DENSITY ESTIMATES FOR A VARIATIONAL MODEL
DRIVEN BY THE GAGLIARDO NORM

OVIDIU SAVIN AND ENRICO VALDINOCI

ABSTRACT. We prove density estimates for level sets of minimizers of the en-
ergy

2l oy + [ W) do,

with s € (0,1), where [|ul| s () denotes the total contribution from  in the
H* norm of u, and W is a double-well potential.

As a consequence we obtain, as € — 01, the uniform convergence of the
level sets of u to either a H*®-nonlocal minimal surface if s € (0, %), or to a
classical minimal surface if s € [%, 1).

1. INTRODUCTION

A classical model for the energy of a two-phase fluid of density w lying in a
bounded domain 2 C R", with n > 2, is given by the Ginzburg-Landau energy
functional

62
/ —|Vul* + W(u) d.
Q 2

The function W : R — [0, 400) is a double well potential with two zeros (minima)
at the densities of the stable phases, which we assume for simplicity to be +1 and
—1. The kinetic energy is given by the Dirichlet integral

2
% / |Vul?dx

which takes into account interactions at small scales between the fluid particles.
The typical energy minimizer has two regions where w is close to +1 and —1 which
are separated by a “phase transition” which lies in an € neighborhood of the 0 level
set {u = 0}.

In this paper we consider a different model in which the kinetic term is replaced
by the H® norm of u,

e2||u||3.  with s € (0,1).

This means that the interactions at small scales have nonlocal character. In this
case the boundary data for u is defined in €2, that is the complement of {). Similar
models driven by a fractional, Gagliardo-type norm were considered in [12, 13]; see
also [1, 14, 15] and references therein for a onedimensional related system that
models phase transitions on an interval.
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From the physical point of view, the importance of these type of models relies
in their attempt to capture, via the nonlocal term, the features arising from the
long-range particle interactions, and it is of course desirable to understand if and
how the nonlocal aspect influences the interfaces and to have good estimates on
their width. Our results are a first attempt to give some answers to this questions.
Indeed, we show that the level sets of the minimizers for this nonlocal energy
satisfy a uniform density property. For the Allen-Cahn-Ginzburg-Landau energy
such density estimates were proved in [7]. As a consequence we obtain that when
s € (0,1/2) the phase transition converges locally uniformly as ¢ — 0% to a H*-
nonlocal minimal surface (see [8] for the precise definition), and when s € [1/2,1)
the phase transition converges locally uniformly to a classical minimal surface.

We define

X = {u € L¥(R") s.t. [Jul|pomn) < 1},
the space of admissible functions — when dealing with a minimization problem in
2, we prescribe u € X with boundary data u, outside Q (i.e., u = u, in €Q), and
we say that a sequence u,, € X converges to u in X if u,, converges to u in L'(Q).
We define also

1 Ju(x) — u(y)? // u(z) — uly)2
K (u: Q) = = dx dy dx d
(w4 2/9 o |x—y|n+2s " Jo Jeq |z—y\n+28 v

the Q contribution in the H® norm of u

n n |(E— ‘n+23 zay,

i.e we omit the set where (z,y) € €Q x €Q since all v € X are fixed outside €.
The energy functional J in Q2 is defined as

Jo(u; Q) = e (u; Q) +/ W(u) dx
Q

Throughout the paper we assume that W : [—1,1] — [0, 00),
(1.1) W e C*([-1,1]), W(£1)=0, W >0 in(—1,1)
W/(£1) =0, and W”(%1) > 0.
We say that « is a minimizer® for J. in Q if
Jo(u; ) < Jo(v;9Q)

for any v which coincides with u in €.
We remark is that if ¥ minimizes J. in 2 then it minimizes J. in any subdomain
Q' C Q since

(uQ)

|u(z) —u(y)* / / |u(z) —u(y)*
dx dy + dx dy,
/Q Q’/Q % |JJ— |"+29 oo Jea \1‘— \"HS

and the latter two integral terms do not depend on the values of u in €.

If w is a minimizer for J; in all bounded open sets €2, we say, simply, that u is a
minimizer?. The behavior of J. as ¢ — 0% is quite different as s € (0,1/2), s = 1/2
and s € (1/27 1). We showed in [21] that in each case J. must be multiplied by

LA similar notion of minimizer will hold, later on, for the suitably rescaled versions of J.,
namely .Z. and &.
2Sometimes7 in the literature, minimizers are called “local”, or “class A”, minimizers.
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an appropriate constant depending on € in order to obtain the I'-convergence to a
limiting functional. More precisely, given any ¢ > 0, we define the functional %, :
X - RU {400} as

e J.(; Q) if s € (0, 1/2),
(1.2) Z.(u) = Z.(u; Q) == { |eloge| 1 (u; Q) if s =1/2,
e T (u; Q) if s € (1/2, 1).

In the case when s € (0,1/2), the limiting functional .# : X — R U {400} is
defined as

H(4; Q)  ifulg = xg — X¢E, for some set E C Q
a5 O ) 9
(1.3) F (u) = { +00 otherwise.

In this case, .# agrees with the nonlocal area functional of OF in 2 that was
studied in [8, 9, 2]. Remarkably, such nonlocal area functional is well defined
exactly when s € (0, 1/2).

In the case when s € [1/2,1) the limiting functional .% : X — R U {+o0} is
defined as

(1.4)

F(u) = ci Per (E;Q)  if ulg = xg — x¢E, for some set E C
w= +00 otherwise.

where ¢, is a constant depending on n, s and W.
We recall the I'-convergence results in [21]:

Theorem 1.1. Let s € (0, 1). Then, %, T'-converges to F, i.e.,
(i) for any u. converging to u in X,

Z (u) < liminf Z, (u.),

e—0t

(ii) for any u € X there exists u. converging to u in X such that

F(u) > limsup Z. (ue).
e—0t
Theorem 1.2. If Z.(uc;Q) is uniformly bounded for a sequence of ¢ — 07, then
there exists a convergent subsequence

Ue = Us i= XE — XeE 0 L1 ().
Moreover, if u. minimizes F. in €,
(i) if s € (0, %) and u. converges weakly to u, in €, then u, minimizes F

in (1.3) among all the functions that agree with u, in €S);
(i) if s € [1/2,1), then u, minimizes F in (1.4).

Theorem 1.1 may be seen as a nonlocal analogue of the celebrated I'-convergence
result of [17] (see also [16, 3, 18] for further extensions). In this framework, we recall
that a very important issue, besides I'-convergence, is the “geometric” convergence
of the level sets of minimizers to the limit surface. This topic has been widely stud-
ied in the case of local functionals by using appropriate density estimates (see [7],
and also [11] and references therein for several other applications). The idea of
these density estimates is to give an optimal bound on the measure occupied by
the level sets of a minimizer in a ball.

