among the principal series and are important because
an automorphic representation decomposes into restricted tensor product of local representations,
which are spherical at all but finitely many places. The space of spherical vector V K is at most
one-dimensional since the spherical Hecke algebra HK is commutative; hence, we may pick a nor-
malized spherical vector φK . The computation of the scalar MφK,χ/φK,χ′ for an intertwining
integral M : B(χ1, χ2)→ B(χ2, χ1) comes up often in the constant term of Eisenstein series.

In the end, having obtained the full classification of irreducible admissible representations (π, V )
of GL(2, F ), we define the local L-functions L(s, π) for all such π. We also introduce the zeta
integrals Z(s, φ), where φ ∈ V . Using the full description of the functions φ ∈ V in the Kirillov
model of (π, V ), we easily prove that the ratio Z(s, φ)/L(s, π) is always a polynomial pφ(q−s)
depending on φ. This provides a meromorphic and even simultaneous for all φ analytic continuation
of the zeta integrals to almost all s. The functional equation for the zeta integral is with respect
to s↔ 1− s, and introduces the γ-factors. We also show that the isomorphism class of π may be
detected by checks on enough γ-factors. This, for instance, shows that one of the maps in the local
Langlands correspondence is injective.

In the last section, we enlarge the class of Artin L-functions to account for all Hecke characters,
state the local Langlands correspondence and derive from it that all supercuspidals for GL(2, F ),
when F is of odd residue characteristic, are dihedral.

2only when the residue characteristic is odd.
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