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Abstract. Virasoro conformal blocks are a family of functions that encode the universal structure for 2D
conformal field theory (CFT) in the conformal bootstrap framework. Two of the most basic conformal blocks

are the one for the four-point sphere and for the one-point torus cases. They are defined as power series of

the complex parameter (i.e. the modular parameter) encoding the corresponding marked Riemann surfaces,
which are determined by the Virasoro algebra indexed by a central charge c. Moreover, each marked point

carries a parameter called the external momentum and there is an additional parameter called the internal
momentum. It is a longstanding conjecture that the these two power series have convergence radius 1.

Moreover, they are meromorphic in their internal momentum where the location of the poles are dictated

by the Kac table. In this paper we prove this conjecture when the central charge c > 25 and the external
moments belongs to a certain range. Moreover, we prove Ponsot and Teschner’s formula for the fusion kernel

of the four-point spherical blocks and Teschner’s formula for the modular kernel of the one-point torus block.

These kernel encode the symmetry of the space of conformal blocks with respect to the mapping class group.
Our proof is based on the recently developed conformal bootstrap for Liouville CFT constructed using the

Gaussian multiplicative chaos (GMC). As a byproduct, we derived GMC expression of the four-point sphere

and one-point torus conformal blocks.
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1. Introduction

A conformal field theory (CFT) is a way to construct random functions on Riemannian manifolds that
transform covariantly under conformal (i.e. angle preserving) mappings. Since the seminal work of Belavin-
Polyakov-Zamolodchikov [BPZ84], two dimensional (2D) CFT has grown into one of the most prominent
branches of theoretical physics, with applications to 2D statistical physics and string theory, as well as far
reaching consequences in mathematics; see e.g. [DFMS97]. The paper [BPZ84] introduced a schematic pro-
gram called the conformal bootstrap to exactly solve correlation functions of a given 2D CFT in terms of
its 3-point sphere correlation functions and certain power series called conformal blocks. These confor-
mal blocks are completely specified by the Virasoro algebra that encodes the infinitesimal local conformal
symmetries, and they only depend on the specific CFT through a single parameter called the central charge.
Outside of CFT, conformal blocks are related to Nekrasov partition functions in gauge theory via the Alday-
Gaiotto-Tachikawa correspondence [AGT10], solutions to Painlevé-type equations [GIL12], and quantum
Teichmüller theory and representation of quantum groups [PT99, PT01, TV15], among other things.

In this paper, we prove analyticity and symmetry properties for these conformal blocks in the two most
fundamental cases: the one of the one-point torus and of the four-point sphere. Our proof strategy requires
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the probabilistic construction of the Liouville conformal field theory (LCFT) giving rigorous meaning
to the path integral formalism of quantum field theory on the sphere in [DKRV16] and on other surfaces
in [DRV16, HRV18, GRV19]. The construction is via Gaussian multiplicative chaos (GMC), a random
measure defined by exponentiating the Gaussian free field (see e.g. [RV14, Ber17]). LCFT depends on a
coupling constant γ ∈ (0, 2) which is in bijection with the central charge c via

(1.1) c = 1 + 6Q2 ∈ (25,∞), where Q =
γ

2
+

2

γ
.

The conformal bootstrap for Liouville CFT has recently been proved in this probabilistic framework, first
in the case of the Riemann sphere [GKRV20], then for general boundaryless Riemann surfaces [GKRV21],
and lastly in the case of the annulus in [Wu22]. We will take these boundary bootstrap statements as the
starting point of our proofs. We now move to defining the conformal blocks of interest purely in terms of
the Virasoro algebra and stating the main analyticity result for these functions.

1.1. Analyticity of the 4-point spherical and 1-point toric conformal blocks. We start by recalling
the definition of conformal blocks as power series defined in terms of the Virasoro algebra. The Virasoro
algebra Vir with central charge c is the associative algebra with generators {Ln}n∈Z and 1 and relations

1Ln = Ln1 and [Ln,Lm] = (n−m)Ln+m +
c

12
(n3 − n)δn,−m1 for m,n ∈ Z.(1.2)

A sequence of integers ν = (νi)i≥1 is called a Young diagram if the mapping i 7→ νi is non-increasing and if
νi = 0 for i sufficiently large. We denote by |ν| :=

∑
i≥1 νi the length of the Young diagram. Given a Young

diagram ν we denote

L−ν = L−νk
· · · L−ν1

and Lν = Lν1
· · · Lνk

.

For Young diagrams ν and ν′ satisfying |ν| = |ν′|, one can check that (see e.g. Lemma A.2 in [GKRV20])

(1.3) LνL−ν′1 =
∑
k≥0

ak(ν, ν
′)Lk

01.

where the coefficients ak(ν, ν
′) are purely determined by the Virasoro algebra. We yields the dependence of

ak(ν, ν
′) on c as we fix the central charge as a globally parameter. The Schapovalov form is then defined as

(1.4) F∆(ν, ν
′) =

∑
k≥0

ak(ν, ν
′)∆k.

For N ≥ 0, let F∆,N (ν, ν′) = (F∆(ν, ν
′))|ν|=|ν′|=N . By Kac determinant formula (see [FF83]), the matrix

F∆,N is invertible if and only if ∆ ∈ C is not in the set

DWc(N) := {c− 1

24
− (rb+ sb−1)2 : r, s are positive integers such that rs ≤ N},

where b satisfies c = 1 + 6(b + b−1)2. Although b has two choices the set DWc(N) is independent of this
choice. The set of degenerate weights of the Virasoro algebra is given by

(1.5) DWc := ∪N≥0DWc(N) = {∆r,s =
c− 1

24
− (rb+ sb−1)2 : r, s are positive integers}.

Fix c and as α1, α2, α3, α4, P as parameters. Then define the following quantities:

∆αi
=

αi

2
(Q− αi

2
), ∆Q+iP =

Q2

4
+

P 2

4
=

c− 1

24
+

P 2

4
.