Our results give a nonlocal counterpart of these density estimates for minimizers
of J. (or #.). For this, it is convenient to scale space by a factor of e~1 so that
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the dependence of J. on ¢ disappears. To be more precise, if © minimizes .J. in 2,
then the rescaled function

ue(x) := u(ex)
minimizes & in Q. := Q /e, where

EW; Q) = Jy(v;Q) = # (v;Q) + /Q W(v)dx.

Our first result gives a uniform bound for the energy & of a minimizer in Bp for
large R.

Theorem 1.3. Let u be a minimizer of & in Brys with R > 1. Then

CRn2s if s €(0,1/2),
(1.5) &(u;Br) < {CR" 'logR if s=1/2,
CR"1 if se€(1/2, 1),

where C' is a positive constant depending on n, s, and W.

Theorem 1.3 can be stated in terms of minimizers u of %, in Bi1a. as

F(u;By) < C.
Then, we have the following density estimate on the level sets of minimizers:

Theorem 1.4. Let u be a minimizer of & in Br. Then for any 61, 05 € (—1,1)
such that

(1.6) u(0) > 6,
we have that
(1.7) |{u> 6} N Bg| > ¢R"

if R > R(01,0). The constant © > 0 depends only on n, s and W and R(61,03) is
a large constant that depends also on 01 and 0.

By scaling, Theorem 1.4 gives the uniform density estimate for minimizers u of
Fe (or Je) in By: if u(0) > 6 then

{u>6:}NB,| >cr" if r > Re.

Remark 1.5. Our assumptions on W are not the most general. For example in the
Theorem 1.3 it suffices to say that W is bounded and W (41) = 0. Also in Theorem
1.4 it suffices to assume that there exists a small constant ¢ > 0 such that

WE)>W(r)+c(l+r)t—7)+c(t—7r)2 when -1 <r<t< —1+c¢

1.8
(18) and W(r) —W(¢t) < (14r)/c when —1 <r <t < +1.

Of course, (1.8) is warranted by our assumptions in (1.1), but we would like to stress
that less smooth, or even discontinuous, potentials, may be dealt with using (1.8).

The proof of Theorem 1.4 is contained in Section 3 and it requires a careful
analysis of the measure theoretic properties of the minimizers and several nontrivial
modifications of the original proof of [7], together with some iteration techniques
of [8]. In particular, the construction of a new barrier function is needed in order
to keep track of the densities of the level sets in larger and larger balls. Also, the
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proof of (1.7) is somewhat delicate and it requires® the following estimate for the
double integral

1
1.9 L(A,D ;z// — Ly
(1.9) ( ) AlJp |z —y["T2e Y

Theorem 1.6. Let s € (0,1). Let A and B be disjoint measurable subsets of R™
and let D := €(AUB). Then, there exists c € (0,1), possibly depending onn and s,
for which the following estimates hold:

o if |B| < c|A] and |A] > 0, then

c|A|m=2)/n if s€(0,1/2),
(1.10) L(A,D) > { c¢|A|™=D/nlog(|A|/|B]) ifs=1/2,
c|A|m=29/m (1B|/|A) T ifs e (1/2,1),
o if |B| > c|A| then

(1.11) L(A,D) > c|A|n=29)/n (|B|/|A|)*2S/".

Theorems 1.3 and 1.4 have, of course, physical relevance, since they give optimal
bounds on the energy of the limit interface, and on the measure of the level sets of
the minimizers — i.e., roughly speaking, on the probability of finding a given phase
in a certain portion of the mediumm.

Also, due to the work of [7], density estimates as the ones in Theorem 1.4 are
known to have useful scaling properties and to play a crucial role in the geometric
analysis of the level sets of the rescaled minimizers, especially in relation with
the asymptotic interface. For instance, we point out the following consequence of
Theorem 1.1 and Theorem 1.4.

Corollary 1.7. Suppose that u is a global minimizer of & in R™, i.e minimizes &
in any bounded domain Q@ C R™. Let

ue(z) :=u (f) .

€
Then
(i) ue is a global minimizer for F.,

(ii) ue converges, up to subsequences, in Li (R™) to some u, = Xg — X¢r and
Uy 1S a global minimizer of F (see (1.3), (1.4)),

(ili) given any 6 € (0,1), the set {{uc| < 0} converges to OF locally uniformly,
that is, for any R > 0 and any 6 > 0 there exists ¢, € (0,1], possibly
depending on R and ¢, such that, if € € (0,&,] then

(1.12) {lu.l <8y nBr < | Bs().
pEOE
The minimizer u above satisfies the Euler-Lagrange equation
(1.13) (=AY u(z) + W (u(x)) =0,

where

(—A)gu(l‘) — / u(a:) — u(y) dy

T — y|n+25

n

3When s € (0,1/2) there is also an alternative approach based on the fractional Sobolev
inequality. We will perform this different proof in [22].
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and the integral is understood in the principal value sense. As usual, (—A)?® is
(up to a normalizing multiplicative constant, depending on n and s) the fractional
power of the positive operator —A.

Corollary 1.7 follows immediately: (i) from the scaling properties of &, (ii) from
Theorem 1.2, and (iii) is a consequence of the density estimates for the level sets
of u. and the L}, -convergence to u, (see [7] for further details).

The minimizing property of w, of Corollary 1.7(ii) says that when s € (0, 1/2)
the limit interface OF is a nonlocal minimal surface in the setting of [8], and when
s € [1/2,1), OF is a classical minimal surface. This is interesting also because
any regularity or rigidity property proved for F may reflect into similar ones
for the minimizers of .%. (see, e.g., [20]). In particular, (1.13) may be seen as a
semilinear equation driven by the fractional Laplacian. Some rigidity properties
for this kind of equations have been recently obtained, for instance, in [6, 23], but
many fundamental questions on this subject are still open.

The paper is organized as follows. In Section 2 we prove Theorem 1.3. In Sec-
tion 3 we prove Theorem 1.4 by treating the cases s € (0,1/2) and s € [1/2,1) sep-
arately. Theorem 1.6, together with a localized version of it (i.e., Proposition 4.3),
is proved in Section 4. Often in the proofs, when there is no possibility of confusion,
we denote the constants by C' and c¢ although they may change from line to line.

