BOUNDARY REGULARITY FOR SOLUTIONS TO THE LINEARIZED
MONGE-AMPERE EQUATIONS

N. Q. LE AND O. SAVIN

ABSTRACT. We obtain boundary Holder gradient estimates and regularity for solutions
to the linearized Monge-Ampere equations under natural assumptions on the domain,
Monge-Ampere measures and boundary data. Our results are affine invariant analogues
of the boundary Holder gradient estimates of Krylov.

1. INTRODUCTION

This paper is concerned with boundary regularity for solutions to the linearized Monge-
Ampere equations. The equations we are interested in are of the form

L,v =y,
with

L= Z Uijv,-j,
ij=1
where u is a locally uniformly convex function and U% is the cofactor of the Hessian
D?u. The operator L, appears in several contexts including affine differential geometry
[TW, TW1, TW2, TW3], complex geometry [D2], and fluid mechanics [B, CNP, Loe]. As
U = (UY) is divergence-free, we can write

n n
Lu’U = Z@Z(U”Djv) = Z 818](U”v)
ij ij=1
Because the matrix of cofactors U is positive semi-definite, L, is a linear elliptic partial
differential operator, possibly degenerate.
In [CG], Caffarelli and Gutiérrez developed a Harnack inequality theory for solutions of
the homogeneous equations L,v = 0 in terms of the pinching of the Hessian determinant

A\ < det D*u < A.

This theory is an affine invariant version of the classical Harnack inequality for uniformly
elliptic equations with measurable coefficients.

In this paper, we establish boundary Holder gradient estimates and regularity for solu-
tions to the linearized Monge-Ampere equations L,v = g under natural assumptions on
the domain, Monge-Ampere measures and boundary data; see Theorems 2.1, 2.4 and 2.5.
These theorems are affine invariant analogues of the boundary Hoélder gradient estimates
of Krylov [K].
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The motivation for our estimates comes from the study of convex minimizers u for convex
energies E of the type

E(u) :/F(detDQU) dx+/ uda—/udA,
Q a0 Q

which we considered in [LS2]. Such energies appear in the work of Donaldson [D1]-[D4] in
the context of existence of Kahler metrics of constant scalar curvature for toric varieties.
Minimizers of E satisfy a system of the form

—F'(det D*u) = in Q,

Uy — —dA i Q

(1.1) U" vy d in €2,
v=20 on 0f,

U"v, =—0o on 0f),

where U = det Di,u with ' L v denoting the tangential directions along 0€2. The mini-
mizer u solves a fourth order elliptic equation with two nonstandard boundary conditions
involving the second and third order derivatives of u. In [LS2] we apply the boundary
Holder gradient estimates established in this paper and show that u € C*%(Q) in dimen-
sions n = 2 under suitable conditions on the function F' and the measures dA and do.

Our boundary Holder gradient estimates depend only on the bounds on the Hessian
determinant det D?u, the quadratic separations of u from its tangent planes on the bound-
ary 0f) and the geometry of 2. Under these assumptions, the linearized Monge-Ampere
operator L, is in general not uniformly elliptic, i.e., the eigenvalues of U = (U%) are not
necessarily bounded away from 0 and co. Moreover, L, can be possibly singular near the
boundary; even if det D?u is constant in Q, U can blow up logarithmically at the bound-
ary, see Proposition 2.6. The degeneracy and singularity of L, are the main difficulties in
establishing our boundary regularity results. We handle the degeneracy of L, by working
as in [CG| with sections of solutions to the Monge-Ampere equations. These sections have
the same role as euclidean balls have in the classical theory. To overcome the singularity
of L, near the boundary, we use a Localization Theorem at the boundary for solutions to
the Monge-Ampere equations which was obtained in [S, S2].

The rest of the paper is organized as follows. We state our main results in Section 2.
In Section 3, we discuss the Localization Theorem and weak Harnack inequality, which
are the main tools used in the proof of our local boundary regularity result, Theorem 2.1.
In Sections 4 and 5, we study boundary behavior and the main properties of the rescaled
functions u;, obtained from the Localization Theorem. The proofs of Theorems 2.1 and 2.5
will be given in Section 6 and Section 7.

2. STATEMENT OF THE MAIN RESULTS
Let Q € R™ be a bounded convex set with
(2.1) B,(pe,) C Q C {x, >0} N B%,
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for some small p > 0. Assume that

(2.2) € contains an interior ball of radius p tangent to 02 at each point on 9Q N B,
Let u: Q — R, ue C*(Q)NC?(Q) be a convex function satisfying

(2.3) det D*u = f, 0<A<f<A inQ.

