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Abstract. Building upon the work of Morel [32], Skinner [48] and Shin [45] associate to certain
cohomological cuspidal automorphic representations π on a unitary similitude group GU(a, b) (de-
fined via a quadratic imaginary field E of discriminant dE) a base change τ to Gm×GLn such that
the expected local-global compatibility relations hold at all places except those in a set Σ(π) con-
taining those primes ` such that either π` is ramified or `|dE . In this paper we prove compatibility
between π and τ at an odd prime `|dE under the condition that GU(a, b)` is quasi-split and π` has
a vector fixed under a certain special maximal compact subgroup of GU(a, b)`. This allows us to
construct the first strong twisted base changes for unitary similitude groups, which are needed in
work of Skinner-Urban on the Bloch-Kato conjecture [56]. We obtain new cases of the generalized
Ramanujan conjecture in this setting. The proof uses the doubling method, the local theory of
p-adic representations, variation in p-adic families, and p-adic analytic contination of periods. Our
methods act as a supplement to the type of compatibility that should eventually result from the
Arthur program.

1. Introduction

Let F/F+ be the compositum of a totally real field F+ with an imaginary quadratic field E
and let G = GU(J)/Q denote the unitary similitude group acting on the Hermitian space (Fn, J)

with similitudes in Q, where J denotes the Hermitian pairing. If J = Ja,b =
(
1a 0
0 −1b

)
, where

a, b are nonzero positive integers, and F+ = Q, then Skinner [48] and Morel [32] associate to a
regular cuspidal automorphic representation π on G a weak base change τ to ResEQ Gm×ResFQ GLn
and a Galois representation ρπ : GF → GLn(Qp) with compatibility at any ` such that π` is

unramified and ` does not divide the discriminant dE . For general J and F+, Shin [45] gives a
similar construction that also generalizes work of Labesse [24] for the case [F+ : Q] > 1. Moreover,
his weak base change τ has full compatibility with π at every place of Q that splits in E.

We improve on these results by proving cases of local-global compatibility for π with τ and ρπ
at primes p|dE with p > 2. We require that p is unramified in F+. We study the situation where
G(Qp) is quasi-split and πp is spherical with respect to a certain special maximal compact subgroup
K ⊆ G(Qp), which is defined as follows. (See Section 4 for more details.) By our hypothesis that G
is quasi-split at p, the group G/Qp

is isomorphic to the unitary similitude group over Qp stabilizing
the form

J =


−1

1
. .

.

−1
1

−1

 or


$

. .
.

$
−$

. .
.

−$


in the case where n is odd or even, respectively. Here $ is a uniformizer at the place of E over p
such that $2 ∈ Qp. Then K is the group of integral matrices in the group defined with respect to
the form J .
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The first step, carried out in Sections 2 and 3, is to establish compatibility up to monodromy
at p. This uses the theory of γ-factors, and follows the strategy of the aforementioned work of
Skinner [48]. The key ingredients are the classical theory of γ-factors on GLn via the doubling
method of Piatetski-Shapiro and Rallis [37, 14], Lapid and Rallis’s adaptation of the doubling
method [25] to construct γ-factors for unitary groups and prove their fundamental properties, and
the stability of γ-factors on unitary groups and on GLn, proved by Brenner [6] and Jacquet-Shalika
[18], respectively.

To improve this to full compatibility, we introduce a new tool: variation in a p-adic family.
Loosely speaking, the argument is three steps.

(1) By assumption, πp has trivial monodromy, so we have compatibility if τ has trivial mon-
odromy. If instead, τ has non-trivial monodromy, the Satake parameters of π are of a
particular form. We use this to construct in Sections 4 and 5 a pathological p-stabilized
overconvergent automorphic representation σ attached to π.

(2) We show in Section 6 that if σ moves in a family of full dimension over weight space (or,
more precisely, in a family that moves in a particular direction in weight space), we can
construct a crystalline period in ρπ that violates its known purity.

(3) In Section 7, we explain how to construct a suitable family using Urban’s eigenvarieties
[55] under a non-criticality hypothesis on σ. Then in Section 8, we substantially weaken
this hypothesis using a closer examination of the automorphic multiplicities appearing in
Urban’s work. We first show that whenever there exists w ∈W , where W is the Weyl group

of G, such that a certain overconvergent cuspidal automorphic multiplicity m†G,0(σw,λ, w∗λ)
is nonzero, the argument of Section 7 applies. We then check that such a nonvanishing
multiplicity exists using a combination of the regularity of π∞, the temperedness of π at
unramified places, and the existence of an inductive formula for the classical multiplicity in
terms of twisted overconvergent Eisenstein multiplicities. We also give a simpler argument
for the case [F+ : Q] ≥ 2 using a trivial bound on the defect of the Leopoldt conjecture.

A precise statement of the main theorem is given in Theorem 2.3 below. As a consequence of
this result, one can produce the first examples of strong base changes τ of cuspidal automorphic
representations π on G. (Since E/Q always has a place of ramification, there is no way to produce
a strong base change by even applying, for instance, Shin’s result [45].) To obtain such examples,
one selects E so that it is split at places of ramification of F and selects the form J so that G(Qp)
is quasi-split at all p ramified in E. One then considers cuspidal automorphic representations π
with level K at each ramified place of E, hyperspecial level at each inert place of E, and arbitrary
level at split places. Then a strong base of τ exists.

In practice, one often is able to choose E and the form J of the unitary group, so it is not
too difficult to satisfy the hypotheses above. One key application is to constructing elements of
Selmer groups using the strategy of Skinner-Urban [51, 50]. Since these elements are constructed as
extensions of Galois representations and must satisfy local conditions at every place, it is essential
to have a strong base change. In fact, our result is applied in their recent work [56]. Another
application is to the generalized Ramanujan conjecture for the group G. This conjecture states
that any globally generic cuspidal automorphic representation should be everywhere tempered (up
to the central character); we prove temperedness at p under the hypotheses above.

Our arguments apply without modification to cuspidal representations π on G that are possibly
irregular discrete series at infinity if they satisfy two additional hypotheses. Namely, we require
that the classical Euler-Poincaré characteristic of π is nonvanishing and that the weak base change
τ of π constructed by Shin [45] is tempered at finite places. (See Remark 1.) We hope to relax
the latter hypothesis in future work. Using the lifting from unitary groups to similitude groups1,

1I learned about this lifting from Stefan Patrikis.
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compatibility for unitary groups follows in the limited setting F = EF+ considered above; see
Corollary 2.4.

The strategy to use interpolation results for crystalline periods in order to prove local-global
compatibility for Galois representations is due to Skinner [49], and our method can be seen as a
higher rank generalization of his strategy. Jorza [19] and Luu [30] have also used strategies based
on Skinner’s for GSp4 and GLn. Three differences in our work are as follows.

• Instead of constructing a crystalline period in order to identify a Satake parameter or show
a representation is crystalline, we use the interpolation in a negative way – we assume a
representation fails local-global compatibility and use that failure to construct a crystalline
period that we know cannot exist.
• Since we are working on a ramified group, a substantial part of the argument deals with

the local theory required to produce a suitable family.
• We are considering completely general unitary groups (rather than ones that are anisotropic

over Q), which makes it more challenging to produce a suitable family due to the presence
of Eisenstein cohomology classes.

In the remainder of this introduction, we sketch some of the ideas that go into the proof. For
compatibility up to monodromy, first write π0 for an irreducible subrepresentation of the restriction
of π to the unitary group G0 = U(J)/Q and write τ0 for the restriction of τ to H0 = ResFQ GLn.

Then τ0 is tempered at p [46]. Skinner shows that the γ-factors of π0,p and τ0,p are equal. We
check that if πp,0 is a subquotient of the unramified principal series, the Satake parameters are of
a particular form, and then τ0,p is the unique tempered representation that agrees with πp,0 up to
monodromy; this uses a numerical invariant attached to the γ-factors and the Bernstein-Zelevinsky
classification.

If τ0,p has non-trivial monodromy, then for step (1) above we need the action of a certain Hecke
operator U on the p-stabilized overconvergent automorphic representation σ to have an eigenvalue
that is too large for a tempered representation. We require a very precise understanding of π0,p

to produce such a σ. Since G0(Qp) is ramified, its structure theory is somewhat sophisticated.
However, it turns out that the Iwahori-Hecke algebra of G0(Qp) can be identified with that of a
split group G′0(Qp).

2 This observation is a case of a technique employed by Lusztig [28] to reduce
the study of unipotent representations of certain possibly ramified groups to unramified cases, and
was used to study Steinberg representations of G0(Qp) by Clozel-Thorne [11, 12]. To study the
representation π′0,p of G′0(Qp) corresponding to π0,p, we apply results of Reeder [39] that translates

the structure of π′0,p into questions about orbits on a certain prehomogeneous vector space.

Assuming that σ can be p-adically deformed in a suitable family, in step (2) we construct a
crystalline period in ρπ that violates its known purity. For this, we apply a result of Kisin [21] and
Nakamura [33] to analytically continue a period from points of very regular weight to ρπ. We need
to carefully choose a line such that

• it contains a dense set of points with arbitrarily regular algebraic weight,
• the eigenvalue of U varies analytically over the family,
• the eigenvalue of U is equal to a crystalline Frobenius eigenvalue in very regular weight,

and
• the attached Galois representations have a fixed Hodge-Tate weight.

Finally, in step (3), to actually produce the required family of Galois representations, we apply
the technique of pseudorepresentations due to Wiles [57] and Taylor [52] to the p-adic families
constructed by Urban [55]. See Sections 7 and 8 for the subtleties involved here. Urban’s main

theorem applies when the multiplicity m†G,0(σ, λ) 6= 0, which is true if σ has non-critical slope and

2I learned of this identification from Jack Thorne.
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regular weight. To construct the p-adic families in critical slope cases, we first study overconvergent
automorphic multiplicities and look at avatars σw,λ of classical representations in non-dominant
weight w ∗ λ in Urban’s eigenvariety, where w ∈ W is an element of the Weyl group of G and ∗
is a normalized action on the weights. To our knowledge, this is the first time such a technique
has been applied. If any of these σw,λ can be p-adically interpolated in Urban’s eigenvariety, the
same argument as in the non-critical case applies. If all of their automorphic multiplicities vanish,
we use Urban’s work to produce a finite slope form on a proper Levi subgroup of G such that π is
a subquotient of its parabolic induction to G. This Levi subgroup must have at least one GL1/F

factor. Although this form may not be classical, we check that the restriction to any of its GL1/F

factors is a Hecke character, and use a comparison of the weight of that character with the weight
enforced by the temperedness of π at a split place to find a contradiction.

Our technique is not special to unitary groups, though many of the calculations here are only
carried out for such groups. In subsequent work we will give many additional cases of local-global
compatibility.

2. Weak base change, L-functions, and γ-factors

In this section, we use an approach similar to Skinner [48, §3] in order to compare the local
Langlands parameters at a finite place of π and its weak base change τ .

2.1. Unitary groups and base change. Let F+ be a totally real field, let E ⊆ C be a quadratic
imaginary field (regarded as having a fixed embedding into C), and let F = EF+. Let J be a
Hermitian form on Fn. We define G = GU(J)/Q as follows. For a Q-algebra R,

G(R) =
{
g ∈ GLn(R⊗Q F )|gJ tg = µ(g)J, µ(g) ∈ R×

}
,

where we use · for the action of the nontrivial element of Gal(E/Q). This also defines a homomor-
phism of Q-groups µ : G → Gm. Let G0 denote the kernel of this homomorphism; it is precisely
the restriction of scalars to Q of the usual unitary group of J over F+. We define H = ResE/QG/E
and H0 = ResE/QG0/E .

If R is an E-algebra, we may identify R ⊗Q E with R × R by sending r ⊗ e 7→ (er, er). We
use this to identify G/E with Gm × ResF/E GLn as follows. For any E-algebra R, we send an

element g = (g1, g2) ∈ G(R) ⊆ GLn(R ⊗ F ) ∼= GLn(R ⊗ F+) × GLn(R ⊗ F+) to the element
(µ(g), g1) ∈ R××GLn(R⊗QF

+). Since J = tJ , the conditions in each factor for g = (g1, g2) ∈ G(R)
are equivalent to one another under transposition, and the condition on the first factor is g1J

tg2 =
µ(g)J , or g2 = t(J−1g−1

1 µ(g)J), so the (g1, g2) are in bijection with the (µ(g), g1). (We have
µ(g) ∈ R× by definition.) Thus we have H = ResE/Q Gm × ResF/Q GLn and H0 = ResF/Q GLn.
Using this identification, we define a map θH : H(R)→ H(R) by

(1) θH((x, g)) = (x, xtg−1).

We also write θH0 for the restriction to H0.

It follows from the preceding discussion that we have an identification Ĝ = C××
∏
ν:F+→R GLn(C),

where Ĝ denotes the dual. Define an action of the nontrivial element c ∈ Gal(E/Q) to be the unique
outer automorphism preserving the standard splitting; its action is given by

(x, (gν)ν) 7→ (x
∏
ν

det gν , (Φ
−1
n

tg−1
ν Φn)ν),

where the n × n-matrix Φn is defined by (Φn)ij = (−1)i+1δi,n+1−j and δij is the Kronecker δ
function. There is also an action of GQ by precomposition on the ν : F+ → R, so that it permutes
the GLn(C) factors. This action commutes with that of c. Then GQ acts by the product of the
action via its quotient Gal(E/Q) and its permutation action on the ν. We similarly define an
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action of GQ on Ĝ0 =
∏
ν:F+→R GLn(C) by the same product of actions, but where c ∈ Gal(E/Q)

now acts by c((gν)ν) = (Φ−1
n

tg−1
ν Φn)ν . We then define LG = Ĝ o WQ and LG0 = Ĝ0 o WQ,

where WQ acts by its quotient GQ. There is a natural L-homomorphism LG → LG0 defined by
(x, g) o σ 7→ g o σ.

Since H = ResE/QG/E , we have Ĥ = Ĝ × Ĝ with the action of c ∈ Gal(E/Q) given by
c(g, h) = (c(h), c(g)), and the action of WQ again factoring through GQ and equal to the product
of the Gal(E/Q) action just given with the permutation action in each factor. A similar definition
holds for H0. This defines LH and LH0, and the diagonal embeddings (using the identity map
on WQ) yield L-homomorphisms BC : LG → LH and BC0 : LG0 → LH0. In the usual way,
these global Langlands dual groups give rise to local Langlands dual groups using the embeddings
WQp →WQ.

Example 1. We discuss one particular case for G(J) that served as the focus of Morel’s work [32].
Let a+ b = n with a ≤ b and define Ja,b by

(2) Ja,b =

 Aa
1b−a

Aa

 ,

where 1· is the identity matrix and Am is the m×m matrix defined by

(3) Am =

 1
. .

.

1

 .

Then G(Ja,b), sometimes called GU(a, b), is an example in the class of unitary groups under con-
sideration. In the following, we write everything with respect to the form Ja,b. We fix a maximal
torus defined by

T (R) =


 λ1

. . .

λn

 ∈ GLn(R⊗Q F )

∣∣∣∣∣∣∣
λ1λn = · · · = λaλb+1

= λa+1λa+1 = · · · = λbλb

 .

A maximal Q-split subtorus of T is

S(R) =


(λ⊗ 1) diag(λ1 ⊗ 1, . . . , λa ⊗ 1, 1⊗ 1, . . . , 1⊗ 1︸ ︷︷ ︸

b−a

,λ−1
a ⊗ 1, . . . , λ−1

1 ⊗ 1)

∈ GLn(R⊗Q F )


if b > a or

S(R) =
{

diag(λλ1 ⊗ 1, . . . , λλa ⊗ 1, λ−1
a ⊗ 1, . . . , λ−1

1 ⊗ 1) ∈ GLn(R⊗Q F )
}

if b = a. We let Bn denote the standard Borel subgroup of GLn. Then a minimal parabolic
subgroup of G is given by

P (R) =


 M1 ∗

M2

M3

 ∈ G(R)

∣∣∣∣∣∣M1,M3 ∈ Ba(R⊗Q F ),M2 ∈ GLb−a(R⊗Q F )

 .

For any m1, . . . ,mk ∈ Z>0 with m1 + · · · + mk = m ≤ a, we obtain a standard parabolic of
G by intersecting G inside ResF/Q GLn with the standard parabolic of type (m1, . . . ,mk, b + a −
2m,mk, . . . ,m1).
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2.2. Weak base changes and Galois representations attached to automorphic represen-
tations of G. It is a conjecture of Langlands and Clozel that certain automorphic representations
– those that are algebraic – should be attached to motives (and thus compatible families of Galois
representations). In this work we will be concerned only with cuspidal automorphic representations
π on G that are regular discrete series at infinity. Such π satisfy Clozel’s hypothesis. In fact, the
Galois representation attached to π is the one attached to its weak base change τ to H. Since the
Galois representations ρτ attached to such a τ have been constructed thanks to the work of many
mathematicians, and nearly all the expected properties of ρτ are known, the relationship between
π and τ is the main focus of this article.

When the unitary group is noncompact at infinity and F+ = Q, it is only possible to say anything
about the group G because of the intricate study of the intersection cohomology of the Shimura
variety attached to G by Morel [32], who attaches a very weak base change τ to a π on G. (By very
weak here, we refer to the indeterminacy of the set of places where π is compatible with τ .) This
case is the most important one for applications to the Bloch-Kato conjecture and Iwasawa theory
for elliptic curves over Q.

Using different methodologies, Skinner [48] and Shin [45] describe additional compatibility for τ ,
yielding a weak base change, i.e. a base change that has compatibility at an explicit set of places
including all the ones where the data is unramified. The former work requires F+ = Q, ab 6= 0,
and gives a slightly weaker form of compatibility than the latter work at places of Q that split in
E. For this reason, the statement below is based on Shin’s result [45]. However, in what follows,
we largely follow the notations and conventions of Skinner’s paper [48]. Skinner and Shin have
opposite conventions for the L-packet attached to the algebraic representation Vλ of weight λ –
namely, Skinner asks for nonvanishing of the cohomology of π∞ ⊗ V∨λ while Shin uses π∞ ⊗ Vλ

instead (as does Morel’s work [32]). We later rely on Urban’s work [55], which uses Skinner’s
convention as we do.

We write BC(πp) for the representation of H(Qp) with L-parameter BC◦ψπp , where ψπp denotes
the Langlands parameter of πp. If τ is an irreducible admissible representation of H(AQ), then by
using the identification of H with ResE/Q Gm × ResF/Q GLn in Section 2.1, we can think of τ as
being a pair (ψ, τ0) of representations of ResE/Q Gm(AQ) and H0 = ResF/Q GLn(AQ).

Recall the involution θH defined in (1). We say that a τ as above is θH -stable if τ θH ∼= τ ,
which is equivalent to τ∨0

∼= τ c0 and ψ = ψcχcτ0 , where ∨ denotes the contragredient, χτ0 is the
central character of τ0, and c denotes the conjugate, i.e. the composition with the involution on
ResE/Q Gm × ResF/Q GLn induced by the non-trivial element of Gal(E/Q).

Theorem 2.1 ([32, 48, 46, 45]). Let F+ be a totally real field and let F/F+ be the compositum
of F+ with an imaginary quadratic field E. Let J be a Hermitian form on Fn, suppose that π is
a cuspidal automorphic representation on the unitary similitude group G = GU(J), and let G0, H,
and H0 be defined as in Section 2.1. Recall that via Weil restriction of scalars we regard all of these
groups as being over Q. Moreover, assume that there exists an algebraic representation Vλ of G/F
such that π∞ is a regular discrete series representation inside the L-packet attached to Vλ. Then
there exists a possibly non-cuspidal automorphic representation τ = (ψ, τ0) on H with the following
properties.

(1) We have τp = BC(πp) for any prime p of Q that either
(a) splits in E, or
(b) is inert in E with πp unramified and p not a prime of ramification of F .

(2) The infinitesimal character of τ∞ is associated to the algebraic representation Vλ ⊗Vθ
λ of

H/F , where this is regarded as a representation of H/F via the identifications (from Section
2.1) of G/F with Gm×

∏
ν:F+→R GLn and H/F with G/F×G/F via the map R⊗QE → R×R

(also defined in Section 2.1).
6



(3) The representation τ is θH-stable. Moreover, ψ = χcπ and χτ0 = χπ/χ
c
π, where χπ denotes

the central character of π.
(4) The representation τ0 is tempered at all finite places.

Shin requires only that π∞ is discrete series, and the resulting τ is an isobaric sum of discrete
conjugate self-dual representations (rather than cuspidal ones). However, since we are assuming
π∞ is regular discrete series, these discrete representations are cuspidal and τ is tempered – this is
proved in [47, Corollary 4.16].

We can be more precise about the possibilities for the representation Vλ mentioned above. If
T ⊆ G is the diagonal torus, then T/F ⊆ G/F is identified with Gm ×

∏
F+→R Gn

m. Writing k for

[F+ : Q] and νi, i = 1, . . . , k, for the distinct maps F+ → R, we can identify the character group
X(T ) with Z1+kn as follows. We write c = (c, cν1 , . . . , cνk) ∈ Z1+kn, where cνi = (cνi,1, . . . , cνi,n).

Then λ(c) ∈ X(T ) is given by (t,diag(ti,1, . . . , ti,n)) 7→ tc
∏k
i=1

∏n
j=1 t

cνi,j
i,j , where the group of

elements of the form diag(ti,1, . . . , ti,n) is the torus of the factor Gn
m indexed by νi. Using the

upper-triangular Borel, the dominant characters are exactly those satisfying cνi,1 ≥ · · · ≥ cνi,n and
regular dominant characters have strict inequalities. Then a algebraic representation Vλ = Vλ(c)

as considered in Theorem 2.1 is determined by such a c.
We will also need to know what the representation Vλ ⊗Vθ

λ is in this context. Letting TH ⊆ H
be the usual maximal torus, we have X(TH) ∼= X(T )×X(T ), where the first factor corresponds to
the chosen embedding E ⊆ C and the second is the conjugate. So an algebraic representation of
H/F

∼= G/F × G/F is determined by a pair (c, c′) of data in the format of c above. For Vλ ⊗Vθ
λ,

c1 = c. The algebraic representation Vθ
λ = Vλθ can be calculated by examining the effect of

θ((x, g)) = (x, xtg−1) using the explicit form of λ on the torus. In particular, for each i, we have

(t,diag(ti,1, . . . , ti,n))
θ7→ (t,diag(tti,1

−1
, . . . , tti,n

−1
)), so that c2 corresponds to the map

(t,diag(ti,1, . . . , ti,n)) 7→ t
c
k∏
i=1

n∏
j=1

t
cνi,j t

−cνi,j
i,j .

Also note that θ takes the Borel to its opposite, so we need to conjugate by the longest element of
the Weyl group, which interchanges ti with tn+1−i. We deduce that c2 = (c′, c′ν1 , . . . , c

′
νk

), where

c′ = c +
∑k

i=1

∑n
j=1 cνi,j and c′νi = (−cνi,n, . . . ,−cνi,1). We note that if c is dominant or regular

dominant, so is c2.

Definition 1. Suppose that λ = λ(c). We define the weight of the algebraic representation Vλ to

be c + c′ = 2c +
∑k

i=1

∑n
j=1 cνi,j . This can alternatively be defined as the weight of the induced

algebraic representation of the center of G.

We now describe the Galois representation attached to π (which is just the one attached to
τ = (ψ, τ0)). Its construction is the culmination of works of many authors, including Shin [46,
Theorem 1.2]. We note that usually one only attaches a Galois representation to τ0; following
Skinner [48, Theorem 10] we simply tensor that representation with the one attached to ψ. For the
entire paper we will fix an isomorphism ι : C→ Qp.