2. PROOF OF THEOREM 1.3

We use the following notation

lu(z) — u(y)|?
A,B) = fud) = wW)I” oy,
w ) /A B |r—ylntes e

Since

& (u, BRr) A (u, Br) + W (u) dx

Br

1
§U(BR+17 Bpry1) +u(Br,¢Bpry1) + W(u)dz,
Br

N

it suffices to bound each term on the right by the quantity that appears in (1.5).
We define

(2.1) P(r) = -1+ 2min{(|z| - R—1)",1}

so that ©» = —1 in Bry; and ¢ = 1 in ¥ Bpr4e.
First we show that & (¢, Bry2) satisfies the bounds in (1.5). Let

d(z) == max{R — |z|, 1}

and notice that

2d(z) Yo —y| if |z —y| < d(x),
IR R e I
We obtain () )
[Pte) = )"
/n oy

d(x) 2r/d 2 0o 4
< wn—l/ %r”_ldr + wp—1 / | s r"ldr < Cd(x)™?.
0 (x
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Now we integrate this inequality for all # € Bryo and obtain that ¢ (¢, Bri2)
(therefore & (v, Bry2)) satisfies the energy bound of the theorem.

Let v = min{u, %} and denote A := {v < u} N Bryo. Clearly By C A and
u = v in € A. We write that u is a minimizer for & in Bgro, and therefore in A:

1
LA, A) +u(a, 6 4) + / W (u) do
2 A
(2.2) 1
< iv(A, A)+v(A,CA) —|—/ W (v) dz.
A
Ifx € Aand y € €A then v

(2) = (@) < ul@), v(y) = uly) < V(y) thus
| < max{lu(z) — u(y)], [V (@) — @)1

~—

lv(z) —v(y
which gives
v(A,CA) < u(A,CA)+ (A ,CA).
We use this in the energy inequality (2.2), we simplify u(A, € A) on both sides, and
we obtain

1
iu(A,A)—F/AW(u)dx

< GUAA) T UAEA) + [ W) do = 8. 4) < E(0. Do)

Since Bry1 C A we obtain the desired bounds for u(Bgy1, Br+1) and fBR W (u) de.
On the other hand u(Bg, ¥ Brt1) also satisfies a similar bound since

_ 2 o]
/ % dy < C r 17254y < Cd(as)_Qs for all x € Bg,
$Brya 1T Y ()

and then we integrate in © € Bp.

3. PROOF OF THEOREM 1.4

3.1. Preliminary computations. A minimizer u of & in Bg with R > 2 satisfies
the Euler-Lagrange equation in (1.13), hence,

lullco sy < Clullpe@mny + | fllze(B,)) < C,

This shows that, by relabeling 61, we can replace (1.6) by
(3.1) [{u>6:}NBg,| >p

for some constants R, > 0 and p > 0, possibly depending on n, s and W — and, in
fact, the proof of Theorem 1.4 will make use only of (3.1) rather than (1.6).

The strategy of the proof is, roughly speaking, to use the minimality of u in
order to obtain an estimate of |[{u > 62} N By, in terms of [{u > 62} N B,|. Then
the conclusion will follow by iterating (3.1).

First, we construct the following useful barrier:

Lemma 3.1. Let n > 1. Given any T > 0, there exists C' > 1, possibly depend-
ing on n, s and T, such that the following holds: for any R > C, there exists a
rotationally symmetric function

(3.2) we C(R™, [-1+ CR™*,1]),
with
(3.3) w =1 in €Bg,
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such that

(3.4 ~-ayu) = [ AUy < o1 u)
and

(3.5) %(R+1—|x\)*25 <l4w@) <CR+1—|z))~ >

for any x € Bp.

Proof. We fix a large r > 1, to be conveniently chosen with respect to R and 7 in
the sequel.
For t € (0,+00) and = € R™, we define

glt) = 7%,
- min {1, g(1) = g(r/2) — ¢/ (r/2) (t = (1/2)) }  iFE<r/2,
0 ift >r/2,

a h(r — |z|) if x € B,
v(@) = { 1 if € ¢B,.

Such a v, up to a proper rescaling, will provide the existence of the desired func-
tion w. To check this, we first notice that

if t <r/2 and h(t) <1 then
h(t) = g(t) — g(r/2) — g'(r/2)(t — (/2))
>g(t) = g(r/2) = 1g'(r/2)| (r/2)
> 7% — 16072

(3.6)

Moreover, v is continuous, radially symmetric, radially nondecreasing and 0 < v <
1, due to the convexity of g.
Also, we claim that

(3.7) for any z € B,, HDQ'U”LOO(B(7.7‘$‘)/2(33)) < 28(r — |z|) 2049,

To prove (3.7), we observe that v = 0 in B, /5 and so D%y =0in B, /5. Then, we
take y € B(,_|z))/2(x) N (€ B,/2) and we observe that

r—\x
ol <y —af + o] < 51

hence

r + X r—\x
Pz Tl
In particular,

r=1lyll =r—lyl <yl
and, as a consequence,
/ —
D2u(y)| < max {lg"(r — Iy}, LY
I — [yl|
28

<25(1+29) (r = o) <

proving (3.7).



A VARIATIONAL MODEL DRIVEN BY THE GAGLIARDO NORM 9

From Lemma ?7 in [19] and (3.7), we obtain that

for any = € B,

fo W
B8 <Co [ IDulmm o (= 1oD/2) 2= 1el)/2)

<C[(r = Jal) ™ + (= Jal) ]
< Calr = lal) 7,

for suitable Cy, Cy, Cy > 0.
Now, we claim that

(39) {U < 1} - Br—(1/2)~

Indeed, we take x € {v < 1} and we define ¢, := r — |x|, so h(t;) < 1. Hence either
ty >r/2or 0 <t, <r/2 with h(t;) < 1. In the first case, we would have that
|z] < r/2 <r—1if ris large enough and (3.9) would hold, therefore we focus on
the second case. But then, recalling (3.6), for large r,

1>t,2 — 160725 > ¢,% — (225 - 1).

That is, t, > 1/2, proving (3.9).
A straightforward consequence of (3.9) is that

(3.10) ID20]| L= (fo<1y) < Cs,

for a suitable C3 > 0.
Now, we set

[1]

[ Vu(z) ifze{v<l1},
(x)_{ 0 ifxe{v=1}

and we claim that
(3.11) o(y) —v(x) = E(x) - (y — ) < Cslz -y,

for any x € B, and any y € R"™.

