ENTIRE SOLUTIONS TO A CLASS OF FULLY NONLINEAR
ELLIPTIC EQUATIONS

OVIDIU SAVIN

ABSTRACT. We study nonlinear elliptic equations of the form F(D?u) = f(u)
where the main assumption on F' and f is that there exists a one dimensional
solution which solves the equation in all the directions £ € R™. We show that
entire monotone solutions u are one dimensional if their 0 level set is assumed
to be Lipschitz, flat or bounded from one side by a hyperplane.

1. INTRODUCTION

We consider the fully nonlinear reaction-diffusion equation in R"
(1.1) F(D*u) = f(u),
where F' is uniformly elliptic with ellipticity constants A, A, F'(0) =0, and

(1.2) fecy(-1,1)), f(x1)=0, f(-1)>0, f(1)<0.

The main assumption on F' and f is that there exists a smooth increasing function
go : R — [—1,1] (one dimensional solution) such that

lim go(t) = £1,

t—+oo

and go solves the equation in all directions &, that is

F (D*(go(z - €))) = f (go(x - £))

for every unit vector £ € R™.
In this paper we consider monotone viscosity solutions of (1.1) which “connect”
the constant solutions —1 and 1 at +oo,

1.3 Uy >0 lim w(z, x,) ==+1
( n ) ) )

T, — o0

and investigate when global solutions are one-dimensional i.e.,
u(z) =go(z-&+¢), ceR.

This question is motivated by a conjecture of De Giorgi about bounded, mono-
tone solutions of

(1.4) Au=u®—u in R".

The conjecture states that all global solutions are one-dimensional at least in di-

mension n < 8. The restriction on the dimension comes from the theory of minimal

surfaces and the fact that the rescalings of the level sets ex{u = s} converge to

a minimal surface ([10], [5]). Since in dimension n < 8 the only global minimal
1
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graphs are the hyperplanes this implies that the level sets of u satisfy a flatness
property at large scales.

De Giorgi’s conjecture has been widely investigated. It was first proved for n = 2
by Ghoussoub and Gui [9], and for n = 3 by Ambrosio and Cabre [1]. Finally, in
[11] we proved the conjecture for n < 8 under the natural limit hypothesis (1.3).
An extension of this result to the p-Laplace equation was obtained together with
Valdinoci and Sciunzi in [13]. Recently, De Silva and the author [8] proved the
conjecture for the fully nonlinear equation (1.1) in dimension n = 2.

In this paper we use the methods developed in [11] to study global solutions of
the more general equation (1.1) under various assumptions on the 0 level set of u
like, for example, being bounded from one side, flat or Lipschitz. One difficulty
is that, unlike equation (1.4), there is no variational formulation of the problem.
Another difficulty consists in the fact that it is not clear whether or not the blow-
downs of {u = s} satisfy any equation. We will show in fact that in general the level
sets satisfy at large scales a curvature equation depending on F, f (see Theorem
2.4).

One of the main results we obtain is a Liouville theorem for the s level sets of
u, s € (—1,1). To fix ideas we consider the level set {u = 0}.

Theorem 1.1. If {u = 0} is above in the e, direction a plane {x -& = 0}, then u
1s one-dimensional.

A consequence of Theorem 1.1 is a proof of the Gibbons conjecture for equation
(1.1). The conjecture states that global solutions are one-dimensional if the limits
in (1.3) are uniform in a’. In the particular case when F' = A this result was
obtained by Berestycki, Hamel and Monneau in [3].

Theorem 1.2. Assume that F € C? and {u = 0} is a Lipschitz graph in the e,
direction. Then u is one dimensional.

In the case F' = A\, Theorem 1.2 was first proved using probabilistic methods by
Barlow, Bass and Gui in [2] and later by the author in [11].

We mention that the theorems above are not stated in the most general setting.
For example, one can see from the proofs that the hypothesis u,, > 0 can be
replaced with u being M-monotone in the e, direction for some constant M > 0,
ie. u(zx+ Mey,) > u(z). The smoothness of F' in Theorem 1.2 is not optimal since
we show that the theorem holds when F' equals one of the extremal Pucci operators
Mf A Which are not even C'. Also, we can take F' to depend on the gradient as
well.

The paper is organized as follows. In Section 2 we introduce some notation
and state three theorems from which we will derive the theorems above. The first
theorem, Theorem 2.1, is a Harnack inequality for the level sets, the second is an
improvement of flatness (Theorem 2.2) and the third theorem gives the equation for
the blow-downs of the level sets (Theorem 2.4). In Sections 3 through 6 we prove
Theorem 2.1 by introducing a family of sliding surfaces and estimating in measure
the set of contact points with the graph of w . The arguments of Sections 3 to
5 follow closely [11] (or [13]), however for completeness we give the details of the
proofs since our setting is slightly different and the arguments are quite technical.
In Section 7 we prove Theorem 2.4, and finally in Section 8 we prove Theorems 2.2
and 1.2.
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2. NOTATION AND STATEMENT OF THE THEOREMS

We start by introducing some notation. Let (eq, .., e, €,41) be the Euclidean
orthonormal basis in R™*!, and denote

X = ($,$n+1) = (‘Tluxnuxn-i-l) = ($17x27 ..7$n_1,$n,$n+1) € Rn-‘rl
XeR"™, 2 eR", zeR", |z, <1

We use the following notation:

B(z,r) is the ball of center z and radius r in R"™;

B(X,r) is the ball of center X and radius r in R"*1;

v is a vector in R"*!, ¢ a vector in R”;

Z(vi,v2) € (0,7) is the angle between the vectors 14 and vs;

mX =X — (X -v)v is the projection along v;

P, is the hyperplane perpendicular to v going through the origin;

T 1= Te,, Py 1= Pe,.

If a matrix M = diag[\1, .., A\n] in some system of coordinates then, by abuse of
notation we write F'(M) = F(A1, .., A, ) whenever there is no possibility of confusion.

We denote by M;r A» M 5 the extremal Pucci operators defined on the space of
symmetric matrices

MIAM) = AMF| = XM, M5 (M) = N[ME]| =AM

Constants depending on n, F', f are called universal and we denote them by C,
¢, C;, ¢;. We write C;, ¢; for constants that we use throughout the paper and by
C, c¢ various constants used in proofs that may change from line to line.

We are now ready to state the theorems from which Theorems 1.1 and 1.2 will
be derived. Theorem 1.1 is a consequence of the following Harnack inequality for
the 0 level set of w.

Theorem 2.1. (Harnack inequality) Let u be a solution of (1.1),(1.3) with

{u=0}n{]z'| <1} C{z & > 0},

for some unit vector

6ol =1, Z(&,en) < B <m/2.
Assume

(0,0) e {fu =0}, 6>0
for some fized 0y. If 0/1 < (o) then

{u=0} n{l2’| <1/2} C{z- & < K0},

where the constant K depends only on X\, A, n, f, go, B and the constant £(6y) > 0
depends on the previous constants and 6.

If we assume more regularity on the operator F' then we can use Theorem 2.1
and show an improvement of flatness for the level sets of u.
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Theorem 2.2. (Improvement of flatness) Let u be a solution of (1.1),(1.3).
Assume that F € Ct and

0e{u=0}n{lz'| <} C{lz-&]| <6},

| =1, Z(fo,en) <B<T/2, 0> 6.
If 01 < () then, for some unit vector &

{u=0}n{l2'| <ml} C{lz-&| <mb},

where the constants 0 < n1 < ne < 1 depend only on X\, A, n and the constant ()
depends on F, f, B and 6.

Theorems 2.1 and 2.2 correspond to similar theorems for graphs satisfying an
elliptic equation (see [12]). For simplicity we prove these Theorems for § = 7/8.
The general case is exactly the same but in this way we avoid the explicit dependence
on 3 of the various constants. From the proof it is obvious that the constants
degenerate as [ approaches /2.

As a consequence of Theorem 2.2 we obtain

Corollary 2.3. If the sets ex{u = 0} converge to a hyperplane {x - & = 0} in B;
for a sequence of e, — 0 and Z(&, en) < 7/2, then {u = 0} is a hyperplane.