Throughout, we denote by U = (U%) the matrix of cofactors of the Hessian matrix D?u,
ie.,

U = (det D*u)(D?*u)~".
We assume that on 92 N B,, u separates quadratically from its tangent planes on OS2
Precisely we assume that if xy € 92N B, then

(2.4) plr —wo* < u(@) — u(wo) — Vulzo)(z — z0) < p~" o — zol”,

for all z € 0S).
When x4 € 012, the term Vu(zg) is understood in the sense that

Tny1 = u(xo) + Vu(xg) - (z — o)
is a supporting hyperplane for the graph of u but for any ¢ > 0,
Tnt1 = u(zo) + (Vu(zo) — vy, ) - (x — o)

is not a supporting hyperplane, where v,, denotes the exterior unit normal to 02 at xy. In
fact we will show in Proposition 4.1 that our hypotheses imply that v is always differentiable
at xo and then Vu(xg) is defined also in the classical sense.

We are ready to state our main theorem.

Theorem 2.1. Assume u and ) satisfy the assumptions (2.1)-(2.4) above. Letv : B,NQ —
R be a continuous solution to

Uijvij =g in B,NQ,
v=20 on 00N B,

Then
||Uu||co,a(ame/2) <C (HUHLoo(QmBP) + llg/ tr U||L°°(mB,,)> )

and, for r < p/2, we have the estimate

ma o+ ,(0)aa] < ' ([0l s,y + 19/t Ullie(@rm, )

T

where a € (0,1) and C' are constants depending only on n, p, A, A.

We remark that our estimates do not depend on the C%!(€Q) norm of u or the smoothness
of w.

Remark 2.2. The theorem is still valid if we consider the equation
tr (AD*v) = g, with 0 < AU < A< AU

and then the constants a, C' depend also on :\, A.
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Theorem 2.1 is concerned with boundary regularity in the case when the potential wu is
nondegenerate along 0f). It is an affine invariant analogue of the boundary Hélder gradient
estimate of Krylov [K].

Theorem 2.3 (Krylov). Let w € C(Bif) N C2(B;) satisfy
Lw=f in B, w=0 on{x, =0}

where L = a"d;; is a uniformly elliptic operator with bounded measurable coefficients with
ellipticity constants A\, A. Then there are constants 0 < a < 1 and C' > 0 depending on A,
A, n such that

||wn||Ca(Bl/2ﬂ{xn:0}) < C(HwHLoo(Bj) + ||f||Loo(Bl+))-

We also obtain global boundary regularity estimates under global conditions on the
domain €2 and the potential function wu.

Theorem 2.4. Assume that Q2 C By, contains an interior ball of radius p tangent to 9
at each point on 0S2. Assume further that

det D*u = f with A< f <A,
and on 0S), u separates quadratically from its tangent planes, namely
ple — x| < ulx) — ulwo) — Vu(zo)(z — x0) < p~ Lz — xol*, Va,zo € ON.
Let v:Q — R be a continuous function that solves
{Uijvij =g n €2,
v=1 on 082,

where ¢ is a CYY function defined on 0. Then

[vullco.aiany < C (lellerieay + 9/ tr Ullr=@)) ,
and for all x¢ € OS2
+a

Br(na;fﬁlv —v(x0) — Vo(wo)(z — 20)| < C (llellcraon) + llg/ tr Ullreoey) 7+,
r{Z0

where a € (0,1) and C are constants depending on n, p, \, A.

Theorem 2.4 follows easily from Theorem 2.1. Indeed, first we notice that v is bounded

by the use of barriers
+C(|2* = 2/p%),

for appropriate C, and then we apply Theorem 2.1 on 952 for ¥ := v — ¢, where ¢ is a C1!
extension of ¢ to Q.

If, in addition, we assume that det D?u is globally Holder continuous, then the solutions
to the linearized Monge-Ampere equations have global C1® estimates as stated in the next
theorem.
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Theorem 2.5. Assume the hypotheses of Theorem 2.4 hold and f € CP(Q) for some
B >0. Then

[l < K(llellcrioa) + 19/ tr Ull=@),
with K a constants depending on n, B, p, A\, A and || f||cs@)-

Finally we mention also the regularity properties of the potentials u that satisfy our
hypotheses.

Proposition 2.6. If u satisfies the hypotheses of Theorem 2.4 then
[Vu]ga@ < C.
If in addition f € CP(Q) then
|D?ul| < K|logel|* on Q.= {z € Q,dist(z,00) > e},
where K is a constant depending on n, 3, p, A\, A and || f||cs -

The proof of Theorem 2.1 follows the same lines as the proof of the standard boundary
estimate of Krylov. Our main tools are a localization theorem at the boundary for solu-
tions to the Monge-Ampeére equation which was obtained in [S], and the interior Harnack

estimates for solutions to the linearized Monge-Ampere equations which were established
in [CG] (see Section 3).