To prove the claim above, we observe that, if x € {v = 1}, then the left hand
side of (3.11) is nonpositive, so (3.11) holds true. Also, (3.11) follows from (3.10)
if both z and y lie in {v < 1}, so it only remains to prove (3.11) when v(z) < 1
and v(y) = 1. In such a case, we define v* to be a smooth, radial extension of v
outside {v < 1} such that 1 < v* < 2 outside {v < 1} and ||D*0* || pee({p<1}) < Cs.
Then,

o(y) —v(@) —E(@) - (y —2) = L — v} (x) — Vol (z) - (y — x)
< vi(y) — vi(x) — Vol(z) - (y — 2) < Cslz —y|?,

proving (3.11) in this case too.
Thus, thanks to (3.11), we may use estimate (??) in Lemma ?? of [19] and obtain
that

(3.12) for any x € By, / vly) — v(z) dy < Cy
R |.’E _ y|n+2s

for a suitable C4 > 0.
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Now, we point out that
(3.13) min {1,¢72*} < h(t) + 160~ 2.
Indeed, if ¢ < r/2, then (3.13) is a consequence of (3.6), while if ¢ > r/2 we have
that ¢t=2¢ < 872% < 1, which implies (3.13).
As a consequence of (3.13), we have that
(3.14) min {1, (r — [z])7*} < v(z) + 16772,
From (3.8), (3.12) and (3.14), we conclude that
o) = v(e)
n o — gyt
< Cs min {1, (r— \x|)_28}
< Cs(v(z) + 16r7%%),

for any z € B,, /
R
(3.15)

for a suitable C5 > 0.
Moreover, for any ¢ € [0, r/2],

ht) < g(t) + g/ (r/2)| (r/2) < t72° 4+ 8r72°

and so
(3.16) for any € B,, v(z) < (r — |z|) 72 + 8r 2.
Now we define
1/2s
o= (2
B = 3297 %
w(z) = (2—P)v <éo> +08-1

and we take r := R/C,. Notice that r is large if so is R, possibly in dependence of
7 (thus, from now on, the constants are also allowed to depend on 7). Also, w is
radially non decreasing, and w = 1 in ¥ Bpg. In particular,

(3.17) 1+w(z) <2.
Moreover,
(3.18) w(z) = B —1 for any = € Bp/s

and, from (3.16), for any = € Bp,
1+ w(z) < 20(x/Cy) + B < 20%5(R — |z]) ™2 + 8772 + B.
That is, for a suitable Cg > 0,

(3.19) 1+ w(z) < Cs(R — |x|) 7% for any 2 € Br \ Bgy».
By (3.18) and (3.19), we obtain that
(3.20) 1+ w(z) < C7(R — |z|) 72 for any x € Bp,

for a suitable C7 > 1.
Now, we claim that

(3.21) L+w(z) < (22 +2"72)Cr (R+1—|z|) =% for any z € Bpg.
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Indeed, if |z] < R — 1, we have that R — |z| > (R+ 1 — |z|)/2, therefore (3.21)
is a consequence of (3.20). If, on the other hand, |x| > R — 1, we have that
R+1—|z| <2, thus we use (3.17) to obtain

1+w(z) <2=2""22"2 L 21"2(R4+-1— |2|) 2

which gives (3.21).

Then, (3.21) implies the upper bound in (3.5), and the lower bound may be
obtained analogously, using (3.6).

Moreover, recalling (3.15), for any = € Bp,

[ ) oo [ M _wn/C)

o g /G =y

<(2-B)C,%Cs (v(m/C + 167’_23
<OSBCs ((2 — Byu(x/Cy) + 322 )
=714 w(z)).
This proves (3.4) and it completes the proof of Lemma 3.1. O
Now, we give an elementary, general estimate:

Lemma 3.2. Let o, p € (0,+0), v € (0,+00) and v, R,, C € (1,400).
Let V : (0,400) — (0, +00) be a nondecreasing function. For any r € [R,, +00),

let
1
a(r) := min {17 OgV(T)} .
logr

Suppose that

(3.22) V(R) >
and
(3.23) 7 a(r) V(r)(”_")/” < CV(yr), for any r € [Ry, +00).

Then, there exist ¢ € (0,1) and Ry € [R,, +00), possibly depending on p, v, v, R,
and C, such that

V(r) = er”, for any r € [Ry, +00).

Proof. Let j; be the smallest natural number for which v/t > R,. Notice that such
a definition is well posed since v > 1.
Let

v/o v/o
. W 1 v
(3.24) c:= rnln{,yyj1 , <C'y”> , (2071/) } .

Let jo be the smallest integer for which

loge| _
Jo log’y 2'

Let j, := j1 + j2. For any j € NN [j,, 4+00), we define v; := V(77). We claim
that

(3.25)

(3.26) v; = ey, for any r € [R,, +00).
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The proof of (3.26) is by induction over j. First of all,
vi, 2 V() 2 V(Ro) 2 p > ey

thanks to (3.24).

Then, we suppose that (3.26) holds for some j > j, and we prove it for j + 1,
via the following argument.

Since we assumed that (3.26) holds 7,

. 1
a(y?) = mm{l, foggf]y]ﬂ}
> mln{l, log calid }
log 7
{ IlogCI}
= min< 1, v —
Jlogy
v
> mln{l,f}
2

thanks to (3.25).
Therefore, using (3.23) with r := 77 and the assumption that (3.26) holds for j,
we conclude that

viyr = V('
,-YU] ] V—o 1%
> = 04(7])%( /
1 v )
> (v=0)/vapi
mm{c QC}C v

Recalling (3.24), we see that this last quantity is greater or equal than eylty
thus completing the induction argument which proves (3.26).
From (3.26), the desired result plainly follows. O

Remark 3.3. In the sequel, we will use Lemma 3.2 with V(R) := [{u > 6,} N Bg|,
with 6, < 61. In this way, condition (3.22) is warranted by (3.1).

Now, we make some useful computations, valid for any s € (0,1). We fix K >
2(R,+1), to be taken suitably large in the sequel, where R, is the one given by the
statement of Theorem 1.4, and R > 2K. Given any measurable w : R" — [—1,1]
such that

(3.27) w=11in €Bpg,
we define
(3.28) v(z) := min{u(x), w(x)}

and D := (R™ x R™) \ (¥Bgr x ¥Bgr). Notice that
_ 2
D

2 |z —y|nt2s
and that
(3.29) v =u in ¢Bg.
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So, by a simple algebraic computation, we have that
H (u —v; BRr) —|—,)£/(v BR) K (u; BRr)
[ i) - ) () k)

|.’E _ y|n+2s
_ // ((u —v)(x) — (u— v)(y)) (v(y) — v(x)) iz dy
R™ xR |z — y|t2s
. (u(x) — v(x)) (v(y) — v(x)) .
B 2//1Rnx]Rn |z — y[nt+2s e dy

< 2/BRm{u>w} (u(x) - v(m)) [/}Rn M dy} dx

=2 /BRm{u>w} (u(z) —v(z)) (—A)*w(z) da.

