PHASE TRANSITIONS: REGULARITY OF FLAT
LEVEL SETS

OVIDIU SAVIN

ABSTRACT. We consider local minimizers of the Ginzburg-Landau
energy functional

/%WUF + 3(1 —u?)da
and prove that, if the 0 level set is included in a flat cylinder then,
in the interior, it is included in a flatter cylinder. As a consequence
we prove a conjecture of De Giorgi which states that level sets of
global solutions of
Au=u®—u
such that

lu] <1, Opu >0, lim w2, x,) = +1

T — 00

are hyperplanes in dimension n < 8.

1. INTRODUCTION

In this paper we establish further properties of phase transitions that
are similar to the properties of sets with minimal perimeter.

The Ginzburg-Landau model of phase transitions leads to consider-
ations of local minimizers for the energy functional

(1) J(u, ) = / 1|Vu\2 + 1(1 — u?)3dz, lu] < 1.
02 1

If w is a local minimizer then
(2) Au=u®—u.

We explain below some analogies between the theory of phase tran-
sitions and the theory of minimal surfaces.

The rescalings u.(z) = u(e~'x) are local minimizers for the e-energy
functional

9 2 1 2\9
e\Ueg) = 5 5 —(1 - .
J:(u.) /2|Vu| +45( uZ) dx
In [16] Modica proved that as ¢ — 0, u. has a subsequence

(3) Ugy, — XE — XE° n Llloc
1
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where F is a set with minimal perimeter.
In [8] Caffarelli and Cordoba proved a uniform density estimate for
the level sets of local minimizers u. of J.. Suppose u.(0) = 0, then

[{u. > 0} N By
| Bs|

for e < §, C' > 0 universal. In particular, this implies that in (3), the
level sets {u., = A} converge uniformly on compact sets to OE.

In [19] Modica proved monotonicity of the energy functional, i.e.
J(u, BR)R'™" increases with R.

Let us recall some facts about minimal surfaces (see for example
Giusti [14]). Suppose that F is a set with minimal perimeter in € and
0 € OF. Then

1) Flatness implies regularity, i.e if

O ={|2| <1} x {|z.| <1}, OE C {|an| < &),

and € < g¢, 9 small universal, then JF is analytic in {|z/| < 1/2}.

The proof uses an “improvement of flatness” lemma due to De Giorgi
(see chapters 6, 7, 8 from Giusti [14]). More precisely, one can show
that, possibly in a different system of coordinates, F can be trapped
in a flatter cylinder

{1y| <me} NOE C {|yn| < em},

with 0 < 1, < 7, universal. This implies OF is C%®, and therefore
analytic by the elliptic regularity theory.

2) If @ =R"™, and n < 7 then OF is a hyperplane.

3) If @ = R™ and n = 8 then there exists nonhyperplane minimal
sets, for example Simons cone

2?4 a2 422+ 2?2 < a2 a4 ok 4ol
If, in addition, we assume that OF is a “graph” in some direction,
then JF is a hyperplane.
4) If Q = R™ and n > 9 then there exists nonhyperplane minimal
graphs (see [6]).
5) If @ =R" and OF is a graph in the e,, direction that has at most
linear growth at oo then OF is a hyperplane.

> C

It is natural to ask if some of these properties hold for level sets of
local minimizers of (1), or solutions of (2).

In connection to 3) above De Giorgi made the following conjecture
in [11]:

Let u € C*(R™) be a solution of

Au=u® —u,
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such that
lu| <1, Opu>0

in whole R™. Is it true that all the level sets of u are hyperplanes, at
least if n < 87

The conjecture was proved for n = 2 by Ghoussoub and Gui in [12]
and for n = 3 by Ambrosio and Cabre in [2].

Barlow, Bass and Gui proved in [3] that monotonic solutions in R™
with Lipschitz level sets are planar in all dimensions.

The main result of this paper is an “improvement of flatness” theo-
rem for 0 level sets of local minimizers (Theorem 2.1). More precisely,
if u is a local minimizer of (1) and {u = 0} is included in a flat cylinder
{12’ < 1} x {|x,| < 0} with 0, [ large and 0I~! small then, {u = 0}
is included, possibly in a different system of coordinates, in a flatter
cylinder {|z'| < mal} x {|zn| <m0} with 92 >y > 0 universal.

If {u., = 0} converges uniformly on compact sets to a hyperplane
then, one can apply Theorem 2.1 and conclude that {u = 0} is included
in flatter and flatter cylinders, therefore it is a hyperplane.

This fact allows us to extend some of the minimal surfaces properties
listed above to level sets of local minimizers of (1). In particular, we
prove the weak form of De Giorgi’s conjecture, i.e we also assume that
(4) i lirliwu(x',zn) =+1.

The approach of Modica to study local minimizers of J,. uses vari-
ational techniques and the notion of I'— convergence. More precisely,
by coarea formula, one has

1
g (ug, 2 2—/ l—ug Vu.ldr =
(0.2) 2 == [ (1),

1 ! 2 n—1 _
:ﬁ/_l(l—s YH" ({ue = s} N Q)ds.

Heuristically, we minimize J.(u., §2) if, in the interior of 2, we take
the level sets {u. = s} to be (almost) minimal and

1
) Vu,| = —(1 — u? )
) Vi = —=—(1 =)
Notice that, if I' is a smooth surface then
d
(6) us(r) = tanh r(z)

V2e

satisfies (5), where dr represents the signed distance to the surface I
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In this paper we use the method of subsolutions and supersolutions
together with the sliding method. Suppose that I' is a smooth surface
and consider the function given by (6). Then

2 _ .3 € 2 Ki
EAue—ue—ue—ﬁ(l—ue)Zm

where k; represent the principal curvatures of I' at the point where the
distance is realized.

Heuristically, if T' has positive (negative) mean curvature then we
can find a supersolution (subsolution) whose 0 level set is I'.

In a forthcoming paper we use the same techniques to prove similar
results for solutions of

F(D*u) = f(u),
ue C*R™), |ul <1, Ou>0

where F' is uniformly elliptic, and F', f are such that there exists a one
dimensional solution g which solves the equation in all directions, i.e.

F(D*g¢(z-v) = f(9(z-v)), YweR™ |y =1

2. MAIN RESULTS
Consider the more general energy functional
(7) J(,9) = /Q %|Vu|2 b ho(w)dz, |ul <1
with
ho € C*[—1,1], ho(—=1) = ho(1) =0, he>0 on (—1,1)
ho(—1) = hi(1) =0, hy(—1) >0, hg(1l) > 0.

We say that v is a local minimizer in €2 if, for every open set A C (2
relatively compact in €.

J(u, A) < J(u+v,A4), Yve Hi(A).
A local minimizer of (7) satisfies
(8) Au = h{(u), |u|<1.
Our goal is to prove the following theorem for flat level sets of u.

Theorem 2.1. Improvement of flatness
Let u be a local minimizer of (7) in {|2'| < I} x {|z,| < I}, and
assume that the level set {u = 0} stays in the flat cylinder

{]'| <1} x {|z,| < 0}.

and contains the point 0.
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Then there exist small constants 0 < n; < 1y < 1 depending only on
n such that:

Given 0y > 0 there exists €1(0y) > 0 depending on n, hy and 0y such
that if

<e1(by), <0
then
{u=0} N ({|mex| <ml} x {|z- & < nal})
1s included in a cylinder
{Imex| < mol} x {|z - &) < mb}
for some unit vector £ (m¢ denotes the projection along &).

We prove Theorem 2.1 by compactness from the following Harnack
inequality for flat level sets of minimizers

Theorem 2.2. Let u be a local minimizer of J in the cylinder {|z'| <
1} x {|z,| <1} and assume that
{u=0} C {|z,| <0}, u(0)=0.

There exists a small universal constant nyg > 0 depending on n and hg
such that:
Given 0y > 0 there exists €9(6y) > 0 depending on n, hy and 0y, such

that if
el_l S 80(90)9 90 S 97
then
{u=0}N{l2'| <mol} C {lzal < (1 —mo)6}-
As a consequence of Theorem 2.1 we prove the following theorems.

Theorem 2.3. Suppose that u is a local minimizer of J in R™, and
n < 7. Then the level sets of u are hyperplanes.

It is known (see [15]) that monotone solutions of (8) satisfying (4)
are local minimizers.