3. THE LOCALIZATION THEOREM AND WEAK HARNACK INEQUALITY

In this section, we state the main tools used in the proof of Theorem 2.1, the localization
theorem and the weak Harnack inequality.
We start with the localization theorem. Let u :  — R be a continuous convex function
and assume that

(3.1) u(0) =0, Vu(0)=0.
Let Si(u) be the section of u at 0 with level h:
Spi={xecQ: wulx)<hl.

If the boundary data has quadratic growth near {z,, = 0} then, as h — 0, S}, is equivalent
to a half-ellipsoid centered at 0. This is the content of the Localization Theorem proved
in [S, S2]. Precisely, this theorem reads as follows.

Theorem 3.1 (Localization Theorem [S, S2]). Assume that 2 satisfies (2.1) and u satisfies
(2.3), (3.1) above and,

(3.2) ple> <wu(z) < pHz* on 0N {z, < p}.
Then, for each h < k there exists an ellipsoid E), of volume w,h™? such that

kE), ﬂﬁ C S, C k:_lEhﬂﬁ.
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Moreover, the ellipsoid Ej, is obtained from the ball of radius h'/? by a linear transfor-
mation A;' (sliding along the z, = 0 plane)
ApEy, = h'*B;
Ap(x) =a — 2y, THh=(T1,T2,..,Tn_1,0),
with
7] < k| loghl.
The constant k above depends only on p, A\, A, n.

The ellipsoid E}, or equivalently the linear map Ay, provides useful information about
the behavior of v near the origin. From Theorem 3.1 we also control the shape of sections
that are tangent to 02 at the origin. Before we state this result we introduce the notation
for the section of u centered at = € 2 at height h:

Sen(u) = {y € Q:u(y) < u(z) + Vu(z)(y — z) + h}.

Proposition 3.2. Let u and ) satisfy the hypotheses of the Localization Theorem 3.1 at
the origin. Assume that for some y € Q the section S, C 2 is tangent to 0N at 0 for
some h < c. Then there exists a small constant kg > 0 depending on X\, A, p and n such
that

Vu(y) = ae, for some a € [koh'/? kyth'/?,

koEn C Syn —y C ko By,  koh'/? < dist(y,00) < kg 'h™/?,
with Ey, the ellipsoid defined in the Localization Theorem 3.1.

Proposition 3.2 is a consequence of Theorem 3.1 and was proved [S3]. For completeness
we sketch its proof at the end of the paper.

Next, we state the weak Harnack inequality. Caffarelli and Gutiérrez [CG| proved Holder
estimates and Harnack inequalities for solutions of the homogeneous equation L,v = 0.
Their approach is based on the Krylov and Safonov’s Holder estimates for linear elliptic
equations in general form, with the sections of v having the same role as euclidean balls

have in the classical theory. We state the weak Harnack inequality in this setting (see also
[TW3]).

Theorem 3.3. (Theorem 4 [CG|) Let u € C*(Q) be a locally strictly convex function
satisfying

0 < X\ <detD?u <A,
and let v > 0 be a nonnegative supersolution defined in a section Sy n(u) CC £,

LuU = Uijvij < 0.

If
[{v > 1} N Spn(u)] = plSen(u)l
then
inf v >c,
Sz,h/2(u)

with ¢ > 0 a constant depending only on n, X\, A and p.
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4. BOUNDARY BEHAVIOR OF THE RESCALED FUNCTIONS

We denote by ¢, C' positive constants depending on p, A, A, n, and their values may
change from line to line whenever there is no possibility of confusion. We refer to such
constants as universal constants.

Sometimes, for simplicity of notation, we write S, j, instead of S, ,(u) and we drop the
x subindex whenever x = 0, i.e., Sy, = Son(u).

We denote the distance from a point = to a closed set I' as

(4.1) dr(x) = dist(z,T).

First we obtain pointwise Ch* estimates on the boundary in the setting of the Localiza-
tion Theorem 3.1. We know that for all h < k, S}, satisfies

kE, N Qc Sy, C k?_lEh,
with A, being a linear transformation and

det A, =1, E), = A}_LlBhl/2, Apx = o — T,

Thoen =0, A, [14n]l < k7' loghl.