As a consequence, using once more (3.29) and the minimality of u, we conclude
that

H (u—v; Bg)

< Er(u) — Er(v) + : W(v) — W(u)dz

(3.30) __2/;mﬂu>w}@Nx)—vﬂw)(—ﬁ)%u@ﬁdx

< /BRm{u>w} W(w) — W(u)dx
-2 u(x) —w(z)) (—A)°w(x)dx.
/BRQ{M}(H () (~A) w(a)

Now, we fix 61, 02 € (—1,1) as in the statement of Theorem 1.4, and we take
(3.31) 0, < min{0y, 65, —1 + ¢},

with ¢ as in (1.8). We define
(3.32) A(R) = ¢ / (u — w)* dz.
Brn{w<u<6,}

From the behavior of W near its minima (see (1.8)), we deduce that

/ W (w) — W(u) dx
Brn{u>w}

g—c/ 1+ w)(u—w)dz
BRﬁ{w<u<0*}

1
+ =

/ (1+w)de — A(R).
€ JBrn{u>max{w,0,}}
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This and (3.30) give that

H(uviBr) <~ [ (1 + w)(u — w) da
BRﬂ{w<u<9*}
+ 1/ (1+w)dx
(333) C JBrn{u>max{w,0,}}
- 2/ (u(z) — w(z)) (-A)°w(z) dz
Brn{u>w}
— A(R).

While (3.33) is valid for any w satisfying (3.27), we now choose w in a convenient
way. That is, we define 7 := ¢/4 and we take w to be the function constructed in
Lemma 3.1. With this choice, (3.33) and Lemma 3.1 give that

Jé’(u—v;BR)—i-g/ 1+ w)(u—w)dz
Brn{w<u<6,}
g—f/ (14+w)(u—w)dz
2 Brn{w<u<6.}
1

2
C JBrn{u>max{w,0,}}

+ 27/ (u(z) — w(z)) (1 +w(z))de — A(R)
Brn{u>w}

(1+w)dx
(3.34)

1
S*/ (14+w)dr — A(R)
C JBrn{u>max{w,0,}}
<C (R+1—|2))"> de — A(R),
Brn{u>0,}

for a suitable C > 0.
Now, we define

(3.35) V(R) := |{u> 6.} N Bg|.
Hence, using the Coarea formula, we deduce from (3.34) that

A(R)+z%/(ufv;BR)+E/
2 JBrn{w<u<6,}

(3.36) < C/OR(R +1—t)7% </BB X{u>0,}(2) d%”l(x)) dt

(1+w)(u—w)dx

R
:CA(R+L%)ﬂM0ﬁ

3.2. Completion of the proof of Theorem 1.4. Now we use the estimates of
Theorem 1.6. For convenience, the proof of Theorem 1.6 itself is postponed to
Section 4.

Given a measurable set A C R", we define

|A|(A=29)/mif s € (0, 1/2),
(3.37) L(A) = log | 4] if s =1/2,
1 if s € (1/2, 1).
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Given s € (1/2,1) and « > 0, we notice that the map

(0,400) Dt at! ™2 4+t
has minimum at ¢ = (o(2s — 1))1/(25) and therefore

(3.38) inf ot 4t > e/,
t€(0,400)

for a suitable ¢; > 0, as long as s € (1/2,1).
Also, the map

(0,400) 3t = o= 1/n log% +t

has minimum at ¢ = a("~ Y/ so
(n=1)/n
(3.39) inf o™ D/mlg 2 1t T oga
t€(0,400) t n
Moreover, if, given x > 0, we consider the map
o tl/n
: St d(t) = ———
[, F00) ®) 1+ |logt|

we have that ®(t) > 0 for any t € [k, +00) and

lim ®(t) = +oo,

t—+o0

therefore

3.40 i = inf ®(t) > 0.
(3.40 C

Now, we claim that, if A and B are disjoint measurable subsets of R"™ and D :=
€ (AUB), with |A| > k > 0, then there exists ¢g > 0, possibly depending on k such
that

(3.41) L(A, D)+ |B| > co |[A|™= D/ 0(A).

To prove (3.41), we take c as? in Theorem 1.6 and we distinguish two cases. First,
if | B| > c|AJ, we use (3.40) to see that

L(A,D) + |B| > |B| > c|4]
C|A|28/n|A|(n—2$)/n > cr2s/m |A|(n—2s)/n,
if s € (0,1/2),

c| AV A=D1 > i (14 [log | A])] A =D/,
if s €[1/2,1),

40f course, no confusion should arise with the ¢ in (1.8) which was previously used in (3.31) —
in any case, one could just take c to be the smallest of these two constants to make them equal.
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which gives (3.41). Therefore, we may suppose that |B| < ¢|A| and use (1.10),
(3.38) and (3.39) to conclude that
, A[n=2)/n 4 | it s € (0,1/2),
(L@, D)+ [Bl) > {|AI"V/nlog(|Al/|B)) + B ifs=1/2,
c |A‘25(n71)/n|B|172s + |B| ifse (1/2’ 1)7
|A|(n—2s)/n if s € (0, 1/2),
N <|A|(”*1)/” log \A|)/n if s =1/2,

1/(2s)
c1 (|A|29(n—1)/n)

> oA eA),

for some ¢z > 0, proving (3.41).

Now, we take a free parameter K > 1, that will be chosen conveniently large
in what follows. The radius R of Theorem 1.4 will be taken larger than K. We
observe that, by (3.5),

if s e (1/2, 1),

146,

(3.42) w<-1+C(K+1)"% < -1+ in Bp_k,

as long as K is large enough possibly in dependence of 6, which was fixed in (3.31),
and so

146,

(3.43) ap = BRﬂ{u—w> } D Br-x N{u>6,}.

By (3.1), (3.31) and (3.43), when R is large
larl > [{u > 01} B, | > p.

As a consequence, we may apply (3.41) with

K=,
ASZCLR,

1+6, 1+0,
B::bR::BRO{ + <u—w< —z }

and D:dR:‘K(AUB)‘KBRU<BRﬁ{uw<1§0*}>.

‘We obtain that

L(ag.dg) + br| = e3 |ag]™ """ £(ag)

for a suitable ¢ > 0, possibly depending on pu.
Accordingly, recalling the notation in (3.35), (3.37) and (3.43),

(3.44) L(ag,dg) + |br| > s V(R — K)""V/" pp )

where

(V(R)(A=29)/nif s € (0, 1/2),
(3.45) g = e(BR N {u> 9*}) ={ log(V(R)) if s=1/2,
1 if s € (1/2, 1).

Notice that

(3.46) the map R — (g is nondecreasing.
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Now, we recall (3.28) and (3.29) to see that

1+0,
if y € dg then (u—v)(y) < _;9 .
Therefore,
ify € dgr and € ar then
[(u—v)(@) = (u—2)¥)| 2 (u—v)(z) - (uv-10)(y)
< 1+60, 146, 140,
! 8 8
Recalling (1.9), this implies that
2% (u — v; BRr)
_ e 2
S S ORI
(3.47) an Jdn o — y[nt2s
1+6,\°
>< 29 ) L (an, ).

