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1. INTRODUCTION

A central problem in the area of PDEs is the study of global solutions, that is
solutions defined in the whole space. This problem arises naturally for example
when one studies the possible types of behaviors a solution might have at a given
point. Focusing near such a point by dilating the picture more and more, we end up
with a PDE in the whole space. In other cases we might have a differential equation
with oscillating terms on a small scale depending on a parameter . In order to
understand the behavior at unit scale as the parameter ¢ — 0 we often need to
dilate the picture and solve some PDE in the whole space. As a consequence, the
study of global solutions is crucial when dealing with singularities, local behavior
and homogenization limits of PDEs.

In this paper we present symmetry results for global solutions to certain semi-
linear (or fully nonlinear) elliptic equations of the type

Au= f(u)

which arise in the theory of phase transitions.

Let us briefly introduce the typical physical model for a phase transition. Imagine
in a domain §2 we have a two-phase fluid whose density at a point x we denote by
p(x). Assume its energy density is given by a double-well potential W (p(x)) say
with minima at p;, ps i.e

Wpr) = Wlp2) =0, W(s)>0 if s# pi,pa.

The densities p; and ps correspond to the stable fluid phases. Then the energy of
the fluid is given by the integral

| wow)da.

This is not a satisfactory physical model since any density function p(z) that takes
only the values p; and p, minimizes the density energy. In particular the stable
phases p; and ps could coexist along any complicated interface! The reason for this
is because we ignored the kinetic energy term that takes into consideration interac-
tions at small scales (such as friction) which penalizes the formation of unnecessary
interfaces. The energy associated with the fluid in this case would be of the form

2
13
J.(p) = /Q V0P + W (o) da

with € a small parameter. This is the typical energy modeling the phase separation
phenomena within the van der Walls-Cahn-Hilliard theory (see [12]).
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The presence of the gradient square term in the energy prevents instantaneous
jumps from a region of density p; to a region of density p2, and in general this stable
states are only asymptotically attained by p. The transition region between the two
phases occurs in a thin region of width comparable to €. If we try to understand
this transition at length-scale ¢ we need to dilate the picture by a factor of 1/e.
Then the rescaled density u(z) := p(ex) minimizes the energy

1
/§|Vu|2 W () da

and hence solves the Euler-Lagrange equation
Au=W'(u),

in the large domain ©/e. On the other hand, we shall see in Section 2 that if we
let € — 0 in the original domain €2, the transition region converges to a minimal
surface inside €, i.e a surface of least area. This fact was already known to the
school of De Giorgi in Pisa in the late 1970’s, and De Giorgi conjectured that global
solutions to the Euler-Lagrange equation above should have similar properties to
something apparently unrelated, global minimal surfaces.

The goal of this paper is to present several results in both settings, phase transi-
tions and minimal surfaces, together with their common underlying ideas. Special
interest is given to flatness theorems and their application to 1D symmetry of global
phase transitions and in particular to De Giorgi’s conjecture. See Section 3 for the
precise formulation of this conjecture.

We conclude our introduction with a brief description of the theory of minimal
surfaces, with special emphasis on the ideas of De Giorgi.

Finding the surface of least area (minimal surface) among all surfaces bounded
by a given curve is known as the Plateau problem. It is one of the oldest problems
in mathematics and it has received a great deal of attention from the mathematical
community. Plateau problem was solved independently by Douglas [27] and Rado
[63, 54] in the 1930’s. Later, the theories of De Giorgi on perimeters [21, 22, 23, 24],
the one of Federer and Fleming [33, 35] on rectifiable currents and the one of
Almgreen [2, 3] on varifolds were developed to deal with the higher dimensional
case.

Let us explain the approach of De Giorgi. The key idea is to look at hypersurfaces
in R™ as boundaries of sets. Precisely, for any measurable set F, we can define the
perimeter of E in a domain 2 C R™ (or the area of OF in §2) as the total variation
of the characteristic function of F, xg, in Q

/ div g dx
E

where the supremum is taken over all vector fields g € C}(Q2) (with compact support
in Q) with |g] < 1. From Green’s theorem we see that this notion of area of OF
coincides with the usual one whenever OF is a C' hypersurface. The advantage of
defining the perimeter for a larger class of sets is the compactness in L' of sets with
finite perimeter. Then it is not difficult to show existence to the Plateau problem in
this context of minimal boundaries. It is much more difficult to prove that the sets
so obtained are actually smooth hypersurfaces except possibly for a closed singular
set of small Hausdorff dimension.

)

Po(E) = / Vxsl = sup
Q lg|<1




PHASE TRANSITIONS, MINIMAL SURFACES AND A CONJECTURE OF DE GIORGI 3

One understands the behavior of such a minimal surface in a neighborhood of a
point zg by using the blow-up technique explained at the beginning. Dilating the
picture more and more we end up with a limiting minimal surface defined in the
whole space. What can be said about global minimal surfaces? Simons [59] proved
that the only global minimal surfaces are the hyperplanes in dimension n < 7.
Moreover, Bombieri, De Giorgi and Giusti [11] showed that the symmetric cone in
RB

{x €R® 2 + a3 + a3 + 2] =22 + 2§ + 2% + 23}

known as Simons cone is minimal. This is the first example of a minimal surface
that has a singularity (at the origin). Going back to the original picture, Simons
result says that at least in low dimensions the minimal surface is approximated well
by a plane (it is flat) in a small neighborhood of xy. On the other hand, a theorem
of De Giorgi that holds in any dimension says that flat minimal surfaces in B,.(z¢)
are analytic in B, 2(2o). This “flatness theorem” gives smoothness near the points
that have a planar blow-up limit. Thus, minimal surfaces are always smooth in
dimension n < 7. In higher dimensions, it was shown by Federer [34] that they are
smooth everywhere except on a small singular set of Hausdorff dimension n — 8.

Minimal surfaces that are graphs in some direction are called minimal graphs. It
turns out that minimal graphs are smooth in any dimension. The question wether
the only global minimal graphs are planar is known as the Bernstein problem, due to
Bernstein [10] (1915) which answered affirmatively the question in R3. Bombieri, De
Giorgi and Giusti [11] showed that the graph assumption gains one extra dimension
with respect to the minimal surface results mentioned earlier: minimal graphs are
planar in dimension n < 8, and there are non-planar minimal graphs in R°.

The paper is organized as follows. In Section 2 we give the precise relation
between minimal surfaces and level sets of minimizers of J.. In Section 3 we state
the conjecture of De Giorgi together with other related problems. In Section 4 we
prove density estimates in both settings. In Section 5 and 6 we give a new proof of
the flatness theorem of De Giorgi for minimal surfaces which is based on Harnack
inequality. In Sections 7 to 9 we extend these ideas to phase transitions and obtain
the corresponding flatness theorem. In Section 10 and 11 we discuss 1D symmetry
for global phase transitions. Finally in Section 12 we present similar results that
are available for fully nonlinear equations.

2. PHASE TRANSITIONS AND MINIMAL SURFACES

We consider the Ginzburg-Landau energy functional
1
T, Q) = / SIVuP + W) e, Jul <1
Q
with W a double-well potential with minima at 1 and —1 satisfying

W e C*([-1,1]), W(-1)=W({1)=0, W >0on (-1,1),

W/(~1)=W'(1) =0, W'(-1)>0, W"(1)>0.

The classical double-well potential W to have in mind is

W(s) = i(l —s%)2.
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We mention that all the results of this paper apply also to more general poten-
tials W that do not necessarily satisfy the conditions above. Such an example is
the discontinuous potential W (s) = x(—1,1)(s), where x(_1,1) represents the charac-
teristic function of the interval (—1,1). In this case the physical motivation comes
from a problem associated with jet fluid flows (see [4]).

In this section we explain the close relation between minimal surfaces and level
sets of minimizers of J.

Consider a minimizer u of J which is bounded by —1 and 1. We say that u is
a minimizer in the (possible unbounded) set  if its energy increases locally under
any compact perturbation, i.e for any open set A relatively compact in 2,

J(u,A) < J(u+ @, A) Yo € HY(A).

A minimizer in whole R" is called a global minimizer.
The behavior of u in large domains is given by the behavior of the rescaled
functions u. in By,

ue () == u(g).

If w minimizes J in the ball B:1 then w. minimizes the rescaled energy J. in B
€ 5 1
Je(v, By) :== —|Vo|* + =W (v) dx.
B, 2 €

We continue with a heuristic discussion about minimizers of J.. For a given
function v, the main contribution in J.(v) comes from the potential energy which
is minimized when v equals either 1 or —1. Instant jumps from a region where
v =1 to a region where v = —1 are not allowed since the kinetic energy [ %|V1}|2
would become infinite. However, it is useful to notice that if instead of the Dirichlet
integral we would have the BV norm [ &|Vu| then such jumps are allowed and in
this case the energy is minimized when the jumps occur along a minimal surface.

Clearly

1
/ %|V’U|2 + EW(U) dx > V2W (v)|V| dz,
B, B,

and using the co-area formula
|VU| dx = dHrn—l({v:s})dS

the inequality becomes

1
Je(v) > /71 V2W (sYH™ 1 ({v = s})ds.

The energy J. is then minimized by the function v if every level set is a minimal
surface and we have equality in the inequality above i.e [Vo| = 1,/2W(v). This

last equality gives

o) = 90D,

where dr(z) represents the sign distance to the 0 level set T' := {v = 0} and gg is
the solution to the ODE

90 = V2W(go), 90(0) = 0.
The function gg is in fact the unique minimizer of J in 1D which is increasing.
In general the level sets of a function v as above cannot be all minimal sur-
faces. However, if for example the 0 level set I is minimal then the s-level sets
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FIGURE 1. One-dimensional solution.

V=g (¢ () fe)

dr>°\

FIGURE 2. Approximate minimizer.

are essentially minimal as long as s is not too close to +1 and ¢ is small. On the
other hand when s is close to £1 the weight /2W (s)ds becomes negligible. Thus
such a function is “almost” a minimizer for J.. This suggests that the level sets of
minimizers of J. converge to a minimal surface as € — 0.

The asymptotic behavior of u. was first studied by Modica and Mortola [51]
and by Modica [45] within the framework of I'-convergence. Later Modica [47],
Sternberg [60] and many authors [6, 36, 43, 49, 52, 61] generalized these results for
minimizers with volume constraint.

Here we present the result of Modica in [45].

Theorem 2.1 (Modica). Let u. be minimizers for the energies Je(-, B1). There
exists a sequence ug, such that

Ue, — XE — XBe i L}, (B1)

where E is a set with minimal perimeter in By. Moreover, if A is an open set,
relatively compact in By, such that

| 1Dxel =0,
0A
then

1
(2.1) lim J;, (ue,,A) = PA(E)/,l v 2W (s)ds.

m—00

Let us recall the notion of perimeter Po(F) and minimal perimeter that appear
in the theorem above. The perimeter of F in ) C R" is defined as

/ div g dx
E

where the supremum is taken over all vector fields g € C¢ () with [g|| < 1. When
 is the whole R™ we use the shorter notation

P(E) = Ppn(E).