Theorem 2.4. Let u € C*(R™) be a solution of

(9) Au = ho(u),
such that
(10) lul <1, 0Oyu >0, hril uw(x', x,) = £1.

a) If n < 8 then the level sets of u are hyperplanes.
b) If the O level set has at most linear growth at oo then the level sets
of u are hyperplanes.
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The paper is organized as follows. In section 3 we prove Theorems
2.3 and 2.4 assuming Theorem 2.1. In section 4 we introduce some
notation and preliminaries. In section 5 we show that the 0 level set of
u satisfies in some weak viscosity sense a mean curvature equation at
large scale. In section 6 we show that Theorem 2.2 implies Theorem
2.1 by a compactness argument. In the remaining part of the paper
we prove Theorem 2.2. The proof uses some ideas of Caffarelli and
Cordoba from a paper about regularity of minimal surfaces (see [9]).
Next we explain the strategy of its proof.

Let go denote the one dimensional solution of (8), go(0) = 0, and
suppose that at one point {u = 0} is close to x,, = —6. Then, using
a family of sliding surfaces (see section 7), we prove that the graph
of u is close in the e, direction to the graph of go(z, + 6) at points
that project along e, in sets of positive measure (section 8). Using
an iteration lemma we show that these sets almost fill in measure the
strip {(2/,0, Zp11) | |Tna1| < 1/2} (section 9). From this we obtain a
contradiction with the fact that u is a local minimizer and u(0) = 0
(section 10).

3. PROOF OF THEOREMS 2.3 AND 2.4

In this section we use Theorem 2.1 to prove Theorems 2.3 and 2.4.
Let €2 C R™ be an open set and F be a measurable set. The perimeter
of FE in () is defined as
/ div g dx
E

where the supremum is taken over all vector fields g € C}(Q) with
lgll < 1.

We say that F is a set with minimal perimeter in €2 if, for every open
set A C 2, relatively compact in €2

PA(E) < Pa(F),

whenever E' and F' coincide outside a compact set included in A.
We introduce the rescaled energies,

1
(11) (0, Q) ;Z/E|W|2+—h0(v>dx.
Q2 €

Pq(E) = sup

Y

If u is a local minimizer of J(u, (), then the rescalings
x

ue(w) = u(?),
are local minimizers for J.(-,£2), and
Jo(ue,eQ) = "1 (u, Q).
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Now we state two theorems that we mentioned in the introduction.
The first theorem was proved by Modica in [16].

Theorem 3.1. Let uy be a sequence of local minimizers for the energies
Je, (+, Q) with e, — 0. There exists a subsequence uy,, such that

Uk, — XE — XEe N L}OC(Q)

where E is a set with minimal perimeter in ). Moreover, if A is an
open set, relatively compact in €2, such that

/ Dxe| =0,
0A
then

(12) lim J., (ug,, A) = Pa(E) / 1 V2ho(s)ds.

The second theorem was proved by Caffarelli and Cordoba in [8].

Theorem 3.2. Given a > —1, § < 1, if u is a minimizer of J in Bg
and u(0) > «, then

{u> G} N Bg| > CR"
for R > Ry(a, 3), where C' is a constant depending on n and hy.
Next we use Theorem 2.1 to prove the following lemma.

Lemma 3.3. Let u be a local minimizer of J in R™ with u(0) = 0.
Suppose that there exist sequences of positive numbers O, I, and unit
vectors &, with [, — oo, le,;l — 0 such that

{u=0tN{lmgx| <l} x{lz- &l <l}) C{lz- &l <Ok}
Then the 0 level set is a hyperplane.
Proof: Fix 6y > 0, and choose k large such that le,;l < e <eq(by).
If 6, > 6y then we apply Theorem 2.1 and obtain {u = 0} is trapped
in a flatter cylinder. We apply Theorem 2.1 repeatedly till the height

of the cylinder becomes less than 6.
In some system of coordinates we obtain

{u=0} N ({ly] <} x{lyal <i}) C{lyal <6},

with 6y > 6, > m16, and 9,’61;;1 < le,zl < ¢, hence [}, > e~ 1n10,.
We let ¢ — 0 and obtain {u = 0} is included in an infinite strip of
width . The lemma is proved since 6, is arbitrary. O

Proof of Theorem 2.3
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The rescalings u.(z) = u(e ') are local minimizers for J. in R".
From Theorem 3.1, there exists a sequence £, — 0 such that
(13) u., — Xg — Xge in L} _(R")

loc

with E a set with minimal perimeter.
Claim: {u., = 0} converges uniformly on compact sets to OE.

Assume not, then there exist 6 > 0, zop € R”, and points x €
{ue, = 0} N B(z,0) with, say B(zp,20) C E. By Theorem 3.2, the
set {u., < 0} has uniform density in B(zp,2d) for e small, which
contradicts (13).

Since OF is a minimal surface in R", n < 7, and 0 € JF, we conclude
that OF is a hyperplane going through the origin. This implies

{uek = 0} NB, C {|$n| < 5k}7

with 0, — 0. Rescaling back we find that u satisfies the hypothesis of
lemma 3.3 and the theorem is proved. O

Proof of Theorem 2.4

First we prove that a function u satisfying (9), (10) is a local min-
imizer in R™. For this, it suffices to show that in Bg, v is the unique
solution of

Av=hy(v), |v|]<1l, v=wu on dBg.

Since

mlimoou(x',:cn) =1,

we conclude that the graph of u(2’, x,, + t) is above the graph of v for
large t. We slide this graph in the e,, direction till we touch v for the
first time. From the Strong Maximum Principle we find that the first
touching point occurs on dBg. Since u is strictly increasing in the e,
direction, we can slide the graph of u(z’, x,, + t) till it coincides with
the graph of u, hence u > v. Similarly we obtain v < v which proves
that u is a local minimizer in R".

Assume u(0) = 0 and define u.(z) = u(e~'z). Again we find that
(13) holds for some sequence ¢, — 0. Moreover, u,, > 0 implies E° is a
subgraph, hence OF is a quasi-solution in the e, direction (see chapters
16, 17 in Giusti [14]).

In both cases a) and b) one has OF is a hyperplane and the theorem
follows from lemma 3.3. 0
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4. PRELIMINARIES

First we introduce some notation.
Notation
(€1, .., €n, €nt1) the Euclidean orthonormal basis in R
X = (2,%p41) = (¥, Ty Tpy1) = (X1, T2y ooy X1, Ty Trpp) € R
XeRH eR™L zeR" |z, <1
B(x,r) the ball of center x and radius r in R”
B(X,r) the ball of center X and radius r in R"*!
graph uw = {(z,u(x)), x€R"}
dr the signed distance to the surface I'
v a vector in R", ¢ a vector in R"
Z(v1,19) the angle between the vectors vy and v,
m,X = X — (X - v)v the projection along v
m; the projection along e;
P, the hyperplane perpendicular to v going through the origin
P; the hyperplane perpendicular to e; going through the origin
Constants depending on n, hy are called universal and we denote
them by C;, &, C;, ¢ (C,, ¢; are constants that we use throughout the
paper).
Preliminaries
In the proof we find many times inequalities involving a strictly in-
creasing function g, and its derivatives ¢’, ¢”. In this cases we consider
s = g as the new variable and we define a new function

hs) = 5P

We obtain

dg d*g d dh
r_ %9 " _ _ /
9= V2h g PR A Lt

and now the inequality involves only h and h’. We can reconstruct g
from h (up to a translation) since

d¢=g7'(s) —g7'(0).

e

In particular we define

:/0 \/ﬁdga go(t) = Hy ()
and we find
90(t) = ho(g0(1)),
thus, go is a one dimensional solution of (8).
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5. THE LIMITING EQUATION
In this section we prove the following

Proposition 5.1. The limiting equation
Let u be a local minimizer of J and assume that w(0) = 0. For some
0o > 0 small, we consider the surfaces

1
I'={z, = P(a):= 5g:fTMx'},

(14) M€ Munwmn, AP=tr M >&||M|, |M]| <5

There ezists 0o(dg) > 0 small, such that if ¢ < 00(dp) then I' cannot
touch from below {u. = 0} at 0 in a So(AP) 22 neighborhood.

By “I" touches from below {u. = 0} at 0 in a dy(AP) 22 neighbor-
hood” we understand

{ue = 0} N {z, < P(2")} N {|z| < 6o(AP) 22} = 0.

Proposition 5.1 says that {u. = 0} satisfies a mean curvature equa-
tion in some weak viscosity sense in which we have to specify the size
of the neighborhood around the touching point. The size of the neigh-
borhood depends on the polynomial P and ¢.

If P is fixed and € — 0 then the radius of the neighborhood converges
to 0. In particular, if {u. = 0} converges uniformly to a surface, then
this surface satisfies in the viscosity sense a mean curvature equation.