Theorem 2.2. Suppose that π and τ = (ψ, τ0) are as described in Theorem 2.1. Then there is a
continuous semi-simple representation ρπ : GF → GLn(Qp) satisfying the following properties.

(1) At places v|p, ρπ|GFv is potentially semi-stable at v. The Hodge-Tate weights are given in

terms of the aforementioned data (c1, c2) attached to Vλ⊗Vθ
λ as follows. For an embedding

ν : F+ → R (which then maps to Qp via ι), there is a set of Hodge-Tate weights attached
to the chosen embedding E ⊆ C and a set of weights attached to its conjugate. This ordered
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pair of sets is given by

HTν(ρπ|GFv ) = ({−c+ j − 1− cν,j} ,
{
−c′ + j − 1 + cν,n+1−j

}
).

(2) The representation WD(ρπ|GFv ) is pure of weight n − 1 − w for every place v ∈ F , where
Vλ has weight w, and moreover

WD(ρπ|GFv )Fr−ss = ιRecv(τv ⊗ ψv| · |
1−n
2

v ).

Here WD denotes the Weil-Deligne representation and Fr− ss denotes Frobenius semi-
simplification.

For the meaning of WD(ρπ|GFv ) when v|p (at least in the semi-stable case, which is all we will
use), see Section 6.1. We also remark that the weights in each of the two sets in HTν(ρπ|GFv ) are
all distinct when the data of c is dominant.

We now state our main theorem, which is an improvement to Theorem 2.1. It also follows that
π has better compatibility with its Galois representation.

Theorem 2.3. Maintain the notation of Theorem 2.1. Assume that the odd prime p ramifies in E
but not in F , G/Qp

is quasi-split, and πp is K-spherical for the special maximal compact subgroup
named in Section 4.4 or 4.5. Then in addition to the compatibility described in Theorem 2.1, we
also have τp = BC(πp) and πp is tempered (up to its central character).

In fact, our argument can apply to certain irregular π as well.

Remark 1. If π∞ is discrete series but not regular, Shin still proves Theorem 2.1 but without
the temperedness of τ0 at all finite places. If we instead take this temperedness as an additional
hypothesis and also assume that the classical Euler-Poincare characteristic of π is non-vanishing
(which is automatic in the regular case), then the entirety of our argument here applies without
modification.

We can deduce unitary cases as well.

Corollary 2.4. Suppose that E, F+, F , and J are as in Theorem 2.1, but consider the unitary
group G0 in place of the unitary similitude group G. Then given an automorphic representation π0

on G0, there exists a base change τ0 to H0 with compatibility as described in Theorems 2.1 and 2.3.

Proof. The work of Langlands-Labesse [23, §6] shows that since G/G0 is a torus, there exists an
extension of the central character of π0 to G and a lifting π of π0 to G with that central character.
The precise construction of such an extension of the central character is given by an argument
of Patrikis [36, Proposition 3.1.4]. Then we just apply Theorems 2.1 and 2.3 and read off the
compatibility between π0 and τ0.

�

2.3. A relation between Satake parameters. We now regard G0 and H0 (as defined in Section
2.1) as F+-groups. Suppose that we are in the situation of Theorem 2.1. To avoid cluttering the
notation, we let π denote the cuspidal automorphic representation of G0(AF+) given by choosing
an irreducible subrepresentation of the restriction of the π of Theorem 2.1 to G0 and write τ in
place of τ0. Then τ is a weak base change of π to H0. We write qv for the size of the residue
field of Fv. Note that if we study the base change properties of these F+ groups in place of the
Q-groups, the effect on the Langlands dual group is only to ignore the permutation action of GQ

on the ν : F+ → R, which is harmless.
Suppose that the rational prime p ramifies in E and that F+ is unramified at p. Fix a place

v|p of F+. We also assume that G0,v is quasi-split and that πv is a subquotient of the parabolic
induction of an unramified character χ of the maximal torus of G0,v.
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Looking ahead, in Section 3 we will classify possibilities for τv and πv. A consequence of the main
result there is the following, which asserts compatibility as long as a special relationship between
the Satake parameters of χ does not occur. We give a short, self-contained argument for this result
at the end of the section. See Definition 2 for the definitions of Satake parameters and unramified
principal series representations used below.

Theorem 2.5. Let π be a cuspidal automorphic representation of G0(AF+) and let τ be a weak
base change of π to H0(AF+). Suppose that the rational prime p ramified in E, v|p is a place of

F+, and G0,v is quasi-split. Moreover, assume that πv is a subquotient of IndG0
B χ, where χ is an

unramified character of the diagonal maximal F+-rational torus of G0. Let {αi}i∈{1,...,n} be the set

of Satake parameters of πv, and write ψτv and ψπv for the Langlands parameters.

(1) Suppose that πv is an unramified principal series representation. Then if αi 6= qvαj for
i, j ∈ {1, . . . , n}, we have ψτv = BC0 ◦ ψπv .

(2) Suppose that αi 6= αj and αi 6= qvαj for i, j ∈ {1, . . . , n}. Then we have ψτv = BC0 ◦ ψπv .

Our first task will be to calculate the standard local L-factor of πv × ωv, where πv is assumed
to be an almost unramified principal series representation and ωv is an unramified character of
the group Rv, where R = ResFF+ Gm. We will then use a result of Skinner [48] to compare the
γ-factors of πv and τv. Skinner’s work employs results of Godemont-Jacquet [18], Lapid-Rallis [25],
and Brenner [6] on the construction, properties, and stability of γ-factors for unitary and general
linear groups.

2.4. Local L-factors for tori. Let w|v be the place of F over v. Yu [58] calculates the local
Langlands correspondence for an induced torus T = ResFw/F+

v
F×w to be the composition

Hom(F×w ,C
×)
∼→ Hom(WFw ,C

×)
∼→ H1(WF+

v
, Ind

W
F+
v

WFw
C×) = H1(WF+

v
, T̂ ),

where the first map is via local class field theory and the second is the isomorphism of Shapiro’s
lemma. (We use geometric normalizations, so a uniformizer in F×w maps to a geometric Frobenius
element.) Note that the inverse of this second map is restriction to WFw followed by evaluation at
1WFv

. (See, e.g., [44, Proposition 10, §2.5]).

The image of the unramified character χα : F×w → C× sending a uniformizer $ to α ∈ C×

is, under the first map, the unramified character sending FrobFw to α, where FrobFw denotes a
geometric Frobenius element. We obtain this upon restriction to WFw and evaluation at 1W

F+
v

of

the homomorphism

ϕα : WF+
v
→ Ind

W
F+
v

WFw
C×

defined as follows. Let IF+
v

denote the inertia subgroup and set ϕα(IF+
v

) = 1, so that ϕα fac-

tors through WF+
v
/IF+

v
. Then define ϕα(FrobmFv) = αm on WFv/IFv , where m ∈ Z and α de-

notes the constant function σ 7→ α for σ ∈ WF+
v

. The homomorphism ϕα is an element of

H1(WF+
v
, Ind

W
F+
v

WFw
C×) since WF+

v
acts trivially on the constant functions in Ind

W
F+
v

WFw
C×. Thus,

χα and ϕα correspond to each other under the local Langlands correspondence for T .
We also note that for the torus T = U(1) over F+

v , there is only the trivial unramified character,
so the local Langlands correspondence takes this character to the trivial element of H1(WFv ,

LT ).

2.5. Unitary groups over p-adic fields. We summarize some basic facts regarding unitary
groups over p-adic fields. One reference for these is an article of Minguez [31]. We define a
unitary group U for a quadratic extension L/L+ of p-adic fields in the same way as the global case.
However, in the p-adic case, if the dimension n of the Hermitian space is odd, there is only one
possible unitary group U up to isomorphism, and it is quasi-split. (There are two non-isomorphic
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Hermitian forms, but the associated unitary groups are isomorphic.) If the dimension n is even,
there are two possibilities for U , but only one is quasi-split. In both cases, the quasi-split unitary
group can be given by the Hermitian form defined by An above. In Section 4, we will use a different
choice of form in order to simplify the discussion of the finer integral structure of U , but for now
An will suffice.

Let G = U(An)/L+ . The maximal torus T and Borel B of G can be defined by requiring µ(g) = 1
in the formulas in Example 1 for T and P , where we set a = b or a+ 1 = b depending on whether
n is even or odd. The description of parabolics containing B is also the same as in the global case
with these values of a and b. If n = 2m is even, T ∼= (ResL/L+ L×)m, whereas if n = 2m + 1 is

odd, T ∼= (ResL/L+ L×)m×U(1). The spherical Weyl group is isomorphic to Smo (Z/2Z)m, where
Sm permutes the matrix entries λ1, . . . , λm and their inverses in the description of T in Example

1, and the ith cyclic factor switches λi with λ
−1
i .

The L-group is defined using the same action as provided in the global case.

2.6. Local L-factors for ramified unitary groups. Let Tv be the aforementioned maximal
torus in G0,v over Fv. We are assuming G0,v is quasi-split, so

Tv ∼=
m∏
i=1

ResFw/F+
v
F×w or Tv ∼=

(
m∏
i=1

ResFw/F+
v
F×w

)
× U(1)/F+

v
.

In particular, we have dual groups

T̂v ∼=
m∏
i=1

Ind
W
F+
v

WFw
C× or T̂v ∼=

(
m∏
i=1

Ind
W
F+
v

WFw
C×

)
×C×.

This defines the L-groups: the action of WFv factors through Gal(Fw/F
+
v ), and the action of the

nontrivial element c ∈ Gal(Fw/F
+
v ) inverts the U(1)/F+

v
factor and acts in the usual way on the

induction spaces.
Let β = (β1, . . . , βm) ∈ (C×)m. Under the local Langlands correspondence calculated in Section

2.4, the unramified character χβ, defined by sending uniformizers in each non-U(1)/F+
v

factor to

β1, . . . , βm respectively, maps to

((β1, β1), . . . , (βm, βm)) ∈ T̂v and ((β1, β1), . . . , (βm, βm), 1) ∈ T̂v

in the respective cases above. Here, we have denoted an element of Ind
W
F+
v

WFw
C× by the ordered pair

giving the values of a function at 1W
F+
v

and an arbitrary fixed lift of c to WF+
v

.

In order to calculate the local Langlands parameter WF+
v
→ LG0,v of the corresponding unram-

ified principal series representations, we need to determine how these tori embed into the L-group

of G0,v. We find that the morphisms T̂v ↪→ Ĝ0,v given by

((t1, t2), . . . , (t2m−1, t2m)) 7→ diag(t1, t3, . . . , t2m−1, t
−1
2m, . . . , t

−1
2 )

and

((t1, t2), . . . , (t2m−3, t2m−2), t2m+1) 7→ diag(t1, t3, . . . , t2m−1, t2m+1, t
−1
2m, . . . , t

−1
2 )

give embeddings LTv ↪→ LG0,v in the even and odd cases, respectively, since these maps are WFv -
equivariant.

If K is a special maximal compact subgroup, these calculations and unramified functoriality

determine the local Langlands parameter ψβ : WF+
v
× SL2(C) → Ĝ0,v attached to a K-spherical

subquotient of the normalized induction IndUB χβ to be the map that kills SL2(C) and sends any
10



f ∈WF+
v

lifting Frobk
F+
v

to

(diag(β1, . . . , βm, β
−1
m , . . . , β−1

1 ))k o f and (diag(β1, . . . , βm, 1, β
−1
m , . . . , β−1

1 ))k o f,

respectively. The map ψβ : WF+
v
→ LG0,v is nearly unramified in the sense that the projection of

ψβ(IF+
v

) to Ĝ0,v is trivial.

Let R = ResF/F+ Gm, so that R̂ = C× × C× with the action of the nontrivial element c ∈
Gal(F/F+) defined by c(α, β) = (β, α). The standard representation rst,G0 : LG0 ×WF+

LR →
GL2n(C) is defined by

rst,G0(g o 1, (α, β) o 1) =

(
αg

βΦ−1
n

tg−1Φn

)
, rst,G0(1 o c, 1 o c) =

(
1n

1n

)
.

The standard representation rst,H0 : LH0 ×WF+
LR→ GL2n(C) is defined by

rst,H0((g1, g2) o 1, (α, β) o 1) =

(
αg1

βΦ−1
n

tg−1
2 Φn

)
, rst,H0(1 o c, 1 o c) =

(
1n

1n

)
.

We have rst,G0 = rst,H0 ◦ (BC0 × 1LR).

Let πv be the K-spherical subquotient of IndUB χβ as before and let ωv be an unramified character

mapping uniformizers to β. We consider the representation rst,G0(ψπv , ψωv) : WFv → GL2n(C).
(We may ignore the SL2(C) factor.) Observe that the image of IFv is the two element subgroup

generated by
(

1n
1n

)
, so that we are interested in the action of FrobF+

v
on the subspace V

I
F+
v of

vectors of the form t(v, v), v ∈ Cn. Correspondingly, the image of FrobF+
v

has the form

diag(ββ1, . . . , ββm, ββ
−1
m , . . . , ββ−1

1 , ββ1, . . . , ββm, ββ
−1
m , . . . , ββ−1

1 )

or

diag(ββ1, . . . , ββm, 1, ββ
−1
m , . . . , ββ−1

1 , ββ1, . . . , ββm, 1, ββ
−1
m , . . . , ββ−1

1 ).

We calculate in the even rank case

L(πv × ωv) = det(1− q−sv rst,G0(ψβ(FrobF+
v

), ψωv(FrobF+
v

))|
V
I
F+
v

)−1

= det(diag(1− q−sv ββ1, . . . , 1− q−sv ββm, 1− q−sv ββ−1
m , . . . , 1− q−sv ββ−1

1 ))−1

=

m∏
i=1

(1− q−sv ββi)
−1(1− q−sv ββ−1

i )−1,

or, in the odd rank case,

L(πv × ωv) = det(diag(1− q−sv ββ1, . . . , 1− q−sv ββm, 1− q−sv β,

1− q−sv ββ−1
m , . . . , 1− q−sv ββ−1

1 ))−1

= (1− q−sv β)−1
m∏
i=1

(1− q−sv ββi)
−1(1 + q−sv ββ−1

i )−1.

Definition 2. Suppose that χβ is an unramified character of the maximal torus. Then if πv is

any subquotient of IndUB χβ, we say that the Satake parameters of πv are the multiset
{
βi, β

−1
i

}
or{

βi, 1, β
−1
i

}
in the even or odd case, respectively. If additionally πv is the K-spherical subquotient

for a special maximal compact K, we say πv is an unramified principal series representation with
Satake parameters {αi}.
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Using the same approach as above, once can carry out the calculation of L-factors for an un-
ramified principal series representation τv with Satake parameters {γ1, . . . , γn} and ωv sending a
uniformizer to β. (By unramified principal series, we again mean that it is the subquotient of
the relevant parabolic induction that is spherical for a hyperspecial maximal compact.) Using the
diagonal torus, the embedding

m∏
i=1

Ind
W
F+
v

WFw
C× → Ĥ0,v

sends

diag((t1, t2), . . . , (t2n−1, t2n)) 7→ (diag(t1, t3, . . . , t2n−1), diag(t−1
2n , . . . , t

−1
2 )).

Thus ψτv sends FrobFv to (diag(γ1, γ2, . . . , γn),diag(γ−1
n , . . . , γ−1

1 )). In particular, the image of
FrobFv under the composite map rst,H0(ψτv , ψωv) : WFv → GL2n(C) is given by

diag(βγ1, . . . , βγn, βγ1, . . . , βγn),

which yields the L-factor

L(τv × ωv) =
n∏
i=1

(1− q−sv γiβ)−1.

The observation above that rst,G0 = rst,H0 ◦ (BC0 × 1LR) implies that L(s, πv) = L(s, τv) if BC0 ◦
ψπv = ψτv . We can give a converse to this as follows.

Proposition 2.6. Suppose that πv and τv are unramified principal series representations. Then if
L(s, πv) = L(s, τv), we have BC0 ◦ ψπv = ψτv .

Proof. Indeed, the image of the map ψπv defined above under the base change map BC0 sends
FrobFv to

(diag(β1, . . . , βm, β
−1
m , . . . , β−1

1 ),diag(β1, . . . , βm, β
−1
m , . . . , β−1

1 )) ∈ Ĥ
or

(diag(β1, . . . , βm, 1, β
−1
m , . . . , β−1

1 ),diag(β1, . . . , βm, 1, β
−1
m , . . . , β−1

1 )) ∈ Ĥ
in the respective cases. If

{γ1, . . . , γn} =
{
β1, . . . , βm, β

−1
m , . . . , β−1

1

}
or
{
β1, . . . , βm, 1, β

−1
m , . . . , β−1

1

}
,

respectively, then BC0 ◦ ψπv is immediately seen to be equivalent to ψτv . �

2.7. γ-factors. Lapid and Rallis [25] define γ-factors γ(s, πv×ωv, ψv), where v is a place of F and
ψv is an additive character of Fv. We fix ψv to be the standard additive character of Fv, denoting
the corresponding γ-factor by γ(s, πv × ωv).

Skinner [48, §3] proves the following result using the results of Lapid and Rallis [25, Theorem
4] on γ-factors of unitary groups, their analogues in the general linear case [15], and stability of
γ-factors in both the general linear [18] and unitary [6] cases.

Lemma 2.7. Let π and τ be as in the statement of Theorem 2.5, ignoring the condition on Satake
parameters. Then γ(s, πv × ωv) = γ(s, τv × ωv) for all v and ω.

We may now prove Theorem 2.5. We use various facts about the Bernstein-Zelevinsky classifi-
cation that will be introduced in greater detail in Section 3.1.

Proof of Theorem 2.5. For now, assume only that πv is a subquotient of the induction of an un-
ramified character. We write γ(s, σ) = γ(s, σ × 1) for any admissible representation σ of a local

12



group, and we let {αi}ni=1 denote the multiset of Satake parameters of πv. (This multiset has the

form {βi} ∪
{
β−1
i

}
or {βi} ∪

{
β−1
i

}
∪ {1} in the notation above.) We first note that

γ(s, πv) =
L(1− s, π̃v)
L(s, πv)

=

∏n
i=1(1− q−sv αi)∏m

i=1(1− q−1+s
v α−1

i )

by multiplicativity of γ-factors [25, Theorem 4.2]. Let

Ω =

{
z

∣∣∣∣− π

log qv
≤ im(z) <

π

log qv

}
⊆ C.

The hypotheses of the proposition imply that this function has n roots and n poles as a function
of s in Ω, counted with multiplicity, and moreover, these roots and poles determine the function
γ(s, πv).

There exist {ni}ki=1 such that n =
∑

i ni and supercuspidal representations τi on GLni such

that τv is a subrepresentation of IndH0
P ⊕iτi, where P is the parabolic subgroup associated to

the decomposition (n1, . . . , nk). By multiplicativity and additivity of γ factors, γ(s, τv × ωv) =∏
i γ(s, τi × ωv).
Observe that

γ(s, τi) =
L(1− s, τ̃i)
L(s, τi)

ε(s, τi)

where ε(s, τv) is holomorphic and nonvanishing as a function of s. In particular, Lemma 2.7 implies
that

L(1− s, τ̃v)
L(s, τv)

= γ(s, τv)ε(s, τv)
−1 = γ(s, πv)ε(s, τv)

−1

has n roots and n poles as a function of s in Ω. Each γ(s, τi) has at most one root and one pole
in Γ, as follows, for example, from the calculations in [15, Proposition 5.11]. Thus k = n and τv is
a subrepresentation of the parabolic induction from a Borel of the character defined by the τi. In
fact, γ(s, τi) is holomorphic for a ramified character τi [15, Proposition 5.11], so each τi must be
unramified. As a consequence,

γ(s, τi) =
n∏
i=1

L(1− s, τ̃i)
L(s, τi)

=

∏n
i=1(1− q−sv γi)∏m

i=1(1− q−1+s
v γ−1

i )
,

where the multiset {γi}ni=1 is the set of Satake parameters of τi. In this situation, the Satake
parameters of both πv and τv are determined by the poles and roots of their γ-factors in Ω, so this
shows that {γi} = {αi}. Finally, τv is an unramified principal series representation by Theorem 4.2
of [5] and the condition αi 6= qvαj of the proposition, which now applies to the γi. Thus, if πv is
an unramified principal series representation, by Proposition 2.6, the Langlands parameter of τv is
the base change of that of πv, proving part (1).

For part (2), it suffices to show that πv is an unramified principal series representation under
the additional hypothesis that αi 6= αj for all i, j. For this, we first note that τv is a tempered
unramified principal series representation by Theorem 2.1, so that the γi have complex absolute
value 1. In this situation, since the character χβ is both unitary and regular, we may apply Bruhat

irreducibility [9, Theorem 6.6.1] to see that the full parabolic induction with Satake parameters
{αi} is already irreducible. It follows that πv is an unramified principal series representation.

�

3. Possibilities for τv and πv

In this section we use the Bernstein-Zelevinsky classification of automorphic representations and
the calculation by Godemont-Jacquet of their L-factors in order to derive consequences for πv and
τv in case the conditions of Theorem 2.5 fail to hold. In particular, we prove the following result.
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Theorem 3.1. Let π be a cuspidal automorphic representation of G0(AF+) and let τ be a weak
base change of π to H0(AF+). Suppose that G0(Qp) is quasi-split and ramified, and we assume
that πv is a subquotient of the parabolic induction of an unramified character of the Borel. Then
the multiset of Satake parameters of πv are the disjoint union of any number of sets of the form

m−1∐
i=0

{
q
i−m−1

2
v γ

}
∪
m−1∐
i=0

{
q
i−m−1

2
v γ−1

}
, γ ∈ S1 \ ±1,

any number of sets of the form

(4)
m−1∐
i=0

{
q
i−m−1

2
v

}
or

m−1∐
i=0

{
−qi−

m−1
2

v

}
with m even, an even (if n is even) or odd (if n is odd) number of sets of the form

(5)
m−1∐
i=0

{
q
i−m−1

2
v

}
with m odd, and an even number of sets of the form

(6)

m−1∐
i=0

{
−qi−

m−1
2

v

}
with m odd.

3.1. Local L-factors and γ-factors of representations of GLn. In this section, we state some
results that calculate local L-factors for representations of GLn(L), where L/Qp is a finite extension.
Let q denote the order of the residue field of L. The essential facts regarding the classification of
representations are due to Bernstein and Zelevinsky [4], while the results on L-factors we need were
originally computed by Godemont and Jacquet [15]. We will use as our primary reference a recent
paper of Cogdell and Piatetski-Shapiro [13].

For P ⊆ GLn(L) a parabolic subgroup of type (n1, . . . , nk) and representations ρi of GLni(L),

we write Ind
GLn(L)
P (ρ1 × · · · × ρk) for the normalized induction. By the Bernstein-Zelevinsky clas-

sification, every irreducible admissible tempered representation ρ can be expressed as the unique

irreducible quotient of Ind
GLn(L)
P (ρ1 × · · · × ρk), where each ρi is square-integrable. We write

ρ = Q(ρ1 × · · · × ρk), where the right hand side denotes the unique irreducible quotient of the
normalized induction.

Theorem 3.2 ([13, §4]). Let ρ = Q(ρ1× · · · × ρk) be any irreducible admissible tempered represen-
tation of GLn(L), and let ω be any character of GL1(L). Then we have

L(s, ρ× ω) =

k∏
i=1

L(s, ρi × ω) and γ(s, ρ× ω) =

k∏
i=1

γ(s, ρi × ω).

Now let ρ be any irreducible square-integrable representation, and let ν denote the determinant
character | det | on GLn(L) for any n. Then

ρ = Q(ρ′ν−
m−1

2 × ρ′ν−
m−1

2
+1 × · · · × ρ′ν

m−1
2 ),

where ρ′ is a supercuspidal representation of GL n
m

(L).