Po(E) = sup

)
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We say that E is a set with minimal perimeter in 2 or shortly JF is a minimal
surface in Q if, for every open set A C €, relatively compact in 2

Py (E) < Pa(F),

whenever E and F' coincide outside a compact set included in A.

From the heuristic discussion before the theorem of Modica we see that the
converse is also true at least in the case when the minimal surface OF is unique i.e
given a minimal surface OF we can find a sequence of minimizers u. converging to
XE — Xce- Therefore minimal surfaces and minimizers of J. should have similar
properties at least for small e.

In Section 4 we obtain density estimates for level sets of minimizers. As a
consequence, the convergence of u., in Theorem 2.1 is in fact stronger than LlloC
i.e. the level sets of u, converge uniformly on compact sets to JF.

If the functions w., are all rescalings of a global minimizer w of J, then the
blow-down sets

{ue, = 0} = exfu =0}

converge uniformly to a minimal surface. It is a difficult problem to understand
how well the original level set {u = 0} can be approximated by a minimal surface.
For example in the case when OF = {x,, = 0} it is not clear wether or not {u = 0}
stays at a bounded distance from JF. Conversely, given a nontrivial global minimal
surface OF it is not evident if there exists at least one minimizer for which {u = 0}
stays at a bounded distance from OF. Such an example was given by Del Pino,
Kowalczyk and Wei [26] in dimension 9 which is the first dimension for which a
nontrivial global minimal graph exists.

3. DE GIORGI'S CONJECTURE

In view of the connection between minimal surfaces and minimizers of J, De
Giorgi [20] made in 1978 the following conjecture about bounded solutions of a
global semilinear equation:

Conjecture (De Giorgi). Let u € C?*(R™) be a solution of
Au=u’ —u,

such that
lu| < 1,1y, >0
in whole R™. Is it true that all the level sets of u are hyperplanes, at least if n < 8¢

The conjecture is sometimes referred as “the € version of the Bernstein problem
for minimal graphs”. This relation with the Bernstein problem is the reason why
n < 8 appears in the conjecture.

De Giorgi’s conjecture is often considered with the additional natural hypothesis
which is coherent with the phase transition setting
(3.1) lim  u(z,x,) = +1.

T, —too

The monotonicity u,, > 0 implies that the level sets of u are graphs in the e,
direction whereas the condition (3.1) says that these graphs are defined over whole
R"~1. Under the much stronger assumption that the limits in (3.1) are uniform in



PHASE TRANSITIONS, MINIMAL SURFACES AND A CONJECTURE OF DE GIORGI 7

z’, the conjecture is known as the Gibbons conjecture. In this case the level sets of
u are bounded graphs in the x,, direction.

Gibbons conjecture was first proved for n < 3 by Ghoussoub and Gui in [37] and
then for all dimensions n independently by Barlow, Bass and Gui [7], Berestycki,
Hamel and Monneau [9] and Farina [29].

The first positive partial result on the De Giorgi conjecture was established in
1980 by Modica and Mortola [50]. They proved the conjecture in dimension n = 2
under the additional hypothesis that the level sets {u = s} are equi-Lipschitz in
the zo direction. Their proof used a Liouville-type theorem for elliptic equations in
divergence form, due to Serrin, for the bounded ratio

Ugy

o= .
Uy

In 1997 Ghoussoub and Gui [37] proved De Giorgi conjecture for n = 2. They
used a different Liouville-type theorem for o developed by Berestycki, Caffarelli
and Nirenberg [8] for the study of symmetry properties of positive solutions of
semilinear elliptic equations in half spaces. This theorem does not require for o to
be bounded, but rather a compatibility condition between the growth of ¢ and the
degeneracy of the coefficients of the equation. Using similar techniques, Ambrosio
and Cabre [5] extended these results to dimension n = 3. Also, Ghoussoub and
Gui showed in [38] that the conjecture is true for n = 4 or n = 5 for a special class
of solutions that satisfy an anti-symmetry condition. We shall discuss the methods
described above in Section 11.

In 2003 the conjecture was proved by the author in [55] for n < 8 under the
additional hypothesis (3.1). One of the goals of this expository paper is to explain
the main ideas of [55] (see Sections 7-10). The methods developed do not depend
so much on the particular dimension but rather they allow one to obtain rigidity
results for global phase transitions as a consequence of the results for minimal
surfaces.

Recently, Del Pino Kowalczyk and Wei [26] gave a counterexample to the De
Giorgi’s conjecture in dimension 9. This counterexample satisfies also the limiting
assumption (3.1). The construction is based on careful perturbations of the level
sets around the nonplanar minimal graph in R? constructed by De Giorgi, Bombieri
and Giusti.

De Giorgi’s conjecture refers to one analogy between phase transitions and min-
imal surfaces, i.e the Bernstein problem. There are many other similar questions
that can be posed. For example, is it true that minimizers of J are one-dimensional
at least for n < 77 If the level sets are Lipschitz graphs, is it true that the solution
must be one-dimensional in any dimension? What if the level sets satisfy only a
one-sided bound? What happens if we consider a fully nonlinear equation instead
of the semilinear one? We answer these questions in Section 10-12.

Referring to the questions above, when the level sets are assumed to be Lipschitz
graphs, it was first shown by Barlow, Bass and Gui [7] that u is one-dimensional
with probabilistic methods. Different proofs were given by the author in [55] and by
Caffarelli and Cordoba in [18]. Also, we mention that Cabre and Terra in [13] are
investigating the existence of nontrivial symmetric global minimizers in dimension
8, which are analogous to Simons cone.

There are further similarities between the theory of phase transitions and the
theory of minimal surfaces besides the rigidity of global solutions. For example
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level sets of minimizers of J satisfy uniform density estimates (see next section).
Also, there is a monotonicity formula for minimizers which is due to Modica (see
[48]) and reads
J B, u

a(r) = 22
is increasing in r. However, this monotonicity formula is not as powerful as the one
in the minimal surface case since ® is not scale invariant and it is not constant for
the one-dimensional solutions.

Caffarelli and Cordoba developed in [17] a theory for phase transitions similar to
the one of De Giorgi for Lipschitz minimal graphs. Also, as we will see in Section
7, phase transitions satisfy an improvement of flatness theorem which is key in our
analysis and corresponds to De Giorgi flatness theorem for minimal surfaces.

4. DENSITY ESTIMATES

In this section we prove density estimates for minimal surfaces and phase transi-
tions. These are crucial in both theories since they allow us to pass from convergence
in measure (L' convergence) to uniform convergence.

4.1. Minimal surfaces. Let F be a measurable set in R”.
We say that 0 € OF (in measure sense) if for any £ > 0 we have
|B: N E| > 0, |B: NCE| > 0,

where CE denotes the complement of E and |F| the Lebesgue measure of E. It is
not difficult to see that F in measure sense is a closed set.

Theorem 4.1 (Density estimates). Assume that E has minimal perimeter in By
and 0 € OF. There exists a constant ¢ > 0 depending only on the dimension n such
that for all v € (0,1)

|[ENB,|>crm, |CE N By| > cr™.
Proof. Minimality implies
PB1(E) < PBI(E\B’I‘)
or
Pp,(E) <H" Y (ENJB,)
hence
P(ENB,) <2H"YENJB,).
We denote V(r) = |B, N E| and we use the isoperimetric inequality

n—1

cV(iry = <P(ENB,)

to obtain

n—

V()T <V'(r)

or
e < (Va(r)).

Here we used that V(r) > 0 for all » > 0 since 0 € JE. We integrate the last

inequality and obtain the first density estimate. The second estimate follows by

considering CE. O

Next we recall the standard compactness theorem for sets with minimal perime-
ter. A proof can be found in the book of Giusti [40].
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FIGURE 3.

Theorem 4.2 (Compactuness). If E, is a sequence of minimal sets in € then there

exists a subsequence E,, that converges to a minimal set E i.e
XE, — Xg in L} ().

The density estimates imply that the minimal surfaces dFE}, converge in Hausdorff
sense to OF on any compact set of €2. Indeed, if for some large k there exists a
point zg € OF) at distance § from JF, then from the density estimates we find

/ IXE, — XE| = ¢|Bs],
Bs(zo

ng

and we contradict the convergence of Ej, to E in L}, ..

As we explained in the introduction, an important example occurs when Q2 = R™
and the limiting minimal surface OF is planar, say OF = {z,, = 0}. Then, the
uniform convergence implies that for any € > 0

OE, N By C {|zn| < €}
for all large enough k.

4.2. Phase transitions. Next we present density estimates for level sets of mini-
mizers

1
J(u,Q):/ﬂ§|Vu|2+W(u) de, |u < 1.

which were obtained by Cordoba and Caffarelli [17]. In this setting the domain 2
is large and the density estimates hold for large enough balls. Before we state the
precise statement we first give a bound for the growth of J(u, B;.).

Proposition 4.3. Assume r > 1 and By42 C Q. Then
(4.1) J(u,B,) < Cr" 1,
where C' depends on n and W.
Proof. We compare u with the compact perturbation
v=min{u,h} with h(z):=min{(|z| —r)* - 1,1},
and obtain
J(u, B,) < J(u, {u < v}) < J(h,{u < v}) < J(h, Bryz) < Cr" L
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Theorem 4.4 (Caffarelli-Cordoba). Given a > —1, 8 < 1, if u is a minimizer of
J in Br and u(0) > «, then

{u > p}N B, >cer”
forr > ro(a, B3), where ¢ is a constant depending on n and W.

Proof. The proof consists of two steps. In the first step we prove a weaker version
when « and ( are close to —1 and in the second step we extend it to the general case.
The ideas are similar to the minimal surface case but the proof is more involved.
Let Ao be close to —1 so that W is increasing in the interval [—1, Ag].

Step 1. Let —1 < XA < A\g. We prove the theorem with o = 1 4 2\, § = X and
with the constant ¢ depending also on A.

For each r > 1 denote by
V(ir)={u>A}NB,|, alr):= / W(u) dx.
B,

We want to deduce a discrete differential inequality involving V and a that resembles
the one for minimal surfaces. We use as comparison function in B, the radially
symmetric function
vi=—1+2el®l-".
The test function v was chosen such that v = 1 on 0B, and satisfies
Vo2 < C(W(0) + X{us0y) < C(W(0) + X{u>a);

for some constant C' depending on W.
Denote by K the closure of the open set {u > v}, and clearly

J(u, K) < J(v, K).