For integers n ≥ 0 and ∆P /∈ DWc, let
(1.6)

βn(∆Q+iP ; ∆α1 ,∆α2 ,∆α3 ,∆α4) :=
∑

|ν|,|ν′|=n

v(∆α1 ,∆α2 ,∆Q+iP , ν)F
−1
∆Q+iP

(ν, ν′)v(∆α4 ,∆α3 ,∆Q+iP , ν
′),

where the sum is over Young diagrams and v(·, ·, ·, ·) is given by

(1.7) v(∆,∆′,∆′′, ν) :=

k∏
j=1

(νj∆
′ −∆+∆′′ +

∑
u<j

νu).
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Definition 1.1. The s-channel four-point spherical conformal block is defined as the formal power series

(1.8) Fc,sphere
∆α1

,∆α2
,∆α3

,∆α4
(z; ∆Q+iP ) =

∞∑
n=0

βn(∆Q+iP ; ∆α1
,∆α2

,∆α3
,∆α4

)zn.

Remark. In some literature the s-channel block is defined as z∆Q+iP−∆α1
−∆α2Fc,sphere

∆α1 ,∆α2 ,∆α3 ,∆α4
(z; ∆Q+iP )

instead.

The first main result of our paper is to the realization of the four-point spherical conformal block as a
function holomorphic in z in the unit disk, meromorphic in ∆Q+iP with poles at the degenerate weights, for
c > 25 and (∆α1

,∆α2
,∆α3

,∆α4
) in some appropriate range. In our statement below for each ∆ ∈ DWc,

we let m(∆) be the cardinality of the set {integers r, s ≥ 1 : c−1
24 − (rb + sb−1)2 = ∆} and called it the

multiplicity of ∆ in DWc. When c is such that b2 is irrational, then each ∆ ∈ DWc has multiplicity one.
Otherwise there exists degenerates weights with finite multiplicities greater than one.

Theorem 1.2. Fix c > 25 and α1, α2, α3, α4 satisfying αi < Q, α1 + α2 > Q, α3 + α4 > Q, α1 + α4 > Q,
α2 + α3 > Q. There exists a function F sph(z; ∆) for complex (z,∆) (depending on c,∆α1

,∆α2
,∆α3

,∆α4
)

with the following properties:

(a). F sph(z; ∆) is analytic in (z,∆) for |z| < 1 and ∆ /∈ DWc;
(b). For |z0| < 1 and ∆r,s ∈ DWc, (∆−∆r,s)

m(∆r,s)F sph(z; ∆) is analytic in a neighborhood of (z0,∆r,s);

(c). ∂n

∂znF sph(0;∆) = n!βn(∆;∆α1
,∆α2

,∆α3
,∆α4

) for ∆ /∈ DWc with βn in (1.8);
(d). For ∆r,s ∈ DWc, one has:

Res
∆=∆m,n

F sph(z; ∆) = Am,nz
mnF sph(z; ∆−m,n).

We now turn to the definition of the 1-point toric conformal block. For ∆ ∈ C, the Verma module M∆ of
highest weight ∆ is a Vir-module defined as follows. There exists a vector v∆ ∈ M∆, called a highest weight
vector, such that

(1.9) Lnv∆ = 0 for n > 0 and L0v∆ = ∆v∆.

Moreover, the set of vectors {L−νv∆} indexed by Young diagrams form a basis of M∆. The action of Vir on
M∆ is given by commuting the action of a generator Ln on a basis vector to create a linear combination of
other basis vectors using the relations (1.2). Given ∆1,∆2,∆, the operator product expansion in CFT leads
to a bilinear form (· | ·)∆ on M∆1

×M∆2
which can be uniquely specified by

(L−νv∆1
| L−nL−ν̃v∆2

)∆ = (LnL−νv∆1
| L−ν̃v∆2

)∆ + (−∆+ |ν| − |ν̃|+ (n+ 1)∆)(L−νv∆1
| L−ν̃v∆2

)∆;

(v∆1
| v∆2

)∆ = 1.(1.10)

Now we set w(∆,∆1,∆2, ν, ν̃) = (L−νv∆1
| L−ν̃v∆2

)∆ and

WN (∆,∆1,∆2) = (w(∆,∆1,∆2, ν, ν̃))|ν|=|ν̃|=N for N ≥ 0.(1.11)

For fixed Young diagrams ν, ν̃, one can check that w(∆,∆1,∆2, ν, ν̃) is a polynomial in ∆,∆1,∆2. Moreover,
similar to the Shapovalov matrix F∆,N , for fixed (∆,∆1,∆2), we can view WN (∆,∆1,∆2) as a matrix whose
entries are indexed by Young diagrams of length N .

Definition 1.3. The one-point toric conformal block is defined as the formal power series

(1.12) Fc,torus
∆α1

(q; ∆Q+iP ) =

∞∑
n=0

Tr(F−1
∆Q+iP ,n ·Wn(∆α1 ,∆Q+iP ,∆Q+iP ))q

n.

We now state the analogue of Theorem 1.2 for the 1-point torus case.

Theorem 1.4. Fix c > 25 and α ∈ (0, Q). There exists a function F tor(q; ∆) for complex (q,∆) (depending
on c,∆α1

) with the following properties:

(a). F tor(q; ∆) is analytic in (q,∆) for |q| < 1 and ∆ /∈ DWc;
(b). For |q0| < 1 and ∆r,s ∈ DWc, (∆−∆r,s)

m(∆r,s)F tor(q; ∆) is analytic in a neighborhood of (q0,∆r,s);

(c). ∂n

∂qnF
tor(0;∆) = n!Tr(F−1

∆,n ·Wn(∆α1 ,∆,∆)) for ∆ /∈ DWc;
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(d). Viewed as a meromorphic function in ∆ ∈ C, F tor(q; ∆) obeys:

F tor(q; ∆) =

∞∑
n,m=1

q2mn Rγ,m,n(α)

P 2 − P 2
m,n

F tor(q; ∆−m,n) + q
1
12 η(q)−1.

1.2. Fusion and modular symmetries. We now give the fusion transformation for the four point sphere
conformal block. It will related the expansion of the conformal block around z = 0 and z = 1.