Theorem 3.3 ([13, §4]). Let ρ = Q(ρ′ν−
m−1

2 × ρ′ν−
m−1

2
+1× · · ·× ρ′ν

m−1
2 ) be any square-integrable

representation of GLn(L), and let ω be any character of GL1(L). Then we have

L(s, ρ× ω) = L

(
s+

m− 1

2
, ρ′ × ω

)
.
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Lemma 3.4. In the situation of Theorem 3.3, we have

γ(s, ρ× ω) =
m−1∏
i=0

γ(s, ρ′νi−
m−1

2 × ω).

Proof. Let P be the parabolic used in the induction defining ρ, and let ρ′′ be the representation of
the Levi factor given by the ordered sequence

ρ′ν
m−1

2 , ρ′ν
m−1

2
−1, . . . , ρ′ν−

m−1
2 .

Using Theorem 4.2 of [25], we find that

γ(s, ρ× ω) = γ(s, ρ′′ × ω) =
m−1∏
i=0

γ(s, ρ′νi−
m−1

2 × ω),

as needed.
�

We are reduced to L-functions and γ-factors for supercuspidal representations.

Theorem 3.5 ([13, §2]). Let ρ be a supercuspidal representation of GLn(L) and ω a character of
GL1(L). Then if n > 1, L(s, ρ× ω) = 1. If n = 1,

L(s, ρ× ω) =
∏
α

(1− αq−s)−1,

where the product is taken over α = qs0 such that ρ̃ ∼= ωνs0, where ·̃ denotes the contragredient.

In the case where ω is unramified, the calculation is the familiar one used above. In particular,
L(s, ρ × ω) = 1 unless ρ also unramified, and if ρ($) = α and ω($) = β, then L(s, ρ × ω) =
(1− αβq−s)−1. We also have

γ(s, ρ× ω) =
L(1− s, ρ̃× ω̃)

L(s, ρ× ω)
=

1− αβq−s

1− α−1β−1q−1+s
.

3.2. Roots and poles of γ-factors. We are interested in the roots and poles of the function

γ(s, πv) =

∏n
i=1(1− q−sv αi)∏n

i=1(1− q−1+s
v α−1

i )
,

where {αi} is the multiset of Satake parameters of πv. We always consider values of logqv in the

region Ω defined in the proof of Theorem 2.5. The denominator vanishes when 1 = q−1+s
v α−1

i , or
s = 1 + logqv αi, while the numerator vanishes at s = logqv αi. Let SN and SD denote the multisets
of zeros of the numerator and denominator, respectively, counted with multiplicity. Observe that

(7)
∑
s∈SD

s−
∑
s∈SN

s = n,

and that this quantity depends on the function γ(s, πv) only up to multiplication by a nowhere
vanishing holomorphic function.

We have some additional information coming from the fact that
∏n
i=1(1−q−sv αi)∏n

i=1(1−q−1+s
v α−1

i )
= γ(s, τv),

where τv is tempered. Suppose that τv = Q(ρ1, . . . , ρm), where

ρi = Q(ρ′iν
−mi−1

2 × · · · × ρ′iν
mi−1

2 ).

Then γ(s, τv) =
∏m
i=1 γ(s, ρi), and γ(s, ρi) is holomorphic unless ρ′i is an unramified character. So

let J ⊆ {1, . . . ,m} denote the set of indices j ∈ J where ρ′j is an unramified character, and write
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γj for ρ′j($). Then |γj | = 1 by temperedness, and we may compute the γ-factor as follows, using

F1(s) and F2(s) to denote nonvanishing holomorphic functions of s. We have

γ(s, τv) = F1(s)
∏
j∈J

mj−1∏
k=0

γ(s, ρ′jν
k−mk−1

2 ) = F1(s)
∏
j∈J

mj−1∏
k=0

L(1− s, ρ̃′jν−k+
mk−1

2 )

L(s, ρ′jν
k−mk−1

2 )

= F1(s)
∏
j∈J

mj−1∏
k=0

1− q−s−k+
mj−1

2
v γj

1− q−1+s+k−
mj−1

2
v γ−1

j

= F1(s)
∏
j∈J

 1− q−s−
mj−1

2
v γj

1− q−1+s−
mj−1

2
v γ−1

j

mj−1∏
k=1

1− q−s−k+1+
mj−1

2
v γj

1− q−1+s+k−
mj−1

2
v γ−1

j


= F1(s)

∏
j∈J

 1− q−s−
mj−1

2
v γj

1− q−1+s−
mj−1

2
v γ−1

j

mj−1∏
k=1

(
−γjq

1−s−k+
mj−1

2
v

)
= F2(s)

∏
j∈J

1− q−s−
mj−1

2
v γj

1− q−1+s−
mj−1

2
v γ−1

j

.

Note that in the fourth equality, we pulled out the k = mj−1 term of the numerator and the k = 0
term of the denominator, shifting the indices appropriately. The roots of the numerator (with

multiplicity) are −mj−1
2 +logq γj for j ∈ J , and the roots of the denominator are 1+

mj−1
2 +logq γj .

Using the equality γ(s, πv) = γ(s, τv) and the quantity calculated in (7), we calculate

n =
∑
j∈J

((
1 +

mj − 1

2

)
−
(
−mj − 1

2

))
=
∑
j∈J

mj .

From this we immediately deduce that J = {1, . . . ,m}, so that in fact τv is a tempered represen-
tation appearing as a subquotient inside an induction from a character of the Borel.

3.3. Possibilities for πv. Using the calculations above, we observe that the roots and poles of
γ(s, τv) completely determine all of the Satake parameters of πv, since for each j ∈ {1, . . . , n} and
each factor of the form

1− q−s−
mj−1

2
v γj

1− q−1+s−
mj−1

2
v γ−1

j

,

each value (taken with multiplicities across different j)

s = −mj − 1

2
+ logq γj ,−

mj − 1

2
+ 1 + logq γj , . . . ,

mj − 1

2
+ logq γj

must appear as a root of the numerator of γ(s, πv).
If τv is a unitary principal series, we cannot have αi = qvαj for some i 6= j (and so compatibility

follows from Theorem 2.5. Otherwise, we have the following constraint on the Satake parameters
αi: the set {

α1, . . . , αm, α
−1
1 , . . . , α−1

m

}
or

{
α1, . . . , αm, 1, α

−1
1 , . . . , α−1

m

}
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(if n is even or odd, respectively) is equal to

m∐
j=1

mj−1∐
i=0

{
q
i−

mj−1

2
v γj

}
.

Observe that the inverses of
∐mj−1
i=0

{
q
i−

mj−1

2
v γj

}
are
∐mj−1
i=0

{
q
i−

mj−1

2
v γ−1

j

}
. No Satake parameters

of the form q
i−

mj−1

2
v γj can be inverse to one another unless the mj ’s have the same parity, so we

may consider them separately, grouping the extra Satake parameter 1 into the odd mj case if n is
odd.

In either case, each
∐mj−1
i=0

{
q
i−

mj−1

2
v γj

}
is either exactly equal to its set of inverses (if γj = ±1)

or is disjoint from its set of inverses. Now fix a Satake parameter γ 6= ±1, |γ| = 1.

Claim 3.6. We can pair up each j with γj = γ with a j′ with γj′ = γ−1 such that mj′ = mj, using
each j′′ ∈ {1, . . . ,m} with γj′′ = γ±1 exactly once.

Proof. The key observation is that for j with γj = γ, if we consider the term of largest absolute

value, we see that there must be a j′ such that γj′ = γ−1
j and mj′ ≥ mj .

Now note that by considering C/qZv -equivalence classes, the number of Satake parameters of the

form q
1
2

+k
v γj or qkvγj , k ∈ Z (depending on whether mj is even or odd), is equal to the number of

the form q
1
2

+k
v γ−1

j or qkvγ
−1
j , respectively. Let j1 be such that mj1 is maximal among those j1 with

γj1 = γ±1
j . By the key observation and maximality, there exists j′1 with mj′1

= mj1 and γj′1 = γ−1
j1

.

We now throw out these values and find j2, j
′
2, j3, j

′
3, . . . iteratively in this way, yielding the claim.

�

We may now complete the proof of the main result of the section.

Proof of Theorem 3.1. The classification of Satake parameters associated to j with γj 6= ±1 follows.
Namely, these Satake parameters are the disjoint union of sets of the form

m′−1∐
i=0

{
q
i−m

′−1
2

v γ

}
∪
m′−1∐
i=0

{
q
i−m

′−1
2

v γ−1

}
,

again with even m′; the latter use two of the values j.

Now consider j such that γj = ±1. Note that each set of the form
∐m′

i=0

{
q
i−m

′−1
2

v γ

}
with

γ = ±1 for even m′ has each element matched to a distinct inverse, and if m′ is odd, each element
is matched to a distinct inverse except for γ itself. We may thus include any number of sets of this
form if m′ is even. If m′ is odd, and n is even, we require that there be an even number of sets of
this form with γ = 1 and an even number with γ = −1. If n is odd, we require an odd number of
sets of this form with γ = 1 and an even number with γ = −1.

�

4. Iwahori-Hecke algebras of quasi-split ramified unitary groups

In this section, we perform some calculations to identify the Iwahori-Hecke algebras of quasi-split
ramified unitary groups with those of split groups. None of the results in this section are novel.
Iwahori-Matsumoto and Bernstein have given different presentations of these algebras. Recently
Rostami has generalized these constructions so that they are valid for any reductive group [43].
The identification with algebras for split groups is based on an observation of Lusztig [29, §10.13].
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This technique was also used by Clozel and Thorne [11, 12] to study the same unitary groups we
consider here in their proof of a case of Ihara’s lemma, and it is from Jack Thorne that we learned
of this identification. The purpose of our writing out these calculations is to make the identification
precise, which will be needed in the next section.

In his survey of the theory of Bruhat-Tits buildings, Tits calculates the building of a quasi-split
special unitary group of odd rank in great detail [54, §1.15, §2.10, §3.11]. We will write out the
calculations to determine the apartment and affine Weyl group in one additional case (the even rank
ramified unitary group) and quote the results of the calculations in split cases from the classification
[54, §4]. Both of these cases are also treated in a paper of Pappas and Rapoport [34, §2.d]. We
will also calculate the Kottwitz homomorphism for the split special orthogonal group. In the next
three sections, we will recall the theory of the Kottwitz homomorphism following [22, §7] and of
Iwahori-Hecke algebras following Rostami [43].

4.1. The Kottwitz homomorphism. Let F/Qp be a finite extension and let G be a connected

reductive group over F . We define the Kottwitz group ΩG to be equal to X∗(Z(Ĝ)I)Frob, where

Ĝ is the complex reductive dual of G and I is the inertia group. The Kottwitz homomorphism
is a surjective map κG : G(F ) → ΩG. One defines this homomorphism by first passing to the

completion F̂ ur of the maximal unramified extension of F ; then the group is quasi-split over F̂ ur

and becomes split over a totally ramified extension. In fact, one can alternatively use a finite
unramified extension over which the group becomes split. One then defines the homomorphism for
such quasi-split groups, and then takes invariants of the resulting map by Frobenius. We give this
definition following Kottwitz [22, §7] and work out some key examples to be used later. In what
follows, we always assume that G splits over a totally ramified extension.

Induced tori: If G = T is a torus, there is an identification X∗(T )I with X∗(T̂ I) using the

restriction map X∗(T ) = X∗(T̂ ) → X∗(T̂ I). If, moreover, G = T = ResE/F Gm where E/F is
totally ramified, there is a natural map T (F )→ X∗(T )I given as follows. X∗(T ) is a free Z-algebra
with basis permuted by I, so X∗(T )I ∼= Z. Then we simply send the element e ∈ T (F ) = E× to
ord$ e, where $ is a uniformizer in E.

General tori: If G = T is a torus, there is a presentation

R→ S → T → 1

of T where R and S are induced tori, meaning that they are of the form
∏
i ResEi/F Gni

m for some
choices of Ei and n. Then there is a unique way to choose T (F )→ X∗(T )I making the associated
diagram of Kottwitz homomorphisms commute.

Simply connected derived subgroup: If G has a simply connected derived subgroup Gder, T =

G/Gder is a torus and X∗(Z(Ĝ)I) = X∗(T̂ I), so we define the Kottwitz homomorphism to factor
through κT .

General case: We pick a z-extension

1→ T → G̃→ G→ 1

with G̃der simply connected. (Such a sequence is a z-extension if T is an induced torus that is

central in G̃.) Then κ
G̃

determines κG uniquely.

Example 2. Suppose E/F is a tamely ramified extension of degree 2, G = U(1) is the unitary
group associated to the form J = (1), and $ is a uniformizer in E with $2 ∈ F . Then G(F )
consists of the norm 1 elements of E. There is an exact sequence

1→ F× → ResE/F E
× σ(e)/e→ U(1)→ 1,

where σ is the nontrivial element of Gal(E/F ). Note that X∗(U(1)) ∼= Z with σ acting by
multiplication by −1, so X∗(U(1))I = Z/2Z. We identify X∗(F

×) ∼= Z with trivial action and
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X∗(ResE/F E
×) ∼= Z2 with I interchanging the factors. Then the exact sequence of cocharacters is

given by

X∗(F
×)

x 7→(x,x)→ X∗(ResE/F E
×)

(x,y)7→x−y→ X∗(U(1)),

and upon taking coinvariants we find that the element σ(e)/e maps to the nontrivial element of
Z/2Z ∼= X∗(U(1))I exactly when e has odd valuation in E×. For instance, taking k = $, we find
that κU(1)(σ($)/$) = κU(1)(−1) maps to 1 ∈ Z/2Z. It follows that an element of U(1) is sent to
1 ∈ Z/2Z exactly when it is −1 modulo $.

Example 3. For either even or odd ramified quasi-split unitary groups G = U(n, n) or G =
U(n, n+ 1), the determinant gives a map G→ U(1) with simply connected semi-simple kernel. We
deduce that the Kottwitz homomorphism factors through the determinant map and is given by the
previous example.

Example 4. Let F/Qp be a finite extension with uniformizer $. Let G = SO2n+1 be a quasi-split
orthogonal group of odd rank over F . Then G is semi-simple but not simply connected, so we need
to find a z-extension of it. The dual group of G is Sp2n, so it is promising to consider the exact
sequence

1→ Sp2n → GSp2n
µ→ Gm → 1,

where µ is the similitude. Indeed, the dual exact sequence

1→ Gm → GSpin2n+1 → SO2n+1 → 1

gives the needed z-extension. Since SO2n+1 is split, I acts trivially, so the Kottwitz groupX∗(Z(ŜO2n+1))
is isomorphic to Z/2Z. The map GSpin2n+1 → ΩGSpin2n+1

factors though the quotient GSpin2n+1/Spin2n+1
∼=

Gm; this map is the spinor norm. Then the map ΩGSpin2n+1
→ ΩSO2n+1 , which must be surjective,

can only be reduction modulo 2. So to calculate the image of an element of SO2n+1, we pick any
lift to GSpin2n+1, compute the image under the spinor norm, and take ord$ of the result, reducing
modulo 2. More directly, we can use the spinor norm SO2n+1 → F×/F×2 followed by ord$ modulo
2. By definition, the spinor norm on SO2n+1 is the restriction of the unique map on the orthogonal
group O2n+1 that sends reflection along a vector v to the element 〈v, v〉 modulo squares.

4.2. Extended affine Weyl groups. The notion of an extended affine Weyl group is somewhat
subtle. There are several different definitions in the literature; the definitive reference on this topic
is the aforementioned preprint of Rostami [43]; we give here a summary of his results.

For this section only, let G be any connected reductive group over F , let A be a maximal F -split
torus, let S ⊇ A be a maximal F ur-split torus (where F ur denotes the maximal unramified extension
of F ), let T be a maximal torus containing S and defined over F , and let M = ZG(A). We also fix
an alcove a corresponding to the Iwahori subgroup I.

The main role of the extended affine Weyl group is to act as a system of representatives forG\I/G.

From this point of view, the extended affine Weyl group is the quotient W̃ = NG(S)(F )/T (F )1,
where the notation H(F )1 means to take the kernel of the Kottwitz homomorphism H(F ) →
ΩH [22, §7]. Rostami [43, Lemma 3.1.1] and Richarz [41, §1.2] showed that NG(S)(F )/T (F )1 is
isomorphic to NG(A)(F )/M(F )1.

Tits [54, §1.2] defines the group W ′ = NG(A)(F )/M(F )1 instead (which he denotes W̃ ), where
H(F )1 ⊇ H(F )1 is the kernel of the Bruhat-Tits homomorphism νH : H(F )→ HomGps(X

∗(H)F ,Z).
Here, X∗(H)F denotes characters defined over F and the map νH sends h to the map χ 7→ − |χ(h)|F .

Then W ′ is naturally a quotient of W̃ and the kernel is identified with M(F )1/M(F )1, which is
precisely the torsion subgroup of ΩM . There is also a root system Ψ naturally associated to G, to
which Lusztig [28] associates another group W (Ψ). Rostami shows [43, Lemma 3.4.1] that this is
naturally isomorphic to W ′.
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Finally, there is the actual affine Weyl group W aff associated to the affine Dynkin diagram of

G, which is a subgroup of W ′ and of W̃ . As a subgroup, it is generated by the reflections in the
walls of a. Thus there are three different groups in play. The key point to keep in mind is that
W aff is the basic object that is being extended (non-canonically, as one must choose a), and W ′ is
as far as one can reach using the very natural construction of an extended affine Hecke algebra by
Lusztig; for these algebras, the representation theory can be translated into that of a related graded

algebra [27]. For some ramified groups, one must consider the larger group W̃ to fully understand
the representation theory at Iwahori level.

Example 5. In the case of a ramified unitary group of odd rank, one finds that W ′ = W aff and

W̃ is an extension of W aff by Z/2Z. We will check in Section 4.5 that in the case of a ramified

unitary group of even rank, W̃ = W ′ is an extension of W aff by Z/2Z.

Remark 2. In our study of odd rank unitary groups later, we will restrict ourselves (as Clozel-
Thorne do [12]) to the study of representations with vectors fixed under a special maximal compact
subgroup rather than a special maximal parahoric subgroup. As a consequence, we will be able
to enlarge the Iwahori subgroup under consideration to one whose associated Weyl group is the
ordinary affine Weyl group of the unitary group.

4.3. Iwahori-Hecke algebras. Given a reductive group G over a local field F with Iwahori sub-
group I, one may ask what information about G determines the Hecke algebra of its Iwahori

subgroup. Fix a maximal split F -torus A and a maximal F -torus S containing A split over F̂ ur as
before, and assume that the alcove a corresponding to I is in the apartment of A. Rostami [43]
shows that this data is

(1) the local affine Dynkin diagram (ignoring orientations), which determines the Coxeter sys-
tem (W aff ,Σ),

(2) the Kottwitz group ΩG together with its action on W aff , and
(3) the characteristic dimensions d(v) attached to vertices v of the local affine Dynkin diagram.

The first two determine a presentation of the extended affine Weyl group as the external semi-direct
product

(8) W̃ ∼= W aff o ΩG.

Given our choice of I, we can identify subgroups of W̃ with W aff and ΩG. In particular, W aff

is embedded as the subgroup of W̃ generated by the reflections across the walls of a. The map

W̃ → ΩG is induced by the Kottwitz homomorphism. The subgroup of W̃ that fixes a gives us a
splitting of this map.

Remark 3. The Σ in the pair (W aff ,Σ) can always be taken to be reduced, and we make this choice.
To be more precise, Σ should be the reduced root system so that the set of root hyperplanes of the
affine root system Φaff of G are the same as the set of root hyperplanes of the functions in αΣ + Z
for some scalar α. The relative root system of G with respect to A has roots that are proportional
to the roots in Σ, but may be a different root system (and can be non-reduced). In fact, this issue
will occur for the unitary groups we consider below.

One presentation of the Iwahori-Hecke algebra is based on determining the relations between a

set of generators corresponding to (8). Let ` : W̃ → N denote the trivial extension of the length

function of W aff . Also let q : W̃ → N be defined by q(w) = [IwI : I] and write ∆aff for the simple

reflections. The Iwahori-Matsumoto presentation [43, §1] has for a basis elements Tw for w ∈ W̃
and relations

(1) TwTw′ = Tww′ if `(w) + `(w′) = `(ww′),
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(2) TsTs = (q(s)− 1)Ts + q(s)T1 for s ∈ ∆aff , and

(3) TwTτ = Twτ = TτTτ−1wτ for all w ∈ W̃ and τ ∈ ΩG.

Note that the q(s) are determined by the numbers d(v).
Another presentation of the extended affine Weyl group is given by the external semi-direct

product

(9) W̃ = ΩM oW ◦,

where M is the centralizer of the maximal F -split torus and W ◦ is the finite rational Weyl group

of G. We write ∆◦ ⊆ ∆aff for the Coxeter generating set of W ◦. The map ΩM → W̃ is induced by
the natural inclusion

NM (S)(F )/T (F )1 ↪→ NG(S)(F )/T (F )1.

The map W̃ →W ◦ is obtained by taking the vector part of the action on the apartment of S, but
it will be useful to choose an explicit splitting. This splitting will depend on the choice of a special

maximal parahoric subgroup K associated to a vertex of a. Then an embedding of W ◦ in W̃ is

given by (NG(S)(F ) ∩K)/T (F )1 ⊆ W̃ ; that the vector part maps isomorphically to W ◦ is proved

in [16, Lemma 5.0.1]. In the following, we refer to (9) as the Bernstein presentation of W̃ .
The Bernstein presentation of the Iwahori-Hecke algebra, based on (9), has basis elements ΘλTw

for λ ∈ ΩM and w ∈ W ◦. Here Θλ is defined by representing λ as a difference λa − λb of elements
λa, λb in the positive Weyl chamber and setting θλ = [IλaI][IλbI]−1 (cf. the discussion in Section
5.1). We refer to [43] for the details and the relations in general, but we explain them in a special
case. In general, we have ΘλΘµ = Θλ+µ for λ, µ ∈ ΩM . In the cases we consider below, all of the
numbers d(v) will be equal to 1. If this is the case, the remaining relation takes the form

(10) TsΘλ = Θs(λ)Ts +

〈α(s),λ〉R−1∑
j=0

(q(s)− 1)Θλ−jα(s)∨

for s ∈ ∆◦ and λ ∈ ΩM , where α(s) denotes the root of Σ corresponding to s.

4.4. Ramified unitary groups in odd dimension and symplectic groups. This section is
brief for two reasons: the discussion in [12] is nearly sufficient for our purposes and the main result
here is substantially simpler in this case than in the even case because we will not consider the full

Iwahori-Hecke algebra, but instead a subalgebra built from a normal subgroup W aff of W̃ , which is
of index 2. Accordingly, we will be interested in K-spherical representations where K is a special
maximal compact subgroup rather than a special maximal parahoric.

Let F/F+ be a ramified extension of local fields of residue characteristic other than 2, and
let $ be a uniformizer of F such that $2 ∈ F+. Denote the residue field by κF+ . Following
Clozel-Thorne, we will let J be the (2m+ 1)× (2m+ 1)-dimensional Hermitian form

(11) J =


−1

1
. .

.

−1
1

−1


and write U = U(J) for the unitary group. We assume m ≥ 1.