Indeed, let us assume that for a sequence of large numbers 0y, l, with 0/l — 0
we have

{fu=0}N{|2'| <lp} C{|lz - &| < Ok}

Fix 6y > 0, and choose k large such that 0y /l; < e < &(fp). We can apply Theorem
2.2 repeatedly to finally obtain

{u=0}n{l2'| <li} C{lz- &l <O}

with 6y > 0}, > 16y and 0,1, < 0l " < ¢, hence I}, > e~ i1 6p.
Letting ¢ — 0 we obtain that {u = 0} is included in an infinite strip of width
6o. The corollary follows since 6y is arbitrary.

The next Theorem says that {u = 0} “satisfies” a curvature equation at large
scales.

Theorem 2.4. (Limiting equation) Let u be a solution of (1.1),(1.3) with F €
Cl and suppose that for a sequence e, — 0, ex{u = 0} converges uniformly on
compact sets to a surface . Then, there exists a function G depending on F and
go such that

G(VE, IIE) =0
in the wviscosity sense where vs(x), IIs(x) represent the upward normal and the
second fundamental form of X at a point x € . The function G(§,-) is defined on

the space of n x n symmetric matrices M with M& = 0, is homogenous of degree
one, and uniformly elliptic.
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Remarks.

1) The function G is linear in the second argument and it depends on the deriva-
tives of F" on the n dimensional cone {®¢, § € R™. If F is invariant under rotations
then G(§, M) = trM.

2) As we will see from the proofs, our results apply under slightly weaker regu-
larity assumptions on F. For example if F is C* (or C!! for Theorem 1.2) outside
the origin and f takes the value 0 only a finite number of times then the theorems
above still hold. In this case G is also linear. Another example for which the
theorem applies is F' = ML\ and in this case G is nonlinear, G(S, ) =My,

We conclude the section with an important notation.

Let g : I — R, I interval in R containing 0, be such that ¢’ > 0. Then we associate
with g a function h(s) defined by the following property

g'(t) = V/2h(g(t))-

A straightforward computation gives ¢g”(t) = h'(g(t)). Set,

(2.1)

o1
H(s) = / ——dt.
0 \/Qh(t)
We have (H(g(t))' = 1, hence g = H~! up to a horizontal translation.

Denote by hg, Hy the corresponding functions for the one-dimensional solution
go, defined in Section 1. Without loss of generality we assume ¢o(0) = 0. The main
assumption on F' and f can be stated as follows: in any system of coordinates

F(diag[hg(s),0,..0]) = f(s), for |s| < 1.
From (1.2) and the properties of F' we see that

ho(s) ~ f(s),
ho(s) ~ (1 —|s|)* for |s| near 1.

Let g be a function as above and assume it is defined for [t| < R/2. We consider
the rotation surface generated by g,

Vrg(®) = g(|z] — R)
and investigate when v is a subsolution or supersolution of (1.1). In the appropriate
system of coordinates,

D?*v = diaglg”,¢'/|z|, .., d'/|z[])

and

(2.2) F(D*v)=F(g",d'/|xl,...g'/|z]) = F(I'(g), v/2h(g)/ |z, ., v/2h(g) /| x])
< F(h)(9),0,..,0) + w\/%Jr max{ (R — k), A(K — kb))
= f(v) + w\/ﬁ + max{\(h' — hg), A(h' — h{)}-

Thus, if
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(2.3) h'(s) + w\/ﬂz(s) < hy(s),

then vg 4 is a strict supersolution on the {vg 4 = s} level set. This fact will be used
throughout the paper.

3. CONSTRUCTION OF THE SLIDING SURFACES S(Y, R)

In this section we introduce a family of rotation surfaces in R”*! which we denote
by S(Y, R). We say that the point Y is the center of S and R the radius. These
surfaces are perturbations of the one dimensional solution. Roughly speaking they
are obtained by first rotating go(t) around the axis t = —R, and then modifying it
outside the s level sets with |s| < 1/2, so that the resulting surface is a supersolution
in the set {|x,11| > 1/2}.

As explained in the introduction there is an analogy between the level sets of
u and solutions to a limiting equation in R™. Heuristically, the surfaces S in our
setting correspond to spheres in the limiting equation setting.

The main property that S satisfies is the following: Suppose that for fixed R,
some surfaces S(Y, R) are tangent by above to the graph of w. Then the contact
points project along e, into a set with measure comparable with the measure of
the projections of the centers Y along e, (see Proposition 3.1).

We proceed with the explicit construction of S.
For |yn+1| < 1/4, we define S(Y, R) as

(3'1) S(K R) = {xn-i-l = gyn+17R(H0(yn+1) + |$L' - y| - R)},

where the function g, g, respectively hg, r, Hs, r associated with it, are con-
structed below for |sg| < 1/4 and large R. For simplicity of notation we denote
them by g, h, H.

Denote

(3.2) C =1+44C(n, A\, A) max +/hg,

where C(n, A, A) appears in (2.3), and let ¢ be such that

1 1 _@
V20(s)  2ho(s) R

where Cj is large enough so that the following holds

(3.3) (s — s0),

o(s) < ho(s) —2CR™', ifs€[-3/4,—1/2]
©(s) > ho(s) +20R™1, if s € [1/2,3/4].

Let sg near —1 be such that ho(sg) = R™!, hence 1+ sp ~ R~%. We define
hso.r : [Sr,1] — R as
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ho(s) — ho(sg) — CR™(s — sg) if s € [sp, —3]
(34)  h(s)={¢(s) ifse(~1/2,1/2)

ho(s) + R-V+ CR™Y(1—s) ifse[3,1].

For R large, h(s) > ¢(1+ s)(s — sgr) on [sg, 0], thus h is positive on (sg, 1]. Define

s 1
(35) Hepn(s) = Holoo) + | ———d
so V/2h(C)

and for R large enough

S0 1

H(SR) Z Ho(So) —/ dc Z —OlOgR
sn Ve(1+Q)(C —sr)
1
1
H(1) < Hy(s —I—/ d¢ < C'logR.
(1) o(s0) w Jl—C0P 1R 1 ¢ g

Finally we define gs, r as

(36) gso,R(t) =
H=Y(t) if H(sg) <t < H(1).

Next we list some properties of the surfaces S(Y, R).

1) We have
(3.7) h(s) > ho(s) —20R™ > p(s), ifs€[-3/4,—1/2],

h(s) < ho(s) +2CR™" < ¢(s), if s € [1/2,3/4],
and

H(s) = Hp(s) — @(s —s0)?, if [s] <1/2,

H(s) > Ho(s) — %(s —s0)? if1/2 < |s| < 3/4.
Let ps, r be the function whose graph is obtained from the graph of gg by the

transformation

(t,s) — (t — %(s —50)%,8) for |s| < 3/4.

From the formulas above we obtain that g = p for |s| < 1/2, and g < p at all other
points where p is defined. In other words, if S(Y, R) is the rotation surface
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(3'8) S(Yv R) = {xn-i-l = pyn+17R(H0(yn+l) + |‘T - yl - R)},

then, S(Y, R) coincides with S(Y, R) in the set |zp4+1| < 1/2 and stays below it at
all the other points where S is defined.
Notice that

S(Y,R) C {|znta| < 3/4}

and it is defined only in a neighborhood of the sphere |2 —y| = R which is the y,,11
level set of S(Y, R).

2) We remark that S(Y, R) is constant sg when
|.’II _y| <R- ClOgR,
and grows from si to 1 when
R—ClogR<|z—y| <R+ ClogR.

3)If s € (sg,—1/2)U(1/2,1), then

B'(s) + C(n, A\, A)R™\/2h(s)
=hy(s) — CR™' + C(n,\, A)R™\/2h(s) < h{(s),

hence, from (2.3), S is a supersolution on its s level set. Moreover from (3.7)

3.9 li H' li H' lim H'
(39 il OV <, HO - Ry G <00

thus S(Y, R) is a strict supersolution for |2,,+1| > 1/2, that is S(Y, R) cannot touch
by above the graph of a C? subsolution at a point X with |z, > 1/2.

4) If |s| < 3/4, then

|'(s) — ho(s)] < CR™.
If vg denotes the function with graph S(Y, R) defined in (3.8), one has (see (2.2)),

(3.10) |F(D*vs) — f(vs)| < Cl¢' —hy| + CR™' < CR™,
hence vg is an approximate solution of the equation with a R~! error.

5) From the construction we see that if Ry < Ra, then

(311) H R, (S) < HSosz(S)
in the domain where Hy, g, is defined.