This gives
(42) Qn Bch1/2/|logh| C Sh - BCh1/2|logh|’
or

lul <h in QN B:;zm/“ogm.
Then for all x close to the origin
u(z)| < Cla/*|log 2|,

which shows that u is differentiable at 0. We remark that the other inclusion of (4.2) gives
a lower bound for u near the origin

(4.3) u(z) > cz*|logz| 2 > |z|>.
We summarize the differentiability of u in the next lemma.

Lemma 4.1. Assume u and € satisfy the hypotheses of the Localization Theorem 3.1 at a
point xg € 02 If x € QN By (x0), 7 < 1/2, then

(4.4) lu(x) — u(ro) — Vu(zo)(z — 20)| < Cr?|logr|?.

Moreover, if u, § satisfy the hypotheses of the Localization Theorem 3.1 also at a point
x1 € 002N B.(xg) then

|Vu(zy) — Vu(z)| < Cr|logr|?.
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Clearly, the second statement follows from writing (4.4) for zy and x; at all points x in
a ball B..(y) C Q.

Next we discuss the scaling for our linearized Monge-Ampere equation. Under the linear
transformations

ii(z) = %U(Tx), 3(z) = %U(T&:),
. 1
g(x) = a"—lb(det T)*g(Tx),
we find that

Indeed, we note that
D%y = iTtDzuT, D*p = %TtD%T,
and
U = (det D*a)(D*a)™*
_ ! (det T')*(det D*u) T~ (D?*u)" (T

anfl

— L etTrtu(y

an—l

and (4.5) easily follows.
We use the rescaling above with

a=h, b=h"? T=n"A"
where Ay, is the matrix in the Localization theorem. We denote the rescaled functions by

u(hY2A 2 v(hY2A x
wn(e) o= WA gy AT

gn(x) == h2g(R'2 A ),

and they satisfy
(4.6) U/ Dijon, = gh.

The function wy, is continuous and is defined in Q,, with

Q= h 24,0,
and solves the Monge-Ampere equation
det D*up, = fi(x), A< fn <A,
with
fulz) = f(R2A; ).

The section at height 1 for u; centered at the origin satisfies

Sl(uh) == h_l/QAhSh,
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and by the localization theorem we obtain
By Ny, C Si(u) C B,
We remark that since
trU = h~ tr(TU,TY) < BT\ tr Uy,
we obtain
(4.7) lgn/ tr Unllze < ChY?[log hf* |lg/ tr U] po.

In the next lemma we investigate the properties of the rescaled function u;,. We recall
that if o € 02N B, then ) has an interior tangent ball of radius p at ¢, and u satisfies

(4.8) ple —zol* < ulw) —u(zo) — Vulwo)(w — x0) < p~' o —zof*, Vo €.

Lemma 4.2. If h < ¢, then
a) O, N By, is a graph in the e, direction whose CH' norm is bounded by Ch'/?;
b) for any x,xy € 0 N By, we have

(4.9) g |z — xo\Q < up(z) — up(xo) — Vup(zo)(x — 29) < 4pt |z — x0]2 ,

c) if r < c small, we have

|Vuy| < Cr|logr* in QN B,.

Proof. For x, x5 € 082 N By, we denote
X =Tz, Xo=Tx, T:=h'?4A",
hence
X, Xy €00n BCh1/2|logh|'
First we show that
|z — x| < | X — Xo|
2 — h1/2

(4.10) < 2|z — x|,

which is equivalent to
1/2 < |AnLZ|/|Z| < 2, Z =X — Xo.
Since 9 is C! in a neighborhood of the origin we find
|Z,| < Ch'?|log h|| Z'|
hence, if h is small
|AnZ — Z| = |2y < ChM?|log h*|Z'| <12 /2,

and (4.10) is proved.
Part b) follows now from (4.8) and the equality

up(x) — up(zo) — Vug(xo) (2 — x0) = %(u(X) —u(Xg) — Vu(Xo) (X — Xo).
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Next we show that 9§, has small C! norm. Since 9 has an interior tangent ball at
Xy we see that
(X = Xo) - wo| < CIX = X%,
where 1y is the exterior normal to € at Xy. This implies, in view of (4.10)
|(x — 20) - T'w| < Chla — x)?,
or

((z —20) - 10| < C | — o],

|Ttl/0|
where
ﬂ(] = TtV0/|TtV0|.
From the formula for A;, we see that
en- (A7) en) = (A7len) -en = 1,

hence
(A1) en] > 1.
Since
o + €| < ChY?|log Al
we obtain
(A7) > 1 — CRY? [log h| || A1 > 1/2,
thus

1Tt v = W2 (A w| > W22,
In conclusion

((z — x0) - | < ChY? |z — ]2,
which easily implies our claim about the C'''' norm of 9¢,.