Theorem 1.5. Let z ∈ (0, 1), let αi satisfy αi < Q, α1 + α2 > Q, α3 + α4 > Q, α1 + α4 > Q, α2 + α3 > Q
and P ∈ R. Then the following holds

(1.13) z
1
2P

2

F sphere
α1,α2,α3,α4

(z, P ) = C(z)

ˆ
R
Msphere

α1,α2,α3,α4
(P, P ′)(1− z)

1
2 (P

′)2F sphere
α1,α2,α3,α4

(1− z, P ′)dP ′,

where C(z) = z(∆α1
+∆α2

−Q2

2 )(1−z)(
Q2

2 −∆α3
−∆α2

) and where the fusion kernel is given by the formula (3.10).

We also have an analogue result for the one-point torus conformal block. Recall the modular parameter

τ ∈ H. Define q = eiπτ and q̃ = e−
iπ
τ . Then the following modular transformation relates the values of the

one-point torus block at q and q̃.

Theorem 1.6. For α ∈ (0, Q), q ∈ (0, 1), P ∈ R one has

(1.14) q−
1
12+

1
2P

2

F torus
α (q, P ) =

ˆ
R
Mtorus

α (P, P ′)q̃−
1
12+

1
2 (P

′)2F torus
α (q̃, P ′)dP ′,

where the modular kernel Mtorus
α (P, P ′) has expression given by (5.3).

2. Background on Liouville conformal field theory

Throughout most this section we work on H as our base domain, although by conformal invariance it
would be equivalent to work on the unit disk D or on any simply connected domain. In the last subsection
we repeat all the constructions on the annulus A.

2.1. Gaussian free field and Gaussian multiplicative chaos. Let h be the free boundary Gaussian free
field on the upper half plane H with covariance kernel

(2.1) E[h(x)h(y)] = log
1

|x− y||x− ȳ|
+ 2 log |x|+ + 2 log |y|+,

where |x|+ := max(|x|, 1) and in the sense that E[(h, f)(h, g)] =
˜

f(x)E[h(x)h(y)]g(y)dxdy, for smooth test
functions f and g. Let PH be the law of h, so that PH is a probability measure on the negatively indexed
Sobolev space H−1(H). This particular covariance kernel (2.1) corresponds to requiring the field to have
average 0 on the upper-half unit circle.

Given a sample h from PH, let hϵ(z) denote the average of h over {w ∈ H : |w − z| = ϵ}. The associated
quantum area and length measure - also known as Gaussian multiplicative chaos measures - are defined by:

(2.2) Ah = lim
ε→0

ϵ
γ2

2 eγhϵ(z)d2z, and Lh = lim
ε→0

ϵ
γ2

4 e
γ
2 hϵ(z)dz.

These limits hold in probability and against all suitable test functions.

2.2. Probabilistic definition of LCFT correlations on the upper-half plane. Before introducing the
correlation functions, we introduce the Liouville field, possibly with boundary insertions, which is constructed
from the Gaussian free field h.

Definition 2.1 (Liouville field). Let (h, c) be sampled from PH× [e−Qcdc] and set ϕ = h(z)−2Q log |z|++c.
We write LFH as the law of ϕ, and call a sample from LFH a Liouville field on H.

Definition 2.2 (Liouville field with insertions). Let (αj , sj) ∈ R× ∂H for j = 1, . . . ,M , where M ≥ 1 and

the sj are pairwise distinct. Sample (h, c) from C
(αj ,sj)j
H PH × [e(

1
2

∑
j αj−Q)cdc] where

C
(αj ,sj)j
H =

M∏
j=1

|sj |
−αj(Q−

αj
2 )

+

∏
1≤j<k≤M

e
αjαk

4 GH(sj ,sk).
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Let ϕ(z) = h(z)− 2Q log |z|++
∑M

j=1
αj

2 GH(z, sj)+ c. We write LF
(αj ,sj)j
H for the law of ϕ and call a sample

from LF
(αj ,sj)j
H the Liouville field on H with insertions (αj , sj)1≤j≤M .

We can also define Liouville fields with an insertion at ∞. Fix z ∈ (0, 1). We will need the case

LF
(α1,0),(α2,z),(α3,1),(α4,∞)
H , which can be defined by lims→∞ |s|2∆4LF

(α1,0),(α2,z),(α3,1),(α4,s)
H with ∆4 = α4

2 (Q−
α4

2 ). Here we give a more explicit definition without using a limiting procedure.

Definition 2.3. Fix α1, α2, α3, α4 ∈ R and z ∈ (0, 1). Set s1 = 0, s2 = z, s3 = 1, s4 = ∞ and GH(z,∞) =

2 log |z|+. Sample (h, c) from |z|−
α1α2

2 |1−z|−
α2α3

2 PH× [e(
1
2

∑
j αj−Q)cdc]. We write LF

(α1,0),(α2,z),(α3,1)(α4,∞)
H

for the law of ϕ where ϕ(z) = h(z)− 2Q log |z|+ +
∑4

j=1
αj

2 GH(z, sj) + c.

With these definitions we can now give the definition of the boundary four-point function of LCFT.

Definition 2.4. Let µi ≥ 0 for i = 1, 2, 3, 4 with at least one parameter strictly positive. Suppose
α1, α2, α3, α4 ∈ R satisfy the Seiberg bounds:

(2.3)

4∑
i=1

αi > 2Q and αi < Q.

Then using the notation (z1, z2, z3, z4) = (0, z, 1,∞), the boundary four-point function is defined by:
(2.4)〈

4∏
i=1

Bµi,µi+1
αi

(zi)

〉
:=

ˆ
e−µ1Lϕ(−∞,0)−µ2Lϕ(0,z)−µ3Lϕ(z,1)−µ4Lϕ(1,+∞) LF

(α1,0),(α2,z),(α3,1),(α4,∞)
H (dϕ).

Here the notation B
µi,µi+1
αi (zi) indicates we have a boundary insertion of weight αi at zi with boundary

cosmological constant µi to the left of zi and µi+1 to the right. By convention µ5 = µ1.