One way to interpret the above proposition is the following:
Suppose that P has positive mean curvature and let §y be small such
that (14) holds. Consider a spherical neighborhood around 0 such that
P separates at just one point at a distance dyoe from x,, = 0. If r denotes
the radius of this neighborhood then,

| M||r? > 200 = 12 > 0o||M || re > S3(AP) e,

Hence, if £ < 0¢(dp) then P cannot touch from below {u. = 0} at 0
in the r neighborhood.
We are going to prove the following version of Proposition 5.1.

Lemma 5.2. Let u be a local minimizer of J in {|z'| <1} x {|z,| <1}
and assume that u(0) = 0 and u < 0 below the surface
1
Iy = {z, = P(') = l%§x/TM1x/ + ?5 -’}
M) <ot ¢l <67
for some small 6 > 0. There exists o(§) > 0 small, such that if

07 < o(6), 6>,
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then
tr Ml S 0.

Next we show that Proposition 5.1 follows from lemma 5.2.
Assume by contradiction that for some
63)
4
I' touches {u. = 0} from below at 0 in a y(AP) 2e2 neighborhood.
By rescaling we find that

3 S 0'0(50) = 0'2(

{z, = %x'TMx’}

touches from below {u = 0} at 0 in a do(AP) 2e2 neighborhood.
We apply lemma 5.2 with

do

L=t M) 272, §=0= 4 Mi=(tr M)"'M, £=0
thus,
ry={x, = %x’TMx’}.
Since

M| = (tr M)7HIM|| < 65" <67,
2
oIt = 5—2°(tr M)ze? < g2 < J(%O) = 5(0)
we conclude

0 Z tr Ml =1
which is a contradiction.
Before we prove lemma 5.2 we need to introduce a comparison func-
tion. Using this function and the fact that {u < 0} below I';, we are
able to bound u by above.

Lemma 5.3. (Comparison function)

Forl > 0 large, there exists an increasing function g; supported inside
(—00,1/2), ¢(0) = 0, gi(s) is constant for s < —1/2, such that the
rotation surface

U(y,1) == {zn1 = gi(lz —y| = )}
is, in the viscosity sense, a strict supersolution of (8) everywhere except
on the sphere {|z—y| = [}. Moreover, if H = g; ' there exists universal
constants ¢, small, Cy large, such that H; is defined on (—1 + e~ 1),
and
H. Cl : —c1l/2
o(s) < Hy(s) — Tlog(l —|s]) if |s|<1l—e .
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Proof. Define h;, H; (the corresponding functions for g;) as

(15)
hils) — ho(s) — ho(s; —1) — Col 7 (1 +8)2 —52%) ifs;—1<s5<0
) = ho(s) + hol1 — s0) + Col= (1= 8)2 + s1(1—s)) #0<s<1
s 1
(16) o) = [ it
We choose C large, universal, such that
(17) 4(n — 1)/ ho(s) < Co(1 — |s]).

and s; = e~ with & small.

For s; — 1 < s <0 and [ large we have
1

3 (ho(s) — ho(si — 1)) < hu(s),

hence

mm—nziﬁﬁmm—mw—m%@z

0
> =0 [ (14— s) 1+ QR 2 Calog = 172

—1

if ¢; is small enough. Moreover, for 0 > ¢;(t) > s; — 1 we have

g/(t) +2(n— DI g/(t) = hi(s) +2(n — DI /2h(s) <

< hy(s) = 205071 (1 4 8) + 4(n — )7 /ho(s) < hy(s).

On the domain where g; is constant, i.e g = s; — 1 one has
AY(0,1) =0 < hy(s; —1).

We remark that g; is a C1! function on (—o0, 0). Its second derivative
has a small jump at H;(s; — 1) from 0 to hj(s; — 1). From the above
inequalities we can conclude that ¢;(|z| — ) is, in the viscosity sense, a

strict supersolution for |z| < .
If e=@4/2 — 1 < s < 0 then

ho(s) — hy(s) < ho(s; — 1) 4+ Col (1 4 5)* < O H1 + s)?
hence
Hy

° 1 1

O ho(Q) — Tu(¢) A
SCQ/S (1+C—Sl)%(1+C)%dg§ Cil™ log(1 + s).
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For 0 < s < 1 we have
hl(s) S 2 (ho(S) + ho(l — Sl)) s

and

H(1) < / (ho(C) + hol1 — 1)) F dc <

gcyé%a—gﬁ+a%%dg§—@kgang
Also,
gi(t) + (n = DI gi(t) = hi(s) + (n — DI/ 2M(s) <
< hj(s) — Col ™ (1 — 5+ 5)) +4(n — 1)1/ ho(s) + ho(1 — 51) < hy(s),

thus, ¢;(|x| — 1) is a strict supersolution for |z| > [. We also remark
that g/(H(1)) > 0.
If0<s<1—e @2 then

hi(s) — ho(s) < ho(1 — 57) 4+ 2051711 — 5)* < CI7H(1 — 5)?

hence,

H()S

s 1 1
0 -H) < [ raye
* hi(¢) — ho(€ _—
S C2/0 %d( S —Cll ! log(l — S).
With this the lemma is proved. O

Next we construct a strict supersolution which is 0 on a surface I'
with positive mean curvature.

Lemma 5.4. Let I' be such that

I'={z,=P()= %I,TMI, +oé -2y {2 < o™,

tr M >6, |M|| <6t J¢<d!

for some small 6 > 0. There exists 01(6) > 0, such that if e < o <
01(9), then we can find a function gr for which gr(dr) is, in the viscosity
sense, a strict supersolution, where dr represents the signed distance to
[, dr > 0 above I'. (We consider only the set where the distance dr is
realized at a point in the interior of T'.)
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Proof. We define
(18) hr(s) = max{0, ho(s) + c1dep(s)},

where
¢g =1/2 min ho(s),

—1/2<5<1/2
1 ifs<-1/2
p(s) =4 2s if —1/2<s<1/2
1 if1/2<s

Let s5. be the point near —1 for which hy(ss.) = c1de, hence 1+ 55, ~
(6e)2. We have

0 _Cl

S6,e 1
Hy(ss.) = ——d( >
(55 /0 V/2hr(¢) ‘= s5e V(€= 852)(1+C)

Z 02 (6) log g,

—C5(0) loge,

1 1 ! C
Hr(1) :/0 sz(c)dcg/o \/<1—<>2+65dcS

Hr(s) < Hy(s).
Thus, gr(d) = Hy'(d) is defined for d < Hr(1) and it is constant for
d S HF(S&E).
Let d be the signed distance function to I'. In an appropriate system

of coordinates
D2d:dz’ag< AL S 0)

1—dl€1’ "1—d/€n_1’

where x; are the principal curvatures of I' at the point where the dis-

tance is realized.
Notice that |x;| < C3(d)e, hence, for |d| < Cy(d)loge™" one has

[y

n—1 n—

_Ii.
< - : ?loge™! <
Zl—dﬂai < 1 ki +C(d)e“loge™ <

i=1 7
< —AP + C|VP?|D*P|| + C(8)e2 <
< —e6 4+ C(6)(e0® +£2) < —ed + Cy()eo?.
Thus, for gr(d) > s,
Agr(d) < gi(d) — (5 — Ca(8)0?)gp(d) <
= hl(s) — e(8 — C4(8)o2)\/2hr(s) <
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If 0¢(0) is chosen small enough, then
Agr(d) < hy(gr(d)).

On the domain where gr is constant, i.e d < Hrp(ss.) we have
Agr =0 < hy(sse)-

Since gr is a CM! function we conclude that gr(d) is a strict superso-
lution in the viscosity sense and the lemma is proved. U

Proof of lemma 5.2
Assume by contradiction that tr M; > 6. We apply lemma 5.4 to
the surface

/ 65 / /
T = {2 = P) = SR {2 < 1}

with € = 0172, 0 = 01~! and we find that gr,(dr,) is a strict supersolu-
tion if ¢ is small enough.
On the other hand we claim that

(19) u(r) < gyaldr,) i [2'] <12, o] <172

In order to prove this we use Theorem 3.2. We choose a < 0 small
such that h{ is strictly increasing on [—1,a] and § = 0. Then, there
exists Cy universal such that if u(x) > « then

B(z,Cy) N{u > 0} # 0.
If | > 8C%, then
(20) u(x) <a for xe€ B((0,-1/2),1/4)

Since ¥((0,—1/2),1/4) is a supersolution of (8) in B((0,—1/2),1/4)
and it is supported inside B((0,—1/2),3l/8) (see lemma 5.3), we con-
clude from the maximum principle that u is below W((0, —1/2),1/4).