Next we prove property c). From a), b) above we see that wuy, satisfies in S} (uy) the
hypotheses of the Localization Theorem 3.1 at 0 for a small p depending on the given
constants. We consider a point xy € 02, N B,., and by Lemma 4.1, it remains to show that
up, S1(up) satisfy the hypotheses of the Localization Theorem 3.1 also at xy. From (4.4)
we have
(4.11) lup| < Cr?|logr|> in QN By,
which, by convexity of u; gives

Onun(x) < Cr|logr|?.
On the other hand, we use part b) at x5 and 0 (see (4.9)) and obtain
lup (z0) + Vuy(xo) (7 — 20)| < Cr* on 90N B,,
thus
|Vun(z0) -2| < Cr? on 90N B,.
Since z,, > 0 on 0L, we see that if 0,up(xo) > 0 then,
Vaoun(zo) - 2" < Cr* if  |a!| <r/2,
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which gives
|V wup(zo)| < Cr.
We obtain the same conclusion similarly if 9,u;(z¢) < 0. The upper bounds on 9, up(x¢)
and |V up(zo)| imply that if z € Sy (up) C By, we have
up (o) + Vup(xg) - (x — 20) +1/2 < Cr* + Crllogr|* +1/2 < 1,
provided that r is small. This shows that
Sxo’%(uh) C Sl(uh) C Bl/k;-

Moreover, since

[Ss,1 (un)| = h™"21S g, o (w)] ~ 1

1
’2
we obtain a bound for |Vu(zg)|. Now we can easily conclude from parts a) and b) and the
inclusion above that uy, satisfies in Sy(uy) the hypotheses of the Localization Theorem at
xo for a small p.
O

In the next proposition we compare the distance functions under the following transfor-
mations of point and domain:

= X =Tz, QO — Q =T, T =h'2A;1
Proposition 4.3. For z € O, N B[, let X = Tx € Q. Then (see notation (4.1))
h=12dyo(X)
dogy, (7)

Proof. Denote by &, £x the unit vectors at x, X which give the perpendicular direction
to 00, respectively 0F2, and which point inside the domain. Since 9 is C*! at the origin
and | X| < Ch'/?|log h| we find

[Ex — en| < Ch'?|loghl.
Moreover, the C*! bound of 92, from Lemma 4.2 shows that
& — en] < CRY2,

We compare h™'/2daq(X) with dgq, (x) by computing the directional derivative of h=/2daq(X)
along &,. We have

1 — ChY?|logh|* < < 14 ChY?[logh|’.

Vo(h ™V 2dyq(X)) - & = b Y3V xdpq(X) T,
=h7ex - (TE)
=&x - (4,'6)
From the inequalities above on &,, {x we find
[€x - (A7"6a) = en - (A" en)] < CRY2[log bl AL (| < CR'2[log b

Using
en - (A en) =1
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we obtain
Vo (h™?dpa (X)) - & — 1] < Ch'?|log h|?,

which implies our result.

5. THE CLASS D, AND ITS MAIN PROPERTIES

In this section we introduce the class D, that captures the properties of the rescaled
functions uy in Sy(uy). By abuse of notation we use v and €2 when we define D,.

Fix p, A\, A. We introduce the class D, consisting of pairs of function u and domain 2
satisfying the following conditions:

()0e€d, QCBi, [9>a,

(ii) u : Q — R is convex, continuous satisfying

u(0) =0, Vu(0)=0, \<detD*u<A;

(iii)

NN{u<l} CcGC{x, <o}
where G is a graph in the e, direction which is defined in By, and its C*! norm is
bounded by o.

(iv)

4
g |z — zo|” < u(z) — u(zo) — Vu(zo)(z — x0) < p |z — o YV, xg € GNOSY

(v) If r < ¢y,
(Vu| < Cyr|logr|? in QN B,.

The constants k, ¢y, Cy above depend explicitly on p, A, A, and n.
We remark that the properties above imply that if o € 09 is close to the origin then

S (1) € {u < 1},

and u satisfies in Sxoé(u) the hypotheses of the Localization Theorem at z, for some p

depending on the given constants.
Lemma 4.2 can be restated in the following way.

Lemma 5.1. Let (u,2) be as in Theorem 2.1. Then, if h < ¢,
(un, S1(up)) € D, with o = Ch/2.
We first construct a useful subsolution.