2.3. Structure constants of boundary LCFT. The first step in solving boundary Liouville CFT is to
compute its structure constants. This has been performed in the probabilistic framework in the works [RZ20].
We recall here these results in the case where the bulk Liouville potential is set to zero. We list the analytic
expressions for the bulk one-point function U , the bulk-boundary correlator G, and the boundary three-point
function H. These formulas can also be defined probabilistically in an appropriate parameter range (as the
boundary four-point function given above) but for our purposes we will only be working with the analytic
expressions.

• Bulk one-point function. Consider parameters µB > 0, β ∈ C. The bulk one-point function has
analytic expression given by:

(2.5) UµB
(β) =

2

γ
Γ(

2(β −Q)

γ
)µ

2(Q−β)
γ

B

(
2−

γβ
2 2π

Γ(1− γ2

4 )

) 2
γ (Q−β)

Γ(
γβ

2
− γ2

4
).

• Bulk-boundary correlator. Consider parameters µB > 0, α, β ∈ C. The one-point bulk one-point
boundary function has analytic expression given by:

GµB
(α, β) =

2

γ
Γ(

2(β −Q) + α

γ
)µ

2(Q−β)−α
γ

B

(
2−

γβ
2 + γα

4 2π

Γ(1− γ2

4 )

) 2
γ (Q−β−α

2 )

(2.6)

×
Γ(γβ2 + γα

4 − γ2

4 )Γ γ
2
(β − α

2 )Γ γ
2
(β + α

2 )Γ γ
2
(Q− α

2 )
2

Γ γ
2
(Q− α)Γ γ

2
(β)2Γ γ

2
(Q)

.

Note here that the parameter α corresponds to the boundary insertion and the parameter β to the
bulk insertion, which is the opposite of the convention used in (cite).

• Boundary three-point function. Consider parameters β1, β2, β3 ∈ C and µ1, µ2, µ3 ∈ {z ∈
C|Re(z) > 0}. Given these µi we define variables σi by the relation µi = eγiπ(σi−Q

2 ) with σi =
Q
2 for

µi = 1. The boundary three-point function is then given by

H
(β1,β2,β3)
(µ1,µ2,µ3)

=
2

γ
Γ(

β1 + β2 + β3 − 2Q

γ
)H

(β1,β2,β3)

(µ1,µ2,µ3),
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where H
(β1,β2,β3)

(µ1,µ2,µ3) is a meromorphic function on C6 of its six parameters βi, σi, which under the

condition Re
(
Q− σ3 + σ2 − β2

2

)
> 0 can be represented by the formula:

H
(β1,β2,β3)

(µ1,µ2,µ3)(2.7)

=
(2π)

2Q−β
γ +1( 2γ )

( γ
2 −

2
γ )(Q− β

2 )−1

Γ(1− γ2

4 )
2Q−β

γ Γ(β−2Q
γ )

Γ γ
2
(2Q− β

2 )Γ γ
2
(β1+β3−β2

2 )Γ γ
2
(Q− β1+β2−β3

2 )Γ γ
2
(Q− β2+β3−β1

2 )

Γ γ
2
(Q)Γ γ

2
(Q− β1)Γ γ

2
(Q− β2)Γ γ

2
(Q− β3)

× ei
π
2 (−(2Q− β1

2 −σ1−σ2)(Q− β1
2 −σ1−σ2)+(Q+

β2
2 −σ2−σ3)(

β2
2 −σ2−σ3)+(Q+

β3
2 −σ1−σ3)(

β3
2 −σ1−σ3)−2σ3(2σ3−Q))

S γ
2
(β1

2 + σ1 − σ2)S γ
2
(β3

2 + σ3 − σ1)

×
ˆ
C

S γ
2
(Q− β2

2 + σ3 − σ2 + r)S γ
2
(β3

2 + σ3 − σ1 + r)S γ
2
(Q− β3

2 + σ3 − σ1 + r)

S γ
2
(Q+ β1

2 − β2

2 + σ3 − σ1 + r)S γ
2
(2Q− β1

2 − β2

2 + σ3 − σ1 + r)S γ
2
(Q+ r)

eiπ(−
β2
2 +σ2−σ3)r

dr

i
.

In the integral appearing above the contour C goes from −i∞ to i∞ passing to the right of the poles
at r = −(Q− β2

2 +σ3−σ2)−nγ
2−m 2

γ , r = −(β3

2 +σ3−σ1)−nγ
2−m 2

γ , r = −(Q− β3

2 +σ3−σ1)−nγ
2−m 2

γ

and to the left of the poles at r = −(β1

2 −β2

2 +σ3−σ1)+nγ
2+m 2

γ , r = −(Q−β1

2 −β2

2 +σ3−σ1)+nγ
2+m 2

γ ,

r = nγ
2 +m 2

γ with m,n ∈ N. See appendix A.2 for more details on this expression.

Note again that all these expressions correspond to having set the bulk cosmological constant of Liouville
CFT to 0. We will also use the special cases of the boundary three-point function where one or two of the
boundary cosmological constants are set to zero. This reduction has been performed in [RZ20]. We state it
here as a lemma.

Lemma 2.5. Let β1, β2, β3 ∈ C and µ2, µ3 > 0. Define as before σ2, σ3 by the relation µi = eγiπ(σi−Q
2 ) with

σi =
Q
2 for µi = 1. In the case of a single non-zero cosmological constant, one has the simple scaling

H
(β1,β2,β3)
(0,µ2,0)

=
2

γ
Γ(

β1 + β2 + β3 − 2Q

γ
)µ

2Q−β1−β2−β3
γ

2 H
(β1,β2,β3)

(0,1,0) ,

and the expression:

H
(β1,β2,β3)

(0,1,0) =
(2π)

2Q−β
γ +1( 2γ )

( γ
2 −

2
γ )(Q− β

2 )−1

Γ(1− γ2

4 )
2Q−β

γ Γ(β−2Q
γ )

Γ γ
2
(β2 −Q)Γ γ

2
(β1+β3−β2

2 )Γ γ
2
(β2+β3−β1

2 )Γ γ
2
(Q− β1+β2−β3

2 )

Γ γ
2
(Q)Γ γ

2
(Q− β1)Γ γ

2
(Q− β2)Γ γ

2
(β3)

.