We slide this surface continuously along vectors v, with v - e, 1 =0,
v-e, > 0, till we touch the graph of u. Since ¥((0,—1/2),1/4) is a
strict supersolution everywhere except on the 0 level set, we find that
the touching points can occur only on the 0 level set.

The inequality (19) now follows from the fact that, if o is small
enough, at each point of I'; we have a tangent sphere of radius [/4 from
below which can be obtained from the sphere |z — (0, —1/2)| = 1/4 by
sliding it continuously inside the domain {u < 0}.

Now it suffices to prove that for o < o1(9) we have

(21)  gro(dry) > gyaldr,) on {|2'| =1/2} 0 {|dr,| <1/4}.

Then we slide gr,(dr,) from below in the e, direction in the cylinder
{|2'] < 1/2} x {|z,| < 1/2} till we touch u. By (19), (21) this can-
not happen on {|z’| = [/2} therefore the contact point is an interior
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point which is a contradiction with the fact that gr,(dr,) is a strict
supersolution.
We notice that on {|z'| =1/2} N {|dr,| <1/4} we have

dr, > dr, + c1(9),
thus, in order to prove (21), it suffices to show that
(22) Hr,(s) < Hya(s) + c1(9).
From (15),(18) we find that for [ = o~! > C(9) large
hry(s) < hya(s) if s < =14 cy(8)l2

hry(s) > hya(s) if s > 1—cy(8)I2
This implies that the maximum of Hr,(s) — Hj/4(s) occurs for 1 —|s| >
¢(8)172. For these values of s we have

I3

02(5)
With this the lemma is proved. O

Hr,(s) < Ho(s) < Hyu(s) +4Cil " log < Hyja(s) + c1(6).

6. THEOREM 2.2 IMPLIES THEOREM 2.1

The proof is by compactness.
Assume by contradiction that there exists uy, 0, li, & such that uy, is
a local minimizer of J, ux(0) = 0, the level set {u; = 0} stays in the
flat cylinder

{l2'| < b} > {lan] < Ok}

0 > 0, Hklgl — 0 as kK — oo for which the conclusion of Theorem 2.1
doesn’t hold.
Let Aj be the rescaling of the 0 level sets given by

(@', 25) € {ur =0} — (¥, yn) € Ay
v =210y, = a0,

Claim 1: Ay has a subsequence that converges uniformly on |y/| <
1/2 to aset Ao = {(v,w(y)), |v'| <1/2} where w is a Holder con-
tinuous function. In other words, given &, all but a finite number of
the Ay’s from the subsequence are in an € neighborhood of A.

Proof: Fix v, |yo] < 1/2 and suppose (y), yx) € Ax. We apply
Theorem 2.2 for the function uy in the cylinder

{|£L’l — lky6| < lk/Q} X {|£L’n — Hkyk| < 29k}
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in which the set {u; = 0} is trapped. Thus, there exists a universal
constant 79 > 0 and an increasing function €y3(f) > 0, £9(f) — 0 as
0 — 0, such that {u, = 0} is trapped in the cylinder

{l2" = lyol < mol/2} x {|an — Opyr] < 2(1 —10)0k}
provided that 46,1, < £0(26)). Rescaling back we find that

Ae 0 {ly" = ol <mo/2} C {lyn —wel <201 —m0)}-

We apply the Harnack inequality repeatedly and we find that

(23) A 0 {1y — ol < m6°/2} € {lyn — wl <201 —10)™}
provided that
40,1 < i teo(2(1 — 19)™0y).

Since these inequalities are satisfied for all £ large we conclude that
(23) holds for all but a finite number of £’s.

There exist positive constants «, § depending only on 7, such that
if (23) holds for all m < mg then Ay is above the graph

mo—1

Yn = Yk — 2(1 —1no) —aly =y’

in the cylinder |y'| < 1/2.

Taking the supremum over these functions as y; varies we obtain
that Ay is above the graph of a Holder function y, = ax(y’). Similarly
we obtain that Ay is below the graph of a Holder function y,, = bx(y').
Notice that

(24) bk — Qf S 4(1 — no)mo_l

and that ag, by have a modulus of continuity bounded by the Holder
function at®. From Arzela-Ascoli Theorem we find that there exists
a subsequence a;, which converges uniformly to a function w. Using
(24) we obtain that by,, and therefore Ay , converge uniformly to w.

Claim 2: The function w is harmonic (in the viscosity sense).
Proof: The proof is by contradiction. Fix a quadratic polynomial

1 _ _

e =PY) =y My + €y, M| <67 jg <o
such that AP > §, P(y') + d|y/|*> touches the graph of w, say, at 0 for
simplicity, and stays below w in |y/| < 2. Thus, for all k large we
find points (yx’, yx,,) close to 0 such that P(y’) + const touches Ay, from
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below at (yi', yx,,) and stays below it in |y — y;’| < 6.
This implies that, after eventually a translation, there exists a surface

05 1
{l’n = ; /T Mo —I— €k x } 6] < 2671
that touches {u; = 0} at the origin and stays below it in the cylinder
|2’| < dl. We write the above surface in the form

529k 7 520,

and we contradict lemma 5.2 since 6, > 6, lelzl — 0and AP > 0.

Since w is harmonic, there exist 0 < 17; < 79 small (depending only
on n) such that

lw—&-y| <m/2 for |y'| < 2n, .

Rescaling back and using the fact that Ay converge uniformly to the
graph of w we conclude that for k£ large enough

{uk = 0} N {lSL’/‘ < 3[]#]2/2} C {|LL’n — Hkllzlg . SL’/| < 39k7]1/4}

This is a contradiction with the fact that u; doesn’t satisfy the conclu-
sion of the Theorem 2.1.

7. CONSTRUCTION OF THE SLIDING SURFACES S(Y, R)

In this section we introduce a family of rotation surfaces in R"*!
which we denote by S(Y, R). We say that the point Y is the center of
S and R the radius.

The surfaces S are defined for centers Y in the strip {|y,+1]| < 1/4}
and for radius R large. They have the following property:

Suppose that for fixed R, some surfaces S(Y, R) are tangent by above
to the graph of u. Then the contact points project along e, into a set
with measure comparable with the measure of the projection of the
centers Y along e,, (see Proposition 7.1).

We define S(Y, R) as

(25) SV, R) :=A{zns1 = gypor.r(Ho(Yns1) + [z =yl = R)},

[Yni1] < 1/4,
where the function gy, r, respectively hg, r, Hs, r associated with it,
are constructed below for |sg| < 1/4 and large R. For simplicity of
notation we denote them by g, h, H.
Denote

(26) Cy =14 8(n — 1) max /ho
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and let ¢ be such that
1 1 Co
Vi VG RO
where Cj is large enough such that the following holds
(28) ©(s) < ho(s) —2C3R™*,  if s € [-3/4,—1/2]
©(s) > ho(s) +2C3R™Y,  if s € [1/2,3/4].

Let sp near —1 be such that hg(sg) = R™!, hence 1 + sp ~ R,
We define hyy g : [Sg, 1] — R as

{ ho(s) — ho(sg) — CsR™Y(s — sg) if s € [sg, —%]

(27)

(29) h(s)=4¢ @(s) ifse(=1/2,1/2)

ho(s) + R+ C3R (1 —s) ifse[3,1].

For R large, h(s) > c1(1+ s)(s — sg) on [sg, 0], thus h is positive on
(sg, 1]. Define

(30) Hg, r(s

s 1
) = H0(80> + /;O Wdc
and for R large enough
S0 1
se Vel +0)(C —sr)
! 1
) " S0 \/02(1 — C)2 + R-1

Finally we define g5, r as

S if ¢ H(s
(32) gst(t) = { [—?_1(1‘,) if H(S:) S(t};) H(l)

Next we list some properties of the surfaces S(Y, R):
1) Notice that
(33) h(s) > ho(s) — 2CsR™ > (s) if s € [-3/4,—1/2]
h(s) < ho(s) +2C3R™* < p(s) if s € [1/2,3/4].
From (27), (29), (33) we have

(31) H(SR) Z HO(S()) —

d¢ > —Cilog R

H(l) S H(](SO

d¢ < Cylog R.

(34) H(s) = Hy(s) — == (s — s9)%, if [s| <1/2

H(s) > Hy(s) — —(s —s0)? if 1/2 < |s| < 3/4.
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Let ps,.r be the function whose graph is obtained from the graph of
go by the transformation

(t,s) — (t — %(s —50)%,s) for |s| < 3/4.