Next proposition is the key tool in proving Theorem 2.1.
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Proposition 3.1. (Measure estimate for contact points) Let u be a viscosity
subsolution of (1.1), |u| < 1. Let & be a vector perpendicular to e,y1 and A be a
closed set in

Pe 0 {Jans] < 1/4}.

Assume that for each Y € A the surface S(Y + t&, R) , R large, stays above the
graph of u when t — —oo and, as t increases, it touches the graph by above for
the first time at a point (contact point). If B denotes the projection of the contact
points along £ in Pe, then,

fiolA] < | B

where fig > 0 universal, small and |A| represents the n-dimensional Lebesgue mea-
sure.

Proof. First we prove the Proposition in the case when u € C? is a classical subso-
lution. Assume that S(Y, R) touches u by above at the point X = (z,u(z)). From
the discussion above we find |u(x)| < 1/2.

Denote by v the normal to the surface at X, i.e.

1

v= v, = ——(—Vu,1).
( Jrl) m( )

For any contact point X the corresponding center Y is given by

!

(3.12) Y(X)=(x+ ﬁa, T +w) = F(X,v),
where
(3.13) w = RCT wnia V|7 = Hy(n11))
_ CO 2
o= —ﬁw + Ho(xn+1) - H0($n+1 —i—w) + R.

The function F' is smooth defined on

{(X eR"™M iz < 1/2y x v eR"™ | =160 < vpy1 < 1—c1}
The differential DxY is a linear map defined on T’x, the tangent plane at X, and

DxY = Fx(X,v) + F,(X,v)Dxv = Fx(X,v) — F,(X,v)II,

where I, represents the second fundamental form of v at X. Writing the formula
above for the surface S(Y, R) at X, we find

0=Fx(X,v)— F,(X,v)IIg
thus,

(3.14) DxY =F,(X,v)(IIg — I1,).
From (3.12) and (3.13), it is easy to check that
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(3.15) |F.(X, )| < CR.

Since S touches u by above at X, we find that

D?vg(z) — D*u(x) > 0,

where vg is the function whose graph is S. On the other hand, from (3.10),

F(D?*vs(2)) < f(zpns1) + OR™' = F(D*u(z)) + CR™!

which implies

|D*S(x) — D*u(a)| < CR™!

or

|[Ts — L] < R,
This together with (3.14), (3.15) gives

IDxY| < C.

The centers Z for which X € S(Z, R) describe a rotation surface, around X. Note
if S(-, R) is above u, then its center is above this surface. The normal to the surface
at Y (X), which we denote by 7, belongs to the plane spanned by v and e, 1, and
co < Tpt1 < 1 — co. Thus, if £ is perpendicular to e, 41, we have

[T <Clv-¢

(notice that the tangent plane to the surface at Y (X) is the range of F, (X, v).)

Let B be the set of contact points, A the set of the corresponding centers,
B = W5B and A = 71'5/1. Remark that m¢ is injective on A and B by construction.
From above, we know that A belongs to a Lipschitz surface. One has

Al= [1rr)-glay < [ 70) - lipxvIax <

<c [ px)-gix = cip,

which is the desired claim.

In the case when w is not C?, we consider the function @ obtained as the infimum
among all sliding surfaces S that are above u. Then @ is semiconcave and it is second
order differentiable almost everywhere. The graphs of 4 and w coincide on the set
of contact points B and @ is a subsolution at all these contact points. Moreover,
using the arguments from [4], one can show that at any point of B the graph of @
has a tangent paraboloid from below, hence @ is C*!' on 7, (B). This implies that
the proof above applies for 4 when we restrict to B since the corresponding map

X — Y (X) is Lipschitz and @ is a subsolution in the classical sense a.e. on B.
O
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4. EXTENSION OF THE CONTACT SET

In this section we prove that the contact set from Proposition 3.1 becomes larger
and larger when we decrease the radius R. We introduce the sets L and Q; C L
used in the next three sections

L =P, 0 {|zp1| < 1/2},
Qi ={",0,2p41)/ |2'] <1 |wpia| <1/2}.

Let Dy, represent the set of points on the graph of u that have by above a tangent
surface S(Y, RC~™F), where C is a large universal constant. Suppose that we have
some control on the e, coordinate of these sets and denote by Dy, their projections
into L.

Recall that S(Y, RC~F) is an approximate solution of equation (1.1) with a
CkR™! error. If S(Y, RC~*) touches u by above at X then, from Harnack in-
equality, the two surfaces stay C*R~! close to each other in a neighborhood of X,
(see Lemma 4.1). Thus, if we denote

Ek = {Z S L/ diSt(Z, Dk) < Ol},

then we control the e, coordinate of a set on the graph of u that projects along e,
into Fp.

We want to prove that, in measure, Fj almost covers @); as k becomes larger
and larger.

Heuristically, at large scale the level sets satisfy a limiting equation. With this
in mind we prove in Lemma 4.2 that near (large scale) a point Z € Dy, we can find
a set of positive measure in Dy41. Using a covering argument we show that the
sets F “almost” cover (); as k increases.

Next we state and prove two technical lemmas, Lemma 4.1 and Lemma 4.2. At
the end of the section we prove a covering lemma which links the two scales. We
use the following notation:

Vu n
v(z) = W(m) € R".

Throughout this section we assume that there exists a surface S(Yp, R) that touches
the graph of a solution u by above at a point Xo = (x,u(zo)) with

Z(v(x0),en) < /4.

Lemma 4.1. (Small scale extension) Given a constant a > 1 large, there exists
C(a) > 0 depending also on a such that for each point Z € L N B(m,Xo,a) there
exists T with

1)

mn(z,u(z)) = Z, |z — x| < 2a,

2)
(z — w0) - v(x0) < Ho(u(z)) — Ho(u(o)) + C(a)R™.



12 OVIDIU SAVIN

Lemma 4.2. (Large scale extension) Suppose that u is defined in the cylinder
{]z] <1} x {|zn| <1} and satisfies the hypothesis above with

lzon| <1/4, |zpl =g, q<l/4.
There exist constants Cy, Ca, such that if

q> C’l, R > lC’l, > C_'llogR
then the set of points (z,u(x)) with the following four properties
1) |2'| < q/15, |z — mo| < 2q, Ju(z)| <1/2,
2) there is a surface S(Y, R/Cy) that stays above u and touches its graph at (z,u(z)),

3)
Z(v(x),v(x0)) < CrgR™",

4)
(z — x0) - v(20) < C1¢° R™" + Ho(u(x)) — Ho(u(zo)),

projects along e, into a set of measure greater than q"‘l/él.

Remark. The term Ho(u(x)) — Ho(u(zg)) that appears in property 2 of Lemma 4.1
and property 4 of Lemma 4.2 represents the distance between the u(z) level surface
and the u(xg) level surface of a one dimensional solution.

Now we state the iteration lemma that links Lemmas 4.2 and 4.1.

Lemma 4.3. (Covering lemma) Let Dy, be closed sets, Dy, C L, with the follow-
ing properties:

1)
DoﬂQl#(b, Dy C Dy C Ds...

2)if Zo € DN Qa, Z1 € L, |Z1 — Zy| = q and 21 > q > a then,

where a > 1 (large), p1 (small) are given positive constants and I > 2a.
Denote by E) the set

Ey:={Z e L/ dist(Z,Dy) <a}.
Then there exists p > 0 depending on n, py such that

Qu\ Bil < (1 - w)"Qul.

We proceed with the proofs of these lemmas.

Proof of Lemma 4.1. Let S(Y, R) be the surface defined in (3.8). Notice that
S(Y, R) touches u by above at Xy. The restrictions

WH‘S:S(}/O,R)_’Pn, 7Tn+1|S:S(Y07R)_) n+1
are diffeomorphisms in a 3a neighborhood of X for R large. Denote by T the map

T :=mpt1g 0 Wnrsl : Py N {]znt1]| <3/4} — Pota.
In the set
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Oy := T (Py N {|2ns1| < 3/4} N B(mpXo,a + 2))

we have

vs—u >0, wvg(xg)—u(zg) =0

where vg is the function whose graph is S(Yp, R). From (3.10) and the fact that f
is Lipschitz we find

C(vs —u+ R~ > |F(D*vs) — F(D?u)|.
The open set

O :=T (P, N {|xnt1] < 5/8} N B(mpXo,a+ 1))
satisfies Oy C Oy, dist(O2,001) > c¢. From Harnack inequality, one obtains

(4.1) sup (vg —u) < C(a)R™.
€02
For each Z € L N B(w,Xo,a) we consider the line Z + te,, and denote by X; its
intersection with S(Y, R).
Notice that in O; we have 9,5 > ¢. From this, (4.1), and the continuity of u we
find that Z + te,, intersects the graph of u at a point Xo = (22, u(z2)) with

| Xy — X1| < Cla)R™.