The formula for H with two non-zero cosmological constants is given by:

H
(β1,β2,β3)

(0,µ2,µ3) =
(2π)

2Q−β
γ +1( 2γ )

( γ
2 −

2
γ )(Q− β

2 )−1

Γ(1− γ2

4 )
2Q−β

γ Γ(β−2Q
γ )

Γ γ
2
(2Q− β

2 )Γ γ
2
(β1+β3−β2

2 )Γ γ
2
(Q− β1+β2−β3

2 )Γ γ
2
(Q− β2+β3−β1

2 )

Γ γ
2
(Q)Γ γ

2
(Q− β1)Γ γ

2
(Q− β2)Γ γ

2
(Q− β3)

× eiπσ2(2Q−β1−β2−β3)e
iπ
2 Q(β1+β2+β3−2Q)

ˆ
C

S γ
2
(β2

2 + β3

2 − β1

2 + r)S γ
2
(β2 −Q+ r)

S γ
2
(Q+ r)S γ

2
(β3 + r)

e−i2π(σ2−σ3)r
dr

i
.

This last integral is converging if and only if:

Re(β2 − 2Q+ 2(σ2 − σ3)) < 0, Re(2Q− β2 + 2(σ2 − σ3)) > 0.

2.4. Conformal bootstrap for boundary LCFT. The next step in solving Liouville CFT is known as
the conformal bootstrap. This has been performed in the case of boundaryless surfaces in the breakthrough
works [GKRV20, GKRV21]. In the case of surfaces with boundary, there is a result in the case of the
annulus [Wu22] and a work in progress by the authors of [GKRV20, Wu22], in the case of general surfaces
with boundary.

In order to derive the fusion transformation of the spherical conformal block, we will use the two differ-
ent ways of writing the conformal bootstrap for the four-point boundary disk correlation function. These
statements have not yet been proved in the literature but they are a work in preparation by the authors of
[GKRV20, Wu22].
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Theorem 2.6. Let αi < Q, α1 + α2 > Q, α3 + α4 > Q and z ∈ (0, 1). Then one has:〈
4∏

i=1

Bµi,µi+1
αi

(zi)

〉
= z(

Q2

4 −∆α1
−∆α2

)

ˆ
R
H

(α1,α2,Q+iP )
(µ1,µ2,µ3)

H
(α3,α4,Q−iP )
(µ3,µ4,µ1)

z
P2

4 F sphere
α1,α2,α3,α4

(z, P )dP.(2.8)

Here the integration over P is absolutely converging, i.e., it converges with absolute values added.

The previous statement corresponds to the fusion z → 0. Let us now give the z → 1 statement:

Theorem 2.7. Let αi < Q, α1 + α4 > Q, α2 + α3 > Q and z ∈ (0, 1). Then one has:〈
4∏

i=1

Bµi,µi+1
αi

(zi)

〉
= (1− z)(

Q2

4 −∆α3
−∆α2

)

ˆ
R
H

(α1,Q+iP ′,α4)
(µ1,µ2,µ4)

H
(α2,α3,Q−iP ′)
(µ2,µ3,µ4)

(1− z)
P ′2
4 F sphere

α1,α2,α3,α4
(1− z, P ′)dP ′.

The integral over P is again absolutely converging.

2.5. The 1-point torus case. We give the analogue of the previous subsections required to prove our
results for one-point torus conformal block. We will require LCFT and the bootstrap statements on an
annulus. For τ ∈ iR, we define the annulus

Cτ := the rectangule bounded by 0, 1,
τ

2
, 1 +

τ

2
with vertical edges identified.

2.5.1. Boundary Liouville theory on the annulus. We will now define Liouville CFT on the annulus Cτ . We
define the annulus boundaries

∂0Cτ := [0, 1] ∂1Cτ := [τ/2, 1 + τ/2].

We adopt the notations of [ARS22] with τARS := τ
2i . In particular, we define:

• LFτ is the law of the Liouville field ϕ on Cτ , defined as in [ARS22, Definition 2.2] with τARS.
• Lγ

ϕ is the quantum length operator

• L0 := Lγ
ϕ(∂0Cτ ) and L1 := Lγ

ϕ(∂1Cτ ) are the boundary lengths.

In what follows, we fix the following cosmological constants:

• µ = 0, the bulk cosmological constant
• µ0 > 0, the boundary cosmological constant corresponding to ∂0Cτ
• µ1 > 0, the boundary cosmological constant corresponding to ∂1Cτ

2.5.2. Boundary bootstrap on the annulus. With the previous notations we can now state the bootstrap
results on Cτ . The first boundary bootstrap, proved in [Wu22, Theorem 1.2], is the following statement,
which we extrapolate from the case α = γ in [ARS22, Theorem 3.1].

Theorem 2.8. Let α ∈ (0, Q), q ∈ (0, 1). We have that:

1

η(q)
LFτ

[
L1e

−µ0L0−µ1L1Vα
2
(0)
]
= − 1

2π

ˆ
R
Gµ0

(α,Q+ iP )∂µ1
Uµ1

(Q− iP )q
1
2P

2

q−
1
12F torus

α (q, P )dP.

In the work in preparation (cite), the following alternative boundary bootstrap which corresponds to a
vertical cut of the annulus will be established.

Theorem 2.9. Let α ∈ (0, Q), q ∈ (0, 1). We have that

1

η(q)
LFτ

[
e−µ0L0−µ1L1Vα

2
(0)
]
=

C1

2π
τ−

α
2 (Q−α

2 )

ˆ
R
H

(α,Q+iP,Q−iP )
(µ0,µ0,µ1)

q̃
1
2P

2

q̃−
1
12F torus

α (q̃, P )dP,

for C1 a global constant independent of all parameters.