In this section, we prove the following result, where by the “modified” Iwahori-Hecke algebra
we mean the subalgebra that uses the larger subgroup I ′ defined below in place of the Iwahori
subgroup on U .
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Proposition 4.1. The modified Iwahori-Hecke algebra of U is isomorphic to the Iwahori-Hecke
algebra of a split symplectic group over F acting on a space of dimension 2m. Moreover, we may
explicitly identify the Bernstein presentations by sending

[IuiI] = [I diag(1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , −1︸︷︷︸
0

, . . . , 1,− 1

$︸︷︷︸
i

, 1 . . . , 1)I]

to

[Iui,SpI] = [I diag(1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , 1,
1

$︸︷︷︸
i

, 1 . . . , 1)I]

for i ∈ {1, . . . ,m} and identifying the rational Weyl groups compatibly.

Remark 4. In order to identify a representation of U (or Sp2m) with a representation of the Bernstein
presentation of the Iwahori-Hecke algebra we need to choose a splitting of the presentation of the
extended affine Weyl group as described in Section 4.3, which corresponds to a choice of special
maximal parahoric subgroup of U . Whenever we apply Proposition 4.1 or the later Proposition
4.2 in the even rank case to identify a representation of U with one of a split group, we will do so
with respect to the special maximal parahorics given by the integral matrices with respect to the
various forms J, JSp, or JSO defined in Section 4.4 and Section 4.5, except in the odd rank unitary
group case of this section, in which we need to consider the index 2 subgroup K ′ of the group of
integral matrices described below.

We write e−m, . . . , em for the corresponding basis of the Hermitian space so that the pairing is
given by 〈ei, e−i〉 = (−1)i+n+1. Then a maximal F -split torus is given by

S(F ) = {diag(s−n, . . . , s−1, s0, s1, . . . , sn)|si ∈ F, sis−i = 1, s0 = 1} .
Let T ⊃ S be the diagonal maximal torus. The full Iwahori-Weyl group has a presentation of the
form ΩT oW ◦. Here, one can show that ΩT

∼= Zm × Z/2Z; the second factor comes from the
subgroup U(1) ⊆ T given by matrices of the form diag(1, . . . , 1, t0, 1, . . . , 1). The integral points of
U give a special maximal compact subgroup K, whose reduction modulo $ lands in an orthogonal
group O(κF+). Since O is disconnected, the usual Borel subgroup (i.e. maximal connected solvable
subgroup) consists of upper triangular matrices of determinant 1, and accordingly, there is a special
maximal parahoric subgroup K ′ ⊆ K of index 2 that is given by the preimage of SO(κF+) ⊆
O(κF+). In the definition of the affine Weyl group, we replace the true Iwahori subgroup I by
the preimage I ′ of the full group of upper triangular matrices in O(κF+), which contains I as a

subgroup of index 2. Then the modified Weyl group W̃ ′ used to define the Iwahori-Hecke algebra
of I ′ is given by Ω′T oW ◦, where Ω′T is the group generated by the elements

ui = (1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , −1︸︷︷︸
0

, . . . , 1,− 1

$︸︷︷︸
i

, 1 . . . , 1).

We would like to give an explicit splitting of W ◦ into this group by restricting the one for the usual

Iwahori-Weyl group W̃ , following Section 4.3. In particular, we consider (NG(S)(F ) ∩K ′)/T (F )1,
which realizes σ ∈ W ◦ ∼= Sn o (Z/2Z)n as the usual permutation matrices on {−n, . . . , n} but
multiplied by the scalar sign(σ) to fix the determinant. We now observe that the Kottwitz homo-
morphism (which is defined as the determinant modulo $) is trivial on both W ◦ and on ui – this
is why using I ′ in place of I gives us an ordinary affine Weyl group.

We can identify the affine Weyl group of U with that of a symplectic group G of rank 2n over F .

Let us use the form JSp =

(
Am

−Am

)
, where Am is as in (3), for the symplectic group. Note
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that ΩG = 1. The diagonal maximal torus TSp has ΩTSp a free Z-algebra generated by the matrices

ui,Sp = diag(1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , 1,
1

$︸︷︷︸
i

, 1 . . . , 1),

and the isomorphism between W aff for the unitary group and the presentation ΩTSp oW ◦Sp of the

symplectic affine Weyl group W aff
Sp is the obvious one.

One can check (by examining the extra affine root in each case) that the associated Coxeter
systems (W aff ,Σ) and (W aff

Sp ,ΣSp) are the same, as well as the numbers d(v), which in this case
are all 1 for both groups as they are residually split. We summarize the result of the calculation;
a more detailed discussion can be found in [54, §1.15], [12], or [35, §2.d.2]. Let S be the maximal
split torus consisting of diag(s−n, . . . , sn) with s−nsn = 1, s0 = 1, and each si ∈ F+. We define
generators

ai(t) = diag(1, . . . , 1, t︸︷︷︸
−i

, 1, . . . , 1, t−1︸︷︷︸
i

, 1, . . . , 1)

of the group X∗(S) and let {bi} be the dual basis to {ai}. Then the affine root system of the
unitary group is given by

(12) Φaff =

{
±bi ± bj +

1

2
Z

}
i 6=j
∪
{
±bi +

1

2
Z

}
∪
{
±2bi +

1

2
+ Z

}
.

By rescaling of the first and third set of affine roots by 2 and the second by 4, this has the same
set of root hyperplanes as {±2bi ± 2bj + Z}i 6=j ∪ {±4bi ± Z}. But setting Σ to be the root system

Cm, this is 2Σ + Z. We see directly that this identifies the Bernstein presentations by noting that
(10) depends on Σ and not the rational root system.

Remark 5. It is interesting to see what is going on at the level of affine Dynkin diagrams. If G is a
ramified special unitary group of odd rank 2m+ 1 ≥ 5, then the affine Dynkin diagram associated
to G is

(13) ◦
α1

⇐ ◦
α2

− · · · − ◦
αm
⇐ ◦
αm+1

and the split form of Sp2m has a similar-looking diagram

(14) ◦
α1

⇒ ◦
α2

− · · · − ◦
αm
⇐ ◦
αm+1

.

The rescaling of roots to obtain Σ for the unitary group corresponds exactly to the switching of
the orientation of the leftmost arrow; the root on the left in each diagram corresponds to the extra
affine root. This can be seen in Tits’s calculation of a basis for the root system of G [54, §1.15].
This basis is

{
a1, a2 − a1, . . . , am − am−1, 2am + 1

2

}
, where the ordering aligns with the numbering

of diagram (13). Then if we halve the aforementioned rescaling of (12), this corresponds exactly to
rescaling a1 by a factor of 2, which explains the orientation change.

4.5. Ramified quasi-split unitary groups in even dimension and odd special orthogonal
groups. We study the case of a ramified quasi-split group in even dimension 2n. A discussion of
this case is already available in [11, §2.1], though our primary goal here is to identify the Bernstein
presentation of the Weyl group slightly more explicitly than in that paper, while also giving an
exposition of some of the notions discussed in earlier sections. As before, let F/F+ be a ramified
extension of local fields, and let $ be a uniformizer of F such that $2 ∈ F+. Let U be the unitary
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group preserving the Hermitian form defined by

J =


$

. .
.

$
−$

. .
.

−$

 =

(
$Am

−$Am

)

where Am is as in (3). Note that this is different than the matrix Jm,m defined in (2); we will explain

the reason for this choice shortly. Note that J = CJm,m
tC where C = diag($, . . . ,$, 1, . . . , 1). In

particular, an isomorphism from the unitary group U(J ′m,m) to U is given by the map u 7→ C−1uC.
Since C commutes with the diagonal matrices, the maximal torus remains unchanged, and thus
the entire discussion of Sections 2 and 3 as well. Also note that U is also the group stabilizing the
anti-Hermitian form

J ′ =

(
Am

−Am

)
.

Then the goal of this section is to prove the following result.

Proposition 4.2. There is an isomorphism between the Iwahori-Hecke algebra of U and the
Iwahori-Hecke algebra of the split odd special orthogonal group over F acting on a space of di-
mension 2m+ 1. Moreover, this isomorphism identifies the operator

[IuiI] = [I diag(1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , 1,− 1

$︸︷︷︸
i

, 1 . . . , 1)]

with

[Iui,SOI] = [I diag(1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , 1,
1

$︸︷︷︸
i

, 1 . . . , 1)I]

for i ∈ {1, . . . ,m} and identifies the rational Weyl groups correspondingly.

We will describe the apartment and local Dynkin diagram for U . We write H for the underlying
anti-Hermitian space, with ordered basis e−m, . . . , e−1, e1, . . . , em. Then 〈ei, ej〉 = sign(j)δi,−j ,
where δ·,· denotes the Kronecker δ function and sign(j) = 1 if j > 0 and sign(j) = −1 if j < 0.

A maximal split torus is given by

S(F ) =
{

diag(s−m, . . . , s−1, s1, . . . , sm)|si ∈ F+ and sis−i = 1
}
.

(In this case A = S in the notation of Section 4.2.) Moreover, the centralizer of S is a maximal
torus T , given by the diagonal matrices in U . For i ∈ {1, . . . ,m}, let ai : Gm → S be defined by

ai(t) = diag(1, . . . , 1, t︸︷︷︸
−i

, 1, . . . , 1, t−1︸︷︷︸
i

, 1, . . . , 1).

A basis for X∗(S) is then given by the ai. We write bi for the dual basis. Moreover, we write
b−i = −bi for i ∈ {1, . . . ,m}. Then a relative root system for U is given by

Φ = {bi + bj}i,j∈{−m,...,−1,1,...,m},i 6=−j .

The basis associated to the upper-triangular Borel consists of the roots b−i + b−i+1 for i ∈
{1, . . . ,m− 1} together with 2b−1. For each of these roots, we define the associated space in U(F+)
as follows. We write these as a map uα of either F+ or F into U(F+) for α ∈ Φ. First assume
α = bi + bj with i 6= ±j. In this case, define uα : F → U(F+) by uα(f) = 12m + (f)−j,i + (f)−i,j ,
where (·)ij denotes the matrix with · in entry ij and 0 elsewhere, using the modified labeling
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of the basis in terms of ei, i ∈ {−m, . . . ,−1, 1, . . . ,m} as above. If α = 2bi, then we define
uα : F+ → U(F+) by uα(f) = 12m + (f)−i,i.

The extended affine Weyl group W̃ of U is the quotient N(F )/T (F )1, where T is the diagonal
maximal torus and T (F )1 is as defined in Section 4.2. In fact, T (F )1 = T (F )1 in this case since T

is induced. In particular, the group W ′ of Section 4.2 is also equal to W̃ . We would like to compute

the Bernstein presentation of W̃ explicitly. Before that, we remark that the group K of matrices
with integral entries form a special maximal compact subgroup (which is also a special maximal
parahoric) and that an Iwahori subgroup I is given by those matrices that are upper triangular
modulo $. The reduction modulo $ lands in a symplectic group over the residue field κF of F ;
this is easy to see by thinking of U as U(J ′). This convenient definition is the reason for our choice
of the form J ′ above rather than Jm,m.

The group ΩT is a free Z-algebra of rank m. The embedding into W̃ mentioned in Section 4.3 is
generated by the matrices

ui = diag(1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , 1,− 1

$︸︷︷︸
i

, 1 . . . , 1)

for i ∈ {1, . . . ,m}. Corresponding to our choice of K, we obtain a splitting of the Bernstein

presentation of W̃ as in Section 4.3. The embedding of W ◦ associated to K is via the usual
permutation matrices representing the Weyl group Smo(Z/2Z)m, except with certain signs changed
to ensure they are unitary. To be precise, the reflections associated to the roots b−i + b−i+1,
i ∈ {1, . . . ,m− 1}, have positive signs on all entries, while the reflection associated to 2b−1 has a
−1 on the upper off-diagonal entry; the other matrices are determined by these.

Our choice of Iwahori earlier also gives a splitting of W̃ → ΩU . In the Bernstein presentation just
described, the image of the nontrivial element of ΩU under the splitting is given by (−um, wm) ∈
ΩT o W ◦, where wm is the element of the Weyl group that switches the sign of um and fixes
everything else. One can check that this element stabilizes the Iwahori subgroup; in carrying
out this calculation, it is important to notice that the lower left corner entry of a matrix in the
Iwahori subgroup lies in F ∩ $OK = $2OF . We can also describe the Kottwitz homomorphism
ΩT oW ◦ → ΩU , using the chosen splitting of W ◦ to see this as an internal semi-direct product

decomposition of W̃ . The Kottwitz homomorphism is simply the determinant modulo $, valued
in ±1. Then every ui maps to −1, while all of W ◦ maps to 1, as can be seen from the description
of the matrix representatives above.

We now identify the Iwahori-Hecke algebra of U with that of the split orthogonal group G =
SO2m+1/F ; we use the form JSO = A2m+1 to define the latter group. Let TSO be the maximal
torus and define

ui,SO = diag(1, . . . , 1, $︸︷︷︸
−i

, 1, . . . , 1,
1

$︸︷︷︸
i

, 1 . . . , 1),

where the basis of the underlying orthogonal space is indexed by e−m, . . . , em. Then we get an
obvious isomorphism between ΩTSO oW ◦SO and ΩT oW ◦. We also note that the matrices used
for the even unitary group on e−m, . . . , e−1, e1, . . . , em, but enlarged to act trivially on e0, are the
representatives for the splitting of W ◦ associated to the hyperspecial maximal parahoric K given
by the integral matrices. Let I be the preimage of the upper-triangular Borel in SO(κF ).

In terms of ΩT o W ◦, we calculate the Kottwitz homomorphism and the splitting associated
to the Iwahori I. The subgroup W ◦ automatically maps to 1 under the spinor norm, since the
Kottwitz homomorphism is trivial on parahoric subgroups. (See Definition 1 of the appendix to
[34].) By definition, the spinor homomorphism maps the reflection ωi through the vector pe−i − ei
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to −p for any i. This reflection sends

∑
j

fjej 7→
∑
j

fjej − 2

〈∑
j fjej , pe−i − ei

〉
〈pe−i − ei, pe−i − ei〉

(pe−i − ei)

=
∑
j

fjej +
pfi − f−i

p
(pe−i − ei) = −1

p
f−iei + pfie−i +

∑
j 6=±i

fjej .

The spinor norm of the reflection through e−i− ei is −1. Composing, we deduce that the Kottwitz
homomorphism sends ui to −1 for all i, which matches the description for the even unitary group.

Moreover, we can check that the choice of Iwahori I gives the same splitting of the Kottwitz
homomorphism. Indeed, if one conjugates by the matrix (−um,SO, wm,SO), where wm,SO switches
the sign of um,SO, one can check that I is sent to itself. The key observation is that for a matrix
(aij) ∈ I to be orthogonal, am,mam,−m + am,m−1am,−m+1 + · · · + am,−mam,m = 0. By the Iwa-
hori condition, we deduce that 2am,mam,−m ≡ 0(mod π2). Since am,m is invertible and p is odd,
π2|am,−m.

As in the odd rank case, after consulting the classification of affine diagrams [54] and checking the
remaining simple affine root and its pairings with the other simple roots agree up to the orientation
of an edge, one deduces that the Iwahori-Hecke algebras are isomorphic. In particular, at least
when m ≥ 3, the affine diagram for the unitary group is

◦
α1

−

◦α3

|
◦
α2

− ◦
α4

− · · · − ◦
αm
⇒ ◦
αm+1

while SO2m+1 has the diagram

◦
α1

−

◦α3

|
◦
α2

− ◦
α4

− · · · − ◦
αm
⇐ ◦
αm+1

.

We also describe the calculation of Σ for any m. The affine root system of the unitary group is
given by {

±bi ± bj +
1

2
Z

}
i 6=j
∪ {±2bi + Z} .

(See [34, §2.d.1].) If we rescale this by multiplying the first set by 2 we obtain

{±2bi ± 2bj + Z}i 6=j ∪ {±2bi + Z} .

This is precisely 2Σ + Z, where Σ = Bm.

4.6. Similitude groups and restriction. We would like to understand the relation between the
unitary groups considered above and the unitary similitude groups described in Section 2.1.

Let E/Qp be a ramified quadratic extension, and let F+
i /Qp be an unramified field extension

for each i. We set Fi = F+
i E and form a Hermitian space Hi of dimension m for each i using the

form in Section 4.4 or 4.5. We then consider the unitary similitude group G of
⊕

iHi over Qp with
similitude lying in Q×p ; an element g ∈ G is a tuple of matrices gi that stabilize the form on Hi up
to the same similitude µ(g).

We first compute ΩG. We observe that ΩG is the same as ΩU , where U is the quotient of G by its
simply-connected derived subgroup. This subgroup is cut out by the intersection of two conditions,
namely that the determinant (which is the natural map G 7→

∏
i ResFiQp

Gm) and similitude are
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both trivial. Thus U is a subgroup of Gm ×
∏
i ResFiQp

Gm. Recall that by the definition of the

similitude group, gi and gi are related by giJ
tgi = µ(g)J . It follows that

(15) det gi · det gi = µ(g)n

for all i, where n is the dimension of the Hermitian form.

Proposition 4.3. The condition (15) defines U .

Proof. It remains only to check that G surjects onto U . Suppose first that n is even. Given a
choice of µ(g) ∈ Qp and det g ∈

∏
i ResFiQp

Gm satisfying (15), we observe first that NmFi
F+
i

((det gi) ·

µ(g)−
n
2 ) = 1. By Hilbert’s Theorem 90 it can be written in the form α−1

i αi for some αi ∈ Fi. Then
the element g = (gi)i with

gi = diag(µ(g)α−1
i , µ(g), . . . , µ(g)︸ ︷︷ ︸

n
2
−1

, 1, . . . , 1︸ ︷︷ ︸
n
2
−1

, αi)

lies in G and has determinant det g and similitude µ(g).
If n is odd, we instead use the matrix

diag(µ(g), . . . , µ(g)︸ ︷︷ ︸
n−1
2

, µ(g)
1−n
2 det(gi), 1, . . . , 1︸ ︷︷ ︸

n−1
2

).

�

We define an isomorphism U → Gm ×
∏
i ResFiQp

U(1) by sending the element (x, (yi)) ∈ Gm ×∏
i ResFiQp

Gm to (x, (yix
−m)). It follows that for unitary similitude groups of either odd or even

rank, the Kottwitz group ΩG is of the form Z × (Z/2Z){F
+
i }, and the Kottwitz homomorphism

is the product of ordp µ(·) with the sign of det(·) · µ(·)−m mod $. These are compatible with
the previously calculated Kottwitz homomorphisms for unitary groups, in line with the known
functoriality of this construction.

It follows immediately from this and the fact that the affine diagrams only depend on the derived
subgroup that if we use the product of the usual Iwahori-Matsumoto presentations of the Hecke
algebras of U(Hi), there is a very natural embedding of this product into the Iwahori-Hecke algebra
of G corresponding to just looking at the subalgebra generated by elements whose ΩG component
is 0 in the Z factor. Moreover, if we take the quotient of the Hecke algebra in the odd rank case by
all of the Z/2Z-factors of ΩG, we obtain a natural embedding for the Hecke algebra corresponding
to the replacement I ′ for the Iwahori chosen in Section 4.4. We set up some notation that will be
used in subsequent sections.

Definition 3. We define ui,j to be the element of G that is equal to the matrix uj of Section 4.4
or Section 4.5 for the factor over F+

i , and for every other place i′, ui′,j is the identity matrix in
that factor.

Recall that $ is a uniformizer in E with $2 ∈ Qp, and that $ was used in the definition of um
above. We write $1n to denote the element of the unitary similitude group whose Fi factor is $1n
for all i.

Since the unramified representations of the Hecke algebras under consideration are finite-dimensional
representations on C-vector spaces, it follows from Schur’s lemma that the action of the central
subalgebra generated by Z ⊆ ΩG is via a multiplicative character, and thus the restriction of an
irreducible representation of Iwahori level of the similitude group to the unitary group remains
irreducible, and the exact data lost in this restriction is captured by the scalar action of a Hecke
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operator corresponding to a generator of Z ⊆ ΩG. We can use the operator I$1nI for this pur-
pose. Moreover, since I$1nI = I$1n, the action of this Hecke operator is in fact the image of $1n
under the central character of the representation. Since the transfers described in Section 2.2 are
compatible with central characters at all places, establishing the local Langlands correspondence at
primes over p requires only understanding the restriction to the ordinary unitary group, allowing
us to utilize, for instance, Theorem 2.5 in this endeavor.

5. Weight structure of almost unramified representations of p-adic unitary
groups

We study principal series of unitary groups corresponding to the sets of Satake parameters
appearing in Theorem 3.1. The results of this section are simply calculations of special cases of
general theorems of Reeder on the structure of unramified principal series of split groups [39]. In
fact, the case we will need later is essentially the most trivial case of Reeder’s results. We briefly
summarize Reeder’s work as it pertains here in Section 5.1, and perform the calculations using the
classification determined in Section 3 in Section 5.2.

The main theorem of this section is as follows.

Theorem 5.1. Let π and τ be as in the statement of Theorem 2.5. Moreover, assume that πv
is K-spherical for the group K defined either in Section 4.4 or 4.5. Let {αi}i∈I be the multiset
of Satake parameters of πv, which must be of the form described in Theorem 3.1. Assume that
αi = qvαj for some i, j ∈ I. In the odd rank n = 2m + 1 case, let I be the subgroup called I ′ in
Section 4.4, and in the even rank n = 2m case, let I be the Iwahori subgroup chosen in Section 4.5.
Then there exists a vector ξ ∈ πv that is an eigenvector for the weight space and upon which the
action of [IumI] is by multiplication by a number with complex absolute value strictly greater than

q
n−1
2 , where um is the element of the affine Weyl group defined in Section 4.4 or 4.5.

In fact, Reeder’s results allow one to give a complete description of all the eigenvectors for the
weight space and their eigenvalues.

5.1. Weight spaces of unramified representations of split groups. We summarize work
of Reeder giving a criterion for non-vanishing of weight spaces for an unramified principal series
representation of a split group [39, §1-5]. We warn that while Reeder uses ·̃ for the p-adic group
and ordinary letters for the dual groups, we largely maintain the notation used in earlier sections.

Let F be a non-archimedean field with uniformizer $, ring of integers OF , and residue field κF
of order q. Let G be a split connected reductive group over OF and let Ĝ be its dual group over
C. Write K for the hyperspecial maximal compact G(OF ). Fix an F -split maximal torus S and
Borel subgroup B of G, and write N for the unipotent radical of B (all over OF ). Also write δ for
the modulus character of B and I for the Iwahori subgroup given by the preimage of B(κF ) in K.
Write W for the Weyl group NG(S)/CG(S). We write S0 = S(OK). Then ΩS = S(F )/S0 is called
the weight space of G, and we write λs for the coset of s ∈ S(F ) in ΩS . (This notation is consistent
with the discussion of the Kottwitz homomorphism in Section 4.1.)

Let Ŝ ∼= C× ⊗X∗(S) be the group of characters χ : ΩS → C×. Write Ĝ, B̂, and N̂ for the dual

group, dual Borel, and unipotent radical of B̂, respectively. We also write Φ̂ for the root system of

Ĝ and Φ̂+ for the positive roots with respect to B̂. There is a natural isomorphism between X∗(Ŝ)

and the lattice S(F )/S0, given by λ ∈ S(F )/S0 7→ eλ ∈ X∗(Ŝ), where

eλ(z ⊗ µ) = zordπ µ(λ).

Via this identification, we realize S(F )/S0 as a lattice inside the dual ŝ∗ of the Lie algebra ŝ ∼=
C⊗X∗(S) of Ŝ. Also let ĝ denote the Lie algebra of Ĝ. We write ŝ∗R = R⊗ S(F )/S0, which sits
inside ŝ∗.
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For χ ∈ Ŝ, which may also be viewed as a character of S(F )/S0, we now define

Wχ = {w ∈W : χw = χ} , Sχ =
{
α ∈ Φ : eα(χ) = q−1

}
, and Φ̂+

χ =
{
α ∈ Φ̂+ : eα(χ) = 1

}
.