As in section 2, the coarea formula gives

1
/ H ™ ({w = s} N K)\/2W (s)ds < J(w, K),
-1
for any function w with values in [—1,1].
For each s € (—1,1) denote
Es :={v<s<u}.

We have
OF; = {u=s}U{v=s})NK

and by the isoperimetric inequality

n—1

B " <H" '{u=s}nK)+H"'({v=s}nK).
Multiplying with 1/2W (s) and integrating in s we obtain

1
/ B \/2W (s)ds < J(u, K) + J (v, K) < 2J (v, K).
-1

When s < A\, we have the inclusion {u > A} N B, C E, thus

V(r) ={u> A} nNB,| <|E|.
The above integral inequality implies
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FIGURE 4. The set E,

WV ()T < J,K),
with ¢(A\) > 0 a small constant that depends also on A.
Also J(u, K) < J(v, K) gives
a(r) < J(v, K),

hence

n

e (a(r) + V(r) =) < J(v, K).

Next we estimate the right hand side J(v, K) by splitting K into two domains

Ki:=B,_.tNK, Ky Z:KQ(BT\BT,T),
where T is a large constant to be made precise later. Clearly,
J(v, K1) < J(v, By_r) < Ce Tpm~L,

For the second integral we use the inequality on |Vv|? together with v < u on
K and W increasing on [0, Al:

J(,K2) <C [ W() + X{o>r} d
K>

<’ p W(u) + X{u>\} dx
<CWV(@r)=V(r-=T)+a(r)—a(r=T)).

In conclusion

n—1

cN)(a(r)+ V()= )<V +ar)— (V(ir=T)4a(r = T)) +e Tt
From the Euler-Lagrange equation for the minimizer we find that u is Lipschitz
in B; with the Lipschitz norm depending only on W. Since
u(0) > a=1+2A

we find that V(1) > po(A). This and the inequality above easily implies that the
sequence
dy, == a(kT) + V(kT)

satisfies a discrete differential inequality
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cNd," <dpp1—dy+e TTVEL dy > po(N).
The coefficient of k" ! tends to 0 as T — oco. It is straightforward to check that
di, > p k"™

for some small () provided that T is chosen large depending on A. This gives
V(r)+a(r) > c(A)r™.

The energy bound (4.1) implies a(r) < Cr™~1, thus

Vir) > cN)r™ ifr>1,
and Step 1 is proved.

Step 2. We remove the assumptions on «, § and ¢ by increasing the initial radius
T Z T1 (Oé, ﬂ) .

Since u(0) > « we can find a small A depending on « with —1 < A < \g, and
A < (a—1)/2. By Step 1 there exists ¢(a) > 0 such that for all r > 1
H{u > A} N By > c(a)r™.

On the other hand, the energy bound (4.1) gives,

{B>u>ANB,| <C\B)J(u,B,) < C\B)r" T,
hence
(4.2) H{u > 8} N B,.| > c(a)r™

for all » > ro(a, 8).

Finally we remark that in (4.2) we can take the constant to be independent of
« by possibly increasing ro(a, 3).

Indeed, by (4.2) we know that there exists a constant C(«) > 0 and a point
xg € Be(a such that u(zo) > 0. Now we can apply (4.2) with a = 0 by taking xq
to be the origin, and obtain

{u > B} N B, (xg)| > er™
for all » > ro(83), where ¢ depends only on W. In conclusion
{u> B} N B >er™

for all » > r1(a, 8) and the theorem is proved.
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4.3. Asymptotic behavior. As a consequence of the density estimates we obtain
that the level sets of u are asymptotically flat at co at least in low dimensions. If
u: R™ — [—1,1] is a global minimizer then, by Modica’s theorem, the rescalings
te, () = u(z/ep)

satisfy

U, — XE — Xep 0 L, (R™),
with OF a global minimal surface. Then the density estimates imply, as in the
minimal surface case, that the level sets

{ue, =0} = ex{u =0}

converge uniformly on compact sets to OF. Since OF is a global minimal surface,
then OF is a hyperplane if n <7, say

OF = {x,, = 0}.

Then {u = 0} is asymptotically flat at oo, i.e. there exist sequences 0y, I} with
Il — 00, O /Iy, — 0 such that

{u=0}N By, C{lz.] <6k}

5. FLATNESS THEOREM OF DE GIORGI

In next two sections we give a new proof of the flatness theorem of De Giorgi
that we mentioned in the introduction. The methods seem to be quite general and
they can be applied to other equations or variational problems. Later we will use
the same ideas to prove the corresponding flatness theorem for phase transitions.

The precise statement of the flatness theorem is the following.

Theorem 5.1 (De Giorgi). Assume E is minimal in By, 0 € OF and
OENB; C {|J)n| < 60}
with eo(n) small depending only on n. Then OF is an analytic surface in By o.

The difficulty of this theorem lies in the fact that 0F cannot be written as a
graph. De Giorgi’s proof relies on the monotonicity formula for minimal surfaces
and the approximation of JF by harmonic functions (see [40]). We will give a
proof based on Harnack inequality and viscosity solutions methods. First we give
a different version of the theorem above known as improvement of flatness.

Theorem 5.2 (Improvement of flatness). Assume E is minimal in By, 0 € OF
and

OE N B C {|xn| <&}
with € < eg(n). Then there exists a unit vector vy such that
€
OENB,, C {|x ‘| < 57’0} ,
where ro is a small universal constant.

This theorem implies that OF is a C1'® graph in Bs,4. To see this we apply the
theorem inductively and we obtain unit vectors vy such that

€
OENB,. C {|z~yk| < Q—kr]g}.
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FIGURE 5. Improvement of flatness

This gives
€
[Vk1 — | < C(To)?
hence v, — v(0) and moreover

13
v = v(0)] < -
‘We obtain )
OB N By € {x-0(0) < O ok = Cort )

which implies that OF is a differentiable surface at 0 with normal v(0). Applying
this argument at all points in F N By/4 we see that JF is in fact a Ch surface.

Once the surface is a C1® graph, we apply Schauder’s estimates (see [39]) for
the minimal surface equation satisfied by the graph and obtain that in By o, OF is
smooth and in fact analytic.

We will derive the improvement of flatness theorem from the following weaker
result.

Theorem 5.3 (Harnack inequality). Assume E is minimal in By and
OE N By C {|x,| <&}
with € <ey(n). Then
OE N By CA{lzn| <e(l—n)},
where n > 0 s a small universal constant.

Before we proceed we need to introduce the notion of viscosity solutions for
boundaries of sets.

Definition: We say that the boundary of a set OF satisfies the mean curvature
equation
M(D?v,Vv) := (14 |Vv|*)Av — (Vo)T D*v Vo =0

in the viscosity sense if for any smooth function ¢ which has the subgraph

S = {an < @)}
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included in F' or CF in a small ball B,(Y") around some point
Y = (y,yn) € 0FNOS
we have
M(D?*p, V) < 0.
If we consider the supergraph of ¢ then the opposite inequality holds.

Lemma 5.4. If OF is a minimal surface then OF satisfies the mean curvature
equation in the viscosity sense.

A proof of this lemma can be found in [16]. The idea is that if E contains the
subgraph of ¢ and M (D?p, V) > 0, then we can decrease the perimeter by adding
to E the small domain

{p(a') <an < (2) +&* —ela’?}.

Next we explain why Harnack inequality gives the improvement of flatness the-
orem. The main reason is that Harnack inequality allows us to approximate a flat
minimal surface by a harmonic function.

Theorem 5.3 implies Theorem 5.2

The proof is by compactness. Assume by contradiction the statement of Theorem
5.2 is not true. Then we can find a sequence of minimal surfaces Fy which satisfy
the hypothesis

0€ 0B, N By C{|zn| <er}

with e, — 0 for which the conclusion does not hold.

At each point 29 € 9Ey N By, we apply Harnack inequality in By p(2o) and
obtain that

OB, N Byya(wo) C{|(x — z0) - en| < 2ex(1 —n)}.

We apply Harnack inequality repeatedly as long as the hypothesis is satisfied. We
obtain that for all m > 2 such that

ex2™(1 —n)™"2 < g1(n)
we have the inclusion
OFE N By-m(x0) C {|(x — x0) - en| < 2e,(1 — )™ty

Clearly we can take m — oo as g — 0.
We strech this picture by a factor 5,;1 in the z,, direction. The sets

A = {(:,C/, Zl)‘ (m',xn) € 0F; N Bl}
k
are included in {|z,| < 1}. Moreover, for each m as above

Ar N {|x’ —xzg| < 21_’”} C {|(m—x0) cen| <21 —n)m_l}.

This gives a Holder modulus of continuity of Aj outside a Celzl neighborhood of 0.
By Arzela-Ascoli theorem we can assume that as e, — 0, by passing if necessary
to a subsequence, Aj converges in Hausdorff distance to the graph of a Hdélder
continuous function (z/,w(z’)) in {|2’| < 1/2}.
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Next we show that w is harmonic in the viscosity sense, that is w cannot be
touched by below (above) at an interior point by a strict subharmonic (superhar-
monic) quadratic polynomial.

Assume P(z’) is a quadratic polynomial whose graph touches by below the graph
of w at some point. Then Aj touches a translation of P which implies that dFE}
touches the graph of e, P(x’) 4+ ¢ at some interior point. Clearly OFE} satisfies the
minimal surface equation in the viscosity sense hence

M (exD?*P, e, VP) = e, AP + 3 (|[VP]PAP — (VP)T D*PVP) <0
at the contact point. We let £, — 0 and obtain
AP <0.

Since w is harmonic, w(0) = 0 (since 0 € Ag) and |w| < 1, we find that
fw(a') =o' - Vw(0)] < 7 if '] < 21,
provided that 7 is chosen small, universal. This easily implies
AN {|x’| < Zro} c {|:rn — 2 - Vw(0)| < %O}
for large k hence,
dE, N By, C {|xz/k| < %ro} for some |vg| = 1.

Thus OF}, satisfies the conclusion of the Theorem and we reach a contradiction.
O

6. HARNACK INEQUALITY

In this section we will give a proof of Harnack inequality, Theorem 5.3. The
ideas come from the proof of the classical Harnack inequality for uniformly elliptic
second order linear equations due to Krylov and Safonov [44]. Let us briefly explain
the key steps in their proof. First, they obtain an estimate in L°° from one point
to a set of points of fixed positive measure. Then, they iterate this step using
Calderon-Zygmund decomposition and obtain L> estimates on a set of almost full
measure, from which Harnack inequality can be deduced.

Of course these results do not apply directly in our case. The mean curvature
equation M(D?v,Vv) = 0 is not uniformly elliptic since the ellipticity constants
depend on |Vv|. Moreover, the set OF cannot be written as a graph of a function
v. However, the measure estimates still hold. This is because the set on which
L estimates hold is obtained as a contact set with a family of paraboloids that
lie below the graph of v. Due to the flatness assumption, at the contact points
the gradient of v is small, and the equation becomes uniformly elliptic. Also, the
minimality and flatness of 0F imply that from the measure point of view, OF is
almost a graph. Below we give the details. A systematic treatment of estimates for
flat solutions to general elliptic equations can be found in [57].