3. GMC expression and fusion transformation of spherical conformal blocks

The main goal of this section is twofold. In Section 3.1, we provide an expression of the 4-point sphere
conformal block using the Gaussian multiplicative chaos measure and relate it to the conformal block ap-
pearing in the bootstrap statements of Theorems 2.6 and 2.7. In Section 3.2, we prove Theorem 1.5 which
shows the fusion transformation for the conformal block defined using GMC in the parameter range where
it is well-defined.
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3.1. GMC expression for 4-point sphere conformal block. We start by introducing the probabilistic
definition of the 4-point sphere conformal block. The definition will be stated using Gaussian multiplicative
chaos with respect to the GFF on H with insertions. Recall that h is the free boundary GFF on H (see

Section 2.1 for its definition). Now we define the field ĥ by adding some deterministic function with with h
which is given below:

(3.1) ĥ(x) = h(x) + α1 log
1

|x|
+ α2 log

1

|x− z|
+ α3 log

1

|x− 1|
+ (α1 + α2 + α3 + α4 − 2Q) log |x|+.

Now we use ĥ to define the sphere conformal block. Recall the definition of Lĥ(0, z) and Lĥ(1,∞) from
Section 2.2.

Definition 3.1. (Probabilistic definition of the 4-point spherical block) Let γ ∈ (0, 2) and z ∈ (0, 1).
Consider parameters α1, α2, α3, α4 < Q and P ∈ C obeying the following bounds:

Q+ Im(P )− α1 − α2

γ
<

4

γ2
∧ 2

γ
(Q− α1) ∧

2

γ
(Q− α2),

Q− Im(P )− α3 − α4

γ
<

4

γ2
∧ 2

γ
(Q− α3) ∧

2

γ
(Q− α4).

Our probabilistic definition of the 4-point sphere conformal block is given as

Gsphere
α1,α2,α3,α4

(z, P ) :=
z(∆α1+∆α2−

P2

4 −Q2

4 −α1α2
2 )(1− z)−

α2α3
2

Z
E
[
Lĥ(0, z)

Q−iP−α1−α2
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

]
,

where the normalization is given by

Z =
8π

γ
H

(α1,α2,Q+iP )

(0,1,0) H
(α3,α4,Q−iP )

(0,1,0) ,

where the functions H have an explicit expression given in Lemma 2.5.

Remark. By using Lemma 2.5, the above normalization can be further evaluated as:

Z =
8π

γ

(2π)
2Q−α

γ +2( 2γ )
( γ
2 −

2
γ )( 2Q−α

2 )−2

Γ(1− γ2

4 )
2Q−α

γ

Γ γ
2
(α1+α2−Q+iP

2 )Γ γ
2
(α1+Q+iP−α2

2 )Γ γ
2
(α2+Q+iP−α1

2 )Γ γ
2
(Q− α1+α2−Q−iP

2 )

Γ γ
2
(Q)Γ γ

2
(Q− α1)Γ γ

2
(Q− α2)Γ γ

2
(Q+ iP )

×
Γ γ

2
(−Q+α3+α4−iP

2 )Γ γ
2
(α3+Q−iP−α4

2 )Γ γ
2
(α4+Q−iP−α3

2 )Γ γ
2
(Q− α3+α4−Q+iP

2 )

Γ(α1+α2+iP−Q
γ )Γ(α3+α4−iP−Q

γ )Γ γ
2
(Q)Γ γ

2
(Q− α3)Γ γ

2
(Q− α4)Γ γ

2
(Q− iP )

.

The following lemma will show the above definition of the probabilistic conformal block is well-posed in
the given parameter range.

Lemma 3.2. In the parameter range of Definition 3.1, the following holds:

E
[∣∣∣Lĥ(0, z)

Q−iP−α1−α2
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

∣∣∣] < +∞.

Proof. Fix z ∈ (0, 1) and z0 ∈ (z, 1). Consider the vertical line in H given by L = {z0 + iy, y > 0}. We
can split the upper-half plane into H = H1 ∪ H2 ∪ L, where H1 (respectively H2) is the subdomain of H to
the left (respectively to the right) of the line L. We will then apply the Markov property of the GFF h to
this decomposition, namely we write h = h1 + h2 + hL, where h1, h2 are GFFs respectively on H1,H2 with
zero boundary condition on L and hL is the harmonic extension on H of the restriction of h to L. Note that

h1, h2, hL are independent and that hL is smooth outside of L. We also denote by ĥ1, ĥ2 the law of h1, h2

weighted by the four insertions, namely defined using (3.1) but with hi, ĥi instead of h, ĥ. We now apply
this decomposition to our GMC expression of the conformal block:

E
[∣∣∣Lĥ(0, z)

Q−iP−α1−α2
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

∣∣∣] = E
[
Lĥ1+hL

(0, z)
Q+Im(P )−α1−α2

γ Lĥ2+hL
(1,∞)

Q−Im(P )−α3−α4
γ

]
≤ E

[
e|

Q+Im(P )−α1−β2
2 | supx∈(0,z) |hL(x)|e|

Q−Im(P )−α3−α4
2 | supx∈(1,∞) |hL(x)|Lĥ1

(0, z)
Q+Im(P )−α1−α2

γ Lĥ2
(1,∞)

Q−Im(P )−α3−α4
γ

]
≤ E

[
e|

Q+Im(P )−α1−α2
2 | supx∈(0,z) |hL(x)|e|

Q−Im(P )−α3−α4
2 | supx∈(1,∞) |hL(x)|

]
× E

[
Lĥ1

(0, z)
Q+Im(P )−α1−α2

γ

]
E
[
Lĥ2

(1,∞)
Q−Im(P )−α3−α4

γ

]
.

Above to obtain the second line we have bounded the field hL inside each GMC by the maximum of its
absolute value. Then in the last inequality we have used the independence of the three fields h1, h2, hL. Now
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each of the three expectations appearing in this last line are finite. For the first it follows from the fact that
hL is a continuous Gaussian process away from the line L and therefore its maximum on any compact set
admits exponential moments (here R is compact thanks to the background metric). For the last two terms
the choice of parameters given in Definition 3.1 implies these two GMC moments are finite. This completes
the proof. □

We now give a lemma computing the z → 0 limit of this conformal block.