Since

(21 — 20) - v(20) < Ho(zn41) — Ho(u(zo)) + CR™

we conclude that

(22 — @0) - v(20) < Ho(u(x2)) — Ho(u(xo)) + C(a)R™

and the lemma is proved. ([l

Remark. From the equation we find u € Ch* (see for example [4]). Thus, if M
is some given number and R > C(M), then (4.1) also implies that u is increasing
on the interval (zo — Me,,x2 + Me,). So if the function u is M- monotone, then
Xo is the only point on the graph of u that projects along e,, into Z (this is obvious
when uz, > 0).

Proof of Lemma 4.2. The proof consists in 2 steps. In step 1 we find a point
that satisfies properties 2-4 and property 1 with ¢/40 instead of ¢/15. In step 2
we use Proposition 3.1 to extend properties 2-4 from that point to a set of positive
measure.

Before we start, we introduce some notation. For a surface S(Y, R) we associate
its 0 level surface, the n — 1 dimensional sphere

C
D) = {lo = vl == R~ Holvmsn) = 50801 |
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We remark that the s level surface of S, |s| < 1/2, is a concentric sphere at a
(signed) distance

(4.2) Hy(s) + O(1)CoR ™1, |O(1)] < 1/2

from X(y,r). Also for a point X = (z,2p41) € S(Y, R), |znt+1| < 1/2 we associate
the point

z= [ya I) N E(ya T)
where [y, x) represents the half line from y going through z.

First we prove the lemma in the following situation (this is a rotation of the above
configuration): the surface S(Yp, Ro) stays above the graph of u in the cylinder
{]2'] < 2¢} x {|zn] < 1/2} and touches it at Xog = (zg, u(xo)), |u(xo)| < 1/2.
Assume

Ty € {|2'| = g} N{zn =0}, wo = —en\/75 — ¢,

q> cfl large, and ¢/Roy < c¢1, ¢1 small, universal.

Step 1. We prove the existence of a surface S(Yi, R.) that stays above u in the
cylinder |2/| < 2¢ and touches it at (2., u(z,)) such that

2
- q / q
Y. = Yo+ teen, Ru> Ro/Cs, & € {ay < Codotn Y
0+ tse > 0/ 3 X E{JJ < 2R0} {|$|<100

Also, §(Yx, R.) is above S(Yo, Rp) outside the cylinder |2/| < 2q.
We consider the function ¥ : R*~! — R

1
vE) =207 -, L ERT

where 7 is a large universal constant to be specified later.
We choose w < 1, universal, such that w=7=2 = 2. The graph

__ 9 %
Ty = ,71'(2)—(]21/}((])

has by below the tangent sphere X(yo,79) when |2’| = ¢, and a tangent sphere of
radius r,, and center y, when |2/| = wq, where

Ty = w7+2\/r8 + @2 (w22 — 1) > rg/2.
Let T’y denote the graph of X(yo, ro) for |z’| > ¢ below =, = 0, T'y, the graph of the

above function for wq < |z/| < g and T',, the graph of |z — y,| = r, when |2/| < wq,
z, > 0. We notice that

I:=TyUl,UTl,

is a C™! surface in R™. We define the following surface in R**!

qj = {$n+1 = gy()n+1;R0 (dF + Hy07l+17R0 (0)) } ?
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where gs<p is defined in (3.6) and dr represents the signed distance to the surface
T (dr is positive in the exterior of T"). Note that ¥ coincides with S(Yp, Ro) if dp
is realized on I'y.

Claim 1: The surface ¥ is a supersolution of (1.1) everywhere except the set where
|Zn41] < 1/2 and dp(z) is realized on T'o UT,.

Proof. Let hy, . R, be the corresponding function for gy, . g, that we are going
to denote by h and g for simplicity. At distance d from I" we have in an appropriate
system of coordinates

—K1
1-— lﬂd

D?*g = diag |g", lg', .| = diag [N (s), 2h(s),...|, s=g,
1— Iild
where k; represent the principal curvatures of I' (upwards) at the point where d is

realized.
Case 1. If d is realized at a point on I'g, then the result follows from the con-
struction of S(Y, R).

Case 2. If d is realized at a point on I'y, then

provided that ¢/ro is small. Without loss of generality we assume |d| < C'log Ry
since otherwise, ¢ is constant.
On the —1/2, respectively 1/2, level sets g(d) is a supersolution from (3.9).

For the other level sets we recall from Section 3 that there exist constants Cp, C
universal such that

|W(s) — hy(s)| < C1Ry " \/2h(s) if |s| < 1/2,

B'(s) = hy(s) — CRy' if s € (sr, —1/2)U (1/2,1),

hence

F(ng) < F(1,0,..,0)+ (AHZ(_QM) _ /\’fn21> NG

1
< F(h},0,..,0) + (AO1 +6(n—2)A — A%) RyW2h < f(g),

provided that v is chosen large, universal.

Case 3. If d is realized at a point on I',, and |s| > 1/2, then (see (2.3),(3.2))
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B (s) + C(n,\, A)(Ro/2) " \/2h(s)
= hy(s) — CRy' +2C(n, A\, A)Ry ' \/2h(s) < h{(s),

and the claim is proved.
We remark that U and S(Yp, Ro) coincide outside the cylinder |2’| < 2¢. Next we
consider S(Y,,, Ry) with
Co
Ry =71y + Ho(Yon41) + 5R_0 Yo = (Yo Yon41)-
We list some properties of S(Y,,, Ry). First we notice that the sphere X(y,,71)

stays at distance greater than 3C_'OR0_ L above I, and stays at distance greater than
3CoRy " below T if

|2'] > q(1+w)/2 > wq + 86’5/2.
This implies (see (4.2)):

i) the region of ¥ where |z,41| < 1/2 and the distance to I" is realized on T, is
above S(Y,,, R1)

ii) the region of S(Y,,, R1) where |z,41] < 1/2 and the distance to X(yu,r1) is
realized at a point outside {|z'| < ¢(1 + w)/2} is above ¥

iii) S(Y,,, R1) is above ¥ outside {|2'| < 2¢}.

We slide from below ¥ in the e,, direction till we touch w for the first time.

Claim 2: There exists 3 > 0 such that the surface ¥ — fe,, = {X — fBe,, X € U}
touches u at a point (z,u(z)) with |u(z)| < 1/2 and the distance from z + e, to "
is realized on I',,.

Proof. In this proof we write U? for ¥ and let

LEER FAVA SRR )

depending on the part of I' where the distance is realized. It suffices to show
that UZ cannot be strictly above the graph of w. Then it is clear from Claim 1
that by sliding ¥? from below the first contact points must occur in the region
corresponding to ¥ (since U§ C S(Yo, Ro) is above u from the hypothesis).

We construct W9 the same way that we constructed ¥¢ except that its 0 level
set separates from X(yo,r9) on the n — 1 dimensional sphere of radius g + . If
W4 is strictly above the graph of u then W9 ¢ is above the graph of u for small €
hence, by sliding from below, we find that the full surface %€ is above u. This is
a contradiction since X is clearly above W9¢ and the claim is proved.

Now we consider the surfaces S(Yy + te,, R1) and increase ¢ till we touch for
the first time the graph of u. From i) we see that when Yy + te, = Y, — fe,
then the point (z,u(z)) is above the surface S(Yy + ten, R1). Thus we can find
0 <t; <|Yo—Y,|— B such that S(Y1,R1), Y1 = Y, + t1e, touches u from above
at a point (x1,u(x1)), |u(z1)| < 1/2 in the cylinder |z’'| < 2¢. Moreover from ii)
above
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F e {lr| < ¢l +w)/2y N {zn < C2¢?Ry'} Ry > Ro/3.

We apply the argument above with (21, u(z1)) and S(Y7, Ry) instead of (zg, u(zg))
and S(Yp, Ry) and continue inductively at most a finite number of times till we find
a point (x4, u(zs)) with the required properties.