From (34) we obtain that g = p for |s| < 1/2, and g < p at all other
points where p is defined.
In other words, if S(Y, R) is the rotation surface

(35)  S(Y,R) :=={2n11 = pyosr.R(Ho(Ynt1) + |2 — y| = R)},

‘yn—l-l‘ S 1/47

then, S(Y, R) coincides with S(Y, R) in the set |z,41] < 1/2 and stays
below it at all the other points where S is defined.

Notice that S(Y,R) C {|zn+1] < 3/4} and it is defined only in a
neighborhood of the sphere |z — y| = R which is the y, 1 level set of
S(Y,R).

2) We remark that S(Y, R) is constant sp when
1
v =yl < R—5R5 < R— Ho(yas1) + H(sp),

and grows from sz to 1 when

1

1 1
—3RY < |o =yl = R € —Ho(yarr) + H(1) < JRE.

N —

3) The function g is C*! in (—oo, H(—1/2)) U (H(1/2), H(1)) and
¢"” has a small jump from 0 to h'(sg) at H(sg).
If s € (sg,—1/2)U(1/2,1), then on the s level set we have (see (26))

(36) AS < W(s)+2(n—1)R1\/2h(s) <

hy(s) — CsR™ 4+ 4(n — 1)\/h(s)R™ < h{(s).
Moreover, from (29), (33) we have
(37) lirlr;r H'(s) < lm H'(s), lim H'(s) < lim H'(s),

s——1/2F s—1/2— s—1/2F
lim H'(s) < oo
s—1~
which together with (36) implies that S(Y, R) is, in the viscosity sense,
a strict supersolution for |x,,1| > 1/2. In other words S(Y, R) cannot
touch from above a C? subsolution at a point X with |z, > 1/2.
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4) If |s| < 3/4, then on the s level set of S(Y, R), defined in (35),
one has (see (27))

(38) hy(s) — CoR™' < ¢/(s) < AS

2(n—1
AS < ¢'(s) + % 20(s) < hiy(s) + CoR™

This shows that S(Y, R) is an approximate solution of equation (8)
with a R™! error.

5) From (27), (29) we see that if Ry < Ry, then

h307R1 (8) S h’So,Rz(S> lf SRl S S S 80

h307R1 (8) Z h’SO,Rz (8) lf So S S S 1
thus,

(39) H807R1 (S) < H807R2 (S)
in the domain where Hy, g, is defined.
Next proposition is the key tool in proving Theorem 2.2.

Proposition 7.1. (Measure estimate for contact points)

Let u be a C? subsolution of (8), i.e Au > hi(u), |u] < 1. Let & be
a vector perpendicular to e,+1 and A be a closed set in Pe N {|x,41] <
1/4}. Assume that for each Y € A the surface S(Y +t&, R) , R large,
stays above the graph of u whent — —o0 and, ast increases, it touches
the graph from above for the first time at a point (contact point). If B
denotes the projection of the contact points along & in Pe, then,

fio| Al < | B

where iy > 0 wuniversal, small and |A| represents the n-dimensional
Lebesgue measure.
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Proof. Assume that S(Y, R) touches u from above at the point X =
(,u(x)). From the discussion above we find |u(x)| < 1/2.
Denote by v the normal to the surface at X, i.e.

1

v=1 Upt) = ———
( +) V14 |Vul?

The center Y is given by

(—Vu,1).

/

(40) Y(X)=(z+ ﬁa Tas1 +w) = F(X,v),
where
(41) w = ROy (ta V|7 — Hyws1))
_ C_b 2
g = —ﬁw + H0($n+1) — H0($n+1 + (U) + R.

The function F' is smooth defined on
(X eR"™ |z, <12} x{v eR"™ v =1,¢) < vy <1—c1}

The differential DxY is a linear map defined on Ty, the tangent plane
at X, and

(42) DXYZFX(Xay)+FI/(X>V)DXV:FX(X>V) _FV(XaV)[Iu

where 11, represents the second fundamental form of u at X. Writing
the above formula for the surface S(Y, R) at X, we find

0= Fy(X,v) — F,(X,v)Is
thus, (42) becomes

(43) DxY = F,(X,v)(IIs — II,).
From (40) and (41), it is easy to check that
(44) |F,(X,0)] < CiR

Since S touches u by above at X, we find that DS — D?u > 0. On
the other hand, from (38),

AS < h(2pi1) + CoR™ < Au+ CoR™
which implies
|D*S — D?ul| < C3R™!
or
(45) [Is = I1,|| < CiR™.
From (43), (44), (45) we conclude
IDxY ]| < Cs.
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The centers Z for which X € S(Z, R) describe a rotation surface,
around X. Note if S(-, R) is above u, then its center is above this
surface. The normal to the surface at Y (X), which we denote by 7,
belongs to the plane spanned by v and e, 1, and ¢ < 7 < 1—cy. Thus,
if £ is perpendicular to e, 1, we have

|7 - &l < Colv-£].

(Notice that the tangent plane to the surface at Y(X) is the range of
F,(X,v).)

Let B be the set of contact points, A the set of the corresponding
centers, B = 71'53 and A = 7T§/~1. Remark that 7 is injective on A and
B by construction. From above, we know that A belongs to a Lipschitz

surface. One has

A= [ 1) -€lay < [ ) - glipaviax <

<C: [ p(x)-€lax =GB
B
and the proposition is proved. O

8. EXTENSION OF THE CONTACT SET

In this section we prove that the contact set from Proposition 7.1
becomes larger and larger when possibly we decrease the radius R.

Denote

L= P, 0 {lznn| <1/2}
Qu=A{",0,2p41)/ || <1 |wnia| <1/2}.

Let Dy, represent the set of points on the graph of u that have
from above a tangent surface S(Y, RC~*), where C is a large universal
constant. Suppose that we have some control on the e, coordinate of
these sets and denote by Dy their projections into L.

Recall that S(Y, RC~*) is an approximate solution of equation (8)
with a C*R~! error. If S(Y, RC~*) touches u from above at X then,
from Harnack inequality, the two surfaces stay C*¥R™! close to each
other in a neighborhood of X (see lemma 8.1). Thus, if we denote

then we control the e,, coordinate of a set on the graph of u that projects
along e, into Ej.

We want to prove that, in measure, Fj, almost covers (); as k becomes
larger and larger.

At large scale the interface satisfies a mean curvature equation. In
lemma 8.2 we prove that near (large scale) a point Z € Dy, we can find
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a set of positive measure in Dy, . Using a covering argument we show
that the sets Ej “almost” cover (); as k increases.

Next we state and prove two technical lemmas, lemma 8.1 and lemma
8.2. At the end of the section we prove a covering lemma which links
the two scales.

Lemma 8.1. (Small scale extension)
Suppose that the surface S(Y, R) touches a solution u from above at
Xo = (zo, u(x)) with

Vu
- <
|Vu‘ (IO)? en)

Given a constant a > 1 large, there exists C(a) > 0 depending on
universal constants and a such that for each point Z € LN B(m,Xo,a)
there exists x with

1) mo(z,u(z)) = Z, |z — 20| < 20

2)

£

Vu
|Vul

Lemma 8.2. (Large scale extension)

Suppose that the surface S(Yy, R) stays above a C* subsolution u in
the cylinder {|2'| < 1} x {|zn| < 1}, | > 4R3 and touches the graph of
u at (xg,u(xg)) with

u(zo)] < 1/2,  fxon| <1/4, |xgl =q, q<l1/4,

Yu T
= < =
|Vu|(g:0)’e") =3

There exist universal constants Cy, Cs, large, €, small, such that if
Cy < q, 1 < Ré, then the set of points (z,u(x)) that satisfy the following
four properties

1) |2'| < q/15, [u(x)| <1/2, Jx — z0] < 2g

2) there exists a surface S(Y, R/Cs) that stays above u and touches its
graph at (z,u(x))

3)

(x — xp) (z0) < Ho(u(x)) — Ho(u(xo)) + Cla)R.

£

Vu Vu -

4(@(9«“)’ W(%)) < CyqR™!

4)

project along e,, into a set of measure greater than oq™ !,
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Remark: The term Hy(u(x)) — Ho(u(zo)) that appears in property
2 of lemma 8.1 and property 4 of lemma 8.2 represents the distance
between the u(x) level surface and the wu(zg) level surface of a one
dimensional solution.