First we prove a measure estimates for a general elliptic equation in R™.
(6.1) F(D*v,Dv) =0, wv:DB; —R,

with
F:SxR"—-R
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where S denotes the space of n x n symmetric matrices. We assume that F' is
uniformly elliptic only in a neighborhood of (0,0) € & x R™. Precisely, assume
there exist 6 > 0 small and A, A such that if |p| < § and N > 0 is positive
symmetric then

F(0,p) =0,
AIN| < F(M + N,p) — F(M,p) < A|N| if [M|,IN| <4,
0<F(M+ N,p)—F(M,p) if [M| < 4.

Clearly, these hypotheses are satisfied by the mean curvature equation.

We prove our estimates for supersolutions v of the equation above. That is we
assume v is continuous, and any quadratic polynomial P that touches v by below
at an interior point x( satisfies

F(D?*P,DP(z)) <0.

Proposition 6.1 (Estimate in measure). Let v : By — R, v > 0 be a viscosity
supersolution to equation (6.1). Given u > 0 small, there exist € small and M large
depending on pu and n,6, A\, A such that if

v(0) <,
then
{v > Mo(0)} 1 Byjs] < p.

In this section positive constants depending on n, A\, A and § are called universal
constants.

For a small number a > 0, we consider the paraboloids with center at y € B
and opening —a, i.e

a 2
—§|3: —y|* + const.
We slide them vertically from —oo till they touch the graph of v. We denote the
set of interior contact points with D,. Precisely,
D, = {z € By | 3y € By such that v(z) + %|z —y|* <w(z) + %|x —y|? Vxe Bl}.
We prove Proposition 6.1 by estimating the size of D,. Notice that
v(z) <wv(0) +2a, Vze D,.

First we obtain an estimate of the contact set of z’s in terms of the set of centers
y that we start. This is a variant of Alexandrov-Bakelman-Pucci estimate for
uniformly elliptic equations.

Lemma 6.2 (ABP estimate). Let a > 0 be small, a < §/2, and let F C By be a
closed set. For each y € F, we slide the paraboloid of opening —a and center y by
below till we touch the graph of v for the first time. Suppose the set of all contact
points, denoted by E, is included in a compact set of By. Then

|E| = c|F],

with ¢ > 0 a small universal constant.
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Z @)
FIGURE 6. Sliding paraboloids

Proof. Let us assume for simplicity that v is smooth. Otherwise one needs to
regularize v using a standard in f-convolution.
At a contact point z, the corresponding center y(z) is given by

y(z) =z + éDv(z).
Since y, z € By we see that |Dv(z)| < 2a < 4. The differential map is
Dy=1+ %DQ’U(,Z)
and moreover, since v has at z a tangent paraboloid of opening —a by below,
D?v(z) > —al.
Now we claim that the equation implies
D*v(z) < Cal,
with C' a large constant depending on n, §, A ,A. Indeed, otherwise
D?*v(z) > Cae ® e — al,
for some unit vector e hence
F(D*v(2),Dv(z)) > F(Cae® e — al,p) > \(C' — 1)a — (n — 1)Aa > 0,

and we contradict that v is a supersolution.
In conclusion

0< D,y <Cl,
which gives
T2 :/ | det D.y|dz < C|E].
E
O

Lemma 6.3. There exist positive universal constants C, ¢ such that if a < C~1§
and

D, N By(xo) #0
for some ball B,.(x¢) C By, then

|Dca N By yg(wo)| > er™.
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Proof. Let
z1 € BT(.T()) N Dg,
be a contact point and denote by 3, € B; the center of the tangent paraboloid

a a
Pz, y1) = *§|517 —* +o(z) + §|Zl -l
that touches v by below at z1. First we find a point z1 € Br/m(ﬁfo) such that
(6.2) v(x1) — P(x1,y1) < Car?,  C universal.

Let ¢ : B; — R* be the radially symmetric continuous function

o M(x|Tr—1), 1/16<|z| <1
o(z) = { a”1(16* — 1), |z| < 1/16.

19

where « is a large universal constant. Construct a function ¢ by adding a rescaling

of the above function to the tangent paraboloid P(x,y1) i.e.,

B(z) = Pe, ) + ar’e (5” = ””°> .

r

We claim that 1 is a strict subsolution of our equation in the annular region
r
6 < |z — x| < 7.
Indeed,
[D| < |DP|+[D¢| < Ca <6,
and, by choosing « sufficiently large,
F(D*), DY) = F(—al + aD?¢,p)

>A(a+ Dt 2 1) = A(n—1)(1+t7*72) >0

where | |
Tr — T 1
t= —, —<t<1.
r 16 T~

Now we slide the graph of ¥ from below till we touch the graph of v for the first

time. In other words we look for the point x; where the minimum

min (v — ),
Br(mﬂ)

is realized. Notice that the minimum value is negative since

mawwwn=Pumm—w@n:—w%(“‘“)<u

r
This implies that x; does not belong to dB,.(x¢) because
v(x) —p(x) 2 P(x,y1) — P(z,y1) =0 if x € 9B, (x0).

Since ¢ is a strict subsolution in the annular region above we conclude that x; €

B, j16(0) and
v(xy) < h(x1) < Py, y1) + Car?
which proves (6.2).
Now we slide from below the family of paraboloids

Ple,yn) = C'Sle o+, with |y — | < v/64



20 0. SAVIN

Xq Xg
FIGURE 7. The function v

till they become tangent to the graph of v. The opening of the above paraboloid is
—(C" + 1)a and the center

C/
oo
The centers range over a ball of radius cr as y € B, /g4(21). From (6.2) we find

¢y < Car® + C’g(r/64)2.
If |z — x1] > /16 and C” is sufficiently large,

a
P(z,y1) — C"§|x —yl*+ Cy

< Pla,y1) — c’%(r/:n)? + Car? + C’g(r/64)2.
< P(z,y1) <v(x).

Thus, the contact points are inside B,./14(21) C By/s(%0). From the previous lemma
we obtain

|D(cr41ya N Byys(wo)| > er™,

with ¢ small universal, and the lemma is proved.

Next we prove a simple measure covering lemma.

Lemma 6.4 (Covering lemma). Assume the closed sets Fy, satisfy
F()CFlCFQ"'CBl/g, F07é®

and for any x, r such that

B,ss(w) C Byys, By(v) C By,

Fy N Br(z) # 0,
then
|Fr41 N By ys(z)| > cr™.
Then
|Biys \ Fio| < (1—c1)"|Bys|
for some small constant ¢ depending on c.
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FIGURE 8.

Proof. Let xg € By 3\ Fy and let
r:= dist(xg, Fy).
We first prove that

(6.3) |Fie+1 N Byy3(wo)| = c1|Br(zo) N Biys|.
Let
T T
T Glwl’

and it is easy to check that
B,j6(w1) C By/s(20) N Byys, By,j6(x1) C By,

Since

dist(xy, Fy) <r+ %,

we apply the hypothesis and conclude
|[Fit1 N Bryg(w1)| > er™ > e1| Br(z0) N Byysl,
which proves (6.3).
For each x € By/3 \ F), we let r = dist(z, Fy). From the family B, (z) we choose
a Vitali subcover, i.e balls B, (z;) that cover By,3 \ Dy for which B, /3(x;) are
disjoint.
We have
|Bi/s \ Fi| < |By, (2:) N By
< e By ya(xi) N Fegal < o Frga \ Fil,
which implies
1B/ \ Figa| < [Biys \ Fil = [Figa \ Fi| < (1= c1)[Byyz \ Fil.

Proof of Proposition 6.1. Let
a = 20v(0),

and define )
Fk = Dcka N Bl/37
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where C' is the constant from Lemma 6.3. Since v > 0 in Bj, the paraboloid of
opening —a and center 0 touches the graph of v for the first time in B, /3, hence
Fy # (). Moreover, by Lemma 6.3 the hypothesis of the Covering lemma, are satisfied
as long as C*a < 6. Thus

‘BI/S\DC’WJ S (1—Cl)k|B1/3|, if C’kag&

In the set Dgx, the function v is less than 3C*a, and we prove the proposition by
first choosing k large depending on x and then v(0) < & small, so that 20C%e < 6.
|

Finally we can give the proof of Theorem 5.3 by applying the results above to
the mean curvature equation in R*~1.

Proof of Theorem 5.8
Let OF be a minimal surface in B; with

0 € 0FE C {|z,| <e}.

Assume without loss of generality that in By the set E contains {z,, < —e} and is
contained in {z,, < e}. We view OF as a multivalued graph over the 2/ € R"~! that
satisfies the mean curvature equation in the viscosity sense. We denote by B..(z')
the n — 1 dimensional ball of center =’ and radius r and by m,, the projection along
en in RPL

It suffices to prove that
O0E N Bl/lO C {l’n Z 76(1 — 77)}

for some small constant 77 > 0 depending on n. Assume by contradiction that there
exists

z € OEN Byjg, with 2z, < —¢(1 —n).

Then we can use the argument in Proposition 6.1 to show the existence of a subset
D of contact points

D coENn{lx' - 2| <3/10, =z, <—e+ Mne}
with
H* (1 (D)) 2 (1= pyH" ™ (By10(2)),
with p a small universal constant to be made precise later. We choose 7 sufficiently

small depending on p such that Mn < 1/2. Then D lies below the plane z,, = —¢/2.
Next we use Lemma 6.2 to find another closed subset of contact points in JF,

AC 8EﬂBl/10 N {$n > —6/2}

so that
H" Y (mn(A)) > co
with ¢y > 0 a small constant depending only on n. For this we slide paraboloids
Ty = g|x’ —y/|? + const

of opening a = 10%¢ and centers |y’| < 1072 by above till they touch F. Since
0 € OF, it is easy to check that the contact set A is included in the set

{|'| < 1/10, —e/2<ux, <e}.



PHASE TRANSITIONS, MINIMAL SURFACES AND A CONJECTURE OF DE GIORGI 23

The bound on H"~!(,(A)) follows from the measure estimate of Lemma 6.2 be-
cause the family of centers 3y’ projects along e,, into a set of fixed positive measure.

The sets A and D are disjoint since they lie on different sides of the plane
x, = —£/2. Moreover, they both project along e,, in Bé/lo(z’). We choose p small
universal such that

H* (1 (A)) + H"H(ma (D)) = H"H(By10(2")) + co/2.

This implies that the projections 7, (A) and 7, (D) have an intersection of at least
¢o/2 measure. This gives

PB]/Q(E) 2 anl( 1/2) + 60/3‘

On the other hand, by comparing E with {x, < —¢} in By /5, we find from the
minimality of F that

PBl/zE < Hn_l( 1/2) + Ck,

and we reach a contradiction if € is small.