Remark. We can directly check on this expression that as z → 0, the conformal block is equal to 1. Recall

the expression of ĥ given by (3.1). We now write out the two GMC integrals:

Lĥ(0, z) =

ˆ z

0

|x|−
α1γ
2 |x− z|−

α2γ
2 |x− 1|−

α3γ
2 e

γ
2 h(x)dx,

Lĥ(1,∞) =

ˆ ∞

1

|x|
γ
2 (α2+α3+α4−2Q)|x− z|−

α2γ
2 |x− 1|−

α3γ
2 e

γ
2 h(x)dx.

We take the limit z → 0. In the first GMC we will use the scaling of the field, for u ∈ (0, 1), z ∈ (0, 1):

e
γ
2 h(zu)du = |z|

γ2

4 e
γ
2 N (2 log 1

|z| )e
γ
2 h(u)du.

This gives:

Lĥ(0, z) = z

ˆ 1

0

|zu|−
α1γ
2 |zu− z|−

α2γ
2 |zu− 1|−

α3γ
2 e

γ
2 h(zu)du

∼
z→0

z
γ
2 (Q−α1−α2)e

γ
2 N (2 log 1

|z| )

ˆ 1

0

|u|−
α1γ
2 |u− 1|−

α2γ
2 e

γ
2 h(u)du.

For the second GMC, using the change of variable x = 1
u and the equality in law h(1/u) = h(u) we write:

Lĥ(1,∞) ∼
z→0

ˆ ∞

1

|x|
γ
2 (α3+α4−2Q)|x− 1|−

α3γ
2 e

γ
2 h(x)dx =

ˆ 1

0

|x|−
α4γ
2 |u− 1|−

α3γ
2 e

γ
2 h(u)du.

Using the fact that in limit the two GMC become independent we get that:

E
[
Lĥ(0, z)

Q−iP−α1−α2
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

]
∼

z→0
z(Q−α1−α2)

Q−iP−α1−α2
2 E

[
e

Q−iP−α1−α2
2 N (2 log 1

|z| )
]

× E

(ˆ 1

0

|u|−
α1γ
2 |u− 1|−

α2γ
2 e

γ
2 h(u)du

)Q−iP−α1−α2
γ

E

(ˆ 1

0

|x|−
α4γ
2 |u− 1|−

α3γ
2 e

γ
2 h(u)du

)Q+iP−α3−α4
γ


= z

Q2

4 +P2

4 +
α1α2

2 −∆α1
−∆alpha2H

(α1,α2,Q+iP )

(0,1,0) H
(α4,α3,Q−iP )

(0,1,0) .

We can now evaluate the product of GMC’s by the result of [RZ21] recalled in Lemma 2.5.

We now state the main result of this section which gives the almost everywhere equality of the two defi-
nitions of conformal block, namely the series expression given in Section 1.1 and the probabilistic expression
introduced in Definition 3.1.

Theorem 3.3. Let αi be such that αi < Q, α1 + α2 > Q, α3 + α4 > Q. Fix z ∈ (0, 1). Then one has:

F sphere
α1,α2,α3,α4

(z, P ) = Gsphere
α1,α2,α3,α4

(z, P ) almost everywhere in P ∈ R.

We will use the bootstrap statement of Theorem 2.6 to prove Theorem 3.3. Since the 4-point sphere
conformal block is free of the parameters {µi}1≤i≤4 of Theorem 2.6, we are free to choose the µi as we wish.
Throughout the whole proof below we will make the following choice:

µ1 = µ3 = 0, µ4 = 1.

The main idea for proving Theorem 3.3 is to apply the operator
´∞
0

dµ2µ
−a−1
2 to both sides of the

bootstrap statement of Theorem 2.6, where a = Q−iP−α1−α2

γ . When applied to the correlation function

in the left hand side of Theorem 2.6 this operator will recover Gsphere
α1,α2,α3,α4

(z, P ) and when applied to the

bootstrap integral in the right hand side it will recover F sphere
α1,α2,α3,α4

(z, P ). The following lemma performs
the first of these two steps.
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Lemma 3.4. Let a = Q−iP−α1−α2

γ . In the parameter range

αi < Q, α1 + α2 > Q+ Im(P ), α3 + α4 > Q− Im(P ),(3.2)

the following identity holds:

ˆ ∞

0

dµ2µ
−a−1
2

ˆ
e−µ2Lϕ(0,z)−Lϕ(1,∞) LF

(α1,0),(α2,z),(α3,1),(α4,∞)
H (dϕ)

(3.3)

= |z|−
α1α2

2 |1− z|−
α2α3

2 Γ(
α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)E
[
Lĥ(0, z)

Q−iP−α1−α2
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

]
= z(−∆α1

−∆α2
+P2

4 +Q2

4 )Γ(
α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)ZGsphere

α1,α2,α3,α4
(z, P ).

Proof. Recall from (3.1) that ĥ is the GFF weighted by the four insertions. Let us write out explicitly the
integration over the zero mode in the definition of the correlation function:

ˆ
e−µ2Lϕ(0,z)−Lϕ(1,+∞) LF

(α1,0),(α2,z),(α3,1),(α4,∞)
H (dϕ)

= |z|−
α1α2

2 |1− z|−
α2α3

2

ˆ
R
dce

1
2 (α1+α2+α3+α4−2Q)cE

[
e−e

γc
2 (µ2Lĥ(0,z)+Lĥ(1,∞))

]
= |z|−

α1α2
2 |1− z|−

α2α3
2 Γ(

α1 + α2 + α3 + α4 − 2Q

γ
)E
[(
µ2Lĥ(0, z) + Lĥ(1,∞)

) 2Q−α1−α2−α3−α4
γ

]
.(3.4)

Notice that (3.2) implies
∑4

i=1 αi > 2Q, which implies the above moment of GMC is a negative moment
and is thus finite for any µ2 ∈ (0,∞). Now we claim and prove that

ˆ ∞

0

dµ2µ
α1+α2+iP−Q

γ −1

2 E
[(
µ2Lĥ(0, z) + Lĥ(1,∞)

) 2Q−α1−α2−α3−α4
γ

]
(3.5)

=
Γ(α1+α2+iP−Q

γ )Γ(α3+α4−iP−Q
γ )

Γ(α1+α2+α3+α4−2Q
γ )

E
[
Lĥ(0, z)

Q−α1−α2−iP
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

]
Before proceeding to the proof of the above identity, observe that substituting this identity into the right
hand side of (3.4) implies (3.2). Therefore it suffices to show the above identity.