Lemma 5.2 (Subsolution). Suppose (u,2) € Ds. If 6 < ¢ then the function

— L1012 AT
=T, —u+ 012 +)\"*16$"

IS
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satisfies
.. 1
Ly(w) == U"w,;; > 671 trU,
and on the boundary of the domain D := {x,, <25} N Q we have
w <0 ondD\Fs5, w<1onF;,

where
(5.1) Fs :={x, =20, || < 5%}
Proof. Let
1 n
plo) = (3751 + et
Then
2 A"
det Dp(z) = e

Using the matrix inequality
tr(AB) > n(det Adet B)Y" for A, B symmetric > 0,

we get

Lup = Up;; > n(det(U) det D*p)"/™ = n((det D*u)" "' ——)"/" > nA.

A1
Since ¢ is small 1
D*p > é711,
hence
L.p=U"p;; > 57 trU.
Using L,x, = 0 and
L,u= Uijuij = ndet D*u < nA
we find
Lyw = L,(x, —u+2p) > 5w trU.

Next we check the behavior of w on dD. We decompose 0D C G U Es U Fs where

Es == 0D N {|z| > 651 }.
On G NI, we use the properties of Ds and obtain
u> (p/dal’,  wn <O
which follows from the C'! bound on the graph G. Then
w < (54671 4 CO)a'f — (p/4)af <0,

provided that ¢ is small.
On Es we use (4.3) and find

u Z (56(71,1—1) )3 — 52(711—1)

13
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hence, for small ¢,
1 1
w < CF — 620D 4 ¢fmT < —§20-D /2 < 0,
On Fjy, the positive terms in w are bounded by 1/3 for small § and we obtain w < 1.
O

Remark 5.3. For any point xy € 992 close to the origin we can construct the corresponding
subsolution
W, = Zp — Uy, + 2p(2)

Wy,
where

Uy = u — u(xg) — Vu(zg) - (x — x0)
and with z denoting the coordinates of the point = in a system of coordinates centered at
ro with the z,-axis perpendicular to 9€2. From the proof above we see that w, satisfies
the same conclusion of Lemma 5.2 if |zq| < 4.

Next we show that u has uniform modulus of convexity on the set Fj introduced above
(see (5.1)).

Lemma 5.4. Let (u,Q) € Ds. If § < ¢ then for any y € Fs we have
Sy’c(gz (U) C Q.

Remark 5.5. From now on we fix the value of § to be small, universal so that it satisfies
the hypotheses of Lemma 5.2 and Lemma 5.4.

Remark 5.6. Since the section S, .52/ is contained in € C By anfi has volume bounded
from below we can conclude that it contains a ball Bs(y) for some § < ¢ small, universal.

We sketch the proof of Lemma 5.4 below.
Proof. Let hy be the maximal value of h for which Sy, C 2, and let
To € 8Sy7h0 N of2.

Since Sy 4, is balanced around y and u grows quadratically away from 0 on G' we see that
the point g lies also in a neighborhood of the origin. Now we can apply Proposition 3.2
at xo and obtain
ho > cdaa(y)? > c*.
O
A consequence of Lemma 5.2 is the following proposition.
Proposition 5.7. Assume (u,$2) € Dy, and let v > 0 be a nonnegative function satisfying
LuvgéﬁtrUmQ, v >1 in Fj.
Then,
1
(% Z EdG m Sg.

for some small 6 universal.
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Proof. Lemma 5.2 and the maximum principle for the operator L, imply v > w in D,
which gives

1
v(0,z,) > 5%n for z,, € [0, c].
The same argument can be repeated at points xq € 0N if |zo| is sufficiently small, by
comparing u with the corresponding subsolution w, . We obtain
1 —
v > §dG in QN Bc,

and the lemma follows by choosing 6 sufficiently small. O

Proposition 5.8. Let (u,2) € D,, (0 < §) and suppose v satisfies in §2
L,v =y, adg <v<bdg,
for some a,b € [—1,1]. There exists ¢c; small, universal such that if
max{o, ||g/tr Ul|r=~} < ¢1(b — a),

then
a/dG S (% S b/dG m S@,
for some d’, b’ that satisfy
a<d <b <b, vV —ad <nb-—a),
with n € (0, 1), universal, close to 1.
Proof. We define the functions
v—adg bdg — v
V)= ——), Vg = ——
! b—a 7 b—a
which are nonnegative. Since
V1 + U = dg,
we might assume (see Remark 5.6) that the function v, satisfies

[for > 531 By(26e,)| > 3| Bs(2de,)].
Next we apply Theorem 3.3, for the function
oy = v + e (k72 — |2)?).
Notice that 73 > v; > 0in Q and
Ly <(g+otrU)(b—a)™ —2c,trU <0.