Now we state the iteration lemma that links lemmas 8.2 and 8.1.

Lemma 8.3. (Covering lemma)
Let Dy, be closed sets, Dy, C L, with the following properties:

1)
DoﬂQl#@, D(] C Dy C D,...

2)if Zo € Dy N Qu, Zy € L, |Z1 — Zy| = q and 21 > q > a then,
| D1 N B(Z1,¢/10)| = | B(Z1,q) N L

where a > 1 (large), w1 (small) are given positive constants and | > 2a.
Denote by Ey, the set

E.:={Z €L/ dist(Z, Dy) < a}.
Then there exists ;1 > 0 depending on n, jy such that
Qi \ Ex| < (1= pw)*|Qil-

Proof of lemma 8.1
Let S(Y, R) be the surface defined in (35). Notice that S(Y, R)
touches u from above at X,. The restrictions

Tn|s - S(Yo, R) — Py, Tn+1i5 - S(Yo, R) = Poja

are diffeomorphisms in a 3a neighborhood of X, for R large. Denote
by T the map

T :=mpi150 7rn|_51 s Py {|xnga] < 3/4} — Py,
In the set
O :=T (P, N {|zps1] < 3/4} N B(m,Xo,a + 2))

we have 0 < S —u, 0 = S(z9) — u(zo). From (38) and the fact that hj
is Lipschitz we find

Ci(S —u)+ CR™ > |A(S —u)l.
The open set
Oy :=T (P, N{|zps1]| < 5/8} NB(m,Xo,a+ 1))

satisfies Oy C Oy, dist(O2,00;) > ¢, with ¢; > 0, universal. From
Harnack inequality, one obtains

(46) sup (S —u) < C'(a)R™.

€02
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For each Z € LNB(m, Xy, a) we consider the line Z + te,, and denote
by X its intersection with S(Y, R).

Notice that in O; we have 0,S > ¢y, ¢a > 0 universal. From this,
(46), and the continuity of u we find that Z + te,, intersects the graph
of u at a point Xy = (22, u(z2)) with

|X2 — X1| S C,/(G,)R_l.

Since
Vu -1
(z1— 20) W(%) < Ho(2p41) — Ho(u(xo)) + CoR
we conclude that
Vu
(T2 — 20) - W(fco) < Ho(u(x2)) — Ho(u(z0)) + C(a)R™'
and the lemma is proved. O

Proof of lemma 8.2

The proof consists in 2 steps. In step 1 we find a point that satisfies
properties 2-4 and property 1 with ¢/40 instead of ¢/15. In step 2 we
use Proposition 7.1 to extend properties 2-4 from that point to a set
of positive measure.

Before we start, we introduce some notation. For a surface S(Y, R)
we associate its 0 level surface, the n — 1 dimensional sphere

C,
S(7) = {o = vl = 5= R Holyner) — 5201}

We remark that the s level surface of S, |s| < 1/2, is a concentric
sphere at a (signed) distance

(47) Hy(s) +O()CoR™,  |O(1)] < 1/2
from X(y,r). Also for a point X = (x,2,41) € S(Y, R), |x,41| < 1/2
we associate the point

T =ly,x)NX(y,r)

where [y, x) represents the half line from y going through x.

First we prove the lemma in the following situation (this is a rotation
of the above configuration):

The surface S(Yp, Ro) stays above the graph of u in the cylinder
{|2'] < 2q} x {|z,| <1/2} and touches it at Xy = (xg, u(xg)), |u(zo)| <
1/2. Assume

To € {|2'| = ¢} N {zn =0}, yo = —eny/10 — &%
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q > c; " large, and q/Ry < c1, ¢; small, universal.

Step 1
We prove the existence of a surface S(Y,, R.) that stays above u in the
cylinder |2/| < 2¢ and touches it at (x,, u(z.)) such that

2
Y. =Yy +ten, R.>Ry/Cs, &€ {an<Cilin{a|<-Ly
Ro 100

where C3, (4 are large universal constants.

From (26), (27), (29) we obtain the existence of C;, C3 universal
such that

(48) (20,1 ()2 IRy, m(5) — ho(s)| < CLR™Yif [s| < 1/2
W, r(s) = hy(s) —CsR™ if s € (sp,—1/2) U (1/2,1)

Cs =1+ 8(n — 1) max +/hy.
We consider the function ¢ : R*™1 — R
1
() ==(/7-1) ZLeR!
Y

where 7 is such that
(49) v =4(C1 +6(n - 2)).

Finally, we choose w < 1, universal, such that w™7=2 = 2. The graph

2 !
q X
—)

——1(

Vre—q¢* 4

has by below the tangent sphere (g, r9) when |2'| = ¢, and a tangent
sphere of radius r,, and center y,, when |2’| = wq, where

(50) Ty =

Ty = uﬂ+2\/7‘8 + w272 —1) > ry/2.

Let T'y denote the graph of ¥(yo, o) for |z'| > ¢ below x, = 0, I'y
the graph of the above function for wg < |2'| < ¢ and I's the graph of
|z — y,| = r, when |2'| < wgq, z,, > 0. We notice that I' =T, UT'y Ul
is a C1! surface in R™. We define the following surface in R"*!

\II = {In"—l = gy0n+lvR0 (dl" _l— HyOn+17RO (O))} Y

where dr represents the signed distance to the surface I' (dr positive in
the exterior of I'). Note that ¥ coincides with S(Yp, Ry) if dr is realized
on I'.
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Claim : The surface VU is a supersolution of (8) everywhere except the
set where |z,41| < 1/2 and dr(z) is realized on I'y U Ts.

Proof: Let hy, . r be the corresponding function for g,, ., r that we
are going to denote by h and g for simplicity. At distance d from I' we
have in an appropriate system of coordinates

1— K,ld

where k; represent the principal curvatures of I' (upwards) at the point
where d is realized.

Case 1: If d is realized at a point on I'y, then the result follows from
the construction of S(Y, R).

Case 2: If d is realized at a point on I'y, then

0>k > —r;'>-3R;Y  i=1,..,n—2
v+1

Rp— 1>?R0

provided that ¢q/ro is small. Without loss of generality we assume
1

D?%q = diag [ M dg', ..,g”} = diag [ 2h(s), .., h'(s)

1—%1

|d| < R§ since otherwise, g is constant. On the —1/2, respectively 1/2,
level sets g(d) is a supersolution from (37). On the other level sets one
has

h’+21_ V2h < W+ 22/@ “)V2h

< hl 4+ CR;'"V2h + (6(n — 2) — v+l

(we used (48) and (49)).
Case 3: If d is realized at a point on I's and |s| > 1/2, then

)Ry V2h < Iy (s)

n—1
/ z : —R; / / ~ — -1,/ /
=1

(we used (48)) and the claim is proved.

2 (,10) \
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We remark that ¥ and S(Yy, Ry) coincide outside the cylinder |z/| <
2q. Next we consider S(Y,,, Ry) with
Co
Ry=r,+ Ho(y0n+1) + 5§0 Y, = (ywu y0n+1)-
The sphere ¥(y.,, 1) stays at distance greater than 3CoR; " above I's
and stays at distance greater than 3Co Ry ' below I if |2/| > ¢(1+w)/2 >

wq + 86’3/2. This implies (see (47)):

1) the region of ¥ where |x,.1| < 1/2 and the distance to I is realized
on I's is above S(Y,,, Ry)

2) the region of S(Y,, Ry) where |x,11] < 1/2 and the distance to
Y (yw, 1) is realized at a point outside {|z’| < ¢(1 4+ w)/2} is above W
3) S(Y.,, Ry) is above ¥ outside {|2/| < 2¢}.

We slide from below ¥ in the e,, direction till we touch u for the first
time. This cannot happen at (g, u(xg)) since V¥ is a strict supersolution
in the viscosity sense at ¢ and u € C? is a subsolution. We conclude
that there exists § > 0 such that the surface ¥ — fe,, = {X — fe,, X €
U} touches u at a point (z,u(z)) with |u(z)| < 1/2 and the distance
from z + fe,, to I' is realized on I's.

Now we consider the surfaces S(Yy + te,, Ry) and increase ¢ till we
touch for the first time the graph of u. We notice that when Y, +te, =
Y, — Be, then the point (z,u(z)) is above the surface S(Yy + te,, Ry).
Thus we can find 0 < t; < |Yy — Y, | — 0 such that S(Y1, Ry), Y1 =
Yy + tie, touches u from above at a point (1, u(z1)), |u(z)] < 1/2 in
the cylinder |2'| < 2¢. Moreover from the above remarks

T € {|LL’,| < q(l +W)/2} N {SL’n < 02q2R0_1} Ry > R0/3

We apply the above argument with (1, u(x1)) and S(Y7, R;) instead of
(o, u(wo)) and S(Yp, Ry) and continue inductively at most a finite num-
ber of times till we find a point (z,,u(x,)) with the required properties.