Step 2. Using the result from step 1, we prove that all contact points (z,u(x))
with

1) 2’| < /40, [x — xo| < 4q/3, |u(z)| <1/2

2) in the cylinder |2| < 2¢, u is touched by above at (z, u(z)) by S(Y, Ro/C4), and
S(Y, Ry/C4) is above S(Yp, Ry) outside this cylinder

3)

£ (), v(x0)) < ORiO

and the contact points belong in each level set to a Lipschitz graph with Lipschitz
constant less than CqR;"

4)
2
(o) - v(0) < Ho(u(x)) ~ Ho(u(xo)) +C -

project along e, in a set of measure greater than cog™'.
We slide from below, in the e, direction, the surfaces S(Y; R) with
Ry

— = 4C5(400)*
o Cy = 4C5(400)

N q 1
4. " < — n < - =
( 3) |y I*| = 500’ |y +1| =y R

till they touch w.
Claim: The point (7,2C2¢?Ry ") is in the exterior of ¥(y, 7).
Proof. Assume not, then X(y,r) is above =, = 3C2¢*(2Ro)~! in the cylinder
|#' — 7| < ¢(100)~2. One has
Ty = Ty + I/(J:*) (Ho(’u,(,f*)) + O(l)éngRo_l) ,

Z(v(x4),en) < qCsRy ",

hence

Ty n < Tu e+ Holu(xs)) + C(¢*Ry? + Ry ).

Thus, if ¢ is greater than a large universal constant, one has that x, is at a signed
distance less than

Ho(u(wy)) + C(*Ry? + R™Y) — Cug®(2Ro) ™ < Ho(u(x.)) — CoCyRy*

from X(y,r). This implies that . is in the interior of the u(z,) level surface of
S(Y, R) which is a contradiction.

From the claim and (4.3) we find that X(y,r) is below z, = 4C2¢®R;", and
below z, = 0 outside |2’'| < ¢/50. Thus, X(y,r) is at a distance greater than
q*(4Rp)~! in the interior of %(yo, 7o) outside
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{2, > 0} x {|2'| < q/50}.
The s level surface of S(Yy, Rp) is at distance greater than (see (3.11))
Co

Hy0n+1qR0 (S) - Hyon+1,Ro (O) Z Hyon+1,R(S) - Hyon+1,Ro (O) Z Hyon+1,R(S) - 2—_R0

from X(yo,r0). The s level surface of S(Y, R) is at distance less than

H

Yn+1,

C,C
r(0) < H, L

R(S) - H ¢ 0n+1;R(8) RO

Yn+1,

from 3(y,r). Hence, at the points x for which

dE(y,r) (.I) - dz(yoﬂ‘o)(x) > 2COC4R61

we have that S(Y, R) is above S(Yp, Ro). Since S(Yp, Ro) is constant outside a
C'log Ry neighborhood of X(y, ro), we can conclude that, for ¢ greater than a large
universal constant, S(Y, R) is above S(Yp, Ry) outside |z'| < ¢/40. This implies
that the contact points (z,u(z)) have the properties |u(z)| < 1/2,

q @ 4
Z n C—=—, I,<4Cy=—, |7 —
(v(x),en) < o T < 2% || < 0

and, from Proposition 3.1 they project along e, in a set of measure greater than
c2¢™ 1. We notice that on each level set the contact points belong to a Lipschitz
graph with Lipschitz constant less than CqR 1. Also, one has

4
|£L' - JIQ| < gqu

z =7+ v(z) (Ho(u(z)) + O(1)CoCsRy™)
thus,
e
(x —x0) - en < CR—O + Ho(u(z)) — Ho(u(zo))
2
(= 0) - wlo) < €+ Ho(u()) ~ Ho(u(wo))
which proves step 2.
End of proof of Lemma 4.2. In the general case we denote by X; € S(Yp, Ro)
the point such that 7, X; = 0 and let
_ "1~ Y
|21 — Yol
The cylinder

{I(z — 1) - §| <1/2} x {|me(@ — 21)] < 2|me(To — 21}
is included in {|z'| < I} x {|z,| < {}. Also, |z(]/2 < |7me(To — 1) < |2(]3/2, hence
we are in the situation above. The contact points obtained in step 2 belong in each
level set to a Lipschitz graph (in the e, direction) with Lipschitz constant less than
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2. The result follows now by projecting these points along the e,, direction. With
this the lemma is proved. (I

Proof of Lemma 4.3. Denote by Fj, C E) the closed set

Fi. = {Z € L/ diSt(X, DN Ql+a) < CL}.

We prove that there exists p(n, 1) > 0 small, such that

(4.4) Qu\ Fi| < (1= w)*|@Qul.
Let Z € Q;\ Fi, Z1 € Fy, be such that |Z — Z1| = dist(Z, F},) = r. We claim that
for some po(n, 1) >0

(4.5) [Frr N QuNB(Z,7)[ = po| QN B(Z,7)|.

Let Zy be the point for which |Z — Zy| = r + a and Z; belong to the segment
[Z, Zy]. We obtain that Zy € Dy N Q4+, from the definition of F.
If 2r > a, let Z5 be such that

T '
|Z—Zz|:§7 B(szg)ﬂLCQl-

From property 2 and a 4+ r/2 < |Zy — Zp| < 5r we obtain

r
[Fit1 N QN B(Z,7)] 2 |DpanB(Z2, )| 2 [Dir 1 B(Z2, |22 — Zol/10))|
r
2 |B(Z2, 5) OV L| 2 pa| B(Z, 1) N Qul.
If 2r < a then, from property 2, there exists a point

Z3 € D1 NB(Z, rta

10 ) - QlJra

thus,
Ql ﬂB(Z, T‘) C Ql n B(Zg,a) C Fk-‘rlu

which proves (4.5).

We take a finite overlapping cover of Q; \ F}, with balls B(Z,r). Using (4.5) we find
a constant p(p2,n) > 0 such that

[Frp1 N (Qu\ Fio)| = pl Qi \ Fie

hence,

|Qu\ Fiy1| < (1 —p)|Qu\ Fil,

and (4.4) is proved.
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5. ESTIMATE FOR THE PROJECTION OF THE CONTACT SET
Throughout this section we assume that w is a subsolution of (1.1) in the cylinder
!
|z'| < 321,

lim u(z',x,) = —1,

and we satisfy the following hypotheses from Theorem 2.1,
{u=0}n{]2| <32} C {x-& > 0},
for some unit vector & € R™,|§| = 1, Z(&o, €n) < 7/8, and

(0,0) e {u =0}, 6>6

for some fixed 6,. We denote

I =e.
We use the results of the previous section and prove the following

Lemma 5.1. There exist universal constants Cy, fi, ¢ such that if

Cke < e, 1> C(b)
then the set of points

(@, u(x)) € {|2'| <1} x {|znta] < 1/2}
that satisfy

v € < CH0 + Ho(u(2))

projects along e,, into a set of measure greater than (1 — (1 — 1)*)|Qy|.

Before we prove lemma 5.1 we need another lemma that gives us a first surface
S(Y, R) that touches u by above.

Lemma 5.2. (The first touching surfaces) If ¢ < &, then the points (x,u(x))
with the following properties

1) |2’ <1, |lu(x)] <1/2
2) there is a surface S(Y, Ro) that stays above u in the cylinder |x'| < 16l and
touches its graph at (x,u(x)), where

2

ROZ@u

[ > Cl ].Og Ry
3)
Z(v(x),&%) < IR

4)
ZTn - & < (14 0)0 + Ho(u(x)), b < 1 is a positive fized number

project along e,, into a set of measure greater than e (I1v/b)"~' provided that | >
C(b7 90) .
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First we obtain a bound for « from having information on the location of {u = 0}.
This is done using the following barrier function.

Lemma 5.3. There exists a function g; that is constant for |t| > 1/2, such that
gi(|z| — 1) is a supersolution everywhere except on the O level set. Moreover, the
associated function H; : [-1+ e~ 1] — R, satisfies

C
(5.1) ——log(1—|s[) > Ho(s) — Hy(s) > 0, for |s| <1—e /2

Proof. Let s; = e~ and define,

ho(s) — ho(si — 1) — (1 + s)? — s7] for s; — 1 <s <0,
(52) hils) =

ho(s) + ho(si— 1)+ S (1—s+s)(1—s) for0<s<1.
According to (2.3), we need to show that

(53) hi(s) + M

for all s # 0.
From

hg(s) ~ c(s+1), near s=—1, h{(s)~c(s—1), near s=1.