We also define

Rχ =
{
w ∈Wχ : wΦ̂+

χ = Φ̂+
χ

}
,

which is always 1 if Ĝ is simply connected. Each χ defines a principal series representation

I(χ) = IndGB χ =
{
f ∈ C∞(G) : f(bg) = χ(p)δB(b)

1
2 f(g) for all b ∈ B, g ∈ G

}
,

where we’ve used the normalized induction. We write Ξ(χ) for the Iwahori invariants of the unique
K-spherical irreducible subquotient of I(χ).

For any χ we consider, we will always require

(16) |eα(χ)| ≤ 1 for all α ∈ Φ̂+.

This can always be arranged by changing χ within its W -orbit. Already under the weaker require-

ment Sχ ⊆ Φ̂+, the K-spherical subquotient of I(χ) is the unique quotient of a certain summand
of I(χ) (which is all of I(χ) in the case where Rχ = 1). See [39, §1.2] or [38] for more details on
this point.

We want to understand the action of a certain subalgebra Θ of the Iwahori-Hecke algebra on
Ξ(χ). For any u ∈ ΩS , we may write u = uau

−1
b , where ua and ub pair nonnegatively with every

positive root (meaning that α(ua), α(ub) ∈ OF for each positive α). Then we can associate to u the
element [IuaI][IubI]−1 in the Iwahori-Hecke algebra of G; this is independent of choices. We define
Θ to the C-subalgebra of the Iwahori-Hecke algebra generated by the elements [IuaI][IubI]−1 for
u ∈ ΩS . Given a character χ : ΩS → C×, there is a unique extension to a homomorphism Θ→ C
compatible with the homomorphism S(F )/S0 → Θ, which we call χΘ. We work out the case of the
trivial representation in Example 6 to illustrate this construction.

There is a natural Θ-module decomposition Ξ(χ) =
⊕

w∈Wχ\W Ξ(χ,w), where the Ξ(χ,w) are

generalized eigenspaces of Ξ(χ) with eigenvalue ((χw)·δ−
1
2

B )Θ on Θ. Reeder’s work [39] proves many
interesting properties about this module as well as the Iwahori invariants of other subquotients of
I(χ); we will be only be interested here in identifying elements w ∈Wχ\W such that Ξ(χ,w) 6= 0. If
this holds for a suitable choice of w, then any eigenvector ξ ∈ Ξ(χ,w) for Θ will meet the conclusion
of Theorem 5.1 via the translation from a split group to a ramified unitary group in Section 4.

The main geometric object of interest is

q =
{
x ∈ ĝ| ad(χ)x = q−1x

}
⊆ û.

Note that the containment in û follows from Sχ ⊆ Φ̂+. We will be interested in the action of

the group M̂ = C
Ĝ

(χ) on q via the adjoint action. In fact, the action of M̂ on q makes q into a
prehomogeneous vector space with finitely many orbits [40]. We denote the open orbit by q0.

We can now state the criterion for whether Ξ(χ,w) is nonvanishing. We remark that Reeder
[39, Corollary 5.13] actually determines a criterion directly for a similar question about the Stein-
berg subquotient of I(χ) instead. However, he uses a duality proved by Rodier [42] to deduce a
nonvanishing criterion [39, Corollary 5.15] for the spherical representation as well.

Theorem 5.2 ([39, Corollary 5.15]). Let ûop denote the unipotent radical of the Borel opposite to

B̂. We have Ξ(χ,w) 6= 0 if and only if q0 ∩ ad(w)ûop 6= ∅.

We remark that this theory is related to a comparison result between the Jacquet module and
Iwahori invariants of a representation. The general result, is that for a smooth representation V
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of a split group G as above, with S0 the integral points of the maximal torus as before, there is a
natural isomorphism

(17) V I → (VN )S0 ⊗ (δ−1
B )Θ

of Θ modules. Here VN = V/V (N), where V (N) = span {v − nv|n ∈ N, v ∈ V } and (VN )S0 is given
the natural action of Θ induced by that of S(F )/S0 as prescribed above.

Example 6. We give one example to illustrate these result. If χ = δ
− 1

2
B , then I(χ) contains the

trivial representation as a subrepresentation. It is trivial to calculate the Jacquet module of this
subrepresentation in this case; it is just the trivial representation. Then (17) implies that the
Iwahori-Hecke algebra should act on the trivial representation by δ−1

B . Since the action of [IuI] in
the Iwahori-Hecke algebra on a vector v in the trivial representation is simply multiplication by
[IuI : I], (17) is essentially the claim that if u = uau

−1
b , where these elements are in the positive

Weyl chamber, then the measure of [IuaI] divided by the measure of [IubI] is given by δ−1
B (u).

This calculation can be found in [9, Lemma 1.5.1].
Now we apply Theorem 5.2 to this setting. We modify χ by the longest Weyl element so that it

meets condition 16; this yields χ = δ
1
2
B. Then the space q is the product of the simple root spaces,

and q0 consists of points of q that are nonzero in each root space. If the intersection ad(w)ûop

is nontrivial for an element w ∈ W , then ad(w)ûop must include all of the root spaces for simple
positive roots. Since ûop is a subalgebra, it is closed under the Lie bracket, and so is ad(w)ûop.

Therefore ad(w)ûop = u and χw = δ
− 1

2
B . In particular, the action of Θ on the unique nonzero weight

space is given by ((χw) · δ−
1
2

B )Θ = (δ−1
B )Θ. This is exactly what we calculated above.

5.2. Proof of Theorem 5.1. Let G be either SO2m+1 or Sp2m, and let S be the diagonal maximal
torus. Also let B be the upper triangular Borel subgroup. Assume that the character χ : ΩS → C×

is identified with one of the characters of the relevant unitary group classified in Theorem 3.1 using
Proposition 4.1 or 4.2. Then possibly after changing χ within its W -orbit, we can assume that the
image of ui is γiq

ki
v for ki ∈ 1

2Z≤0 and γi ∈ S1 ⊆ C, and moreover that the ki are non-decreasing
as i decreases from n to 1. (Recall that u1 is the matrix whose nonidentity diagonal entries are
closest to the center, rather than um.) Then it is easy to see that the condition (16) is met.

Let w = w0 be the longest element of W . We have ad(w0)ûop = û. It follows trivially that
q0 ∩ û 6= ∅. By Theorem 5.2, Ξ(χ,w0) is nonzero. Let ξ ∈ Ξ(χ,w0) be an eigenvector for Θ.
Then since um is in the positive Weyl chamber and w0 acts by inversion on χ, [IumI] acts by

γ−1
n q−kmδB(um)−

1
2 on ξ. Some ki must be nonzero by the hypothesis that αi = qvαj for some i, j.

Therefore we have km < 0, since km is the smallest of the ki. One calculates that δB(um)−
1
2 = q

n−1
2 ,

where n = 2m or 2m+ 1 is the rank of the underlying Hermitian space.
Using the isomorphisms of Iwahori-Hecke algebras given in Section 4, we can translate this result

immediately into the desired one for unitary groups.

6. Crystalline periods in families of Galois representations

We investigate the variation of crystalline periods in families of Galois representations. We will
use this to construct a period in the filtered φ-module of the Galois representation attached to
π. Then certain results on purity, combined with the bound found in Theorem 5.1, will give the
contradiction needed to show that πp is tempered and that compatibility with base change holds.
We first introduce some of the needed ingredients in Section 6.1 and 6.2. Then we formalize the
properties of the desired p-adic family of Galois representations in Section 6.6. In the process,
we will connect our discussion to the automorphic context in preparation for Section 7, where we
describe the construction of these families.
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6.1. Purity. Fix an isomorphism Qp
∼= C. Let E ⊆ Qp be a finite extension of Qp and let F be

a number field. We define an algebraic p-adic Galois representation ρ : GF → GLn(E) to be one
that is ramified away from a finite set of places and is de Rham at places above p. The Fontaine-
Mazur conjecture predicts that such representations arise from geometry. A consequence is that
one expects such a ρ to be pure at all places, which is a condition on the interaction between the
Frobenius action and monodromy of ρ. For Galois representations attached to regular algebraic
conjugate self-dual cuspidal automorphic representations on GLn over a CM field, this is now known
by the deep work of many mathematicians, including Deligne, Clozel, Harris, Taylor, Yoshida, Shin,
Barnet-Lamb, Gee, Geraghty, and Caraiani [17, 53, 46, 10, 1, 2, 7, 8]. We will need to utilize their
results, so we review what this purity means, closely following the exposition of Taylor and Yoshida
[53, §1].

Let L be a finite extension of Qp with residue field κL. The basic object of study is a Weil-Deligne
representation, which is given by a triple (V, r,N). Here V is a vector space over an algebraically
closed field of characteristic 0, r : WL → GLn(V ) is a representation of the Weil group with open
kernel, and N ∈ End(V ) satisfies r(σ)Nr(σ)−1 = |Art−1

L (σ)|LN , where Art denotes the Artin map,

and | · |L is normalized to take uniformizers to #κ−1
L . (Recall our requirement that the Artin map

take uniformizers to geometric Frobenius lifts.) We say (V, r,N) is Frobenius semi-simple if r is
semi-simple.

For q ∈ R>0, a Weil q-number is an element α ∈ Q such that the image of α in C has absolute

value q
1
2 under every embedding. The Frobenius semi-simple representation (V, r,N) is strictly

pure of weight w ∈ R if N = 0 and r(φ) has Weil (#κL)w-numbers as eigenvalues for any lift φ of
the geometric Frobenius. We say (V, r,N) is mixed if there is an exhaustive, separated increasing
filtration Fi ⊆ V such that the ith graded piece gri = Fi/Fi+1 is strictly pure of weight i. Note
that N(Fi) ⊆ Fi−2. For w ∈ R, if (V, r,N) is mixed with weights in w+ Z and if for every i ∈ Z>0

we have N i : grw+i V
∼→ grw−i V , we say (V, r,N) is pure of weight w. We can make the following

simple observation.

Lemma 6.1. If (V, r,N) is pure of weight w ∈ Z, the eigenvalues of a geometric Frobenius element

in kerN are at most (#κF )
w
2 in absolute value.

Proof. If (V, r,N) is pure of weight w, then for any i ∈ Z>0, the map N |Fw+i : Fw+i → grw−i V has
kernel exactly Fw+i−1, so any element of Fw+i \ Fw+i−1 cannot be in the kernel of N . Therefore
kerN ⊆ Fw. But if we pick a basis of Fw consisting of geometric Frobenius eigenvectors and
consider the purity condition, we find that any Frobenius eigenvalue on kerN must be at most
(#κF )

w
2 in absolute value. �

Pure Weil-Deligne representations satisfy a number of interesting properties. For instance, purity
is stable under finite extensions of the ground field L, and corresponds to temperedness under the
local Langlands correspondence. Also, given (V, r), there is at most one N making (V, r,N) pure.

We are particularly interested in purity for a Galois representation ρ : GF → GLn(E) as above,
but restricted to places above p. At other places, there is a very simple way to associate a Weil-
Deligne representation to the restriction. At places above p, one uses p-adic Hodge theory. We
describe how this process goes in the special case where ρ is semi-stable, since this is all we will
need. See [53, §1] for the general case; we follow the conventions of that paper. Also recall that we
have fixed an isomorphism ι : C → Qp. Using this isomorphism it makes sense to talk about the

complex absolute values of a number lying in Qp, though of course we will only do this for Weil
numbers.

Let v|p be a place of F and write ρv for the restriction of ρ to GFv . Also write W for the
underlying vector space of ρ. Let Fv,ur ⊆ Fv be the maximal subfield of Fv that is unramified over
Qp. Also denote by ϕ : Bst → Bst the crystalline Frobenius endomorphism, which is semilinear with
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respect to the action of a geometric Frobenius element. Then for any embedding ν : Fv,ur → Qp

we define

Dst,ν(W ) = (W ⊗Qp Bst)
GFv ⊗(Qp⊗QpFv,ur),1⊗ν

Qp.

In this notation, there is a natural action of ϕ on Dst,ν(W ) induced by its action on the Bst factor;
although ϕ is not invertible on Bst, it is on Dst,ν(W ). We define a representation r : WK →
GL(Dst,ν(W )) by setting r(g) = ϕmg [κFv :Fp], where the action of g on the residue field is by Frob

mg
p .

(Recall that we use Frobp for the geometric Frobenius.) We also obtain an action of 1⊗N from the
operator N on Bst. The triple (Dst,π(W ), rss, 1 ⊗ N) gives a Weil-Deligne representation (via ι),
where rss denotes the semi-simplification, as one can check. Moreover, it follows from the definition
that the kernel of N is exactly

Dcris,ν(W ) = (W ⊗Qp Bcris)
GKv ⊗(Qp⊗QpFv,ur),1⊗ν

Qp.

Thus the action of a lift g ∈ WF of the geometric Frobenius is given by ϕ[κFv :Fp] on Dcris,ν(W ).

Therefore, by Lemma 6.1, if Dcris,ν(W ) is pure of weight w, the eigenvalues of ϕ[κFv :Fp] are bounded

by (#κFv)
w
2 in absolute value. In addition, the Weil-Deligne representation is independent of the

choice of ν. We summarize this discussion as follows.

Proposition 6.2. Suppose that Fv/Qp is a finite extension. The eigenvalues of the [κFv : Fp]
th

power of the crystalline Frobenius on a pure semi-stable p-adic Galois representation of GFv of

weight w are bounded by (#κFv)
w
2 in absolute value.

It is known that tensor products of pure representations are pure. In an earlier version of this
work, we needed to show that exterior powers of representations also preserve purity. For future
applications, we provide the (trivial) argument here.

Proposition 6.3. Suppose that (V, r,N) is a pure Weil-Deligne representation of WF of dimension
n, where F is an p-adic local field. Then for any Schur functor cλ ∈ C[Sm], λ a partition of m,
cλV is a pure Weil-Deligne representation.

Proof. Since V ⊗m is pure, it suffices by [53, Lemma 1.4.(5c)] to show that

V ⊗m =
⊕
λ

cλV
⊗m

as an internal direct sum of Weil-Deligne subrepresentations. For this, we simply need that each
cλV

⊗m is preserved by WF and N . But both of these actions commute with the permutation action
by Sm and thus the entire group algebra C[Sm], so they leave cλV

⊗m invariant.
�

6.2. Interpolating crystalline periods. We discuss how to interpolate a single crystalline period,
which a technique initiated by Kisin [21]. Nothing in this section is original. The form we will
need uses an enhancement by Nakamura [33, §3] to Kisin’s results that allows one to work with a
representation of GL for a finite extension L/Qp instead of GQp . We reword Nakamura’s arguments
in a form that is similar to that of the proof of [21, Proposition 3.14]. We also mention a lemma
due to Luu [30, Lemma 2.10] that will be very useful for applying the main result; this lemma is
based on one proved by Kisin [21, Lemma 6.7].

In the approach taken by Kisin and Nakamura, one must bound the amount of variation allowed
for the crystalline period over the family.

Definition 4. If R is an E-affinoid algebra and Y ∈ R×, then R× is called Y -small if there exists
λ ∈ (R⊗E E′)× for some finite Galois extension E′ of E such that E′[λ] ⊆ R⊗E E′ is an étale E′

algebra and Y λ−1 − 1 is topologically nilpotent.
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Given a point of SpmR, we can find an open affinoid neighborhood such that the restriction of
Y is Y -small, which will be sufficient for our application.

Remark 6. Liu [26] has proven a substantially more general version of the crystalline period inter-
polation used here using finiteness results for cohomology by Kedlaya, Pottharst, and Xiao [20]. Liu
allows one to interpolate multiple crystalline periods in a single family with multiple fixed Hodge-
Tate-Sen weights, while previous results only allowed one to interpolate a single period. Moreover,
he removes the Y -smallness hypothesis. However, we will only need the simpler interpolation result
stated below.

Let L/Qp and E/Qp be finite extensions such that E contains the normal closure of L. Define Σ =
{σ : L→ E}. Let R be an affinoid algebra over E and let M be a finite free R-module equipped with
a continuous GL-action. Fix Y ∈ R× such that R is Y -small. Let the Sen polynomial with respect
to the embedding σ be denoted Pφ,σ(T ) ∈ R[T ]. We write f = [κL : Fp], where κL is the residue

field of L. We refer to Nakamura [33, §3.1] for the definition of B+
max,K . We remark that Nakamura

makes requirements for all σ ∈ Σ and draws conclusions for each σ; however, his proof works on one

σ at a time, using the decompositions (from the proof of [33, Lemma 3.11]) (B+
max,K⊗̂QpR)ϕ

f=Y =⊕
σ∈Σ(B+

max,K⊗̂L,σR)ϕ
f=Y and B+

dR/t
kB+

dR⊗̂QpR =
⊕

σ∈ΣB
+
dR/t

kB+
dR⊗̂L,σR. In our application,

in any case, we will have a fixed Hodge-Tate weight for each σ.

Theorem 6.4 ([33, Proposition 3.14]). Fix σ ∈ Σ. Assume that there is a factorization Pφ,σ(T ) =

TQ(T ), and define P (k) =
∏i−1
j=0Q(−j). Suppose that there exists a collection {Ri}i∈I of affinoid

R-algebras such that for each k ≥ 0 there exists a subset Ik ⊆ I with the following properties.

(1) For i ∈ Ik, every Ri-linear, GL-equivariant map

M∨ ⊗R Ri → B+
dR/t

kB+
dR⊗̂L,σRi

factors through

M∨ ⊗R Ri → (B+
max,K⊗̂L,σRi)

ϕf=Y .

(2) For each i ∈ Ik, the image of P (k) in Ri is a unit.
(3) The map R→

∏
i∈Ik Ri is injective.

Suppose that F ⊆ Cp is a closed subfield containing E, and g : R → F is a continuous homomor-
phism. Then we have a nonzero, F -linear, GL-equivariant homomorphism

M∨R → (B+
max,K ⊗L,σ F )ϕ

f=g(Y ).

In particular, we have

D+
cris(M⊗R F )ϕ

f=g(Y ) 6= 0.

We will first need to study the relationship between the crystalline and de Rham period rings. By
Proposition 3.7 of [33], for sufficiently large k, there exists a GL-equivariant short exact sequence
of orthonormalizable R-Banach spaces

(18) 0→ (B+
max,K⊗̂L,σR)ϕ

f=Y hk→ B+
dR/t

kB+
dR⊗̂L,σR

gk→ Uk → 0.

Moreover, for any continuous homomorphism R → R′ of affinoid algebras, the formation of this
sequence commutes with taking a completed tensor product with R′.

Lemma 6.5. For k such that (18) holds, any R-linear GL-equivariant homomorphism

(19) ψ : M∨ → B+
dR/t

kB+
dR⊗̂L,σR

factors through (B+
max,K⊗̂L,σR)ϕ

f=Y .
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Proof. Fix an integer k as in the statement of the lemma. We set h = hk, g = gk, and denote by hi,
gi, and ψi the results of applying the functor ⊗RRi to the morphisms h, g, and ψ. Orthonormal-
izability of the R-Banach spaces in (18) shows that the completed tensor product of each term of
(18) with the homomorphism R ↪→

∏
i∈Ik Ri is injective. From this and the compatibility of (18)

with base change we obtain a diagram
(20)

0 // (B+
max,K⊗̂L,σR)ϕ

f=Y h //
� _

��

B+
dR/t

kB+
dR⊗̂L,σR

g //
� _

��

Uk //
� _

��

0

0 // ∏
i∈Ik(B+

max,K⊗̂L,σRi)
ϕf=Y

∏
i hi //

∏
i∈Ik B

+
dR/t

kB+
dR⊗̂L,σRi

∏
i gi //

∏
i∈Ik Uk⊗̂RRi // 0

with exact GL-equivariant rows. By hypothesis, the morphism
∏
i ψi factors through the submodule∏

i∈Ik(B+
max,K⊗̂L,σRi)

ϕf=Y , so the composite map

M∨ ↪→M∨ ⊗R

∏
i

Ri

∏
i ψi→

∏
i∈Ik

B+
dR/t

kB+
dR⊗̂L,σRi →

∏
i∈Ik

Uk⊗̂RRi

vanishes. Since the rightmost downwards arrow in (20) is injective, the image of ψ lands in

(B+
max,K⊗̂L,σR)ϕ

f=Y as needed.
�

Define H ⊆ R to be the smallest ideal of R such that any homomorphism ψ as in Lemma 6.5
factors through B+

dR/t
kB+

dR⊗̂L,σH.

Lemma 6.6. The Zariski-open set Spm(R) \Spm(R/H) is scheme-theoretically dense in Spm(R).

Proof. We claim thatHRi = Ri. Suppose otherwise. Regard R as a L-algebra using the assumption
Lnor ⊆ E. By [21, Corollary 2.6], setting E = L in Kisin’s notation, the map

(B+
dR/t

kB+
dR⊗̂L,σM)GLP (k) ⊗R (Ri/HRi)→ (B+

dR/t
kB+

dR⊗̂L,σ(M⊗R (Ri/HRi)))
GL
P (k)

is an isomorphism of finite free (Ri/HRi)-modules of rank one. However, this is the 0 map by
definition of H. Thus Spm(R/H) does not meet the image of

∐
i∈Ik Spm(Ri), which is dense by

the third condition of the theorem. In particular, Spm(R)\Spm(R/H) must be scheme-theoretically
dense.

�

We can now use these to prove the main theorem.

Proof of Theorem 6.4. Define RF = R ⊗E F , HF = H ⊗E F = HRF , and m = ker(RF → F ).
By Lemma (6.6), together with stability of scheme-theoretic density under flat base change (see
[21, §5.1]), Spm(RF ) \ Spm(RF /HF ) is scheme-theoretically dense in Spm(RF ). In particular, we
may choose n such that HF 6⊆ mn but HF ⊆ mn−1. Let ψ be chosen so that the image of the base
extension ψF in B+

dR/t
kB+

dR⊗̂L,σRF is not contained in mn. (This is possible, as otherwise we could
replace H with H ∩mn.) From this and our choice of k we obtain a nonzero homomorphism

M∨
ψ→ (B+

max,K⊗̂L,σH)ϕ=Y → (B+
max,K⊗̂L,σm

n−1/mn)ϕ=Y .

By a suitable choice of map mn−1/mn → F , we obtain a nonzero homomorphism

M∨ → (B+
max,K⊗̂L,σm

n−1/mn)ϕ=Y → (B+
max,K⊗̂L,σF )ϕ=Y

as needed.
�
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In order to check the first condition in Theorem 6.4, we will use the following lemma of Luu,
with notation slightly modified to match with that of Nakamura’s result. We state the result here
with respect to a chosen embedding σ; the proof is identical once one replaces tensor products over
Qp with tensor products over L with respect to σ : L → E. Note also that Luu uses the opposite
of our convention with respect to Hodge-Tate weights; our weights are the negatives of the roots of
the Sen polynomial, so that the cyclotomic character has Hodge-Tate weight −1. For this reason
the inequalities below are reversed.

Lemma 6.7 ([30, Lemma 2.10]). Let L,E be finite extensions of Qp, let α ∈ E×, let k ∈ Z≥1,
and let Σ = {σ : L→ E} as above. Fix σ ∈ Σ. Let GL act continuously on a finite dimensional

E-vector space V with Dcris,σ(V )ϕ
[κL:Fp]=α 6= 0. Assume moreover that V is Hodge-Tate with

respect to the embedding σ, with weights {0, kσ,1, . . . , kσ,n−1} such that 0 < kσ,2 ≤ · · · ≤ kσ,n−1 and
kσ,2 > max(k, [L : Qp]vp(α)). Then the natural map

Dcris,σ(V )ϕ
[κL:Fp]=α → (B+

dR/t
kB+

dR⊗̂L,σV )GL

is an isomorphism.