Furthermore, by (3.42),

146, 1+0,
4

(348) bRK:BRKm{ <u—w< }gBRKﬂ{USQ*}

Also, by (3.32),

A(R) = c/ (u —w)?dzx
Brn{w<u<6,}

c/ (u —w)? da
bRﬂ{uge*}

> ¢4 [br N {u < 0,}],

(3.49)

\%

for a suitable ¢4 € (0,1).
Now, we observe that, if ¢t € [R — K, R],

(R+1—-t)"*>(1+K)™*

and therefore, recalling the notation in (3.35),
R

V(R)— V(R K) = / V(1) dt
R—K
1 R —2 ! 1 r —2 !
<1 [T keioovea<t [ ®Rei-o2viea,
C5 JR—K Cs Jo

for a suitable ¢5 € (0,1), depending on K, that is now fixed once and for all.

Therefore, exploiting (3.48),
brl < o 1 {u < 0.1 + br 0 {u > 0,1
<O} +|(br \ br—x) N {u > 6.}

< |brn{u <0} + [(Br\ Br-x) N {u> 0.}
<O} +V(R) - V(R - K)

R
< |me{u<0*}|+i/ (R+1—1t)"2V'(t) dt.
Cs5 Jo
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With this, we can write (3.49) as
A(R) + = /
2 Brn{w<u<6,}

14+ w)(u—w)dr > A(R)

Cq R .

> ¢4 |bal — 7/ (R+1—t)2V/(t) dt.

Cs5 Jo

The latter estimate, (3.36) and (3.47) give that
R
C/ (R+1—t)"2V/'(t)dt
0

> ,%/(u—v;BR)—i-A(R)-i-E/
2 Brn{w<u<6.}

(14+w)(u—w)dz
Cq R 2
> co(Llandn) + oal ) = [ (R 107V @) at
5 J0
for suitable C' € (1,400) and ¢ € (0,1), possibly depending on 6,, that was fixed
in (3.31).
Therefore, taking the last term on the other side, recalling (3.44) and possibly
renaming C' > 1, we conclude that®

R
(3.50) C/ (R+1—1)"2V'(t)dt > lz_xV(R— K)"=D/",
0

Now, we notice that, if p > 1,

(3/2)p (4172 /(1 —25))p' 2 if s € (0, 1/2),
(3.51) / (R+1-1)"2dR < log((5/2)p) if s —1/2,
t 1/(25 — 1) it s € (1/2,1).

Therefore, we make use of (3.46) and (3.51) in order to integrate (3.50) in R €
[p, (3/2)p], with p > 2K, and we obtain that

plyic Vip—K)m D/

3/2)p [ R
< O/ / (R+1—-t)"*V'(t)dt | dR
P 0

(3/2)p [ (3/2)p
< O/ / (R+1—t)"*dR | V'(t)dt
0 t

C'p'=>V((3/2)p)  if s € (0, 1/2),
< (O (logp) V((3/2)p)  ifs=1/2,
'V ((3/2)p) if s € (1/2,1).

for some C, C' > 1.
That is, for large 7, recalling (3.45) and possibly renaming C' > 1,

P25V (r)(n=28)/n L OV (2r) if s € (0, 1/2),
(3.52) Tlolgﬂv(r)(nfl)/n <COV(2r) ifs=1/2,
ogr
rV(r)n=D/m < OV (2r) if s € (1/2, 1).

5The reader may observe in (3.50) the structurally different iteration between the cases s €
(0, 1/2) and s € [1/2, 1), which is encoded in £r_k, according to (3.45).



A VARIATIONAL MODEL DRIVEN BY THE GAGLIARDO NORM 19

By (3.52) and Lemma 3.2, applied here with ¢ := 2s when s € (0, 1/2), or 0 :=1
when s € [1/2, 1), and 7 := 2 (recall also Remark 3.3), we obtain that V/(R) > ¢,R"
for large R, for a suitable ¢, € (0,1).

Therefore, recalling also (3.31),

|{’U, > 92} OBR| + |{9* <u < 92} OBR]
=|{u>0,}NBgr|=V(R) > c,R"
for large R. On the other hand, by (1.5),

(3.53)

CR" - (u, Br) > / W(u(z)) da
(3.54) log R {6.<u<62}NBg
> inf W(r) ‘{9*<u<92}ﬂBR|.

r€[04,02]
By (3.53) and (3.54), we obtain that (1.7) holds true, and this completes the proof
of Theorem 1.4.
4. PROOF OF THEOREM 1.6

Given ¢ € S"~!, we denote by m¢ the hyperplane normal to & passing through
the origin, namely

me = {z € R" s.t. £ =0}
Given 2 C R™, we consider the projection of (2 along &, i.e.

I () := {p € m¢ s.t. there exists ¢ € R for which p +t£ € Q}

Next result relates the n-dimensional measure of {2 with the largest possible (n—1)-
dimensional measure of II¢(2) (i.e., pictorically, the measure of an object in a room
with the measure of its shadows on the walls and on the floor).

Lemma 4.1. Let Q be a measurable subset of R™. Then,
i) 19" < [, ()] .- [T, ()],
(ii) there exists k € {1,...,n} for which

e, ()] > |00/

Proof. First of all, we use the generalized Holder inequality (see, e.g., page 623
of [10]) to observe that, if ¥, > 0 and 91, ...,1, 1 € L* (IR, [0, +oo]), then

/IR (%% (t) s ¢n—1 (t)
- 1/(n—1)
=0/ [ (o))

1/(n—1) 1/(n—1)
< 1/ D) d> ( - d)
<! (/}Rwl(w i /Rw (t) dt
1/(n—1)
— (. di... [ dn_i(t)d .
(¢ [t [ .00 t)

Now, we introduce some notation. Given z = (z1,...,z,) € R", for any i €
{1,...,n} we define

)1/<n71> dt

(4.1)

T =T — Ti€; = ((El,...,iCi_l,O,l'i_i_l,...,l'n).
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Also, for any i < k € {1,...,n}, we set
i‘i;k = (xl,...,xi_l,xi_,_l,...,xk).

Notice that z; € R", & € R*~1 and the above notation means that . =
(z1,...,25—1). We also stress the fact that

(4.2) Z; does not depend on z;.

For short, we also set x := xq and y; := XTI, (92)- Then, we have that

(4.3) /]R"—l Xi(2:)dZin = [ILe, ()]

Now, we observe that

x(@) < x1(&1) -+ Xn(Tn)

and so

)1/(n—1) 1/(n—-1)

x(z) = (X(x) < (X1(i1) : ~~Xn(53n))

Hence, integrating in dz; and using (4.1) and (4.2),

/RX(JJ) dry < (Xl(fcl)/]RXz(@)dm~-~/]Rxn(f5n)d$1)l/(n_l).