Using Lemma 5.4 we can apply weak Harnack inequality Theorem 3.3 a finite number
of times and obtain
U1 > 2c0 >0 on F(;,

for some universal cy. By choosing ¢; sufficiently small we find

v1 > cg on Fj.
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Now we can apply Proposition 5.7 to vy /¢y since
Ly(vi/c2) < 2(c1/co) trU < 57T tr U,
provided that ¢; is small. We obtain
v; > (c2/2)dg in Sp,

hence
v>ddg, d=a+c(b—a)/2

6. PROOF OF THEOREM 2.1

Throughout this section we assume that u, v satisfy the hypotheses of Theorem 2.1 and
we also assume for simplicity that

u(0) =0, Vu(0)=0.
Our boundary gradient estimate states as follows.
Proposition 6.1. Let v be as in Theorem 2.1. Then, in QN B, we have
()] < Cl[vllze@ns,) + 9/ tr Ull=@nB,))doa(x)-

The proposition follows easily from the construction of a suitable supersolution.

Lemma 6.2 (Supersolution). There exists universal constants M large, and 0 small such

that the function
By A"
W:= Mz, +u— 02| — —=——22
(Aé)n—l

satisfies
L, (@) < =6 trU,
and
@W>00ndQNB,), @W>0ondQNB,)\ B,

Proof. We first choose é < p small such that
u—"06|2'12>4 onQ\ B,y

The existence of ¢ follows for example from (4.3). We choose M such that
Mz, — — 22 >0 on .

Then on 02,
w>u— o2’ >0,

and we obtain the desired inequalities for w on 0f2.
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If we denote

o 1 NP A" 2
o) = (A4 mmat)

n

An—1 )

then

det D?q = D?q > 61

and we obtain as in Lemma 5.2 3
L,w<—-¢§trU.
O

Proof of Proposition 6.1. By dividing the equation by a suitable constant we may suppose
that 3 }
[ol[ee <6, g/ tr Ul <6,
and we need to show that
|U| < Cdyn 1in 00N Bp/g.
Since v <w on (2N B,) and L,v > L,w we obtain v <@ in N B, hence
v(0,z,) < Cuy, if z,, € [0, p/2].

The same argument applies at all points xyg € 92N B, /, and we obtain the upper bound
for v. The lower bound follows similarly and the proposition is proved.

O
Proof of Theorem 2.1. By dividing by a suitable constant we may suppose that
[0llze + [lg/ tr Ullz
is sufficiently small such that, by Proposition 6.1,
1 —
lv| < édag in QN B,,.

We focus our attention on the sections at the origin and we show that we can improve
these bounds in the form
(6.1) apdon < v < bpdyq, in Sy,
for appropriate constants ay, by,. First we fix hg small universal and let
ap, = —1/2, by, =1/2.
Then we show by induction that for all
h = hob*, k>0,

we can find ay, increasing and by, decreasing with & such that (6.1) holds and
1 k
(62) bh — Qp = (%) Z Clh1/2| log h|2

for some large universal constant C';. We notice that this statement holds for & = 0 if hy
is chosen sufficiently small.
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Assume the statement holds for k. Proposition 4.3 implies that
anda, < vn < budag, in Sy(up)
with
@, — ap| < ChY?|logh|*, |by — b] < ChY?|log h|*.
Since
(up, S1(up)) € Dy, for o= Ch'/?,
and (see (4.6), (4.7))

Luhvh = Gh,

lgn/trUnl| e < CRY2[1og hf*||g/trU|| <
< Ch'?|1og h|?
< c1(by — @),
we can apply Proposition 5.8 and conclude
Aondon, < vn(z) < bondag,,, in Sy(up).
with
b, — G, < n(by, — ap).
Rescaling back to Sy, and using Proposition 4.3 again, we obtain
(6.3) agndon < v < bgpdaq, in Son(u)
where
bon — agn < 1(by, — ap) + Ch'?|log h| < (1+1)/2(by — an).
By possibly modifying their values we may take agy, by, such that

1+
an < agp, < bgp, < b, bor, — agn, = Tn(bh — ap).