6.3. Hecke algebras and slopes. Let π be a cohomological automorphic representation on a
reductive group G over Q such that G(Qp) is quasi-split, and let the dominant algebraic weight
λ of G be the weight of π∞, which we recall means that π∞ ⊗V∨λ has nonvanishing cohomology.
(The restriction to Q is only for convenience; groups over more general fields can be treated by
restriction of scalars.) In this section, we discuss the notion of the slope of π. When putting π in
a sufficiently small (in the rigid geometric sense) p-adic family, the slope will be constant in the
family. Everything in this section is taken from Urban [55, §4], and we use similar notation when
possible.

We introduce a modified global Hecke algebra of G. We fix a finite set S of finite places of Q
and let Kp =

∏
v 6=pKv be a product of open compact subgroups of G(Qv) such that for v /∈ S, Kv

is a hyperspecial maximal compact subgroup. At p, let T be a maximal torus, let B be a Borel
with Levi factor T , and let N be the unipotent radical of B. Fix compatible integral structures for
G(Qp), T,N, and B, and let I be an Iwahori subgroup compatible with the choice of B. Let

T− =
{
t ∈ T (Qp) : tnt−1 ∈ N(Zp) for n ∈ N(Zp)

}
.

Note that the condition t ∈ T− is equivalent to asking that t pair nonnegatively with every positive
root, which is the notion used in Section 5.1. We also write T−− for the subset of t ∈ T− that
pair strictly positively with every positive root; we could also use the condition ∩itiN(Zp)t

−i =
{1}. We also write ∆− = IT−I. We then define Up = C∞c (I\∆−/I,Qp). This is an abelian
algebra isomorphic to the subalgebra Z[T−/T (Zp)] of the weight space Θ of Section 5.1. We
define the commutative algebra RS,p = Up ⊗

∏
v/∈S HKv , where HKv denotes the Hecke algebra

C∞c (Kv\G(Qv)/Kv,Qp). We define Hp(K
p) = Up ⊗

∏
v 6=pHKv , which unlike RS,p is not abelian in

general. We finally define Hp = C∞c (G(Ap
f ),Qp)⊗ Up; this is the union over all HKv .

Remark 7. In the above, one can replace I with the deeper Iwahori subgroup Im of elements of
G(Zp) lifting those in B(Zp/p

mZp); however, we will not concern ourselves with this here. For an
automorphic representation π with πImK

p
nontrivial for some m, we can always define an associated

representation of Hp(K
p). However, the representation of Up might send an element of T− to 0. If

this happens, we say that π has infinite slope and otherwise we say that π has finite slope. In the
cases we consider, π will automatically have finite slope by construction. In either case, the reason
why we use Up as opposed to the full Iwahori-Hecke algebra is because the operators outside Up
cannot act on the larger distribution spaces considered in the p-adic context.
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Definition 5. A finite slope admissible representation σ of level Kp is an absolutely irreducible
admissible representation of Hp(K

p) defined over a p-adic field E satisfying two conditions.

• The action of Up is of finite slope.
• There is a OE-lattice in σImK

p
that is stable by the action of the Zp-valued Hecke operators

in Hp(K
p).

Note that it makes sense to consider the trace of any element of Hp on σ; we denote this function
by Jσ.

Recall that π itself is not directly placed in a p-adic family. Instead, we associate to π a finite
slope admissible representation σπ of the Hecke algebra Hp(K

p) as follows. Using the identification

ι, we can think of π via the associated representation of the Hecke algebra on a Qp-vector space.
Away from S ∪ {p}, the action of HKv is just the natural one on the Kv-spherical vector. At p, if
πIp 6= 0, we obtain a representation of Up by making an additional choice of an eigenvector ξ ∈ πIp
for Up. This is all the data we need to produce the finite slope admissible representation attached
to π.

For the remainder of this chapter we fix a multiplicative section

(21) υ : T (Qp)/T (Zp)→ T (Qp).

If the group G(Qp) is unramified, it is possible to define υ to have the property that λalg(υ(t)) =
|λalg(t)|−1

p for every algebraic character λalg on G. (Recall that λ is the algebraic weight associated
to π∞, and so can be evaluated on an element of the chosen maximal torus of G(Qp).) In ramified
cases such as ours, this is not always possible. To see why it is necessary to make such a choice, see
the proof of [55, Lemma 4.6.2]. We define υ to send every uv,m to uv,m and to take $1n to itself
in the notation of Definition 3. This choice will be important in the proof of Theorem 2.3 given in
Section 7.3.

Now we return to the situation of π of algebraic weight λ and chosen vector ξ. We twist the
Up action on ξ by multiplying it by λ(υ(t)). This completely determines a character θπ of RS,p.
To obtain the finite slope admissible representation σπ, one simply takes the irreducible Hp(K

p)-
constituent of πIK

p

f containing ξ.
An intermediate step in constructing a p-adic family is to piece together various finite slope

admissible representations in a natural way.

Definition 6. Let H′p be the ideal of Hp generated by f ⊗ ut ∈ C∞c (G(Ap
f ),Qp)⊗ Up for t ∈ T−−.

If E is a finite extension of Qp, an E-valued virtual finite slope character distribution is a Qp-linear
map J : Hp → E such that there exist finite slope admissible representations σi and integers mi

with the following two properties.

(1) For all t ∈ T−−, s ∈ Q, and Kp, there are only finitely many i with mi 6= 0, vp(θσi(ut)) ≤ h,
and σK

p

i 6= 0.
(2) For any f ∈ H′p, J(f) =

∑∞
i=1miJσi(f).

We drop the word “virtual” if mi ≥ 0 for all i, and sometimes refer to this as effective. In that
case we can form the direct sum of σmii and complete with respect to the supremum norm to form
a p-adic Banach space over Cp. The elements of H′p act completely continuously.

Later we will consider a rigid analytic weight space X, and a certain ring of rigid analytic functions
ΛX,Qp ⊆ OX(X) on X. Then an analytic family of finite slope character distributions is a function
J : H′p → ΛX,Qp that specializes to a finite slope character distribution at every point of X.

We finally come to the topic of the slope of a representation. Suppose that the homomorphism

θ : Up → Q
×
p is of finite slope. Also let F be an extension of Qp over which T splits. Then we
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define the slope µθ to be the element of X∗(T/F )Gal(F/Qp) ⊗Z Q such that

(µθ, µ
∨) = vp(θ(uµ∨(p)))

for all µ∨ ∈ X∗(T/F )+,Gal(F/Qp), where we normalize the valuation vp by vp(p) = 1. HereX∗(T/F )+,Gal(F/Qp)

refers to the dual of the cone generated by the positive roots.
If θ takes integral values on Up, µθ will lie in the subset X∗(T )+,Q ⊆ X∗(T )⊗Z Q consisting of

the Q≥0-linear combinations of the simple roots. We define a renormalized action ∗ of the Weyl
group on an algebraic character λ by w ∗λ = w(λ+ ρ)− ρ. Now suppose λ is a dominant algebraic
weight. Then we say that θ is noncritical with respect to λ if µθ − λ + w ∗ λ /∈ X∗(T )+,Q for all
nontrivial w.

6.4. Slopes on ramified unitary similitude groups. Suppose that G is now one of the unitary
groups of Section 2.1, and we identify G/Qp

with a similitude group as described in Section 4.6.
For illustration purposes, we first check a standard fact about slopes explicitly in this case.

Proposition 6.8. Suppose that µ is any slope lying in X∗(T )+,Q. Then there exists N ∈ Z≥1 such
that if λ is any algebraic weight whose pairing with any positive simple coroot is at least N , then µ
is non-critical with respect to λ.

Proof. By definition, µ is non-critical with respect to λ if µ− λ+ w ∗ λ does not lie in X∗(T )+,Q,
which consists of all weights of the form

∑
j aν,jαν,j where αj = tν,j/tν,j+1 and ai ∈ Q≥0. We first

note that the multiple of the similitude in µ is 0 since it lies in X∗(T )+,Q, and this similitude is
unchanged by −λ + w ∗ λ since the w action does not change the similitude of λ. Thus we may
assume that c = 0, where λ corresponds to c. Similarly, we may translate every cν by an element
of Q so that

∑n
i=1 cν,i = 0 without affecting −λ+w ∗ λ; this does not affect the pairings of λ with

the positive simple coroots. We may now write λ = c =
∑

j aν,jαν,j with every aν,j ≥ N
2 . We

observe that if w is nontrivial, the usual action of w on λ (rather than the normalized one), which
we write w · λ, produces w · kλ = k

∑
j a

w
ν,jαν,j where at least one awν,j = −aν,j ; fix such a j. The

difference between the normalized and usual actions is constant, so for N taken sufficiently large,
the multiple of αν,j in −λ + w ∗ λ becomes arbitrarily negative, so there is some Nw such that
µ− kλ+ w ∗ kλ /∈ X∗(T )+,Q. Now we just take N to be the largest of the Nw. �

We need slightly more precise information about the interaction between slope and weight. We
will calculate two quantities.

(1) The first is the slope of the character ut 7→ λ(υ(t)) for λ the algebraic character attached
to the data c = (c, (cνi)). This is exactly the renormalization term used in order to produce
a finite slope admissible representation from a p-stabilization of an automorphic represen-
tation.

(2) The second is the slope of a character of Up corresponding to an ordered (for each i) list

of Satake parameters (β, (αi,−n, . . . , αi,n)i) in Qp (via ι) obeying the symmetries αi,−n =

α−1
i,n and αi,0 = 1 if n is odd. These Satake parameters correspond to the unramified

character χ of the torus of G, where (αi,−n, . . . , αi,n) are the Satake parameters of the
factor corresponding to the field Fi, and β is the image of $1n under the central character,
where $ ∈ E is a uniformizer with $2 ∈ Qp.

Let F+′ be the normal closure in Qp of the compositum of the F+
i , which by the hypothesis

that p is unramified in F+ is linearly disjoint from E, and let F ′ = EF+′. Given any character
λ ∈ X∗(T/F ′), the naturally defined function λ : X∗(T/F ′)

Gal(F ′/Qp) → Q is equal to the function
λslp defined by

λslp =
1

# Gal(F ′/Qp)

∑
σ∈Gal(F ′/Qp)

σ(λ)
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since the pairing is Galois equivariant. Moreover, the element λslp ∈ X∗(T/F ′) ⊗ Q is Galois
invariant. By definition of υ we have ordp(λ(υ(uµ∨(p)))) = ordp(λ(uµ∨(p))), so since by definition

the slope of λ(υ(t)) is equal to the element of X∗(T/F )Gal(F ′/Qp)⊗Q which calculates ordp(λ(uµ∨(p)))
when paired with µ∨, the slope of λ is λslp.

This makes the first calculation above very direct. Let λ be attached to c. We want to calculate
1

# Gal(F ′/Qp)

∑
σ∈Gal(F ′/Qp) σ(λ). We first average over the action of Gal(F+′/Qp). For each orbit

of the action of GQp on the embeddings ν : F+ → R, this simply averages over the relevant cν
with ν in that orbit. The action of Gal(E/Qp) interchanges cν,i and −cν,n+1−i and sends c to
c+
∑

ν,i cν,i, so the resulting average replaces c with c+ 1
2

∑
ν,i cν,i and the data (cν) is proportional

to
∑

ν orbit(cν,i− cν,n+1−i). Observe that the result of the averaging is not necessarily a weight (for
integrality reasons), but still satisfies the inequalities defining strict dominance.

The second calculation requires passing through a series of definitions. First, we write ui,1, . . . , ui,m
for the matrices such that on the Fi factor ui,j is the uj defined in Section 4.4 and 4.5, but at every
other Fi factor, ui,j is the identity. We pick χ within its conjugacy class so that χ(ui,j) = αi,−j .
Now suppose that ξ is a p-stabilization corresponding to the orderings (αi,−n, . . . , αi,n), meaning
that it is an eigenvector of Θ acting on the space Ξ(χ, 1) for the χ just defined, using the notation

of Section 5.1. Then Θ acts on ξ with eigenvalue (χ ·δ−
1
2

B′ )Θ, where B′ is the Borel on the associated
split group as in the proof of Theorem 5.1, which means in particular that for any t ∈ T−, the

action of [ItI] is given by (χ · δ−
1
2

B′ )(t). Recall that Up is the algebra generated by [ItI] for t ∈ T−,
so this completely determines the character of Up.

According to Urban’s definition, the slope is determined by the pairing of this character with ele-
ments µ∨(p) ∈ T−−, where µ∨ is a cocharacter. One such element is, in the odd case, diag(p2m, p2m−2, . . . , p2, 1, p−2, . . . , p−2m)
in the factor corresponding to every Fi, or diag(p2m, . . . , p2, p−2, . . . , p−2m) everywhere in the even
case. Let µ∨init denote the cocharacter such that µ∨init(p) is equal to this element. If µξ is the slope

of the character (χ · δ−
1
2

B′ )(t), we have

(22) (µξ, µ
∨
init) = ordp((χδ

1
2
B′)(µ

∨
init(p))).

Now let µ∨i,j be such that

µ∨i,j(p) = diag(1, . . . , 1, p︸︷︷︸
−j

, 1, . . . , 1, p−1︸︷︷︸
j

, 1, . . . , 1),

in the Fi factor and is the identity on every other factor. Then up to a diagonal matrix with unit
entries, this is the same matrix as udi,j (in the notation of Definition 3), where 1

d = ordp($). (We

happen to have d = 2 in fact.) Then µ∨init + µ∨i,j ∈ X∗(T/F )+,Gal(F/Qp) even though µ∨i,j is not, so

(µξ, µ
∨
init + µ∨i,j) = ordp((χδ

1
2
B′)((µ

∨
init + µ∨i,j)(p))).

Subtracting (22) from this equation, we find (µξ, µ
∨
i,j) = ordp((χδ

1
2
B′)(µ

∨
i,j(p))). Moreover, since χ

and δ
1
2
B′ are unramified, we have

(µξ, µ
∨
i,j) = ordp((χδ

1
2
B′)(µ

∨
i,j(p))) = ordp((χδ

1
2
B′)(u

d
i,j))

=

{
d ordp(αi,−jq

m+j−1
2 ) n even

d ordp(αi,−jq
m+j
2 ) n odd.

It follows that ordp(αi,−j) and thus ordp(αi,j) is determined entirely by its slope µξ. One can also
relate β to µξ by using a central cocharacter; the calculation is identical so we omit it.
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Proposition 6.9. There exists an M ∈ Z≥0 so that if the absolute value of the pairing of µξ with
every positive coroot is at least N , the condition of Theorem 2.5 that αi,j 6= qiαi,j′ and αi,j 6= αi,j′
for j 6= j′ must hold. (Here qi is the size of the residue field of Fi.)

Proof. We observe that ordp(αi,jq
−1
i α−1

i,j′) and ordp(αi,jα
−1
i,j′) are related in a precise way to (µξ, µ

∨
i,j−

µ∨i,j′), if neither j nor j′ is 0, so a sufficiently large lower bound on |(µξ, µ∨i,j − µ∨i,j′)| makes this

relationship impossible. For the case where n is odd and j or j′ is 0, we just use |(µξ, µ∨i,j)|
instead. �

It is easy to see that the hypothesis of Proposition 6.9 is satisfied for µξ + kλ as in Proposition
6.8 for some lower bound on k in terms of M .

6.5. Behavior of finite slope automorphic representations with very regular weight. We
have explained how to attach a finite slope admissible representation σ to a p-stabilized classical
automorphic representation π. There should be a sense in which σ can be thought of as automorphic.
In particular, there should be a class of finite slope automorphic representations, generalizing the
notion of classical overconvergent modular forms. We refer to Urban [55, §4.3.4] for the definition
of this class of representations, but mention only that by definition, they appear as subquotients of
the representation of Hp on the cohomology of certain distribution spaces Dλ that generalize the
construction of Stevens in the modular symbol case. Here λ is an analytic weight, which is the
product of an algebraic weight λalg and a finite order character at p; see [55, §3.2.4] for more details.
We will only need to consider weights where this character is trivial, though there are points of the
eigenvariety under consideration that have a nontrivial character. The p-stabilization of classical
regular cuspidal automorphic representations of non-critical slope, renormalized as described in
Section 6.3, give examples of finite slope automorphic representations. In this section we consider
the converse direction. We will utilize the observations made in Propositions 6.8 and 6.9 to study
the existence and behavior of such forms when they appear in a family.

Suppose that π is a cohomological automorphic representation on one of the unitary groups G
of Section 2.1 and has Iwahori level at a prime p that ramifies in E. Also let G0, H, and H0 be
defined as in Section 2.1. Let λ be the algebraic character of π∞. Write π0 for a constituent of
the restriction of π to G0; note that the underlying space π0,p = πp by the results of Section 4.6.
We also write τ0 for the H0-part of the base change of π; then τ0 is a weak base change of π0.

Let θ : RS,p → Q
×
p and the finite slope representation σ be associated to a p-stabilization ξ of π

as in Section 6.3. (We do not assume that ξ is the p-stabilization constructed in Theorem 5.1.)
Write µθ for the slope of θ as defined above. We have a ordered list of Satake parameters of π0,
(α−m, . . . , αm), associated to ξ. Then µθ = µξ + λslp, where µξ is the slope of θ before the twist by
λ(υ(·)).

Now assume σ′ is another finite slope admissible representation of the unitary group G, with
associated RS,p character θ′ and of analytic weight λ′. If θ′ is p-adically close to θ, then in fact we
have µθ = µθ′ . This holds for all points sufficiently close to θ in a p-adic family of RS,p-characters
(or of finite slope representations). A natural way to produce from λalg a large class of very regular
weights is to fix a regular dominant weight λreg and consider (p − 1)kλreg + λalg for the elements
k ∈ Z>0 ⊆ Zp that lie in a small neighborhood of the origin in Zp. The benefit of this construction
is that in “weight space”, which we define later, these points all lie on a line. Then one can look at
forms above these chosen points.

One consequence of non-criticality (see Theorem 8.1) is that an automorphic finite slope repre-
sentation of non-critical slope that has nontrivial overconvergent Euler-Poincaré characteristic (in
a suitable sense – see Section 8.1) is classical of the same (usual automorphic) multiplicity. Using
that result, the preceding discussion shows that in a suitable family of finite slope forms mapping
to a suffiently large weight space, classical points should be dense in a very strong sense.
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We are interested not only in knowing whether σ′ as above is classical, but, assuming that it
is classical and that λ′alg is sufficiently regular, that it satisfies local-global compatibility for the
transfer to a general linear group.

Proposition 6.10. Let G be a unitary group as in Section 2.1. Fix p where Gp is ramified and
quasi-split and an element µ ∈ X∗(Tp)Q,+. Then for all sufficiently regular weights λ (where the
bounds depend only on µ and the dimension of the Hermitian space, and the meaning of suffi-
ciently regular is in terms of its pairing with the positive simple roots as in Proposition 6.9), any
automorphic finite slope representation σ of Iwahori level at p, weight λ, slope µ, and nontrivial
overconvergent Euler-Poincaré characteristic on the unitary group G is attached to a p-stabilization
ξ of a classical representation π. Moreover, the base change τ of π to H satisfies local-global com-
patibility at p and the functorial restriction of π to G0 is tempered.

Proof. The existence of π for sufficiently regular λ follows from Proposition 6.8 and Theorem 8.1.
Let π0 be an irreducible component of the restriction of π to G0 and let τ0 be the weak base
change given by the GLn component of the representation provided in Theorem 2.1. After possibly
increasing the regularity bound, Proposition 6.9 shows that the hypotheses of Theorem 2.5 hold,
which then implies that the αi,j are in fact unitary and local-global compatibility at p holds between
π0 and τ0. Since Theorem 2.1 also matches up the central characters, by the results of Section 4.6
we get full compatibility at p.

�

We now need to understand the p-adic Galois representation associated to the sufficiently regular
finite slope representation σ examined in Proposition 6.10. More precisely, since these σ will be the
“nice” elements of our p-adic family, we would like to know of the existence of a suitable crystalline
period in the associated Galois representation, and that this crystalline period allows us to check
the first condition of Theorem 6.4.

In the following, uv,m and $1n are as defined in Definition 3.

Proposition 6.11. Let σ satisfy the hypotheses of Proposition 6.10, let π be the associated auto-
morphic representation of G, and let ρπ : GF → GL(V ) be the Galois representation associated to π
by Theorem 2.2, where V is an L-vector space of dimension n for a finite extension L of Qp. Also
let v|p be a place of F+ over p, let w|v be the place of F over v, fix an embedding ν : Fw → L, and
let α be the eigenvalue of the Hecke operator [Iuv,mI] on the p-stabilization ξ of π corresponding
to σ. (Here we mean the eigenvalue of this operator before the twist by λ(υ(·)).) Also let β be the

image of $1n under the central character. Then Dcris,ν(V )ϕ
f=αβ 6= 0, where f is the degree of the

residue field extension of Fw/Qp.
Now assume that we have a set {Vj}j∈Z≥1

of Galois representations attached to σj as in the

preceding paragraph, with corresponding eigenvalues αj and βj. However, assume the slope of every
σj is µ. Assume that the weights λj have the following properties.

• The Hodge-Tate weights of Vj with respect to ν are of the form 0 < kν,2,j < · · · < kν,n,j.
• The quantity λj(υ($uv,m)) is independent of j.
• The weights λj are increasing with j with respect to the usual partial order and the λj become

arbitrarily regular in the sense that for any N there is some j so that the pairing of λj with
any positive simple coroot is at least N .

Then for j sufficiently large, Vj satisfies condition 1 of Theorem 6.4 with Y = αβ.

Proof. Showing Dcris,ν(V )ϕ
f=αβ 6= 0 is just a matter of tracing through the definitions to determine

what the crystalline eigenvalues of V should be. If α is the eigenvalue of [Iuv,mI] on ξ, then by

the results of Section 5.1, α is related to a Satake parameter α′ of πv by α = q
m−1

2 α′. Then α′ is
a Satake parameter of τv by local-global compatibility. Now one refers to Theorem 2.2 to examine
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the Weil-Deligne representation associated to ρπ = ρτ , which is independent of the choice of ν. It
follows from this and the discussion of Section 6.1 that ρπ has crystalline Frobenius eigenvalues

q
m−1

2 α′′β, where α′′ ranges over the Satake parameters of τ , including α′.
To see that Vj satisfies condition 1 of Theorem 6.4 for sufficiently large j, we apply Lemma 6.7,

whose hypotheses are satisfied for a sufficiently regular weight λalg (which is directly related to the
Hodge-Tate weights as explained in the statement of Theorem 2.2). We can calculate the p-adic
valuation of αjβj by dividing the eigenvalue of I$uv,mI by the renormalization factor λj(υ($uv,m)).
Since this normalization factor is assumed constant and the slope is constant, so is ordp(αjβj). Then
sufficient regularity is enough to ensure the bound kν,2,j > max(k, [Fw : Qp] ordp(αjβj)) holds for
sufficiently large j.

�

The last part of Proposition 6.11 is only useful if it is possible for ordp λ(uv,m$) to be constant
while λ becomes very regular. We will see that this is the case for the family considered in Section
7.3.

6.6. Properties of a suitable family. The results of Section 6.5 tell us that for a Zariski-dense set
of points in a suitable p-adic family, there is an associated p-stabilized automorphic representation
whose Galois representation has a crystalline period whose eigenvalue is related to the action of
[I$uv,mI]. We will construct a family of suitable Galois representations in Section 7.3. In this
section, we describe the properties we will need of this family and prove the compatibility as a
consequence.