So, integrating in dxs and using (4.1) and (4.2) once more,

| xla)dera)

< (Axl(ﬁl)deAXQ(jz)dxl
/]R2 X3(£3)d(x1,x2).../]R2 X”(fn)d(:vl,@))l/(”_l)

= (/Rm(%)dﬁ1;2/RX2(552)d~%2;2

/]R2 X3(£3)d(x1,x2).../]R2 Xn(fn)d(xh@))l/(n_l)’

where we denoted by d(z1,z2) the volume element in R2. By iterating this argu-
ment, for any k < n, we conclude that

/m @) d(z1, . o)

< (/ (@) div ... / () i
]Rl«—l ]Rk—l

1/(n—1)
/ Xk+1(-'f7k+1)d(m17-~-;mk)---/ Xn(fcn)d(ml,,xk)> s
RF R*

and, finally,

1/(n—1)
[ox@as < ([ wndi. [ o)
n Rn—l R"_l

This and (4.3) imply the claim in (i). Then, (ii) easily follows from (i). O
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As a curiosity, we remark that the estimates in Lemma 4.1 are optimal, as the
example of the cube shows, and that they may be seen as suitably refined versions
of the classical isoperimetric and isodiametric inequalities.

The main estimate needed for the proof of Theorem 1.6 is the following:

Lemma 4.2. Let s € (0,1). Let A and B be disjoint measurable subsets of R™,
with |A] = 1. Let D := €(AU B). Then, there exists § € (0,1/10) depending on n
and s such that the following holds: if |B| < 4, then

) if s €(0,1/2),
L(A.D) > { 8log(1/|B]) ifs=1/2,
5| B2 ifse(1/2,1).

Proof. The main step of the proof consists in the following estimate: there exists
¢ € (0,1), suitably small, depending on n and s, such that, for any

(4.4) re[thﬂ,

with C := 1/¢, we have

d
(45) / / 7yn+25 dx 2 &,,,1723.
A | JDA(Be @)\ Ber()) 17— Y]

In order to prove (4.5), we divide R™ into a collection K of nonoverlapping cubes
Q of size r. We define

QN B| 1}
Kp = € K s.t. > -0,
1o Q73
QND| 1
Kp = K\ Kp s.t. > =5,
pi={eer s Gas g
KA :K\(KBUKD)
We also set
Qs:= |J @ Qp:= |J @ Qa= |J @
QEKp QEKp QEK 4
We observe that
1 1
(4.6) 021B> Y, 1QNBI>3 > 1QI=3Qsl.
QeKp QEKp
Moreover,
if Qe Ka, [QNA[=|Q|—-|QNB|—[QND|
(4.7)

1 1 1
= — I = I = $ Q]
QI - 5lal - 5lel = 5l@
In particular,

(4.8) Qal= > 1QI<3 D lQnA <34 =3

QEKA QEK A
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We also point out that if z € @ € Kp and C > \/n, then Q C Beg,(z) and so

dy
n+2s d.]?
QNA |/ DN(Bg,.(x)\Bzr(x)) |z —yl

d
2 / / yn+2s dx
QNA | J(QND)\Baz,(z) |z —yl

QN D)\ Bar(z)
e vt

KQFLA|<T”/3——6"LBl|r”>
- (V)

provided that ¢ is sufficiently small. Now, two cases may occur. Either
(4.10) @pNA[ =7
or not. If (4.10) holds, then we exploit (4.9) to obtain

dy
n+2s dx
A |/ DN(Bg,.(x)\Bzr(z)) |z — y[ 2

dy
> | dx
QEZKD /QmA [/Dm(Bér(x)\Bg,,(x)) |z — y"”‘l

> Z er B IQNA|l = er®|Qp NA| > ert 7.
QEKp

(4.9)

>cr®QN Al

That is, if (4.10) holds true, then (4.5) is proved, up to renaming the constants.
Therefore, we can focus on the case in which (4.10) does not hold and suppose
from now on that

(4.11) |Qp NA| <.
Hence, recalling (4.4) and (4.6), and the fact that § < 1/10, we conclude that
Qal = [QaN Al = |A[ - [@s N A[ - [Qp N A

4.12 1
(4.12) >1—@m—r>§

From (4.12) and Lemma 4.1(ii), we have that, up to rotation,
(4.13) e, (Qa)] = co.

Thus, we organize the cubes of K into subfamily of columns in direction e,: more
explicitly, the column containing a cube ) € K is given by the union of all the
cubes of the form @ + jne,, for any j € Z.

We define C'4 to be the union of all the columns that have a cube belonging to
K4, and Cp to be the union of all the columns in C'4 that have at least one cube
belonging to K 55, We also let M4 and Mg to be the cardinality of the columns
belonging to C'4 and to Cp, respectively. We remark that

(4.14) the number of cubes in K 4 is finite,

6of course, C'y and C'p may well have some common columns in the intersection.
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due to (4.8), and so My is finite”.

Notice that Q4 C C4, therefore, by (4.13),
(4.15) co < |, (Ca)| = 7"t My.

On the other hand, if C, is a column belonging to Cg, then it contains one cube
QW belonging to Kp, and therefore

|IC,NB| > 1QW nB|>r"/3.
Consequently,
|B| > |Cg N B| > Mpr™/3.
Accordingly, recalling (4.4) and (4.15),
31B| \3cr< Co <%
rn rn 2rn—1 2

if ¢ < ¢g/6. As a consequence of this, using (4.15) once more, we conclude that

(416) MB X

b

the number of columns in Cy4 \ Cp

(4.17) is at least M4 — Mp > % > €0 .
2 2rn—l

Now, let C* be a column in C'4 \ Cp. Then, recalling (4.14), we see that C* must

contain only a finite number of cubes belonging to K 4, so we may define the cube

Q% as the cube of C* belonging to C4 with the highest possible e,,-coordinate.
We consider the cube QF := Q} + 2re,. By construction 7 € Kp. Notice that

if € Qfandy € QF then |z —y| > r, and |z — y| < (2 + v/n)r < Cr, provided

that C is sufficiently large. Therefore, if 2 € Q%, then Q% C Bg, (x) \ Bz-(z), and

/ / dzx dy
4nQz DB, (0)\Ber(a)) [& = y[" 2

/ / dx dy
AnQ: Jpng: T — |z — y[nt2s

> or= 29 140 Q3| |D N QY|

WV
Q

)

for a suitable ¢ € (0,1) (independent of & and C, and possibly different line after
line). As a consequence,

/ / drdy o2
> .
c*nA JD(Ba, (2)\Bar(z)) \1‘— y[nt2s

Since this is valid for any column C* in C4 \ Cp, in the light of (4.17) we obtain

that drd
T
/ / 3+28 2 C,,,lfnrn72s — CT’172S.
DN(Bg,.(z)\Bzr(z)) |9U — |

This completes the proof of (4.5), by choosing ¢ € (0,1) small enough.