7. THE FLATNESS THEOREM FOR MINIMIZERS

In the next three sections we prove the analogue of Theorem 5.2 for phase tran-
sitions, i.e minimizers of the energy

J(u,Q) = /Q %|Vu\2 + W (u) dz.

The corresponding flatness theorem is the following.

Theorem 7.1 (Improvement of flatness). Let u be a minimizer of J in the cylinder
{l2"| <} x{]zn] <1},
and assume that
0e€{u=0}n{l2| <1} C{|lz.| <0}
Given 6y > 0 there exists €1(6p) > 0 depending on n, W and 0y such that if

0
7 <e1(bo), 6o <6

then

{u =0} N{|mex| <mal} C{|z - & <mb},
for some unit vector £, where 0 < 1 < 2 < 1 are constants depending only on n.
(me denotes the projection along €)

The theorem is valid for any level set s with |s| < 1, but it was stated for s =0
for simplicity. As a consequence of this flatness theorem we obtain the following
important corollary:

Corollary 7.2. Let u be a global minimizer of J in R™. Suppose that the 0 level
set {u = 0} is asymptotically flat at 0o, i.e there exist sequences of positive numbers
Ok, I and unit vectors &, with I — oo, Hklgl — 0 such that

{'LL = O}OBlk C {|£L’£k| < Qk}

Then the O level set is a hyperplane and u is one-dimensional.
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By saying that u is one-dimensional we understand that « depends only on one
direction ¢, i.e u = g(z - §) for some function g. In our case, g is a minimizer
in 1D and can be computed explicitly from W. The function ¢ is unique up to
translations.

Proof. Without loss of generality assume «(0) = 0. Fix 6y > 0, and choose k large
such that lelzl <e <e1(by).

If 0, > 6y then we apply Theorem 7.1 and obtain that {u = 0} is trapped in a
flatter cylinder. We apply Theorem 7.1 repeatedly till the height of the cylinder
becomes less than 6.

In some system of coordinates we obtain

fu=0}n({ly'| < U} x {lynl <U}) C{lynl < 04},
with 8y > 0, > 160 and 051" < 041;;" < e, hence

m
1> =0,.
k= Y0

We let ¢ — 0 and obtain that {u = 0} is included in an infinite strip of width
0y. We then let § — 0 and obtain that {u = 0} is a hyperplane. Similarly, all the

level sets are hyperplanes which implies that u is one-dimensional.
O

This corollary gives one of our main results: the uniqueness up to rotations of
global minimizers in low dimensions (see Section 10).

The proof of Theorem 7.1 is quite involved. The idea is to reproduce the argu-
ments from the minimal surface case given in the previous two sections. We present
the proof of Theorem 7.1, with the exception of a number of technical lemmas that
can be found in the original paper [55].

Again we will prove the improvement of flatness from a version of Harnack in-
equality.

Theorem 7.3 (Harnack inequality for minimizers). Let u be a minimizer of J in
the cylinder
{lo'] <1} x {lan| <1}
and assume that
0 € {u=0}C{|z,]| <0}
Given 6y > 0 there exists €9(6p) > 0 depending onn, W and 0y, such that if
0171 < eo(fy), 6o <9,
then
{u=0} N {l2'| <mol} C {lzn] < (1—m0)0},
where ng > 0 is a small constant depending on n and W.
In the remaining part of this section we show that Theorem 7.3 implies Theorem

7.1. We start by introducing some notation.
Notation. We denote points as follows

X = ($7$n+1) = ($/7$n,$n+1) € Rn+1

X e R*1!

We use the following notation:

, 2 eR™Y 2R, Jz,a] <1
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e B(z,r) is the ball of center x and radius r in R™;

e B(X,7) is the ball of center X and radius r in R"*1;

o /(vy,v2) € (0,7) is the angle between the vectors vy and vg;

e, X =X— (X -v)r isthe projection along v;

e P, is the hyperplane perpendicular to v going through the origin;

o =g, P i=F,,.

Constants depending on n, and W are called universal and we denote them by
C, ¢, C;, ¢;. We write C;, ¢; for constants that we use throughout the paper and

by C, ¢ various constants used in proofs that may change from line to line.
In the proof we often construct radial barriers

Tn+1 = g(|z| —71),
from an increasing real function g : I — [—1,1] from some interval I containing 0.
In order to check wether or not such a barrier is a subsolution or supersolution we
have to check inequalities involving g, ¢’ and ¢g”. In this cases we consider s = g as
the new variable and we define a new function on I
1. dg
h(s) = =(=2)2.
()= 5()
Straightforward computations give

g/ — \/ﬁ? g// — h/

and now the inequalities involve only h and A’ in I. We can reconstruct g from h
(up to a translation) since

_ [ 1 oy -1
1= [ gm0 -0
In particular, if we define
ho(s) :== W (s),

s 1
Ho(s) == / —=dC,
0 v/2ho(C)
and
go(t) := Hy ' (t)
then we find
90 (t) = ho(90(t)) = W'(g0),
thus, go is the one dimensional solution of our semilinear equation.
First we show that the O level set of a minimizer satisfies in some sense an
equation in the viscosity sense.
Proposition 7.4. Let u be a minimizer of J in {|z'| <1} x {|z,| <} and assume
that u(0) = 0 and u < 0 below the graph of the quadratic polynomial
01 ,r 0
-— — AN / ! !/
Iy = {:cnPl(:c)lZ2x Mz +l§om},
where My is a (n — 1) x (n — 1) symmetric matriz. Also assume

Ml <67h e[ <67
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for some small § > 0. There exists o(5) > 0 small, such that if
07t <o(8), 6>,

then
tr M1 S 0.

As a consequence of this proposition we end up with a version of the Theorem
of Modica in the viscosity sense. This can be viewed as the analogue of Lemma 5.4
to the case of minimizers of J.

Proposition 7.5 (Modica theorem - viscosity sense). Let u be a minimizer of J
and assume that w(0) = 0. Consider the graph of a quadratic polynomial

1
r= {xn = P(2') = 2m’TMa:’} :
that satisfies
(7.1) AP =tr M > 6|M], M <67

for some dg > 0 small.
Then T' cannot touch by below {u. = 0} at 0 in a 6o(AP)"2e2 neighborhood, if
e < 09(dp) where o9(dop) > 0 depends on o9 and the universal constants.

By “I' touches by below {u. = 0} at 0 in a do(AP)"2e2 neighborhood” we
understand

Nl=

{ue =0} N {z, < P(z")} N {|z| < So(AP) 222} =

Proposition 7.5 says that {u. = 0} satisfies the mean curvature equation in some
weak viscosity sense in which we have to specify the size of the neighborhood around
the touching point. The size of the neighborhood depends on both the polynomial
P and e.

If P is fixed and € — 0 then the radius of the neighborhood converges to 0. In
particular, if {u. = 0} converges uniformly to a surface, then this surface satisfies
in the viscosity sense the mean curvature equation.

One way to interpret the above proposition is the following:

Suppose that P has positive mean curvature and let dp be small such that (7.1)
holds. In order to obtain a contradiction that P touches {u. = 0} by below at
the origin we have to ensure that it stays below in a whole neighborhood. The
size of this neighborhood is given by the first radius for which P separates at just
one point at a distance dpe from x, = 0. Indeed, if r denotes the radius of this
neighborhood then,

| M]|[r? > 260 = r2 > 8| M|~ 'e > 62(AP) .

Hence, if € < 0¢(dp) then P cannot touch by below {u. = 0} at 0 in the r
neighborhood.

Next we show that Proposition 7.5 follows from Proposition 7.4.

Assume by contradiction that for some
5 )
4
I touches {u. = 0} by below at 0 in a 6o(AP)"2e2 neighborhood. By rescaling

we find that c
{xn = izz:’TMx/}

£ < 0o(dp) = o*(
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touches by below {u = 0} at 0 in a 6o(AP)~2e~2 neighborhood.
We apply lemma 7.4 with

6 1 1 (52
L= M)"2c72, =22 M= (tr M)"'M, £=0,
and ,
0
§:=2
4
thus,
€
1_\1 = {l'n = ELE,TM.I‘/} .
Since
M| = (tr M)"Y|M| < o5" <o,
50 11 1 (52
01! = E(tr M)ze2 <e2 < O'(ZO) =0(0)

we conclude
o>tr My =1

which is a contradiction.

Next we show that Theorem 7.3 implies Theorem 7.1. The proof is by compact-
ness and is similar to the one from minimal surfaces. Assume by contradiction that
there exist ug, O, li, & such that ug is a local minimizer of J, u(0) = 0, the level
set {ur = 0} stays in the flat cylinder

{l2'] <} x {lan] < 0k}
0 > 0, 9kl,;1 — 0 as k — oo for which the conclusion of Theorem 7.1 doesn’t hold.
Let Ay be the rescaling of the 0 level sets given by
(I/,In) € {uk = 0} = (y/ayn) € Ak
y =2y, = 3,0,

Claim 1: Ay, has a subsequence that converges uniformly on |y'| < 1/2 to a set

As ={(,w(y")), |y'| <1/2} where w is a Holder continuous function. In other

words, given ¢, all but a finite number of the Ax’s from the subsequence are in an
€ neighborhood of A.

Proof: Fix y, |yl < 1/2 and suppose (), yx) € Ax. We apply Theorem 7.3 for
the function uj in the cylinder

{l2" = leyol < 1e/2} x {ln — Oryn| < 20x}

in which the set {ux = 0} is trapped. Thus, there exist a universal constant 79 > 0
and an increasing function €¢(#) > 0, £9(6) — 0 as 6§ — 0, such that {ux = 0} is
trapped in the cylinder

{l2" = lxyol < nolk/2} x {|@n — Okyr| < 2(1 — o)k}
provided that 40kl;1 < €0(26k). Rescaling back we find that

A {1y = yol <m0/2} € {lyn — yrl < 2(1 —m0)}.
We apply the Harnack inequality repeatedly and we find that
(7.2) A O {1y = wol < 6" /2} € {lyn — yl < 2(1 —m0)™}
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provided that
40,1 < i teo(2(1 — 10) ™ 0).

Since these inequalities are satisfied for all k large we conclude that (7.2) holds for
all but a finite number of £’s.

There exist positive constants «, 3 depending only on 7, such that if (7.2) holds
for all m < mg then Ay is above the graph

Yo =yr — 2(L—m0)™ " —aly’ —yh|?

in the cylinder |y/| < 1/2.