Theorem 6.12. Suppose that X is a reduced affinoid rigid analytic space over a finite extension
L/Qp, M is a free coherent sheaf over X equipped with a continuous action of GF , and U is a
function in OX(X). We assume that X is U -small. Suppose that E contains the normal closure
of L and fix an embedding ν of L into E. Suppose, moreover, that there is a Zariski-dense set
Σ of points of X such that the reduction Mx = Mx ⊗OX,x

κ(x) to the residue field at x is a

Galois representation ρx that is crystalline at the place v|p with Dν,cris(ρx|GFv )ϕ
f=U(x) 6= 0 and

that meets Condition 1 of Theorem 6.4 with respect to U(x). We assume that there are functions
κ1,ν , . . . , κk,ν ∈ OX(X) with κ1,ν = 0 so that at each x ∈ Σ, the Hodge-Tate weights with respect to
ν are given by κ1,ν(x) < κ2,ν(x) < · · · < κk,ν(x). Moreover, assume that Σ contains points that are
arbitrarily regular in the sense that each κi,ν(x)−κi−1,ν(x) is unbounded on Σ. Then for any point

y ∈ X, Dν,crys(M
ss
y )ϕ=U(y) 6= 0.

Proof. We apply Theorem 6.4 to show that Dcrys(My)
ϕ=U(y) 6= 0 as follows. The third condition

is just Zariski-density since X is reduced, the first condition follows by Lemma 6.7 for sufficiently
regular points, and the second follows from our requirement that the differences between weights
are unbounded. Observe that if a GK-representation V is an extension of V1 by V2, then the left
exactness of Dν,crys(·)ϕ=U(y) implies that if Dν,crys(V )ϕ=U(y) 6= 0, either Dν,crys(V1)ϕ=U(y) 6= 0 or

Dν,crys(V2)ϕ=U(y) 6= 0. By picking a Jordan-Holder series for My, we deduce the result for M
ss
y as

needed.
�

Corollary 6.13. Suppose that π is a regular cuspidal automorphic representation on the unitary
group G of Section 2.1 and p is ramified in E. Let w be the weight of π. Assume that Fv is
unramified for each v|p. Also assume that Gp is quasi-split, the central character is unramified at
p, and that the restriction π0,p to the product of unitary groups is K-spherical for the special maximal
compact subgroup chosen in Sections 4.4 and 4.5. Fix v|p in F and suppose that U ′ = [Iuv,mI]

acts on πp by multiplication by an element α of complex absolute value greater than q
n−1
2 . Then it
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is impossible for the p-adic Galois representation ρπ to be placed in a p-adic family satisfying the
hypotheses of Theorem 6.12 with respect to the product U of U ′ with the Hecke operator $1nI.

Proof. This follows from Theorem 6.12 and Proposition 6.2, since the weight of the Weil-Deligne
representation attached to ρπ|GFv for v|p is −w + n− 1 and β has complex absolute value q−

w
2 .

�

7. Families of automorphic forms and Galois representations

In light of Corollary 6.13, in order to prove local-global compatibility at p it suffices to put a
representation π that fails the hypothesis of Theorem 2.5 into a suitable p-adic family in the sense
of Theorem 6.12. In order to construct such a family, we utilize work of Urban [55] that constructs
eigenvarieties for reductive groups satisfying the Harish-Chandra condition. Under a condition, we
produce a family passing through the p-stabilization ξ of π constructed in Theorem 5.1. Using the
existence of Galois representations attached to classical forms, we construct a pseudorepresentation
over this family. Results of Wiles [57] and Taylor [52] then allow us to construct an actual family
of Galois representations passing through ρπ.

We begin by setting up the general situation. Let G be a reductive group over Q satisfying the
Harish-Chandra condition and fix a prime p. Let Kp =

∏
v 6=p,∞Kv be a compact open subgroup

of G(Ap
Q,f ). We write B, T, and N for the Zp-groups as described in Section 6.3, write I ⊆ G(Qp)

for the Iwahori subgroup, and write Hp(K
p) for the Hecke algebra defined there. Also write RS,p

for the tame part of the Hecke algebra, also as defined in Section 6.3.

Definition 7. A p-adic weight is a continuous group homomorphism λ : T (Zp) → Q
×
p . If λalg is

an algebraic weight, then the associated p-adic weight is simply the composite T (Zp)→ T (F )
λalg→

F× ⊆ Q
×
p . An arithmetic weight is the product of an algebraic dominant weight with a finite order

character.
We define the analytic weight space at p as follows. We write Zp(K

p) for the p-adic closure of

Z(Q)∩KpT (Zp). Then the weight space W is the space over Qp with W(Qp) = Homcts(T (Zp)/Zp(Kp),Q
×
p ).

In general its dimension depends on the defect to the truth of the Leopoldt conjecture. (See [55,

§3.4, §4.3.2] for more details on this construction.) Every continuous map T (Zp)/Zp(Kp) → Q
×
p

is locally analytic for some radius; in our application we will only need to consider maps that are
locally analytic with radius 1 and correspond to points of W(Qp).

In our case, Z(Q) = E×, and only the finite group of units in E× can possibly lie in KpT (Zp).
By shrinking Kp slightly, we can even render Zp(K

p) trivial. In any case, the Leopoldt conjecture
subtleties do not arise for our unitary groups. However, they will arise for Levi subgroups of our
unitary groups in Section 8.

7.1. Urban’s eigenvarieties. Suppose that π is a cuspidal automorphic representation of G such
that π∞ is a regular discrete series representation. Then π has an associated arithmetic weight λ
in X(L) for some finite extension L/Qp. Fix a p-stabilization of π, and write σ for the associated
renormalized finite slope representation. Also write θ for the associated character of RS,p.

In the following result, we use the notation mcl(σ′,w(z)) for an automorphic multiplicity. We
will explain this notation in Section 8.1. We will not need the definition for the application here;
see Remark 8.

Theorem 7.1 ([55, Theorem 5.4.4]). Suppose that the finite slope admissible representation σ on
G is associated to a cuspidal automorphic representation π of strictly dominant arithmetic weight
λ. If σ is not critical with respect to λ, then we have the following result.

There exists
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• an affinoid neighborhood U ⊆W of the point λ in weight space,
• a finite cover w : F→ U of U,
• a homomorphism θF : RS,p → OF(F),
• a character distribution IF : Hp(K

p)→ O(F),

• a point y ∈ F(Qp) over λ,

• a Zariski dense subset Σ ⊆ F(Qp) such that w(z) is an arithmetic weight for all z ∈ Σ, and
• for each z ∈ Σ, a finite set Σz of irreducible finite slope cohomological cuspidal representa-

tions of weight w(z)

satisfying the following properties.

• The specialization of θF to y is θ, and the character distribution Iσ of σ is an irreducible
component of the specialization of IF to y.
• For any point z ∈ Σ, the specialization θz is a character occuring in the representation of
RS,p on σ′IK

p
for all σ′ ∈ Σz.

• For each z ∈ Σ, the specialization Iz satisfies

Iz(f) =
∑
σ′∈Σz

mcl(σ′,w(z)) Tr(σ′(f)).

• The set Σz is a singleton for a Zariski dense subset of the z.

Remark 8. We make some clarifying comments about this theorem.

(1) There is a global construction of an eigenvariety E over the entirety of weight space, rather
than just over a local piece like the U of Theorem 7.1. However, a point x ∈ E parametrizes
the data of a weight w(x) ∈ W and character θx of RS,p, whereas a point of F recovers
a character distribution on Hp(K

p). There is a natural finite map from F to E, and each
point y′ of the fiber over a point x ∈ E corresponds to a linear combination of characters
of finite slope representations σy′ whose associated character θy′ of RS,p is equal to θx. In
fact, one must pass to a finite extension in order to split up the representation Hp(K

p) into
isotypical components; one of these components contains the initial representation σ one is
interested in producing a family around, and the finite covering F→ E used in the theorem
corresponds to this isotypical component.

(2) As a consequence of the Čebotarev density theorem, the Galois representation is the same
for any two classical finite slope representations with the same associated character of RS,p,
so we can use the point of E in attaching a family of Galois representations and pull back
to F if desired. For this reason, the inclusion of the multiplicity mcl(σ′,w(z)) will not affect
our study of the Galois representation as long as we limit ourselves to considering the action
of Hecke operators in RS,p.

7.2. Pseudorepresentations and p-adic families of Galois representations. Pseudorepre-
sentations were introduced by Wiles [57] in the case of dimension 2 and generalized by Taylor [52,
§1] to any dimension.

Definition 8 ([52, §1.1]). Let G be a group and R be a commutative ring. Then a pseudorepre-
sentation t : G→ R of dimension d is a map of sets additionally satisfying

(1) t(1) = d,
(2) t(g1g2) = t(g2g1) for g1, g2 ∈ G, and
(3)

∑
σ∈Sd+1

sign(σ)Tσ(g1, . . . , gd+1) = 0 for all g1, . . . , gd+1 ∈ G, where Tσ : Gd+1 → R is

defined by

(g1, . . . , gd+1) 7→ T (gi11 . . . gi1k1
) . . . T (gin1 . . . ginkn

)

where σ = (i11 . . . i
1
k1

) . . . (in1 . . . i
n
kn

) is the cycle decomposition.
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The kernel of t is the set of h ∈ G such that T (gh) = T (g) for all g ∈ G.
By linearity we can instead regard t : G→ R as a map R[G]→ R, which we will denote by the

same letter. If R′ is an R-algebra, we write t⊗R R′ for the induced map R′[G]→ R′.

Taylor proves the following theorem relating pseudorepresentations and representations.

Theorem 7.2 ([52, Theorem 1]). We have the following two facts.

(1) The trace Tr ρ of a representation ρ : G→ GLd(R) is a pseudorepresentation of dimension
d. If R is a field of characteristic 0, the kernel of Tr ρ is the kernel of the semisimplification
of ρ.

(2) If t : G→ R is a pseudorepresentation of dimension d and R is an algebraically closed field
of characteristic 0, then there is a true semisimple representation ρ : G→ GLd(R), unique
up to conjugation, with Tr ρ = t.

Moreover, if we give topologies to G and R and add a continuity hypothesis to t, then ρ is continuous
as well.

In the context of a pseudorepresentation valued in the functions on a rigid space, it is possible
to give a slightly more precise version of this result.

Proposition 7.3 ([3, Lemma 7.8.11]). Let X be a reduced rigid analytic space over a finite extension
of Qp and let t : G→ OX(X) be a continuous m-dimensional pseudorepresentation of a topological
group G. Let U ⊆ X be an open affinoid subdomain of X. Then there is a normal affinoid Y,
a finite surjective map π : Y → U that sends each irreducible component of Y surjectively onto
an irreducible component of U, and a coherent torsion free OY(Y)-module M of generic rank m
equipped with a continuous representation ρ : G→ AutOY(Y)(M) of generic trace t.

Generically, ρ is semi-simple and equal to the direct sum of absolutely irreducible representations.
For y in the complement of a closed analytic subvariety, My is free of rank m over OY,y and the

representation My ⊗OY,y
κ(y), is semisimple and isomorphic to the representation associated to

t⊗OY(Y) κ(y).

7.3. Proof of Theorem 2.3 in the non-critical case. Suppose that there is some place v|p of
F+ so that there are Satake parameters αv,i = qvαv,j ; otherwise Theorem 2.5 gives compatibility.
Let ξ be the p-stabilization constructed in Theorem 5.1 for the unitary group over F+

v and chosen
arbitrarily at places other than v. Write [Iuv,m$I] for Hecke operator associated to the element
(ω1n) · uv,m as defined in Definition 3. Assuming that the finite slope representation σ attached to
ξ meets the non-criticality hypothesis of Theorem 7.1, we construct an associated p-adic family of
Galois representations and prove the non-critical case of Theorem 2.3.

We now apply Theorem 7.1; retain the notation used there. We will carefully pick a strictly
dominant integral weight λdom on G. Recall that λdom is attached to a datum c = (c, cν)ν:F+→R.
Write n = 2m+ 1 or 2m if n is odd or even, respectively. We use the datum given by c = −2m and

cν =

{
(2m, 2m− 2, . . . , 2, 0,−2, . . . ,−2m) n odd

(2m, 2m− 2, . . . , 2,−2, . . . ,−2m) n even

for all ν. We observe that this datum satisfies

(23) 2c+

∑
i,ν

cν,i

+ 2cν,1 − 2cν,n = 0,−c− cν,1 = 0, and c+

∑
ν,i

cν,i

− cν,n = 0,

and is strictly dominant. The first relation in (23), combined with our choice of the section υ
(see (21)) and the factor of 2 multiplying all the ci, will translate into analyticity for the classical
action of the Hecke operator [Iuv,m$I] on a Zariski dense subset of classical points in the family we
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consider. More precisely, we will use the relation λdom(uv,m$) = 1. The second and third relations
translate into fixing the smallest Hodge-Tate weight under each embedding of F into C.

Then the space of points of W that may be written in the form λ+ αλdom for some α ∈ Qp is a
line that intersects U nontrivially; let this intersection be denoted by Z. Since F→ U is a surjective
cover by an equidimensional variety of dimension dimU and Z is cut out by dimF − 1 functions,
every irreducible component of the fiber product F×U Z has dimension at least 1. Moreover, since
the base change of a finite morphism is finite and F surjects onto U, each irreducible component
has dimension exactly 1. Write F′ for the irreducible component containing the point y.

Let C be a positive integer large enough that λ+ αp(p− 1)λdom meets the conditions of Propo-
sitions 6.10 and 6.11 for α ∈ Z>C . Then for all α ∈ Z>C such that λ + αp(p − 1)λdom ∈ U, every
preimage in F′ of λ + αp(p − 1)λdom is a classical point whose associated Galois representation is
crystalline. These points are Zariski-dense in Z, so since F′ is an irreducible finite cover, the preim-
age of this set is also Zariski-dense in F′. The trace of the action by a Frobenius element at a place
of F over a split place of E is given by a fixed Hecke operator, which corresponds to a rigid analytic
function on the family. Since these are dense in the Galois group the trace of any element is given
by a rigid analytic function. It follows that we obtain a pseudorepresentation t : GF → OF′(F

′) of
dimension m.

Note that F′ is already affinoid since it is a finite cover of an affinoid. We now apply Proposition
7.3 to F′, which gives a normal finite cover F′′ of F′ and a torsion-free module M over F′′ of generic
rank m with an action ρ : GF → AutOF′ (F

′)(M). However, the affinoid algebra of each irreducible

component of F′′ is a Dedekind domain, so M is locally free of rank m. Fix a preimage y′ of y
in F′′ and an irreducible affinoid neighborhood G of y′ such that M is free and every point z ∈ G
over a weight λ+αp(p− 1)λdom with α ∈ Z>C has Mz ⊗OG,z

κ(z) isomorphic to the representation

attached to t⊗OG(G) κ(z), where we have used M again for the restriction to G and t again for the
pseudo-representation valued in OG given by pullback along the projections. We write Σ (ignoring
the one used in Theorem 7.1) for the preimages of the λ+ αp(p− 1)λdom with α ∈ Z>C .

Remark 9. We note that y /∈ Σ, and so we only have an isomorphism of (My ⊗ κ(y))ss with the
Galois representation attached to our original π.

The Hodge-Tate weights of the Galois representations with respect to each embedding of F in
C at points of Σ are specializations of rigid analytic functions κi,ν given by the recipe of Theorem
2.2 applied to λ + αp(p − 1)λdom. It follows from Zariski-density of these points that the Sen
polynomial of M is given by

∏
i(X + κi,ν). We twist the entire family by C(κ1,ν(y′)) so that

0 = κ1,ν < κ2,ν < · · · < κn,ν for every point in Σ. (The constancy of the function κ1,ν follows from
(23)).) This twisting has the effect of changing the crystalline eigenvalues, but after applying the
crystalline interpolation result, we can untwist, so there is no net effect.

The Hecke operator [Iuv,m$I] has image in OG(G) via pullback from F. Moreover, due to (23),
the renormalization of the action of the action of the classical Hecke operator [Iuv,m$I], which at
z ∈ Σ of weight λz is by multiplication by λz(υ(uv,m$)), is the same at every classical point of
our family. Thus the action of the true, unnormalized Hecke operator [Iuv,m$I] on the classical
automorphic representations associated to a point of Σ is also given by a rigid analytic function,
related to the image of [Iuv,m$I] in OG(G) by division by the number λ(υ(uv,m$)). We write U
for this function. Finally, we shrink G again to a smaller affinoid neighborhood of y′ so that it
is small (in the sense of Section 6.2) with respect to the action of U . The resulting family meets
all the conditions of Theorem 6.12, as needed. As explained in Corollary 6.13, since the family
both meets the conditions of Theorem 6.12 and U acts (due to our choice of p-stabiliation) by an
eigenvalue whose complex absolute value violates purity, our original assumption that αi = qvαj for
some pair of Satake parameters of πp must be incorrect, and by Theorem 2.5 and the compatibility
of central characters, we conclude local-global compatibility for π at p.
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8. Classical and overconvergent automorphic multiplicities

So far in this paper we have used the work of Urban [55] as a black box. However, in order to
improve our main theorem so that we no longer require the nebulous hypothesis that a certain p-
stabilization of π is non-critical, we will need to be more precise about what Urban proves. The key
new ingredient is that Urban’s eigenvarieties contain a number of non-classical points over which
the Galois representation is still classical. The reason for this is that the data of σ at p is a merger
of algebraic information from π∞ and p-adic information from πp. There are natural operators
(coming from the theory of the BGG resolution) that change the algebraic aspect of σ, rendering it
non-classical, but which do not modify places away from p. It follows from the construction of the
Galois representation that the pseudorepresentation is unaffected by these operators. We have been
careful to write Theorem 6.12 so it applies equally as well to the images of σ under such operators
once we understand how to place these images into a family. The net effect will be a weakening of
hypotheses in our Theorem 2.3.

8.1. Automorphic cohomology. It would take us too far afield to present all of the relevant
definitions involved in the overconvergent automorphic cohomology constructed by Urban [55, §3,
§4]. Instead, we present the facts that will be necessary for our application. Nothing in this section
is original; it is all taken from Urban’s paper.

Definition 9 ([55, Proposition 4.3.5]). There exists a distribution Dλ(E) for each analytic weight
λ, where the coefficient field E is a finite extension of Qp. Then one can examine its cohomology

in degree q, which Urban writes Hq
fs(S̃G,Dλ(E)). (Here S̃G is a limit of symmetric spaces of

G over varying tame levels and Dλ(E) is a distribution space.) This cohomology has a natural
representation of Hp whose trace decomposes as

Tr(f : Hq
fs(S̃G,Dλ(E))) =

∑
σ

mq(σ, λ)Jσ(f)

for some finite slope admissible representations σ and multiplicities mq(σ, λ), which are defined by
this property. We define σ to be automorphic of weight λ if mq(σ, λ) 6= 0 for some q. We define

the virtual finite slope character distribution I†G(f, λ) to be the alternating sum

I†G(f, λ) =
∑
q

(−1)q Tr(f : Hq
fs(S̃G,Dλ(E))) =

∑
σ

∑
q

(−1)qmq(σ, λ)Jσ(f).

Then one defines the overconvergent Euler-Poincaré multiplicity by

m†G(σ, λ) =
∑
q

(−1)qmq(σ, λ).

We have similar definitions for classical multiplicities. Namely, if λ is now arithmetic, one sets

Icl
G(f, λ) =

∑
q

(−1)q Tr(f : Hq
fs(S̃G,V

∨
λ (E))) =

∑
σ

mcl(σ, λ)Jσ(f),

where V∨λ (E) is now a space of locally algebraic functions transforming by λ and mcl(σ, λ) is again
an Euler-Poincaré multiplicity. This quantity is related in a precise way to the usual Euler-Poincare
multiplicity

mEP(πf , λ) =
∑
q

(−1)q dimC HomGf (πf , H
q(S̃G,V

∨
λ (C)))

of π, which is nonzero since λ is regular. If σ is a p-stabilized representation attached to πf , we
have

mcl(σ, λ) = mEP(πf , λ)× dim HomHp(σ, (πf |Hp)ss).

In particular, this quantity is also nonzero.
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We next describe some of the ideas behind Urban’s classicality result. The main idea is to
compare overconvergent multiplicities with classical ones. For each simple root α of the (absolute)
root system of G, there is an operator Θ∗α : Dsα∗λ(L) → Dλ(L), which induces a morphism on
cohomology. Now let λ be an arithmetic weight. Urban calculates an exact sequence built from
the sum of Θ∗α (which is part of a locally analytic version of the BGG resolution)⊕

α

Dsα∗λ(L)→ Dλ(L)→ V ∨λ (L)→ 0,

where V ∨λ (L) is a space of locally analytic functions that for the purposes of finite slope cohomology,
calculate the same cohomology as the algebraic representation of weight λ.

One now observes that if σ is non-critical, the operators Θ∗α take σ to something of slope not in
X∗(T )Q,+, which one shows cannot appear in cohomology. One can deduce a classicality result from
this observation. However, we would like to have a more precise formula involving the automorphic
multiplicities. Urban achieves this using the whole BGG resolution.

Definition 10. We write l(w) for the length of an element of the Weyl group and define a modified
operation of the Weyl group on an arithmetic weight λ as follows. We set w ∗ λ to have the same
finite order character as λ, and algebraic part w(λalg + ρ)− ρ, where ρ is the half-sum of positive
roots.

We recall from (21) the multiplicative section υ : T (Qp)/T (Zp) → T (Qp). For an arithmetic

weight λ, Urban defines a twisting operation on the Hecke algebra Hp by f 7→ fw,λ, where f = fp⊗ut
maps to fw,λ = (w∗λalg−λalg)(υ(t))fp⊗ut. This gives a twisting operation σ 7→ σw,λ on finite slope
admissible representations σ. The slope of this representation is given by µσw,λ = µσ−λalg+w∗λalg.
Notice that if σ came from a classical form π of weight λalg, this is the slope it would have if we
pretended that its weight is w ∗ λalg. Also notice that σ is unchanged by this twisting at all places
away from p. This twisting operation is exactly defined to align with the Θ∗α actions on cohomology.

Using this notion and a spectral sequence arising from the BGG resolution, Urban derives the
following consequence.

Theorem 8.1 ([55, Corollary 4.3.12]). Suppose that σ is an automorphic finite slope representation
of arithmetic weight λ. Then

(24) mcl
G(σ, λ) =

∑
w∈W

(−1)l(w)m†G(σw,λ, w ∗ λ).

If σ is non-critical with respect to λ, then all but one of the terms on the right vanish and

mcl
G(σ, λ) = m†G(σ, λ).

Suppose that π is an automorphic representation and σ is a finite slope representation given by a
choice of p-stabilization. If σw,λ appears in a p-adic family with a dense set of classical points, the
pseudorepresentation construction would eventually associate to it a Galois representation whose
semi-simplification would have to be ρπ since its trace is the same. As a reality check, we show that
in our unitary group setting, this is consistent with the action w ∗ λ on the weight space, which in
turn gives the Hodge-Tate weights of ρπ.

Proposition 8.2. The recipe of Theorem 2.2 for producing the Hodge-Tate weights attached to λ
gives the same weights for λ and w ∗ λ.