Since ¢ is now fixed once and for all, we can suppose that § in the statement of
Lemma 4.2 is smaller than &, hence ¢ > |B|. So, let ko be the largest integer so
that é2**1 > |B|. From (4.4) and (4.5), we deduce that, for any 1 < k < ko

C|B| < 7 = &F < ¢,

"Similarly, exploiting (4.6), one can see that Mp is finite — however, a more precise estimate
on Mp will be given in the forthcoming (4.16).
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we have that

/ / dy do > glr2k(1-29),
A | JDN(By, 5(2)\Bery () |z — y|nt2s

Consequently,
/ |:/ |£L‘ _ |n+25:| dx
d
Z / [ / yn+2] dz
DN(By, yz(x)\Bar, (x)) [z =y
> Z~1+2k(1 2s)

k=1
GU=29+1  if 5 € (0, 1/2),
Z koc if s =1/2,
Fro(1=2)+1 if 5 € (1/2, 1),
This implies the desired result, by taking § appropriately small with respect to é. [

We now complete the proof of Theorem 1.6 by the following argument. If |B| >
c|Al, then |[AU B| < |A| + |B| < (1 +¢71)|B|. Hence, we make use of the Sobolev-
type inequality in (A.1) and we possibly rename ¢, to conclude that

L(A, D) / / dx dy
(4.18) c(aup) [T —y["

> c|A||AUB|72/™ > | A||B|72/"
which proves (1.11).
If, on the other hand, if |B| < ¢|A4| # 0, we define
1 ~ 1 1

A=———A B:= Band D= ———D=%(AUB).
A B g B end D= gD = 6405

We observe that |A| = 1 and |B| = |B|/|A| < ¢, so we can apply Lemma 4.2 and
obtain that

L(AaD) = |A‘(n728)/nL(A7D)
c|A|(m=28)/n if s € (0,1/2),
> { c|A|=D/"log(1/|B)) if s =1/2,
c|A|(n=28)/n | B|1 =25 if s € (1/2,1).
c|A|(n=28)/n if s € (0,1/2),
= {4 clA[" D/ log(|A/|B]) if s =1/2,
c|A|m=2)/ (|B|/|A|)*—2* if s € (1/2,1).

This proves (1.11) and completes the proof of Theorem 1.6.
At the end of this section we prove another localized version of (1.11) in Theo-
rem 1.6 which could be useful in other situations, such as in [21].

Proposition 4.3. Let s € [1/2,1). Let A, D be disjoint subsets of a cube @ C R"™
with
min{[Al, |D[} = 0@,
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for some o > 0. Let B=Q \ (AU D). Then,

81QI"+ log(|Ql/|B]) ifs=1/2,
L(A,D) > B

S|QI = (lQl/1B)**~ if s € (1/2,1).

for some § > 0 depending on o, n and s.

Proof. By rescaling, we can assume that @) is the unit cube.
The proof follows the lines of Lemma 4.2: we show that for each

r € [C|Bl,d,

we satisfy (4.5) with C' := 1/¢, for some small ¢ depending on n, s and o.

We divide the unit cube into cubes of size r that we partition into the three sets
K4, Kp and Kp. The difference now is that D is defined only on the unit cube and
therefore the existence of Q7 € Kp at the end of the proof of Lemma 4.2 requires
a more careful argument.

As before, we only need to deal with the case (see (4.12))

o o
2 a 2 a
Qal> 2 lanl> 2
Denote - o
= S<a<gl-<.
« |QA|5 9 Q D)
From Lemma 4.1(ii), we have that, up to rotation,
n—1
(4.19) e, (Qa)| Z a .

We define C4 to be the union of all the columns that have a cube belonging to
K 4, Cp to be the columns in C'4 that have at least one cube belonging to Kp and
Cp to be the columns in C4 \ Cp that have at least one cube belonging to Kp. We
also let M4 Mp, and Mp to be the cardinality of the columns belonging to Cay,
Cp and to Cp, respectively.

By (4.19),

n-1 n—1
o n §|Hen(cA)|:T My,
and we also have (see (4.16))
Mp < 3ér' ™.

On the other hand, the cardinality m, of the columns in C4 \ (Cp U Cp) (that
contain only cubes from K 4) satisfies

mar" T < |Qa| = a.
Thus, if ¢ is sufficiently small,
Mp=My—m,— Mp > rl_"(a%1 —a—¢/3) = ertTm
Let C* be a column belonging to Cp. Then
C*CKasUKp, C*'NKjs#9, C'NKp#a,

and we can easily conclude that on this column there must exist two cubes Q§ C K4,
Q7 C Kp at distance either 2r or 3r from each other. Then

L(ANQG, DNQY) = er™ %,

and the proof continues as before. O
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APPENDIX A. A SOBOLEV-TYPE INEQUALITY FOR SETS

For completeness, we give here an elementary proof of the Sobolev-type inequal-
ity exploited in our paper, see (4.18). For related and more general results see [4, 5]
and references therein.

Lemma A.1. Fiz x € R". Let E C R™ be a measurable set with finite measure.
Then,

dy _92g
> E s/n
L, e = B

for a suitable constant c(n,s) > 0.

Proof. Let
_ @ 1/n
Wn, '
Then,
[CE N By(x)| = [By(x)| — |EN By()|
— |E| - |EN B, ()| = |[EN%B,(x)|.
Therefore,
/ dy _ / dy / dy
e T —y|"r3 “ENB,(2) [T —Y["**  Jepnes, @) T —y[" T2
d d
> / n—lg-/?s + / yn—i—Qs
CENB,(z) P CENEB,(z) |z -y
_EEOB dy
prtas CENGB,(x) |T — Y[
_Boenel, | &y
prtas GENEB,(2) [T — Yy
d d
2 / yn+2s + / yn+29
ENEB,( |33 -yl EENEB,(x) |z — y|t2
_ / dy
“B,(2) |7 — Y[
By using polar coordinate centered at x, the desired result easily follows. (Il

By integrating in x the estimate of Lemma A.1, we obtain:

Corollary A.2. Let E, F C R™ be measurable sets with finite measure. Then,

dx dy _
Al // > c(n, s) |F||E|~2/",
(A.1) SR ey =T (n,s) |F| |E|

for a suitable constant c(n,s) > 0.
In particular,

dxd
A2 L it = el B0
vr |7~y

for any measurable set E with finite measure.
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