Step 2
Using the result from step 1, we prove that the set of contact points
(x,u(x)) such that
1) [2'] < q/40, Ju(z)| < 1/2, |z — xo| < 4q/3
2) in the cylinder {|z| < 2¢}, u is touched by above at (z,u(z)) by
S(Y, Ry/Cs5), and S(Y, Ry/C5) is above S(Yy, Ry) outside this cylinder

3)
/ (%(z), V—Z(xo)) <L
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and the contact points belong in each level set to a Lipschitz graph
with Lipschitz constant less than CoqRy*
4)

Vu 2

q
(0 = 0) - 7 (@0) < Ho(u(z)) = Ho(u(ao)) + Coe

project along e, in a set of measure greater than co¢g" !, where Cs, Cy,
co are appropriate universal constants.

We slide from below, in the e,, direction, the surfaces S(Y, R) with

1 Ry

(51) =& < zo el < 7 R= G Cs = 40400y

till they touch w.

First we show that (#’,2C4¢>R;") is in the exterior of X(y,r). As-
sume not, then X(y,r) is above z, = 3C4¢*(2Ry)~! in the cylinder
|z’ — Z.| < q(100)~2. One has

Vu
*
Vu

Z T \* n < o
(‘vu|(x )76 )— qC3RO ;

Ty = Tx

() (Ho(u(z.)) + O(1)CoCs3 Ry ),

hence
Ty €y < Ty € + Ho(u(,)) + Co(* Ry ® + Ry b).
Thus, if ¢ is greater than a large universal constant, one has that z,
is at a signed distance less than

H(](U(SL’*)) + Cﬁ(q2R52 + R_l) — C4q2(2R0)_1 < H(](U(SL’*)) — C’oC5RO_1

from X(y,r). This implies that z, is in the interior of the u(x,) level
surface of S(Y, R) which is a contradiction.

Since (7,2C4¢*Ry*") is in the exterior of X(y,r), we find from (51)
that L(y,r) is below w,, = 4C4¢*R;" and below x,, = 0 outside |2/| <
q/50. Thus, X(y,r) is at a distance greater than ¢*(4Ro)™" in the
interior of ¥(yo, 79) outside {z, > 0} x {|2| < ¢/50}.

The s level surface of S(Yy, Ry) is at distance greater than (see (39))

HyOn+17RO(S) - Hy0n+1,RO (0) Z

> Hyo,p 1 1(8) = Hyo, 1 1o (0) = Hyg, oy 1(S)
from X(yo, r0).
The s level surface of S(Y, R) is at distance less than
CoCs
Ry

_ G
2Ry

Hy7L+17R(S> - Hyn+1,R(0) S Hy0n+1yR(S) +
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from X(y, ).
Hence, at the points x for which

dz(yvr) (x) B dz(yoﬂ“o)(x) > 26’0051:{61

1
S(Y, R) is above S(Yp, Ry). Since S(Yp, Ry) is constant outside a R
neighborhood of ¥(yo, 1), we can conclude that, for ¢ greater than
a large universal constant, S(Y, R) is above S(Yp, Ry) outside |2/| <

q/40. This implies that the contact points (z, u(x)) have the properties
u(z)] < 1/2,

Vu q . ¢ q
L —=—(2),e, ) < Cr—, &, <4Cy—, || <—
(\vu|( ) ) "Ry "7y 00
and, from Proposition 7.1 they project along e, in a set of measure
greater than cq"~'. We notice that on each level set the contact points
belong to a Lipschitz graph with Lipschitz constant less than 2C7q R, L
Also, one has

o — o] < 5
) qu
. Vu - 1

Ty = Tp+ Ho(u(z)) + Cg(q2R0_2 + Rgl)

thus,
2

(= 20) - en < 504%0 + Hy(u(x)) — Ho(u(zo))

2

(w0) < Coee + Hy(u(x)) — Hy(u(xp))

(x — ) R

Vu
Vul
which proves step 2.
End of proof of lemma 8.2
In the general case we denote by X; € S(Yy, Ry) the point such that
7,X1 = 0 and let
= T1 — Yo .
|21 — Yol
The cylinder

(@ = @1) - €] < 1/2) x {|me(x — 21| < 2|me(To — 20|}
is included in {|2'| < I} x {|z,| < {}. Also, |zp|/2 < |7me(Zo — 21)| <
|z(|3/2, hence we are in the above situation. The contact points ob-
tained in step 2 belong in each level set to a Lipschitz graph (in the e,
direction) with Lipschitz constant less than 1. The result follows now
by projecting these points along the e, direction.
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With this the lemma is proved. O
Proof of lemma 8.3
Denote by Fj, C E) the closed set
Fr,={Z €L/ dist(X,DyN Q) <a}.
We prove that there exists p(n, p1) > 0 small, such that
(52) Qi\ Fil < (1= p)*lQul.

Let Z € Q; \ Fx, Z1 € Fy, be such that |Z — Z;| = dist(Z, Fy) = r.
We claim that for some ps(n, ) > 0

(53) [For1 NQENB(Z,7)| = pa|QiN B(Z, 7).

Let Zy € Dy N Q144 be the point for which |Z — Zy| = r + a and Z;
belongs to the segment [Z, Zy].
If 2r > a, let Z5 be such that

T T
|Z—Zz|:§> B(Zz,i)ﬂLCQz-
From property 2 and a + r/2 < |Zy — Zy| < 5r we obtain

r
[Fe1n N QN B(Z,7)| = [Dys1 N B(Zo, §)| >
> | D1 N B(Z2, |Z2 — Zo|/10)]
r
> m|B(Zy, 5) VL 2 12| B(Z,7) N Q.
If 2r < a then, from property 2, there exists a point

r+a
)CQH-CL

Z3 S Dk+1 N B(Z, 10

thus,
Ql N B(Z, 7’) C Ql N B(Zg,a) C Fk‘—l—la

which proves (53).
We take a finite overlapping cover of Q;\ F} with balls B(Z, r). Using
(53) we find a constant p(psz,n) > 0 such that

| Fleer N (Qu\ Fi)| = p| @\ Fi
hence,

|Qu\ Frw| < (1= p)|Qu\ Fil,
and (52) is proved.



PHASE TRANSITIONS: REGULARITY OF FLAT LEVEL SETS 33

9. ESTIMATE FOR THE PROJECTION OF THE CONTACT SET

In this section we use the results of the previous section and prove
the following

Lemma 9.1. Let u be a local minimizer of J in {|2'| < 321} x {|x,| <
32l}, and assume that w(0) = 0, u < 0 if x, < —0. There exists
universal constants C.., i, ¢, such that:

Given 6y > 0, there exists £9(0y) > 0 such that if

Ol = <eo(by), 0>6, Cre<ey
then the set of points
(z, u(z)) € {[2'| <1} x {|zn| < 1/2}
that satisfy
T < C20 + Hy(u(x))
project along e, into a set of measure greater than (1 — (1 — i)*)|Q|.

Before we prove lemma 9.1 we need another lemma that gives us a
first surface S(Y, R) that touches u from above.

Lemma 9.2. (The first touching surfaces)

Let u be a local minimizer of J in {|z'| < 321} x {|z,| < 321}, and
assume that u(0) = 0, u < 0 if x, < —0. Given 6y > 0, there exists
£1(6o) > 0 such that if

el_l S 81(90)9 0 Z 90)
then the points (x,u(x)) with the following properties
1) 2] <1, fu(x)] < 1/2
2) there exists a surface S(Y, Ry) that stays above u in the cylinder
{|2'] < 161} x {|z,| < 161} and touches its graph at (z,u(x)), where
l2

1
3
g LR

Ry =

3)
Vu
< p-1
/ (—\Vu| (:L’),en) <R,

4
0
t < 7 + Ho(u(a)

project along e, into a set of measure greater than csl"~1, where é3 > 0
1s small, universal.
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Proof of lemma 9.2
We slide from below surfaces U(y,l) and as in the proof of (19) we
obtain

(54) g(x, +0) > u(x) if |2'| < 161, |z,| < 16l
where ¢; ( respectively W(y,l)) is the comparison function (surface)
constructed in lemma 5.3. )
Let Ry = 1?(320)~! and notice that [Ry" is small and [ > R§ if £1(6y)
is small. Consider the surfaces S(Y, Ry) that contain the point (0,0)
with
Y| < U/16, |ynsa| < 1/4.