2hy(s) < hg(s)

we obtain

hi(s) ~ c[(1+5)* = s7], s € [sp—1,0]

hi(s) ~ c[(1 —s)? + s7], s €10,1].
Then, (5.3) and the corresponding estimates for H; follow from straightforward

computations. (|

Proof of Lemma 5.2. First we obtain a bound using the comparison function
of Lemma 5.3. The surfaces

Uy = A{zns1 =gl -yl =1}
with |y'| < 20! and y,, — —o0 are above u, hence, by increasing ¢, they can touch

u for the first time only on {x,+; = 0} since they are strict supersolutions on all
the other level sets. This implies that

u(z) < gi(x - &) if |2'| < 16l.
Let
Ro = 1%(320) "

and notice that lRal is small and [ > C; log Ro if | > C(6p). Let yo = 29 — &Ry
and consider the surfaces S(Y, Rp) that contain x¢ = (0,6) with

FNg.

Vb
|70 (y — yo)| < El’ [Ynt1] <



22 OVIDIU SAVIN

Claim: The surface S(Y, Ro) is above g;(z-&) (and therefore above ) in the region
{l < |z'| < 161}.

Proof. We observe that

Vb

meo 0~ 0)| < L1
which implies that the 0 level surface of S(Y, Ry), the n — 1 dimensional sphere
Y(y, ) is below the hyperplane {x-& = (1+b/2)0}. Let dx, dp, denote the signed
distance to 3, respectively to the hyperplane P := {x - § = 0}.

If o] < Clog Ry, the sphere |z — y| = r + « is below x - §; = —6 + « outside
|z'| < 1/2, thus

(5.4) ds >dp+0, in{|dg| <ClogRo}N{l<|z'| <161}

It suffices to show

(55) H507R0(S) - H507R0(0) < H[(S) +6, so= Yn+1
since this implies

Ys0,Ro (d + H507R0 (O)) > gl(d - 9)

and

9so.Ro(ds + Hsy Ry (0)) > gi(ds — 0) > gi(dp),

hence S(Y, Ry) is above g;(x - &) in the region [ < |2'| < 161.
To prove (5.5) we first recall that

H507R0 (S) - H507R0

s 1
0=, e

and
Co
(56) H507R0 (S) - H507R0 (O) < HO(S) + o5
2Ry
< HQ(S) + 0191_2 < HQ(S) + 9/2
for [ large.

From (3.4), (5.2) we find that
hso,Ro (8) < h[(S), if s < -1+ 0(90)1—%

hiso.Ro(8) = Tu(s), if s > 1—c(fp)l 2.

This implies that the maximum of Hy, g, (s) — H;(s) occurs for 1 —|s| > ¢(6o)l~=.
For these values of s we have (see Lemma 5.3)

I3

Hy(s) < Hy(s) + Cl ' log o1 (00)

< Hl(S) +6‘0/2
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and this together with (5.6) proves (5.5).
In conclusion the surfaces S (y, Ro),

b
|yl — TnYo| < il
16

touch w for the first time (as we increase y,41 from —o0) at points (z,u(x)) that
satisfy properties 1,2,3 of the lemma and

b
z-§ < (1 + 5)9 + HSU;RO (u(‘r)) - HSO;RO (0)
) _
<(1+ 5)0 + Ho(u(x)) + 5 2 < (14b)0+ Ho(u(x))
if I > C(b). Now the lemma follows by Proposition 3.1. O

Proof of Lemma 5.1. Let Ry = 12(320)~" and define Dy, the set of points
(z,u(x)) with the following properties

1) |2'] < 161, |u(x)] < 1/2

2) the graph of u is touched by above in |z/| < 16l at (z,u(z)) by S(Y, Rx) with
Ry > RoC3 "

3)

L(v(x),&) < CHIRG?

x-& < 2050 + Ho(u(x))

where C3 is large, universal depending on C;, Cy. Also, set Dy = 7, (f)k) From
Lemma 5.2 (with b = 1) we find that if ¢ < &, then Do N Q; # 0.

Claim: As long as

(5.7) C¥IRy " < min{1/Cy,7/8}/8
Dy, satisfies property 2 of Lemma 4.3 with a = C4.

Proof. Let Z, = 7, (xk, u(zr)) € QN Dy and let Zel, |z, — 2| =q, 2l > ¢ > Cy.
We apply Lemma 4.2 in the cylinder |2’ — Z’| < 8] and obtain that the points
(z,u(x)) with the following four properties project along e, in a set of measure
greater than ¢"~1/Cy.

1) |z’ = 2| < q/15, Ju(x)] < 1/2, |z — x| < 4l
2) the graph of u is touched by above in |2'| < 161 at (x,u(z)) by S(Y, Ri+1) with

Ri1 = RpCy' > Ry Cy 1

L(v(x),v(zg)) < 2C1IR,!

hence,
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/(v(z),&) < CFPURG!

(x — ap) - v(zy) <ACPR.Y + Ho(u(x)) — Ho(u(zy))

(x —a1) - & < 8C1CYIPRy ™ + Ho(u(w)) — Ho(u(zy))
thus,

(x — xx) - & < 2C5T10 + Hy(u(x)).
All these points are in ﬁk+1 which proves the claim.

Let E}, be the sets defined in Lemma 4.3. From Lemma 4.1 we know that each
point in F}, is the projection of a point (z,u(x)) with |z — x| < 2C; and
( — ax) - v(ax) < Ho(u(x)) — Ho(u(zx)) + C(C1)R, ™,

for some point (zy,u(xy)) € Dg. Thus,

(x — ) & < C(C’l)Rlzl + 2(_71le1 + Ho(u(x)) — Ho(u(zk))

or

z- & < 205710 + Ho(u(x)).
We apply Lemma 4.3 and obtain that

B0 Qi = (1= (1= m)h)lQi
for all k for which (5.7) holds. With this the lemma is proved. O

6. PROOF OF THEOREM 2.1

Assume that u is a solution of (1.1), (1.3) in |z’| < 32l, v is monotone in the e,
direction and satisfies the assumptions of the previous section. We want to show
that

{u=0}n{]2'| <l/4} C {z-& < KO}

for some K universal provided that [ > C(6p).
Using the notation of Lemma 5.1, suppose that there is a point z; on {u = 0}
such that

xy - &0 > 4Ck0, x| <1/2, k> k.

We prove that if kg is a large universal constant then we can construct a sequence
of points x; and then reach a contradiction. -
Let C7 be a large constant depending on ¢z, C, and let

Cy 1= AC?C,(1 — ) 71,
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Claim: As long as
— 2 k
(6.1) (C*(l - n)—ﬁ) e< Gy

and kg large, universal, then we can find zp41 on the level surface {u = 0} such
that

Ty - §o > 4CET, |wpsr — @kl < C1(1— @) 7L
Proof. First we notice that if (6.1) is satisfied then
~k 2kg
C*E < Cg(l — ﬂ)ﬁ <ec
if kg is large. The result of Lemma 5.1 can be applied and we find that the points
(z,u(x)) with |z’| <1, |u(z)] < 1/2 and
(6.2) - & < CFO + Ho(u(x))
project along e, into a set of measure greater than (1 — (1 — 2)*)|Q|. B
Assume by contradiction that {u = 0} stays below the hyperplane z-&, = 4C**+19
in the cylinder
|2’ — )| < Cy(1— )71l =: 321,
and notice that x; is at distance less than
0 == 4(C, —1)C*0
from this hyperplane. Next we check that we can apply Lemma 5.2 “upside-down”

with b:= (4(C, — 1)) - (we use that u is a supersolution and we slide down surfaces
from oo). For kg large we have

and

1
2

Iy = Cl3 ((1 - p)%z) > C1%(6y/Cy)% > C(6y)

hence we can apply the lemma since 0, > 6y. The points (z, u(z)) with |2’ -z | < I,
lu(z)| < 1/2, and

409 — x- &5 < (1 + b)), — Ho(u(x))
or
(6.3) - & > 3CF0 + Ho(u(x))
project along e, in a set of measure greater than

1—n

e (b2 L) > (1 - @)k e (01/32)" 7 (4(C — 1)) 7 > (1 - @)F|Qi]
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provided that C is chosen large. If kg is large so that

320, < Oy (1 — )"l < 1

then we reach a contradiction. Indeed, from (6.2) and (6.3) we see that the points
of the graph of u with |z| <, |u(x)| < 1/2 project along e,, into a set of measure
strictly greater than |@,;| and we contradict the fact that u is monotone in the e,
direction. With this the claim is proved.