From (6.1), (6.2) we find

0scg, v < Ch1/2+a,
for some small o universal. Using (4.2) we obtain
oscp,v < Crite ifr <e,

and the theorem is proved.
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7. PROOF OF THEOREM 2.5
In this last section we prove Propositions 2.6 and 3.2 and Theorem 2.5.
Proof of Proposition 2.6. Let y € ) with
r=daa(y) <c,
and consider the maximal section Sy , centered at y, i.e.,
h =maz{h| S, C Q}.
By Proposition 3.2 applied at the point
T € 0S, 5 NOSY,
we have
B2 e, |Vuly) = V()| < CRY2,
and Sy, , is equivalent to an ellipsoid £ i.e
¢cE C S, —yCCE,
where
E = l_zl/QAlngl, with || Azl ||A7:1|| < C|loghl.
We denote
uy =u—u(y) — Vu(y)(z —y).
The rescaling u : S; — R of u
W) = =uy(TE) «=T%=y+h'"?4A "7,
satisfies .
det D*u(%) = f(%) := f(T%),
and
B.C S CBe,  Si=h"2A(Sh, —v),

where S; represents the section of @ at the origin at height 1.
The interior C''*7 estimate for solutions of the Monge-Ampere equation (see [C1]) gives

V(%) — Vi(z)| < Cl2 — 2" V2,% € Sij
for some v € (0, 1), C universal. Rescaling back and using
Vi(z) — Vu(z) = B’I/Q(Al—jl)T(Vu(zl) — Vu(z)), 5 — 2= h7Y2 45 (2 — 2)
we find
|Vu(z1) — Vu(z)| < |21 — 2|7 V21,22 € Sppny

Notice that this inequality holds also in the Euclidean ball B,2(y) C Sy /5,. Also, if yo € 9Q
denotes the closest point to y on 9 i.e |y — yo| = r, by Lemma 4.1, we find

[Vu(y) = Vulyo)| < [Vuly) — Vu(wo)| + [Vu(zo) — Vu(yo)| < r'/2.
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These oscillation properties for Vu and Lemma 4.1 easily imply that
[Vu]ca@y < C,
for some o € (0,1), C universal.
If we assume that f € C?(Q) then
[ llossy < Mflles@),
and the interior C>f estimates for @ in S; (see [C2]) give
(7.1) |D%loogs, < K.
In particular
ID*u(y)|| = [ A7 D*a(0)Aj|| < K|log h* < K|logr|?,

where by K we denote various constants depending on 3, ||f|cs@ and the universal
constants.

g

Proof of Theorem 2.5. We use the same notations as in the proof of Proposition 2.6.
After multiplying v by a suitable constant we may assume that

lellerr + Mlg/ tr Ullpee = 1.
We define also the rescaling v for v
o(z) == h™20(Tx).
From Theorem 2.4 we obtain

max [v — v(zo) — Vu(zo)(z — 20)| < Cr1Fe
hyy

for some universal o € (0,1) and C, hence

max |[3() — 0(&o) — V(%) (Z — Zo)| < Criteh=12 < Core.

1
Using the computations in Section 4 we see that v solves
Uij{)ij = g(r) == Bl/zg(Tf’U)>
with
13()/tr Ul (s, .y < CBY?|Tog hf[lg/ tr Ul < Cr.
Since (7.1) holds, we can apply Schauder estimates and find that for any z;, 2, € S, /4
IV5(0) — Vi(Z)| < K, |VO(21) — Vi(%)| < Kr |2 — 2|/
Using that V(%) = (4;1)TVu(z;) we obtain
IVo(y) — Vo(zg)| < Kr®'/?, |[Vo(z) — Vo(zy)| < K|z — 2]*/?

for any z1, z9 € B,2(y). These inequalities and Theorem 2.4 give as in the proof of Propo-
sition 2.6 above the desired C1** bound for v.
O
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Remark 7.1. Theorem 2.5 still holds if we only assume that f € C(2). In this case
one needs to apply the interior C** estimates for the linearized Monge-Ampere equation
obtained by Gutiérrez and Nguyen [GN].

We conclude the paper with a sketch of the proof of Proposition 3.2.

Proof of Proposition 3.2. Assume that the hypotheses of the Localization Theorem 3.1 hold
at the origin. For a > 0 we denote

Si={recQ u(zr)<an,},

and clearly S;, C S, if a; < as. The proposition easily follows once we show that S/,
has the shape of the ellipsoid Ej, for all small A.
From Theorem 3.1 we know

Sy ={u<h} Ck'E, C{z, <k 'h/?}
and since u(0) = 0 we use the convexity of u and obtain
(7.2) Sypie C Sp Mo
This inclusion shows that in order to prove that S, , is equivalent to Ej it suffices to
bound its volume by below
|Spira] = c|Enl.
From Theorem 3.1, there exists y € Sy, such that g, > k(6h)/2. We evaluate

0 :=u— kh'?x,,

at y and find
a(y) < 0h — khY?k(OR)Y? < —6h,

for some 0 > 0 provided that we choose 6 small depending on k. Since % = 0 on 95},
and

det D*a > A
we have
e~ 2
inf @] < C(N)[S),2*",
hence
ch™? < |11 ).
U
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