Taking the supremum over these functions as y(, varies we obtain that Ay is
above the graph of a Holder function y,, = ax(y’). Similarly we obtain that Ay is

below the graph of a Holder function y,, = bi(y’). Notice that
(7.3) by — ax < 4(1 =)0

and that ay, by have a modulus of continuity bounded by the Holder function at®.
From Arzela-Ascoli Theorem we find that there exists a subsequence ay, which
converges uniformly to a function w. Using (7.3) we obtain that by, and therefore
Ay, , converge uniformly to w.

Claim 2: The function w is harmonic (in the viscosity sense).

Proof: The proof is by contradiction. Fix a quadratic polynomial
1,7 _ _
v =PW) =gy My +&-y, M| <ol g <o

such that AP > §, P(y') + 6|y’|? touches the graph of w, say, at 0 for simplicity,
and stays below w in |y'| < 20. Thus, for all k large we find points (yx’, yx,,) close
to 0 such that P(y’) + const touches Ay by below at (yx', yk,) and stays below it
in |y —yi'| <6.

This implies that, after eventually a translation, there exists a surface

{xn = %lx/TMx' + %fk -x'} . &l <207t
23 I

that touches {ur = 0} at the origin and stays below it in the cylinder |z'| < dl.
We write the above surface in the form

526, 526,
— M / —1 ol
{xn 2(5lk)2x T + ol o gk z } s

and we contradict Proposition 7.4 since 6 > 6y, lelzl — 0 and AP > 6.

Since w is harmonic, there exist 0 < 17 < 72 small (depending only on n) such
that

lw—&-y'| <m/2 for |y'| < 2ns .
Rescaling back and using the fact that Ay converge uniformly to the graph of w we
conclude that for k large enough

{’U,k = 0} N {‘LL‘I‘ < 3lk772/2} - {‘Jin — le,;lf . LL'/| < 36‘}&’]1/4}

This is a contradiction with the fact that u; doesn’t satisfy the conclusion of the
Theorem 7.1.
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8. A FAMILY OF SLIDING SURFACES

We prove Theorem 7.3 following the strategy of Section 5. The key step is to
obtain estimates in measure. Since the level sets do not satisfy any equation on
their own, one needs to look at their full collection.

In this section we introduce a family of sliding surfaces. These are rotation
surfaces in R"*! which we denote by S(Y, R). We say that the point Y is the center
of § and R the radius. These surfaces are perturbations of the one dimensional
solution. Roughly speaking they are obtained by first rotating go(t) around the
axis t = —R, and then modifying it outside the s level sets with |s| < 1/2, so that
the resulting surface is a supersolution in the set {|x,41| > 1/2}.

The surfaces S in our setting play the same role as the paraboloids in Section
5. The key property that S satisfies is the following: Suppose that for fixed R,
some surfaces S(Y, R) are tangent by above to the graph of w. Then the contact
points project along e, into a set with measure comparable with the measure of
the projections of the centers Y along e,, (see Proposition 8.1).

We proceed with the explicit construction of S.
For |yn+1| < 1/4, we define S(Y, R) as

(8'1) S(Ya R) = {xn-‘rl = gyn+17R(H0(yn+1) + |$ - y| - R)}7
where the function gs, r, respectively hs, r, Hs, r associated with it, are con-
structed below for |so| < 1/4 and large R. For simplicity of notation we denote
them by g, h, H.
Denote
C=1+8(n—1)max VW,
and let ¢ be such that

11 _@(S_S)
V20(s)  /2hols) RV

where Cj is large enough so that the following holds

o(s) < ho(s) —2CR™', if s € [-3/4,—1/2]
©(s) > ho(s) +2C0R™*, if s €[1/2,3/4].

Let sg near —1 be such that ho(sg) = R™!, hence 1 + sp ~ R~z. We define
hso.r : [Sr, 1] — R as

ho(s) — ho(sgr) — CR™ (s — sg) if s € [sg, 7%]
h(s)={ o(s) ifse(—1/2,1/2)

ho(s) + RV +CR™Y(1—s) ifsel[i 1]
For R large, h(s) > ¢(1+ s)(s — sg) on [sg, 0], thus h is positive on (sg, 1]. Define

Hey r(s) = Ho(so) + / ) T
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and for R large enough

H( d¢ > —ClogR

S0 ]_
SR) > HO(SO) - /SR C(lJrC)(C, SR)
H(1) §H0(50)+/ \/c(l—g)w

Finally we define gs, r as

d¢ < Clog R.

SR ift<H(sR)
gS(),R(t) =
H=(t) if H(sgp) <t < H(1).

Now we list some properties of the surfaces S(Y, R).
1) We have

h(s) > ho(s) —2CR™' > ¢(s), if s € [~3/4,—1/2],

h(s) < ho(s) +2CR™" < (s), if s € [1/2,3/4],
and

H(s) = Ho(s) — %(s —s50)?, if|s] <1/2,

H(s) > Hy(s) — %(s —s50)% if 1/2 < |s| < 3/4.

Let ps,.r be the function whose graph is obtained from the graph of go by the
transformation

Co 5
(t,s) — (t— ﬁ(s —S0) ,S) for |s| < 3/4.

From the formulas above we obtain that g = p for |s|] < 1/2, and g < p at all other
points where p is defined. In other words, if S(Y, R) is the rotation surface

S(Yv R) = {-rn-',-l = pyn+17R(H0(yn+1) =+ |.23 - y| - R)}7
then, S(Y, R) coincides with S(Y, R) in the set |z,+1| < 1/2 and stays below it at
all the other points where S is defined.
Notice that

S(Y, R) C {lzns1| < 3/4}
and it is defined only in a neighborhood of the sphere |z —y| = R which is the ;11
level set of S(Y, R).
2) We remark that S(Y, R) is constant sp when

|z —y| < R— ClogR,
and grows from sr to 1 when
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R—ClogR < |z —y| <R+ ClogR.

3) If s € (sg,—1/2) U (1/2,1), then on the s level set of S

AS <K (s)+2(n — 1)R™\/2h(s)
<hy(s) — CR™' +4(n — 1)R™*\/h(s) < hy(s),
hence, S is a supersolution on its s level set. Moreover,
lim H'(s)< lim H'(s), lim H'(s) < oo,
s—+1/2— s—E1/2+ s—1—

thus S(Y, R) is a strict supersolution for |z,,+1] > 1/2, that is S(Y, R) cannot touch
by above the graph of a C? subsolution at a point X with |z,1| > 1/2.

4) If |s| < 3/4, then

' (s) = ho(s)| < CR™Y.

If vg denotes the function with graph S(Y, R) defined above, one has

|Avs — hy(vs)| < Cl¢’ — hy| + CR™* < CR™,

hence vg is an approximate solution of the equation with a R~! error.

Next proposition is quite surprising and is the key tool in proving Theorem 7.3.
It is the analogue of the ABP estimate (Lemma 6.3) of Section 5.
Recall the notation P, := {z, = 0}.

Proposition 8.1 (Measure estimate for contact points). Let u be a C? subsolution
ie

Au > hi(u), |u| <1.
Let A be a closed set in

P, N {|znt1] < 1/4}.
Assume that for each Y € A the surface S(Y + t£, R) , R large, stays above the
graph of u when t — —oo and, as t increases, it touches the graph by above for
the first time at a point (contact point). If B denotes the projection of the contact
points along e, in P, then,

fiol Al < | B

where fig > 0 universal, small and |A| represents the n-dimensional Lebesgue mea-
sure.

Proof. Assume that S(Y, R) touches u by above at the point X = (x,u(z)). From
the discussion above we find |u(x)| < 1/2.
Denote by v the normal to the surface at X, i.e.

1

v=1vp41) = ——(—Vu,1).
( -‘rl) \/m( )

For any contact point X the corresponding center Y is given by
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V/
Y(X)=(z+ ma,ﬁnﬂ +w) =F(X,v),

where
w = RC;  (vnia V|71 = Hy(2ng1))

C
o= —ﬁwz + Ho(.lin_i_l) — H0($n+1 + w) + R.

The function F' is smooth defined on

(X eR"™ x| <1/2h x v eR"™ | =161 < vpy1 <1—c1}

The differential DxY is a linear map defined on T'x, the tangent plane at X, and

DxY = Fx(X,v) + F,(X,v)Dxv = Fx(X,v) — F,(X,v)II,
where I, represents the second fundamental form of v at X. Writing the formula
above for the surface S(Y, R) at X, we find

0=Fx(X,v)— F,(X,v)IIg
thus,

DxY = F,(X,v)(IIs — II,).
From (8.2) and (8.2), it is easy to check that

I1F, (X, v)|| < CR.
Since S touches u by above at X, we find that

D?*vg(x) — D*u(x) > 0,
where vg is the function whose graph is S. On the other hand, from (8.2),

Avs < hy(zpi1) +CR™F = Au+ CR™
which implies

|D*S(x) -~ D*ula)| < CR™!
or

|[Is —IL,] < CR™".
This gives

IDxY| < C.
The centers Z for which X € S(Z, R) describe a rotation surface, around X. Note
if S(+, R) is above u, then its center is above this surface. The normal to the surface
at Y (X), which we denote by 7, belongs to the plane spanned by v and e, 41, and
Ca < Tpy1 < 1 —co. Thus, if £ is perpendicular to e,+1, we have

[T & < Clv-¢
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(notice that the tangent plane to the surface at Y (X) is the range of F, (X, v).)

Let B be the set of contact points, A the set of the corresponding centers,
B = WgB and A = 71'5121. Remark that m¢ is injective on A and B by construction.
From above, we know that A belongs to a Lipschitz surface. One has

A = /v &W</h' €| DxYAX <

<C [ px)-gax = c|p)

which is the desired claim.

9. PROOF OF THEOREM 7.3

In this section we prove Harnack inequality for minimizers of J. The main step
is to show that if the 0 level set is close to the bottom {x,, = —0} at one point, then
the minimizer u is close to the one-dimensional solution go(z, + 6) in a set of large
measure. This set is obtained as the contact set between surfaces S(Y, R) and the
graph of u. The measure estimate for the contact set comes from Proposition 8.1.

We estimate the size of the contact set by the Lebesgue measure of its projection
along e,,. It is often convenient to think of the graph of u as a possibly multivalued
graph over the set P, = {x,, = 0}. Since the contact points occur only in the strip
{|xn+1| < 1/2}, we introduce the sets L and Q; C L

L =P, N{lzn+1] < 1/2},
Q= Ln{lz'| <1}
Let us suppose we have a minimizer of J defined in a cylinder of size 2,
{l2| <21} x {|xn| < 21}
such that the 0 level set stays above {x,, = 0} but close to it at one point above
the origin

{u=0}n{]2'] <2} C{x, >0},

(0,0) € {fu =0}, 08>0y,

for some fixed 6y. We denote

~ >

Then the following result holds.