We choose kg universal such that the inequalities above hold and

i 320, < 1/4.

k=ko
If, by contradiction, there is a point zy, on {u = 0} with
Tiy - Eo > ACH0, |2f | <1/4
then, by the claim above, we can construct a sequence xj, on {u = 0} with zj - & >

4C*0 that stays inside |2'| <1/2 as long as (6.1) is satisfied.
For the last value of k for which (6.1) holds we have

_
320
< CAUCy'C.(1— ) 7T =1/4.

Ry,

< (C*(l - ﬂ)_%)ik e

Now we can argue as in the claim above and reach a contradiction directly from
the fact that Ry < 1/4 without constructing xx11. To see this we recall that in the
proof of the claim we applied Lemma 5.2 in the cylinder |2" — 2} | < 32l by sliding
a family of surfaces S(Y, Ry) in the e, direction from co. Now we slide the same
family in whole R™ without the restriction to the cylinder. Since Ry < /4 and [
large, all contact points occur in |2/| < I. Clearly the contact points still satisfy
(6.3) together with the measure estimate for the projection set (from Proposition
3.1). This contradicts again that w is monotone and Theorem 2.1 is proved.

O

7. THE LIMITING EQUATION

The statement of Theorem 2.2 requires the smoothness condition F € C*. We
actually prove the theorem under weaker assumptions in order to include also some
cases of interest like when F' € C! except at the origin or when F is the extremal
Pucci operator M;\FA or My , .

We denote by the set of ¢ € R for which F admits a “tangent cone” T at t£ ®¢&
for all £ € R™, || = 1. To be more precise we assume that for t € I

[F(t§ @& +eM) - F(t§®&) —eT(t,§, M)| < ene, t, | M])

where M is a n x n symmetric matrix and

a) T uniformly continuous in ¢ for (¢, M) in any compact set of the domain of
definition

b) T continuous in ¢ for fixed &, M
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¢) n(e,t, |M||) — 0 as e — 0 and the convergence is uniform for (¢, M) in any
compact set of the domain of definition.

Finally we assume that h{, maps (—1,1) into I except at a finite number of points.

Remarks.
1) If F € C! then it satisfies the conditions above for all ¢ and

T(t,& M) = Fy(t€ ® £)My;.

2) If F € C! except at the origin then it satisfies the conditions above for ¢ # 0.
If f has only a finite number of 0’s then we satisfy also the hypothesis on hyj.

3) T'(t,&, ) is the tangent cone of F at t£®¢, is homogenous of degree 1, uniformly
elliptic with ellipticity constants A, A, and T'(¢,&,0) = 0.

4) The operators M;A, M 5 satisty the hypotheses for ¢ # 0 .
The limiting equation that we obtain depends on the following operator

Definition 7.1. If M¢ = 0 then we define G(¢,&, M) to be the unique solution #;
of the equation

T(t,6t16E—M)=0.

We remark that G(t,&,-) is uniformly elliptic with ellipticity constants AA™!,
AX"1, homogenous of degree 1, G(¢,£,0) = 0 and is defined on the space of n — 1
symmetric matrices of the hyperplane perpendicular to £.

If F € C! then G is linear in the variable M. This is not always the case, for
example when F' = ./\/lj\r A then

ATIM A (M) for t >0,

Gt &, M) =
(6.8, M) {AlM;A(M) for t < 0.

Let us fix a vector & with

T
|§0| = 17 4(507611) S Zu
and let M be a symmetric matrix such that M&y = 0.

Proposition 7.2. Let u be a solution of (1.1),(1.3) in |2'| < I, w(0) = 0 and
assume u < 0 below the surface

0 6
Iy = {:v & = l—szMx—i— 75 . 7r50x} ,
with
M| <1, [§[<1, 0= 6.

Given ¢, there exists 01(9,60) > 0 small such that if /1 < o1 then

1
G(&o, M) := /_1 G(h{(s), €0, M)\/ho(s)ds < 8.
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Remarks.

1) The function G(h{(s),&o, M) has a finite number of discontinuities from the
hypothesis on T and hy,.

2) The operator G(&o, -) has ellipticity constants AA~!, AX"1, G(&,0) = 0.
3) When F € C' then G is linear in M and when F = M;\"_’A then G = M A

Proof of Theorem 2.4. Assume by contradiction that there exists a smooth
surface

P, = {:E -&p = :ETM:C} ,
with

Mé =0, G(&, M) >26, |M|<d1/2

that touches X by below at 0 in |2'| < § and, assume for simplicity Z(&o, en) < 7/4.
For k large, vertical translations of

Ad
e
touch ex{u = 0} by below at points 616 close to the origin for some §; small
depending on §. This implies that, after possibly a translation of the origin

P2 = {$'€0:ITM2$}, MQ =M — I_€O®§0)

{:E & = epx? Moz + 6,6 - 7T5k$} , gl <1

touches {u = 0} from below at the origin in |2'| < §;19¢, ', If we denote | = &;0¢;. ",
0 = 630¢; " then the surface above can be written as

0 0
{;v - = l—2xT(5M2)x + 75 . ng:v} ,

with
||6M2H <1, G(ﬁo,&Mg) = 5G(§0,M2) > 62.

This contradicts Proposition 7.2 if §; is chosen so that 8/1 = §; < 01(62,1) and k
is large enough. (|

For the rest of this section we prove Proposition 7.2. First we construct an
explicit supersolution given by the following lemma.

Lemma 7.3. Assume
G(&OaM)>5a ||M|| Sla
and let T be the surface

r:= {x-§0 = %xTMx—Fﬂ'gO:z:-{} N{|2'| < oo™}, [€] < 0.

There exists 09(d) > 0 small, depending on universal constants and §, such that
if 0 < e < 0gg(d) then we can find a function g (respectively h, H, associated with
it) for which g(dr) is a supersolution, where dr represents the signed distance to
T, dr > 0 above I'. (We consider only the set where the distance d is realized at a
point in the interior of T'.)
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Proof. We define

(7.1) h(s) = ho(s) — ho(ss,e) + E/S p(¢)d¢ for s > ss.,

S85,e

where s5. is defined so that

)
ho(ss,.e) = ZE ~ (14 85,5)2

and the function p is continuous, bounded, satisfying

A ! 3
(7.2) il <25k maxvho) [ o) > 35
S5,e
(we specify the exact p later). For & < 0¢(d) < § we find
1
h(s) > §(h0(s) — ho(ss5,¢)) for ss. <s<c—1

h(s) > ho(s) — Ce forc—1<s<1l—c¢é

h(s) > ho(s) + gs for 1 —cd < s,
hence

H(sse) > Cloge, H(1) < C|loge|.

The function g(s) = H~1(s) is defined for s < H(1) < C|loge| and it is constant for
s > C'loge. We also remark that max(H — Hy) occurs in the interval (cd—1,1—¢d)
thus

(7.3) H— Hy <C(0)e.

Let d be the signed distance to I'. In an appropriate system of coordinates
A " O

1— dlﬂ 1-— dlin_l

where k; are the principal curvatures of I' at the point where the distance is realized.
From the bounds on ||M]|, £ we find

D?d = diag <

diag(—K1, .., —kn—1,0) = —eM + &Ny, |V1]] < Coy.
For |d| < C|loge| one has

D?*d = —eM + eN>, [N2|| < Coo,

D?%g(d) = ¢'D?*d + ¢"Dd ® Dd = V2hD?*d + W' Dd ® Dd
thus,
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(74)  F(D%*(d) =F (h’Dd ® Dd + ev/2h(—M + Ng))

F (thd ® Dd + epDd @ Dd + £(—M+/2ho + Ng))
<F (thd ® Dd + £(p&o ® & — \/2h0M)) + eCop.