Proof. If λ corresponds to c as in Section 2.2, the Hodge-Tate weights are given by {c+ j − 1− cν,j}
and {c′ + j − 1 + cν,n+1−j} for c′ = c+

∑
ν

∑
j cν,j . The weight ρ = d is attached to the (possibly

only half-integral) data d = 0 and dν,j = m+1−2j
2 for all ν. It suffices to check the result for w a

transposition (j, j + 1), and we can assume c = 0. Moreover, by symmetry we need only examine
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{c+ j − 1− cν,j}. Then wλ contributes j−1−cν,j+1 and j−cν,j in place of j−1−cν,j and j−cν,j+1

to the calculation of Hodge-Tate weights. Also, wρ contributes j− 1− m+1−2(j+1)
2 = 2j− m+1

2 and

j − m+1−2j
2 = 2j − m+1

2 in place of j − 1 − m+1−2j
2 = 2j − m+3

2 and j − m+1−2(j+1)
2 = 2j − m−1

2 .
Thus the contribution of w(ρ) − ρ to the Hodge-Tate weight indexed by j in {c+ j − 1− cν,j} is
addition by 1 and the contribution to the weight indexed by j + 1 is subtraction by 1. So the
resulting Hodge-Tate weights attached to w(λalg + ρ) − ρ are j − 1 − cν,j+1 + 1 and j − cν,j − 1,
which are the position j + 1 and j Hodge-Tate weights attached to λalg as needed. �

Our strategy for constructing families through finite slope automorphic representations of critical
slope is to place these non-arithmetic weight forms into families. There is one additional obstruction

beyond understanding the various m†G(σw,λ, w ∗ λ), however. Namely, the eigenvariety can only be

attached to a family of effective finite slope character distributions, while I†(f, λ) is only virtual.
To rectify this, we need to consider only the cuspidal part of these character distributions. To do
this, we need to make another definition.

Definition 11 ([55, §4.1.8]). Let G be a reductive group over Q that is quasi-split at p. Fix a
minimal parabolic P0 of G, a Borel subgroup B of G/Qp

with B0 ⊆ P (Qp), and a maximal torus
T ⊆ B. Suppose that P is a standard (i.e. containing P0) parabolic of the unitary group G, where
P is defined over Q, so that P (Qp) also contains B. Then we can write P = MN where M(Qp)
contains T . We refer to such an M as a standard Levi subgroup of G, and let LG be the set of
them. Since M is reductive, there are Hecke algebras Hp(M) and Up(M). For such an M , let WM

be the set of elements of the Weyl group W of G such that w−1(α) > 0 for every α that is a positive
root with respect to the Borel B ∩M and torus T .

For each M ∈ LG and w ∈ WM we define a map Hp(G) → Hp(M), which will be denoted
f 7→ f reg

M,w. Before giving this definition, we give a classical variant. Namely, for f ∈ C∞c (G(Af ))

and M ∈ LG, we write fM ∈ C∞c (M(Af )) for the operator defined by

fM (m) =

∫
Kmax×N(Af )

f(k−1mnk)dndk,

where Kmax ⊆ C∞c (G(Af )) is a fixed maximal open compact subgroup taken to have measure 1.

Then we have Tr(f : Ind
G(Af )

P (Af ) σ) = Tr(fM : σ) for σ an admissible representation of M(Af ), where

here we mean the non-normalized induction.
We let T−M =

{
t ∈ T (Qp)|t(N(Zp) ∩M(Zp))t

−1 ⊆ N(Zp)
}

. We have wtw−1 ∈ T−M for t ∈ T−

and w ∈WM . We define ευ,w(t) = υ(t)w(ρP )+ρP |tw−1(ρP )+ρP |p where ρP (m) = det(adm : n)
1
2 is the

the modulus function of P and υ is the chosen splitting T (Qp)/T (Zp) → T (Qp). Here n denotes
the Lie algebra of N .

We may now define f reg
M,w for fp⊗ut by ευ,w(t)fpM ⊗uwtw−1,M , where fpM is the away-from-p part

of the classical fM and uwtw−1,M is the u-operator attached to wtw−1 ∈ T−M . We extend to Hp by
linearity.

Now suppose that σ is an irreducible finite slope representation of Hp(M). Then we can write

IGM,w(σ) for the tensor product of Ind
G(Ap

f )

P (Ap
f )
σp with the character θσ,M,w of Up(G) defined by ut 7→

θσ(uwtw−1 ,M). By definition, it then follows that Tr(f : IGM,w(σ)) = Tr(f reg
M,w, σ).

With this definition in hand, we may now describe the Eisenstein part of overconvergent coho-

mology as follows. First, we define I†G,0(f, λ) = I†G,G(f, λ) = I†G(f, λ) for any group of rank 0 (so
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LG = {G}). Then inductively, it makes sense to define I†G,M,w, I†G,M , and I†G,0 by setting

I†G,M,w(f, λ) = I†M,0(f reg
M,w, w ∗ λ+ 2ρP ),

I†G,M (f, λ) =
∑

w∈WM
Eis

(−1)l(w)+dim nM I†G,M,w(f, λ)

and I†G,0(f, λ) = I†G(f, λ)−
∑

M∈LG\{G}

I†G,M (f, λ).

Here WM
Eis is a certain subset of the elements of WM [55, §1.4.1]. We also make the obvious

definitions of m†G,M,w(σ, λ), m†G,M (σ, λ), and m†G,0(σ, λ). If m†G,0(σ, λ) 6= 0, we say that σ is a finite
slope cuspidal automorphic representation of weight λ. The main result concerning this definition
is as follows.

Proposition 8.3 ([55, Corollary 4.7.4]). Let M have discrete series and let dM be the half the real

dimension of the symmetric space of M . Then the product (−1)dM I†G,M,w is an effective finite slope

character distribution. Moreover, m†G,M,w(σ, λ) = 0 always if either

• M does not have discrete series or
• dimXKp∩M < dimXKp.

We now state Urban’s eigenvariety machine.

Theorem 8.4 ([55, Proposition 5.3.10]). Let J be a family of effective finite slope character distri-
butions over the weight space W. Suppose that σ is a finite slope admissible representation of level
Kp such that mJ(σ, λ) > 0 for some weight λ, where mJ(σ, λ) denotes the multiplicity of σ in the
specialization of J at λ. Let θ be the associated character of RS,p. Write R∨ for the p-adic space

whose L-points are given by Homcts,alg(RS,p[u
−1
t ]∧t∈T− , L). Then there exists an equidimensional

rigid analytic space EJ,Kp ⊆ W × R∨ whose L-points correspond exactly to the pairs (λ′, θ′) of a
weight λ′ ∈W(L) and character θ′ ∈ R∨(L) that appear with nontrivial multiplicity in J . Moreover
the dimension of EJ,Kp is equal to dimW.

Moreover, there exists

• a finite flat covering F of an open affinoid subdomain X ⊆ EJ,Kp containing (λ, θ), such
that the composition with the projection to weight space is a finite and generically flat map
to an open subset U ⊆W,
• a homomorphism θF : RS,p → OF(F),
• a point x above (λ, θ),
• for each y ∈ F(Qp), a nonempty finite set Πy of irreducible finite slope representations of
Hp(K

p) such that for each σ′ ∈ Πy, θσ′ is the character of RS,p given by the projection to
the factor R∨ of the eigenvariety, and
• a nontrivial linear map IF : Hp(K

p)→ O(F)

satisfying the following properties.

• The specialization Iy of IF to y ∈ F(Qp) is equal to
∑

σ∈Πy
my(σ)Jσ, where my(σ) > 0 if

and only if mJ(λy, σ) > 0.
• There exists a Zariski dense subset where Πy is a singleton and the multiplicty my(σ) is

constant.
• The point σ lies in Πx.
• If we write θX for the OX(X)-valued character of RS,p, we have IF(ff ′) = θX(f)IF(f ′) for

all f ∈ RS,p and f ′ ∈ Hp(K
p).
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8.2. Critical slopes. In this section, we prove cases of local-global compatibility when the p-
stabilization σ of π constructed earlier has critical slope. The main theorem is as follows.

Theorem 8.5. Let π be a regular automorphic representation on the unitary similitude group
G constructed in Section 2.1. Assume that p ramifies in E and that each place F+

v of F+ over
p is unramified. Moreover, assume that Gp is quasi-split, and that πp is K-spherical for the K
chosen in Section 4.4 or Section 4.5. Suppose that the relation αi = qvαj holds for some pair of
Satake parameters of some unitary group factor G′v of the restriction π0,p to the product of unitary
groups for each Fv. Let ξ be the p-stabilization constructed for the representation of G′v under
consideration. Pick any p-stabilization for the other factors of π0,p. Then let σ be the associated

finite slope representation. Then for every w ∈W , we must have m†0(σw,λ, w ∗ λ) = 0.

Proof. Note that by the hypothesis on πp the p-adic weight λ is algebraic. Assuming thatm†0(σw,λ, w∗
λ) 6= 0, we construct a family passing through σ and satisfying the conditions of Corollary 6.13,
which is a contradiction. To do this, we apply Theorem 8.4 to J = (−1)dGIG,0, where dG is the
dimension of the symmetric space of G. (In fact, Theorem 7.1 is proved by applying Theorem 8.4

to this J .) By Proposition 8.3, J is effective, and by hypothesis, m†0(σw,λ, w ∗ λ) > 0 (positivity is
forced by effectivity of J), so Theorem 8.4 applies.

We now apply word-for-word the proof of the non-critical case of Theorem 2.3 as stated in
Section 7.3, substituting σw,λ for σ and w ∗ λ for λ, though we now need to check two additional
things. One is that the Galois representation of ρπ is actually given by the semisimplification of the
specialization of M to the point (σw,λ, w ∗ λ), but this follows from the C̆ebotarev density theorem
and the fact that the restriction of the action of the Hecke algebra to split primes away from p
where π is of hyperspecial level is the same. The other is that the Hecke operator [Iuv,m$I] has
the correct specialization at our point to give a suitable crystalline period. For this, we need to
recall the twisted action of the Hecke algebra on σw,λ. This is given by (w ∗λ−λ)(υ(t)) multiplied
by the action on σ. Moreover, the action on σ is given by λ(υ(t)) multiplied by the classical action,
so the action on σw,λ is (w ∗ λ)(υ(t)) multiplied by the classical action.

In the proof of Theorem 2.3 given in Section 7.3, the crystalline eigenvalue U interpolated is
the image of [Iuv,m$I] in OG(G) divided by λ(υ(uv,m$)), where λ is the weight of the original σ.

Since we are substituting σw,λ for σ and w ∗ λ for λ in that argument, if we combine this division
with the normalization just calculated, we see that the action of U on σw,λ is precisely the classical
action of the Hecke operator [Iuv,m$I] on the chosen p-stabilization ξ of π. The remainder of the
argument is identical.

�

Recall that we are trying to disallow the possibility that the relation αi = qvαj holds for some

i, j. If for π as in Theorem 8.5, we can show that some m†G,0(σw,λ, w ∗ λ) 6= 0, we can deduce
compatibility from this contradiction. Thus it is useful to have a formula relating the various

m†G,0(σw,λ, w ∗ λ) with the multiplicity mcl
G(σ, λ), which is known to be nonzero. Then if every

term other than these is zero, we can use this to find some nonzero m†G,0(σw,λ, w ∗ λ). To produce

the needed formula, we simply combine the definitions given in the preceding section with (24) to
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calculate

mcl
G(σ, λ) =

∑
w∈W

(−1)l(w)m†G(σw,λ, w ∗ λ)(25)

=
∑
w∈W

(−1)l(w)

m†G,0(σw,λ, w ∗ λ) +
∑

M∈LG\{G}

m†G,M (σw,λ, w ∗ λ)


=
∑
w∈W

(−1)l(w)

(
m†G,0(σw,λ, w ∗ λ)+

∑
M∈LG\{G}

 ∑
w0∈WM

Eis

(−1)l(w)+dim nMm†G,M,w0
(σw,λ, w ∗ λ)

 .

We can use this to prove the following, which allows us to apply Theorem 8.5.

Proposition 8.6. Suppose that π is as in Theorem 8.5 and either that G is anisotropic over Q or

[F+ : Q] ≥ 2. Then some m†0(σw,λ, w ∗ λ) 6= 0.

Proof. As explained in Definition 9, the left hand side of (25) is nonzero since λ is regular and σ is
a p-stabilization of π. If G is anisotropic, the set LG is empty, so the result follows from looking at
the right hand side of (25).

Now assume that [F+ : Q] ≥ 2. The multiplicity m†G,M,w0
(σw,λ, w ∗ λ) vanishes if M does

not have discrete series by Proposition 8.3. The parabolic subgroups of unitary groups are the
stabilizers of self-dual flags [31, §3.2.3], and have Levi factors given by the product of a unitary
group with some number of factors of the form GLd/F . We need d = 1 for all factors for the group
to possess discrete series. We change basis over Q so that our hermitian space (h, J) over F has

the form

 Ae
J ′

Ae

 for some integer e, where (h′, J ′) has an anisotropic unitary group and

Ae is defined as in (3). Then there are exactly e proper standard parabolic subgroups whose Levi
factors have discrete series. These have the form Mi = GU(Ji) ⊕ (ResFQ GL1)i for i = 1, . . . , e,

where Ji =

 Ae−i
J ′

Ae−i

.

Recall that XKp∩M = Homcont(T (Zp)/Zp(K
p
M ), L). The dimension of XKp∩M is independent of

Kp. For the group H = ResFQ GL1/F and Kp in H(Af ) taken to be maximal, Zp(K
p
H) = ZH(Q)∩Kp

is the closure of the units of F in OFp , where Fp = F ⊗Q Qp. The units of F form an infinite set if
[F+ : Q] ≥ 2, so this closure has nonzero dimension. For a unitary similitude group G, Zp(K

p) is
given by the p-adic closure of Z(Q) ∩KpT (Zp), or the integral diagonal matrices with similitude
in Q×. The only integral matrices with similitude in Q× actually have to have similitude in ±1,
so Z(Q)∩KpT (Zp) consists of elements f ∈ F with NmF/F+ f ∈ {±1}. This set is finite since the
unit groups of these fields have the same rank. By this and the discussion of the last paragraph,
XKp has larger dimension than XKp∩M for any proper Levi factor M that has discrete series. �

Combined with Theorem 8.5 and Theorem 2.5, Proposition 8.6 implies the main result Theorem
2.3 under the additional hypothesis that either [F+ : Q] ≥ 2 or G is anisotropic.

Remark 10. We can also easily show that some m†0(σw,λ, w ∗ λ) 6= 0 if either

• π is supercuspidal at any place or
• ρπ is irreducible (which holds if, for instance, π is discrete series at a finite place).
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We only sketch the argument here because it is similar to ones already given and we do not need

this for the proof of Theorem 2.3. If some term m†G,M,w0
(σw,λ, w ∗ λ) 6= 0 with M proper, then

π has to be a subquotient of an induction from M at all finite places, which is impossible if π is

supercuspidal somewhere. We can then apply (25) to find that some m†0(σw,λ, w ∗ λ) 6= 0.

Now suppose that ρπ is irreducible and some m†G,M,w0
(σw,λ, w ∗ λ) 6= 0. Then there is some

finite slope automorphic representation σ′ on M of weight w0w ∗ λ + 2ρP such that σw,λ is a
subquotient of the parabolic induction of σ′ to G. It is possible to attach a Galois representation to
any classical automorphic representation on an M with discrete series. (One must do this in a way
that is compatible with the way ρπ is attached to π; we skip the details.) Then by considering the
pseudorepresentation over the eigenvariety of M and moving into classical weight, one attaches a
second Galois representation to π by specializing the family of Galois representations at the point
of the eigenvariety of M corresponding to σ′ and semisimplifying; this Galois representation will
have the same trace of Frobenius at unramified split places, and so will be equal to ρπ. On the other
hand, by definition the entire family of Galois representations will be reducible at every classical
point. Since reducibility is an open condition, this contradicts the irreducibility of ρπ.

8.3. Finite slope Eisenstein cohomology. We would like to have compatibility even if F+ = Q.
To simplify notation, we assume that F+ = Q in this section, although it is not needed. We obtain

compatibility by a closer examination of what it means for a term m†G,M,w0
(σw,λ, w ∗ λ) to fail to

vanish. By definition we have

(−1)dM I†G,M,w0
(f, λ) = (−1)dM I†M,0(f reg

M,w0
, w0 ∗ λ+ 2ρP ).

In particular, since both sides are effective finite slope chararacter distributions by Proposition 8.3,

and by the defining property of f reg
M,w0

, I†G,M,w0
(f, λ) is the sum, taken with multiplicity, of the

traces of all subquotients of the twisted (at p) non-normalized parabolic inductions from M to G
of weight w0 ∗ λ + 2ρP finite slope cuspidal automorphic representations of M . (Here we mean
automorphic in the sense of Definition 9, so these representations are not necessarily attached to

classical automorphic representations.) If we assume that m†G,M,w0
(σw,λ, w ∗ λ) 6= 0, it must be the

case that the finite slope representation σ is, up to some twist of the action at p, a subquotient

of a non-normalized parabolic induction Ind
G(Af )

M(Af ) σ
′ for some finite slope cuspidal automorphic

representation σ′ on M of weight w0w ∗λ+2ρP . We must have (−1)dMm†M,0(σ′, w0w ∗λ+2ρP ) > 0

for this σ′. The remainder of this section is concerned with the consequences of the existence of
such a σ′.

We first show that σ′ gives rise to representations on ResEQ GL1/E that have nonvanishing over-
convergent automorphic multiplicity.

Proposition 8.7. Suppose that H = H1×H2 as algebraic groups over Q and σi, i ∈ {1, 2} is a finite

slope admissible representation of Hi. Then m†H,0(σ1 ⊗ σ2, λ1λ2) = m†H1,0
(σ1, λ1)m†H2,0

(σ2, λ2).

Proof. The equalitym†H(σ1⊗σ2, λ1λ2) = m†H1
(σ1, λ1)m†H2

(σ2, λ2) follows formally using the Künneth

formula, since S̃H = S̃H1 × S̃H2 and Dλ1λ2 splits up similarly. Then the cuspidal version follows

from the definition of m†H,0 since a parabolic on H is the product of parabolics on H1 and H2. �

In particular, if Mi is as in the proof of Proposition 8.6, we obtain from σ′ finite slope admissible

characters ψj of ResEQ GL1/E for j = 1, . . . , i with m†
ResEQ GL1/E ,0

(ψj , λj) 6= 0. (We remark that the

subscript 0 is unnecessary here.) In other words, ψj is a finite slope automorphic representation of
weight λj . Here λj is an algebraic weight defined in terms of Mi, w, w0, and λ.
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Proposition 8.8. A finite slope automorphic representation on ResEQ GL1/E of algebraic weight λ
is a Hecke character of weight λ.

Proof. Let H = ResEQ GL1/E . By definition, any cohomology class in H0
fs(S̃H ,V

∨
λ ) is a Hecke

character of weight λ. We need to show that H0
fs(S̃H ,V

∨
λ ) = H0

fs(S̃H ,Dλ). In the notation of [55,
§3.2.6, 3.2.9], we have Dλ = V ∨λ since G has no roots; this is the degenerate case of [55, Theorem
3.3.10]. Then the result follows from [55, Lemma 4.3.8]. �

To calculate what the weight λj is, we need to make the identification of Mi with a subgroup of

G precise. The map Mi = GU(Ji)⊕ (ResEQ GL1)i → G is defined by

(g, (tj)j) 7→

 diag(t1, . . . , ti)
g

µ(g) diag(t
−1
i , . . . , t

−1
1 )

 .

Now let λ′ = w0w ∗ λ+ 2ρP be attached to the datum d = (d0, (d1, . . . , dn)). (Since F+ = Q we no
longer need to consider the embeddings of F+ into R.) In terms of d, we can identify the weight of
σ′ as follows. The induced map on GU(Ji)⊕ (ResEQ GL1)i is via the identification of GU(J)/E with

Gm×GLn given in Section 2.1. If we use the notation (s0, diag(s1, . . . , sn)) to denote an element of

the maximal torus of Gm×GLn, the image of (t, (tj)j) is (µ(t), diag(t1, . . . , ti, t, µ(g)t
−1
i , . . . , µ(g)t

−1
1 ).

Applying λ′, we obtain µ(t)d0λJi(t)
∏
j t
dj
j t
−dn+1−j
j , where λJi is λ′ restricted to the middle n − 2i

entries of the diagonal of GLn. In particular, the composite of λ′ with the embedding of the jth

factor of ResEQ GL1 has algebraic weight (dj ,−dn+1−j).
We now calculate the motivic weight of ψj in a different way. Let ` be a split prime of E where

σ and σ′ are unramified. Then GU(J)(Q`) may be identified with Gm×GLn, so that the diagonal
maximal torus is Gm ×Gn

m, and π` = σ` is an unramified representation given by the normalized
induction of a character χ` of Gm × Gn

m that is unitary when restricted to the Gn
m factor. We

are using here that τ0 is tempered at every finite place and the compatibility between π0 and τ0

at split places, which is part of Theorem 2.1. Moreover, this normalized induction is irreducible
by the Bernstein-Zelevinsky classification. Using Ind to denote non-normalized induction, we have

π` = IndG`B` δ
1
2
B`
χ`.

On the other hand, σ` is also the non-normalized induction from the Q`-component of the
parabolic Pi with Levi factor Mi of the unramified representation σ′`. Let χ′` be a character of the

maximal torus so that σ′` is Ind
Mi,`

Bi,`
δ

1
2
Bi,`

χ′`, where Bi,` is the upper triangular Borel subgroup of

Mi,`. Then we have an isomorphism

IndG`Pi,` Ind
Mi,`

Bi,`
δ

1
2
Bi,`

χ′` = IndG`B` δ
1
2
Bi,`

χ′`
∼= IndG`B` δ

1
2
B`
χ`.

Thus there exists w so that δ
1
2
B`

(wχ`) = δ
1
2
Bi,`

χ′`; we replace χ` with wχ` (which is still unitary) so

that χ′`δ
1
2
Bi,`

= δ
1
2
B`
χ` or χ′` = δ

1
2
Pi
χ`. Write uj = diag(1, . . . , 1, p︸︷︷︸

j

, 1, . . . , 1). Then for j ∈ {1, . . . , i},

χ′`(uj) and χ′`(u
−1
n+1−j) have complex absolute value p

2j−n−1
2 .

Using purity for Hecke characters, we can translate this calculation into one of the weight of the
Hecke character ψj as follows. We can write E` = Q`×Q`, where the first factor corresponds to the

composite of chosen embedding E ⊆ C with the fixed identification C ∼= Q`. Then ψj |E×` (p, 1) =

χ′(uj) and ψj |E×` (1, p) = χ′(u−1
n+1−j). As expected, these numbers have the same complex absolute
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value, and it follows that the motivic weight of ψj is n+ 1− 2j. Thus

(26) dj − dn+1−j = n+ 1− 2j.

We now calculate the algebraic weight λj = (dj ,−dn+1−j) in terms of w0w and λ. Let λ =
(c0, (c1, . . . , cn)) and write w′ = w0w. Then d is attached to λ′ = w′∗λ+2ρP = w′λ+w′ρB−ρB+2ρP .
Suppose that w′ takes the weights uj and un+1−j to uk and uk′ , respectively. We then have

λj =(dj ,−dn+1−j)

=

(
ck +

n+ 1− 2k

2
− n+ 1− 2j

2
+ (n+ 1− 2j) ,

−ck′ −
n+ 1− 2k′

2
+

2j − n− 1

2
− (2j − n− 1)

)
.

Using this and (26) we find

dj − dn+1−j = ck − ck′ − k + k′ + n+ 1− 2j =︸︷︷︸
(26)

n+ 1− 2j.

It follows that ck−ck′ = k−k′. Since c is dominant (even regular), ck−ck′ and k−k′ have opposite
signs, which is a contradiction. Thus all of the Eisenstein multiplicities in (25) vanish and thus

some m†G(σw,λ, w ∗ λ) must be nonzero. Using this nonvanishing in conjunction with Theorem 8.5
and Theorem 2.5, we deduce Theorem 2.3 in full generality.
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