Claim: The surfaces S(Y, Ry) are above g;(z,+0) (and therefore above
u) in the region [ < |2'| < 161.

Proof: The 0 level surface of S(Y, Ry) is a sphere |x — y| = r, which is
below the hyperplane z,, = 6/8. Let d;, dy, denote the signed distance
to the sphere |x — y| = r, respectively to the hyperplane z,, = —6.
1
If |b| < R, the sphere |z —y| = r + b is below z,, = —260 + b outside
|2'| < 1/2, thus

(55) d>dy+ 6, in{ldi] <R}y {l <] < 161},
Now it suffices to show
(56> Hyn+1,Ro(3) - Hyn+17RO(O> < Hl(5> +0

which implies

yn+1,Ro (d + Hyn+17Ro (0)) 2> gl(d - 9)
hence,
Gynrr.ko(dr + Hy, 1 7y (0)) 2 gi(dy — 0) = gi(da),
or S(Y, Ry) is above g;(z,, + ) in the region [ < |2/| < 161.
The proof of (56) is similar to the proof of (22). Notice that

s 1
61 Hynls) — Hypn(0) = | e,
o o 0 v 2hyn+17RO(<)
C,
(58> Hyn+1,Ro(3) - Hyn+17RO(O) < HO(S) + 2—RO0 <
< Ho(s) + C1017% < Hy(s) +6/2
for [ large.

From (15), (29) we find that
Byoor io(8) < hu(s), if s < =1+ ¢ (f)l 2
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yn+1 Ro( ) l( ) ifs>1- Cl(eoﬂ_%v
provided that [ > 6pe1(6p)~r > C1(6p) large. This implies that the
maximum of Hy,  r,(s) — H( ) occurs for 1 — |s| > ¢1(6)"2. For
these values of s we have (see lemma 5.3)

1

_ [2
Ho(s) < Hy(s) + Cil ' log (00

< Hl(S) + 90/2
which together with (58) proves (56).

In conclusion, we slide from below surfaces S(Y, Ry) in the cylinder
{]2'| <161} x {|x,| < 161} with

Y| <1/16, Jynsa| <1/4

and we touch wu for the first time at points (z,u(z)) that satisfy prop-
erties 1, 2, 3 of the lemma and

Tp, < Hyn+17Ro (U(I)) - Hyn+1,Ro(O) + 9/8 <

< Holu(z)) + 322(;09 +0/8 < Ho(u(z)) + 0/4.

Now the lemma follows from Proposition 7.1.

O
Proof of lemma 9.1 B
Let Ry = 12(320)! and define D}, the set of points (z, u(x)) with the
following properties
1) |2'| <161, |u(x)| < 1/2
2) the graph of w is touched from above in {|2'| < 16{} x {|z,| < 161}
at (x,u(r)) by S(Y, Ry) with Ry, > RyCg"

3)
Vu k7 e
4 (W(x),en) < CHIRy*
4)
en < CFO + Ho(u())
where

66 = maX{é5, 20064, C(C4)}

Also, we define D, = Wn(Dk) From lemma 9.2 we find that if ¢ <
81(90), then DO N Ql 7£ @

Claim: As long as
8CKIRy" < min{c, 7}
Dy, satisfies property 2 of lemma 8.3 with a = Cy.
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Proof: Let Zy = m,(wg, u(z1)) € Qo N Dy and let Zel, |z}, — 2| = q,
2l > q > Cy. We apply lemma 8.2 in the cylinder

{l2" = 2| < 81} x {|zn| < 81}

and obtain that the points (z,u(z)) with the following four properties
project along e, in a set of measure greater than ¢,q" .

1) |2 — 7' < q/15, |u(x)] < 1/2, |x — x| < 4l

2) the graph of u is touched from above in {|z/| < 16 x {|z,| < 161}
at (z,u(x)) by S(Y, Rr+1) with

Riy1 > RyCst > RoCgF!

3)
Yu Vu o
= = <2 k -1
(|Vu| (@) |Vu|(“"‘“)) < 2CCsthy
hence,
(Y (2. ) < 20,CHIRSY + CHIR! < CF+Y RS
|VU| ) =N — 4“6 0 6 0o = 6 0
4)

\V4 _
: ‘V—Z|(azk) < 4C,12CER:Y + Ho(u(x)) — Ho(u(ay))

(x — ) - e, < 4CEPRy 4 4C,IPCY Ry + Ho(u(z)) — Ho(u(x))
thus,

(LL’ — S(Zk)

z, < Cft0 + Ho(u(z)).

All these points are in Dk+1 which proves the claim.

Let E), be the sets defined in lemma 8.3. From lemma 8.1 we know
that each point in Ej, is the projection of a point (z,u(r)) with |z —
x| < 2Cy and

Vu =\ P
(x — @) - W(xk) < Ho(u(x)) — Ho(u(zx)) + C(Ca) Ry,
for some point (z, u(xy)) € Di. Thus,
or B
r, < CF9 4+ Hy(u(z)).
We apply lemma 8.3 and obtain that there exist positive universal
constants ¢4, ji, small, C, := C? such that if

CfE S Cy = 300_1 min{ég,ﬂ'}, 3 S 80(90),
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then
[ExnQi] > (1= (1— )"l
With this the lemma is proved. O

10. PROOF OF THEOREM 2.2

We assume that u is a local minimizer of J in the cylinder
{|2"| < 321} x {|zn| < 321},
and
u>0 ifz,>0, u<0 ifz,<—-0, u(0)=0.
We show that if the 0 level set is close to x, = —6 at a point in |2'| < [/4

then the energy of u is large and obtain a contradiction.
The same as in (54) (or (19)) we can prove

(59) pi(x, —0) <wu(z) < gz, +60) in{|z'| <161} x {|x,| < 161}.

where p; is the function similar to g; which rotated gives a subsolution
(it is supported in (—{/2,00), p;(0) = 0 and it is constant for s > 1/2).
Next we apply lemma 9.2 upside-down and obtain that there exists
a small universal constant ¢; such that the points (x,u(x)) with
1

(60) Ty > —Z + Ho(u(z)), |2| < é Jule)] <

project along e, in a set of measure greater than c¢;/"~!, provided that
017! < e9(fy) is small.

On the other hand, from lemma 9.1 we find universal constants C.,
it such that if

(61)  {u=0}0 {2 < /410 {n < (~1+ 0 /4)0} £,
017" < e3(6o, ko)
then the set of points (z,u(z)) with

6 ms gt H@@), WISy @<

N —

project along e, in a set of measure greater than (1 — (1 — 2)*)|Q;2|.
We show that if we choose kg large, universal such that

(63) al" > 2(1 = p)*|Que|

and € small enough, then we obtain a contradiction.
We notice that

1
(§\vu|2 + ho(u)) dz'dz, > \/2ho(u)|u,|dx'dz, =
= v/ 2h0($n+1)dl'/dl'n+1.
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Denote by
A=A <1} x {|z,] < 1}
Project along e,, the points (x, u(z)), with |z,| < [. From (60), (62),
(63) we find that there exists a set of measure ¢;{"*/2 included in Q2

in which these points project twice. Using also (59) we can find two
small universal constants ¢, c3 > 0 such that

1
(64) J(u,Al):/ S Vul + ho(u)de >
A

1—co
> g / V(s + S min, \/IRla)in! >
co—1

, Is]<1/2

1
Z wn_lln_l / \/ 2h0(8)d$ + Cgln_l,
-1

where w,,_1 represents the volume of the n — 1 dimensional unit sphere.
Assume by contradiction that there exist numbers [, 6, with

eklk_l - O> ek Z 90)

and local minimizers uy, in Asy, satisfying the hypothesis of Theorem
2.2 and property (61).
Denote by &4 := [ and vg(z) := uy () 'x). From (64) we obtain

(65> Jek (Uk7 Al) = éjkl_l'](ukv Alk) >

1
Z wn_l/ \/ 2h0(8)d$ + c3.
—1

On the other hand, as k — oo we have
Uy — Xp — Xge 0 Lj,(A),
where £ = A; N {x, > 0}. By Theorem 3.1 one has

1 1
khm Jak (’Uk, Al) = PAlE/ v 2h0(s)d8 = wn_l/ \/ 2h0(8)d$
e -1 -1

which contradicts (65).
With this theorem 2.2 is proved.
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