Proposition 9.1. There exist universal constants Cs, fi, ¢, such that if

Che <&, 1>C(b)
then the set of points

(z,u(x)) € {|2| <1} x {Jon| < 1/2}
that satisfy
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n < C70 + Ho(u(z))

projects along e,, into a set of measure greater than (1 — (1 — )*)|Ql.

The inequality above says that the point (x,u(x)) stays at distance less than
C*0 in the e, direction from graph of the one dimensional solution go(z,,).

This proposition is the analogue of Proposition 6.1 for minimal surfaces. The
proof involves a number of technical lemmas that we describe below. We refer the
reader to the original paper [55] for their proofs.

Since (0,0) is close enough to the plane {z,, = 0} we expect to find interior
contact points with the sliding surfaces S(Y, R) for appropriate centers Y and radius
R. This is explained in the next lemma. We remark that this step is straightforward
in the case of minimal surfaces. The case of minimizers is more delicate since the
bound on the 0 level does not guarantee that the contact points cannot occur on
the boundary of the cylinder.

Lemma 9.2 (Initial contact set). If ¢ < &, then the points (x,u(x)) with the
following properties
1) 2’| <1, |u(z)] < 1/2
2) there is a surface S(Y, Ry) that stays above u in the cylinder |z'| <1 and touches
its graph at (z,u(x)), where
2
ROZ%, l>éllOgR0

3)
Z(v(z), &) < IRy
4)

T < (14+0)0 + Ho(u(x)), b < 1 is a positive fized number

project along e, into a set of measure greater than EQ(Z\/Z;)”fl provided that | >
C(b7 90)

Let Dy represent the set of points on the graph of u that have by above a
tangent surface S(Y, RC™%), where C is a large universal constant. Suppose that
we have control on the e, coordinate of these sets and denote by Dy = wn(Dk)
their projections along e,, into L.

Recall that S(Y, RC~*) is an approximate solution of our equation with a C* R~*
error. If S(Y, RC~*) touches u by above at X, then, from the classical Harnack
inequality for uniformly elliptic equations, the two surfaces stay C*R~! close to
each other in a neighborhood of X (see Lemma 9.3). Thus, if we denote

E, = {Z c L/ diSt(Z, Dk> < Cl},
then we control the e,, coordinate of a set on the graph of u that projects along e,
into F. Proposition 9.1 states that, in measure, E}, almost covers @; as k becomes
larger and larger.

Looking at the graph of a solution between —1/2 and 1/2 we see two different
behaviors depending on the size of the neighborhood on which we focus our atten-
tion. Up to unit scale we see a Laplace equation and this is the reason why near a
contact point the solution and the sliding surface stay very close to each other (see
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Lemma 9.3). At larger scales, the graph looks more like a minimal surface and the
contact set behaves as in the minimal surface case. Lemma 9.4 below says that near
(large scale) a point Z € Dy, we can find a set of positive measure in Dy11. Using
a covering argument we show that the sets Ej “almost” cover Q; as k increases.

Next we state the two lemmas that describe the different behaviors. We use the
following notation:

Vu
v(z) = 7|Vu\

We assume that there exists a surface S(Yp, R) that touches the graph of a solution
u by above at a point X = (xg, u(zo)) with

(x) e R™.

Z(I/((EO), en) < 7T/4.

Lemma 9.3 (Small scale measure estimate). Given a constant a > 1 large, there
exists C(a) > 0 depending also on a such that for each point Z € L N B(m,Xo,a)
there exists x with

1)
'/Tn(xvu(x)) =2, |I‘ - $0| < 2a,
2)
(& — w0) - v(0) < Ho(u(x)) — Ho(u(wo)) + C(a)R™".

Next lemma corresponds to Lemma 6.3 in the minimal surface case.

Lemma 9.4 (Large scale measure estimate). Suppose that u is defined in the cylin-
der {|2'| < 1} x {|axn| <1} and satisfies the hypothesis above with

ol <U/4, laol=4q, q<l/4
There exist constants Cy, Cs, such that if

qZCl, RZZC’l, lzC’llogR
then the set of points (z,u(x)) with the following four properties
1) 12| < q/15, |x — 20| < 2q, lu(z)| < 1/2,
2) there is a surface S(Y, R/C5) that stays above u and touches its graph at (z,u(x)),
3)
Z(v(x),v(x0)) < CrgR™Y,
Y )
(x — x0) - v(xg) < C1? R™ 4 Ho(u(x)) — Ho(u(zo)),

projects along e,, into a set of measure greater than ¢"~*/C}.

Remark. The term Ho(u(x)) — Ho(u(zg)) that appears in property 2 of Lemma 9.3
and property 4 of Lemma 9.4 represents the distance between the u(z) level surface
and the u(xo) level surface of a one dimensional solution.

Now we state the covering lemma that links the two scales.

Lemma 9.5 (Covering lemma). Let Dy, be closed sets, Dy, C L, with the following
properties:
1)

DOQQZ#(D, Dy C Dy C Ds...
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2)if Zy € Dy NQa, Z1 € L, |Z1 — Zp| = q and 21l > q > a then,

|Drs1 N B(Z1,q/10)| > p1|B(Z1,q) N L|

where a > 1 (large), py (small) are given positive constants and | > 2a.
Denote by Ey the set

E = {Z € L/ dist(Z, Dk) < a}.
Then there exists p > 0 depending on n, py such that

1Qu\ Ex| < (1= p)*|Qu.

The proof of Proposition 9.1 follows from the lemmas above by showing that the
sets Dy and Fj, satisfy the hypotheses of the covering lemma above. The initial set
Dy is given by Lemma 9.2.

Proof of Theorem 7.3.
We assume that u is a local minimizer of J in the cylinder

{]z'] < 21} x {|zn| < 21},

and
u>0 ifx, >0, u<0 ifx, <-0, u(0)=0.
We show that if the 0 level set is close to z,, = —6 at a point in |2/| < [/4 then the
energy of u is large and obtain a contradiction.
First we apply Lemma 9.2 upside-down and obtain that there exists a small
universal constant ¢; such that the points (z,u(x)) with

0 l
ra> =+ Hou(@), < Ju@)] <
project along e, in a set of measure greater than c;1" !, provided that 171 < &5(6)
is small. -
On the other hand, from Proposition 9.1 we find universal constants C,, fi such

that if

M| —

{u=0}n{l'| <1/4} N {zy < (1 +C ™ /4)0} #0,
017" < e3(0, ko)
then the set of points (z, u(z)) with
l
5
project along e, in a set of measure greater than (1 — (1 — f1)*
that if we choose kg large, universal such that

al™™t>2(1- ﬂ)kO‘Ql/ﬂ

and ¢ small enough, then we obtain a contradiction.
As in Section 2 we use

1
<2|Vu|2 + ho(u)> da'dz, > \/2ho(u)|u,|dz' dz,, =
=\ 2h0($n+1)d$/d£ﬂn+1.

M| —

rn S -5 Ho(u(@), WS g, )| <

(<)

Qi /2| We show
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Denote by
Ap = {2 <1} x {|zn] <1}
Project along e, the points (z,u(x)), with |z,| < I. From above we find that
there exists a set of measure ¢;/"~!/2 included in Q, /2 in which these points project

twice. Using barrier functions it is not difficult to show that the projection covers
the band

{lzns1] <1 —=c(l), 2| <}, and ¢(l) — 0 as | — oo.
Hence we can find two small universal constants co, c3 > 0 such that
1
(9.1) J(u, Aj) = / §|Vu|2 + ho(u)dx >
Ay
1—co
> w, ! vV 2ho(Xp41)dTni1 + %(I I‘Iéilrh 2ho(s))I" " >
co—1 S|

1
> wn_ll"_l/ \/2ho(s)ds + e3l™ 1,
1

where w,,_1 represents the volume of the n — 1 dimensional unit sphere.
Assume by contradiction that there exist numbers i, 6 with

akljzl - 07 ak > 907

and local minimizers uj in Ag;, satisfying the hypothesis of Theorem 7.3, and
therefore also inequality (9.1).
Denote by e := [;;! and vy (z) := ug (e}, 'x). From (9.1) we obtain

Je (05 A1) = €37V, Ay,) >

1
> wn,l/ vV 2ho(s)ds + cs.
-1
On the other hand, as k — oo we have
Uk — XE — XE-© in Llloc(Al)’
where E = Ay N {z,, > 0}. By Theorem 2.1 one has

1 1
klim Jep (g, A1) = PAlE/ vV 2ho(s)ds = wn_l/ v/ 2ho(s)ds
o0 -1 -1

which contradicts (9.2).
With this Theorem 7.3 is proved.

10. ONE-DIMENSIONAL SYMMETRY OF GLOBAL SOLUTIONS
In this section we use the results of Section 7 and obtain 1D symmetry for phase

transitions from the 1D symmetry of global minimal surfaces. Recall Corollary 7.2.

Corollary. Let u be a global minimizer of J in R™. If the 0 level set {u =0} is
asymptotically flat at oo, then u is one-dimensional.

At the end of Section 4 we used the minimal surface theory to show that the
level sets of minimizers of J are asymptotically flat at co in dimension n < 7. Using
the corollary above we obtain
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Theorem 10.1. A global minimizer of
1
T(u) :/§\vu|2+vv(u) da
is one-dimensional if n < 7.

Next we prove the following version of De Giorgi’s conjecture.

Theorem 10.2. Let u € C*(R™) be a solution of

(10.1) Au=W'(u),
such that
(10.2) lu] <1, Opu>0, hnil w(x',z,) = £1.

Then u is one-dimensional if n < 8.

Before we prove this Theorem we show that the £1 limit assumption implies
that u is a global minimizer in R"™.

Lemma 10.3. If u satisfies (10.1), (10.2) then u is a global minimizer for J.
Proof. 1t suffices to show that in Bg, u is the unique solution of
Av=W'(v), |v|]<1l, v=u on dBg.

Since
lim u(z,x,) =1,

Xy —00
we conclude that the graph of u(a’, z,, +t) is above the graph of v for large t. We
slide this graph in the e,, direction till we touch v for the first time. From the Strong
Maximum Principle we find that the first touching point occurs on dBg. Since u
is strictly increasing in the e,, direction, we can slide the graph of u(z’, z,, + ¢) till
it coincides with the graph of w, hence u > v. Similarly we obtain v < v which
proves that u is a global minimizer in R™.

O

Proof of Theorem 10.2.
Assume u(0) = 0 and define u.(z) = u(e~'z). Modica’s theorem says that
Ue, — XE — XCE
holds for some sequence €, — 0. Moreover, u,, > 0 implies F° is a subgraph, hence
OF is a so-called quasi-solution in the e,, direction (see chapters 16, 17 in the book
of Giusti [40]). Then OF is a hyperplane if n < 8 and the theorem follows from the
corollary above.
O

If we assume that the 0 level set is a graph in the x,, direction which has a one

sided linear bound at oo then the conjecture is true in any dimension.