If hi(s) € K with K C I compact we can bound the term above by

f(s)+eT ( 0: Dd, p€o @ &o — \/%M) +en(e, hy, C) + eCay
< f(s) + €T (0, p0 ® 0 — v/ZhoM ) + 1/ (K, )
< J(9(@)) + M5 (p = V2hoGlh, &0, M) ) + e (K, 00)
with (K, 0¢) — 0 as 09 — 0. From (7.4) we also obtain

F(D2g(d)) < f(g(d) + My (0 @ €0 = V/ZhoM ) +<Carg

hence, for oy small,
F(D?g(d)) < f(g(d)) if p < —2AX"1(1 + max v/ho).
In conclusion g(d) is a strict supersolution if either h{(s) € K and
1
p(s) < G(hy(s), o, M)/ 2ho(s) — XW(K, 0)|

or p(s) < —2AX"Y(1 + max /hg).
Using the hypothesis on F', hg and the fact that

G(&, M) > 6
we can find a continuous function p that satisfies the condition above and (7.2),
provided that gg is small enough. With this the lemma is proved. (I

Proof of Proposition 7.2. Assume by contradiction that G(&y, M) > §. Con-
sider the surface

Iy := {3: &y = %xTng + o€ - 7T50x}
with

) 20 9
My:=M - 22 (1 == o=-
2 Aopd ~8®%), e= o=y

and let g2(dz2) be the function constructed in Lemma 7.3. Since

é(go, MQ) > 5/2

we conclude that ga(dz) is a strict supersolution if o < go(4/2).
As in the proof of Lemma 5.2 one can bound u by above from the fact that
{u = 0} stays above I';. For this we use again the surfaces ¥, ;/1¢ (see Lemma 5.3)
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which are supersolutions everywhere except on the 0 level set |x — y| = 1/10. We
slide these surfaces by below with |y’| < 31/4, use that I'; admits at each point a
tangent ball of radius /10 from below and obtain

u(x) < gij10(dr) if 2’| < 1/2

where d; represents the signed distance to the surface I';.
In order to obtain a contradiction it suffices to prove that for o < o1(d,09)

(7.5) 92(d2) > gij10(di) on {[a’| = 1/2} N {|d:| < 1/10}.

Indeed, then we slide the graph of ga(ds) from below in the e, direction in the
cylinder |z/| < 1/2 till we touch the graph of w. Since u(0) = 0, we obtain from
the inequalities above that the first contact point cannot occur on the boundary
|#’| = /2. Therefore it is an interior point which contradicts that gr,(dr,) is a
strict supersolution.

We notice that on {|2’| =1/2} N {|di| <1/10} we have
dy > dy + cdel* > dy + c50

thus, in order to prove (7.5), it suffices to show that

(76) HQ(S) < Hl/lo(s) + 06

where Ha, Hj/1o are the corresponding functions for gz, g;/19- We sketch the proof
of (7.6) which is similar to the proof of (5.5) from lemma 5.2.
From (5.2), (7.1) we find that the maximum of Hy — H; /1o occurs if

1—|s| > c(6/1)% .
Using (7.3) and Lemma 5.3 we find

Hy — Hjj10=He — Ho+ Ho — Hy19
l
<CB)0I 2+ Cl  og g < cdb

provided that [ > po 1> (C(6,6) is large enough.

8. PROOF OF THEOREM 2.2 AND THEOREM 1.2

In this section, we finally present the proofs of Theorem 2.2 and Theorem 1.2.

Proof of Theorem 2.2. The proof is by compactness.
Assume by contradiction that there exist ug, 0k, Ik, & such that uy is a solution of
(1.1), (1.3) in |2'] < Ik, [&k] = 1, Z(&k, en) < /4 and

0€{ur =0n{|2'| < lp} C{|z- & < Ok}

0, > 0, le,;1—>0ask—>oo

for which the conclusion of Theorem 2.2 does not hold.
Let Ay be the rescaling of the 0 level sets given by
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z e {up =0} — (¥, yn) € A

y/:lllek(ﬂ-ékI)a Yn :ek_lxgk
where T, : {z - & = 0} — R"~! is an orthogonal transformation. We notice that

Ap CQui={ly'| <1} x {lyn| <1}.

Claim: Ay has a subsequence that converges uniformly on |y'| < 1/2 to a set
A* ={(y,w(y)), |v|<1/2} where w is a Holder continuous function. In other
words, given ¢, all but a finite number of the Aj’s from the subsequence are in an
¢ neighborhood of A*.

Proof. Fix y{, ly4| < 1/2 and suppose (y§, §) € Ak. In the cylinder |(z—x0)’| < lx/2
centered at

zo = Ty 'yt + Oy

we have

xo € {ur =0} C {|(x — x0) - &| < 201 }.

From Harnack inequality applied in this cylinder we obtain

{ur = 0} N {[(z — 20)'| <le/4} C {I(z — o) - &kl < 20k(1 — o)}

provided that 46,1, " < £(26;), where 79 > 0 is universal and () is an increasing
function, £(#) — 0 as # — 0 (see Theorem 2.1).
Rescaling back we find that

A 0 {ly" = vol < 1/4} < {lyn — 9l < 2(1 = m0) }-
We apply Harnack inequality repeatedly and we find that

(8.1) Ay —yol <27 CH{lyn — 9] < 21— o)™}
provided that

Ol <2722 (2(1 —19)™60) -

Since these inequalities are satisfied for all k large we conclude that (8.1) holds for
all but a finite number of £’s. Now the proof of the claim follows from Arzela-Ascoli
Theorem.

For each k we associate an elliptic operator defined on the space of n — 1 sym-
metric matrices (over the y'-space)

G*¥(N) = G (&, (Tirme, )" NTyre,. ) -

Since all G* have the same ellipticity constants, by passing if necessary to a sub-
sequence, we can assume that A converge uniformly to A* and G* converges
uniformly on compact sets to a uniformly elliptic operator G*.

We prove next that
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(8.2) G*(D*w) =0

in the viscosity sense.
The proof is by contradiction. Fix a quadratic polynomial

T - _

yn=PW)=y "Ny +&-y, IN|<d' g <dt/2
such that G*(N) > 26, P(y')+d]y’|? touches the graph of w, say, at 0 for simplicity
and stays below w in |y/| < 26. Thus, for all k large we find points (yi’, yx,,) close
to 0 such that P(y’) + const touches Ay by below at (yx’, yx,,) and stays below it

in |y — yi/| < 6 and GF(N) > §. This implies that, possibly after a translation,
there exists a surface

0 0
{I~§k— l—g(ﬂgk:t)TTkTNTkﬂ'gkI—Fff'ﬂgk:t}, |€| <571
k

that touches {uy = 0} at the origin and stays below it in the cylinder |2'| < dl.
We write the above surface in the form

O o Ok
- M ZFSE.
{‘T = et M g0t ”f’“x}
with

Mé& =0, M| <1, G(&, M) >d.
This contradicts Proposition 7.2 if k is large so that

Or /1 < 601(8%,00)

and (8.2) is proved.
From the fact that w satisfies (8.2), and |w| < 1 we conclude that (see [4])

”wHCl’Q(Bl/‘;) < C()‘v A7 n)
hence there exist 0 < 71 < 72 small (depending only on A, A, n) such that

lw—&-y| <m/2 for |y'| < 2ms .
Rescaling back and using the fact that Ay, converge uniformly to the graph of w we
conclude that for k large enough

{ur = 0} N {]a| < 3lgn2/2} C {|z - & — Okl & - Th(me, )| < 30k /4}.

Then u;, satisfies the conclusion of Theorem 2.2 and we reached a contradiction.
O

Proof of Theorem 1.2. The rescaled sets k~!'{u = 0} are Lipschitz graphs in
the e, direction with the same Lipschitz constant as {u = 0}. Thus, we can find a
sequence of sets ex{u = 0} that converges uniformly on compact sets to a Lipschitz
graph ¥. According to Theorem 2.4, ¥ satisfies in R™ the geometric equation

G, II)=0
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in the viscosity sense. It suffices to show that ¥ is a hyperplane and then the
Theorem will follow from Corollary 2.3.

Caffarelli and Wang studied this equation in [6]. They showed an interior C1:*
estimate for Lipschitz surfaces ¥ provided that the operator é(f , M) is uniformly
elliptic in M and Lipschitz in £&. A consequence of their result is that the only
global Lipschitz surfaces satisfying the equation are the hyperplanes.

We apply this result in our case, so the only thing that remains to check is
the Lipschitz continuity of G in &. If F € C then é({“, -) is linear on the space
of symmetric matrices M with M¢ = 0 and the linear coefficients depend on the
derivatives of F' along the line t£ ® &.

We extend the definition of G (&, M) for all symmetric n X n matrix M by evalu-
ating the operator G(&,-) on the restriction of M to the hyperplane perpendicular
to £&. Then it is clear that F' € C'™! implies

|G (&1, M) = G(&, M)| < Cl& — &l|| M.
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