Theorem 10.4. If u satisfies (10.1), (10.2) and
{u=0} C{z, <C1+[2'])}
then u is one-dimensional.

Proof. As above, u is a global minimizer. Then the limiting minimal surface has a
linear bound by above and again we can conclude (see Giusti []) that that F is a
hyperplane in any dimension. (I
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11. DE GIORGI’'S CONJECTURE IN 2D AND 3D

In this section we present proofs to De Giorgi’s conjecture in 2D and 3D which
were first obtained by Ghoussoub and Gui [37] and Ambrosio and Cabre [5] respec-
tively.

Our approach is due to Farina [30, 31] and it is based on a calculation of Sternberg
and Zumbrun [62, 63]. We follow it here since it closely resembles the one for
minimal surfaces.

11.1. Minimal surfaces in 3D. Assume for simplicity that F is a smooth min-
imal surface in R™. Denote by v, the normal to the surface at = and let ¢ be a
function on OF with compact support. If we perturb 0F by a map

x4 ed(T)vy

then the area increases. By letting ¢ — 0 we obtain (see Giusti || for example) that
the mean curvature is 0 at any point in F and moreover

/ (|v¢|2 _ ¢2K§2) dHn—l Z 07
OFE

where k2 represents the sum of the squares of the principal curvatures at 2 € 9E.
A smooth surface whose area increases under small local perturbations, i.e has 0
mean curvature and satisfies the inequality above, is called a stable minimal surface.
One can obtain that a global minimal surface is a plane in R3 by choosing
appropriate test functions ¢. Indeed, if we choose ¢» with compact support in Bg
as

1, |z| <1
x) =
Or(z) { loglRlog%7 I1<|z|<R
then

/ |Vor|?dH? < (1ogR)*2/ |z| =2 dH>.
oFE o

ENBRr

From the minimality of OF we find that
H?*(OENB,) < Cr?
hence

/ |z|"2dH* < Clog R.
OENBRr

In conclusion

/ Vor[?dH? -0 R — oo
OFE

which gives kK = 0 in OF N By. This implies k = 0, i.e OF is a plane.
We remark that Simons’ proof that global minimal cones are planar up to di-
mension 7, uses the stability condition by taking a test function ¢(x) of the form

K2 (z).
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11.2. Monotone solutions. First we check that monotone solutions of
Au=W'(u),

are stable, i.e the energy increases under small compact perturbations. Precisely,
we show that

/|V¢|2 + W (u)y*de >0, Vi € Cj(R™).

Indeed, assume w is increasing in the e,, direction, i.e u,, > 0. Differentiating the
equation we find
Ay = W (u)uy,
We multiply by 1?2 /u,, and integrate:

2
/vf—vun + W"(u)y? dx = 0,
or

2
/|w}|2 + W (u)p? dz = / ’w - uﬂwn dx > 0.

As in the minimal surface case, we would like to perturb the level sets in the
normal direction infinitesimally by a function ¢(z). This corresponds to taking
¥ 1= ¢|Vul in the stability condition, i.e

[ IV@ITuDP + W ) Vuf? do > o
We obtain
/IWIQIWI2 + %w?vuw?) + 2V (|Vu)) |2 + oW (uw)|Vul? dz > 0.
We integrate the second term by parts and use the equations for uy,

/v¢2 (|Vul?) dr = — /¢>2 |vu\

—/(;52 ([[D?ul* + W (w)|Vul?) da.
By choosing a convenient system of coordinates it is not difficult to check that
ID?u]|* = [V|Vul[? = &2|Vul? + |V |Vul|?

where V7 represents the tangential gradient along the level sets of u and x2(z)
represents the sum of the squares of the principal curvatures on the level set of u
at z. In conclusion the stability inequality above simplifies as

/ (IVg]? — ¢*k?) |[Vul? dz > 0.

This is precisely the stability condition for the minimal surface in which the
dH"~! measure on OF is replaced by the weight |Vu|?dz.
If the weight grows quadratically with the radius R in Bp i.e

/ |Vul?dz < CR?,
Br

then the same function ¢p gives as in the minimal surface case x = 0, that is u is
one-dimensional.
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This inequality is always true in R? since L® bounds for Vu hold for bounded
solutions under quite general assumptions on W, say for example W is Lipschitz.
Therefore in R? we obtain one-dimensionality from stability which, as we saw above,
is a weaker condition than monotonicity.

Theorem 11.1 (Ghoussoub-Gui). Bounded stable global solution of
Au=W'(u), inR?
are one-dimensional.

Ambrosio and Cabre proved that the quadratic bound holds also for monotone
solutions in R3. As a consequence they obtain De Giorgi’s conjecture in R?:

Theorem 11.2 (Ambrosio-Cabre). Bounded monotone global solution of
Au=W'(u), inR3
are one-dimensional.

We sketch the proof. From (4.1) we see that the quadratic bound for the energy
holds for minimizers in R3. Hence, if the limits are +1 as x5 — 400 then we are
done by Lemma 10.3. Otherwise, denote by u(z’), @(z’) the limits of u(a’, x3) as
r3 — Foo. It turns out that u and @ are stable solutions of the same equation in

R?, and by the theorem above they are one-dimensional. From this the bound for
the energy follows.

We finally mention that the quadratic growth cannot hold in dimension n > 3
since it fails for the one-dimensional solution.

12. FULLY NONLINEAR EQUATIONS

The methods developed in Sections 7-10 are quite general and can be applied
for other types of nonlinear, possibly degenerate elliptic equations. With Valdinoci
and Sciunzi we proved in [66] the same theorems for the energy

1
T (1, ) = / LVUl? + W) do
Q
and the corresponding p-Laplace equation
Npu=W'(u), Apu:= div(|VulP~?|Vul).

In this section we present 1D symmetry results for global solutions to fully
nonlinear reaction-diffusion equations. We consider the equation R"

(12.1) F(D?u) = f(u),
where F' is uniformly elliptic with ellipticity constants A, A, F'(0) = 0, and

feli(-11]), f(=H=0, f(-1)>0 f(1)>0.
The main assumption on F' and f is that there exists a smooth increasing function

go : R — [—1,1] (one dimensional solution) such that

lim go(t) = £1,

t—+oo

and gg solves the equation in all directions &, that is

F (D*(go(z - €))) = f (9o(z - €))
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for every unit vector £ € R™. In other words, the compatibility condition says that
the values of F' on the subset of rank one matrices g ()€ ® & equals g(go(t)).
For example if F' is the maximal Pucci operator

F(M)=Mxa(M) := /\Ilgi)éAtr(A - M),
and f(s) = max{A(s® — s), A\(s® — 5)} with

t
go(t) = tanh 7

One difficulty of the problem is that, unlike the semilinear case, there is no
variational formulation of the problem. Another difficulty consists in the fact that
it is not clear whether the blow-downs of {u = s} satisfy any equation. We will see
that in general the level sets satisfy at large scales a curvature equation depending
on F, f.

Together with De Silva we proved in [25] that De Giorgi’s conjecture holds in
two dimensions for these nonlinear equations.

Theorem 12.1 (De Silva-Savin). Let u € C(R?) be a viscosity solution to (12.1)
such that |u| <1 and uy, > 0. Then u is one-dimensional.

The condition u,, > 0 can be relaxed to m monotonicity in the xy direction i.e
u(z) < u(x + mesz), for some m > 0.

The main step consists in proving that the sets {u < 0} and {u > 0} are convex.
This is achieved by comparing u with appropriate explicit barriers. Then one can
deduce that the 0 level set is included in a strip of arbitrarily small width.

The higher dimensional problem was analyzed in [58]. As in the semilinear case,
we considered monotone viscosity solutions of (12.1) which “connect” the constant
solutions —1 and 1 at £oo,

(12.2) ug, >0, lim w2, x,) = +1,
Ty —to0
Next result is a nonlinear version of the theorem of Modica. It says that if the
blow-downs of the level sets converge to a limiting surface then this surface satisfies
a curvature equation. This possible nonlinear curvature equation can be computed
explicitly from F' and f.

Theorem 12.2 (Limiting equation). Let u be a solution of (12.1),(12.2) and sup-
pose that for a sequence €, — 0, e{u = 0} converges uniformly on compact sets to
a surface 3. Then, there exists a function G depending on F and go such that

G(vs, IT5) =0
in the wviscosity sense where vs(x), IIs(x) represent the upward normal and the
second fundamental form of X at a point x € X. The function G(§,-) is defined on
the space of n x n symmetric matrices M with M& = 0, is homogenous of degree
one, and uniformly elliptic.

The function G is linear in the second argument and it depends on the derivatives
of F' on the n dimensional cone £ ® £, £ € R"™.
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If F is invariant under rotations and F € C' then G(¢, M) = trM, ie ¥ is
a minimal graph as in the semilinear case. If for example F' = ./\/l;f A then G is
nonlinear, G(¢,-) = M3 ,.

The methods develoﬁed in Sections 7-9 generalize to this setting. Due to the
monotonicity assumption, the Harnack inequality requires only a one-sided bound.

Theorem 12.3 (Harnack inequality). Let u be a solution of (12.1),(12.2) with

fu=0}n{le'| <1} C {x-& >0},

for some unit vector

1Sl =1, Z(fo,en) < B <m/2.
Assume
(0,0) e {fu=0}, 6>
for some fized 6. If 0/1 < £(6p) then

{u=0}n{z'| <1/2} C {x-& < K0},
where the constant K depends only on X\, A, n, f, go, B and the constant £(6y) > 0
depends on the previous constants and 6.

As a consequence of Harnack inequality we obtain a Liouville theorem for the
level sets.

Theorem 12.4. If {u = 0} is above (in the e, direction) a plane {x-& = 0}, then
u 1s one-dimensional.

A consequence of Theorem 12.4 is a proof of the Gibbons conjecture for equa-
tion (12.1). We recall that the conjecture states that global solutions are one-
dimensional if the limits in (12.2) are uniform in z’.

If we assume more regularity on the operator F' then we can use Theorem 12.3
and show the improvement of flatness for the level sets.

Theorem 12.5 (Improvement of flatness). Let u be a solution of (12.1),(12.2).
Assume that F € C! and

0 {u=0}n {2 <1} C {la- &l <6},

|£0| = 17 4(§076n) < ﬁ < 7'1'/27 0 > 90.
If0/1 < (o) then, for some unit vector &

{u=0}n{l'| <ml} C {lz- &l <mb},
where the constants 0 < ny; < n2 < 1 depend only on A, A, n and the constant ()
depends on F, f, B and 6.

As a consequence of the theorem above we obtain 1D symmetry of global solu-
tions which have one Lipschitz level set.

Theorem 12.6. Assume that F € C?, u solves (12.1), (12.2) and {u = 0} is a
Lipschitz graph in the e, direction. Then u is one dimensional.
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