We first show that the integral in the right hand side of (3.5) is well defined. To this end, we show that
integral of the absolute of the corresponding integrand is finite. Taking the absolute value leads to transform
the left hand side of (3.5) into the following expression:

ˆ ∞

0

dµ2µ
α1+α2−Im(P )−Q

γ −1

2 E
[(
µ2Lĥ(0, z) + Lĥ(1,∞)

) 2Q−α1−α2−α3−α4
γ

]
=

ˆ ∞

0

du u
α1+α2−Im(P )−Q

γ −1E
[
Lĥ(0, z)

Im(P )+Q−α1−α2
γ

(
u+ Lĥ(1,∞)

) 2Q−α1−α2−α3−α4
γ

]
where the equality follows by making a change of variable µ2Lĥ(0, z) 7→ u. We will now show that the last
line of the above display is finite. Applying the Hölder inequality to the last line of the above display yields

ˆ ∞

0

du u
α1+α2−Im(P )−Q

γ −1E
[
Lĥ(0, z)

Im(P )+Q−α1−α2
γ

(
u+ Lĥ(1,∞)

) 2Q−α1−α2−α3−α4
γ

]
≤ E

[
Lĥ(0, z)

(Im(P )+Q−α1−α2)p1
γ

] 1
p1

ˆ ∞

0

du u
α1+α2−Im(P )−Q

γ −1E
[(
u+ Lĥ(1,∞)

) (2Q−α1−α2−α3−α4)p2
γ

] 1
p2

.

Here p1, p2 > 1 are such that 1
p1

+ 1
p2

= 1 and p2 arbitrarily close to 1. Recall our condition α1 + α2 >

Q + Im(P ). This implies the first term in the last line of the above display is a negative moment of GMC
and hence, the first term is finite for any p1 > 1. For the second term, we first write the following by making
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a change of variable u/Lĥ(1,∞) 7→ v:

ˆ ∞

0

du u
α1+α2−Im(P )−Q

γ −1E
[(
u+ Lĥ(1,∞)

) (2Q−α1−α2−α3−α4)p2
γ

] 1
p2

= E
[(
Lĥ(1,∞)

) (Q−Im(P )−α3−α4)p2
γ

] 1
p2
ˆ ∞

0

du v
α1+α2−Im(P )−Q

γ −1 (v + 1)
(2Q−α1−α2−α3−α4)

γ .

In the above expression, the moment of GMC is negative and is thus finite, and the integral is converging.
Therefore the integral of (3.5) is converging. Making the change of variable µ2Lĥ(0, z)/Lĥ(1,∞) 7→ µ in our
integral of interest yieldsˆ ∞

0

dµ2µ
α1+α2+iP−Q

γ −1

2 E
[(
µ2Lĥ(0, z) + Lĥ(1,∞)

) 2Q−α1−α2−α3−α4
γ

]
=

ˆ ∞

0

dµµ
α1+α2+iP−Q

γ −1(µ+ 1)
2Q−α1−α2−α3−α4

γ E
[
Lĥ(0, z)

Q−α1−α2−iP
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

]
=

Γ(α1+α2+iP−Q
γ )Γ(α3+α4−iP−Q

γ )

Γ(α1+α2+α3+α4−2Q
γ )

E
[
Lĥ(0, z)

Q−α1−α2−iP
γ Lĥ(1,∞)

Q+iP−α3−α4
γ

]
.

This shows (3.5) and hence, proves the claimed result. □

We now finish the proof of Theorem 3.3.

Proof of Theorem 3.3. Recall the definition of Z from Definition 3.1. It was written in terms ofH
(α1,α2,Q+iP )

(0,1,0)

and H
(α3,α4,Q−iP )

(0,1,0) . Using the relation between H and H as written in Lemma 2.5, we observe

Z = 2πγΓ(
α1 + α2 + iP −Q

γ
)−1Γ(

α3 + α4 − iP −Q

γ
)−1H

(α1,α2,Q+iP )
(0,1,0) H

(α3,α4,Q−iP )
(0,1,0) .

Hence, to complete the proof of our desired result, it suffices to show

H
(α1,α2,Q+iP )
(0,1,0) H

(α3,α4,Q−iP )
(0,1,0) F sphere

α1,α2,α3,α4
(z, P )dP(3.6)

=
1

2πγ
Γ(

α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)ZGsphere

α1,α2,α3,α4
(z, P ) a.e.(3.7)

We prove this by using the identity in (2.8) of Theorem 2.6 and the inverse Fourier transform. Note that
the right hand side of (2.8) depends on µ2 only through one of the H functions, which by a simple scaling
argument (recalled in Lemma 2.5) can be written as:

z(
Q2

4 −∆α1
−∆α2

)

ˆ
R
H

(α1,α2,Q+iP )
(0,µ2,0)

H
(α3,α4,Q−iP )
(0,1,0) z

P2

4 F sphere
α1,α2,α3,α4

(z, P )dP

= z(
Q2

4 −∆α1−∆α2 )

ˆ
R
µ

Q−α1−α2−iP ′
γ

2 H
(α1,α2,Q+iP )
(0,1,0) H

(α3,α4,Q−iP )
(0,1,0) z

P2

4 F sphere
α1,α2,α3,α4

(z, P )dP.

On the other hand Lemma 3.4 tells us that (recall here a = Q−iP−α1−α2

γ ):
ˆ ∞

0

dµ2µ
−a−1
2

ˆ
e−µ2Lϕ(0,z)−Lϕ(1,∞) LF

(α1,0),(α2,z),(α3,1),(α4,∞)
H (dϕ)

= z(−∆α1
−∆α2

+P2

4 +Q2

4 )Γ(
α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)ZGsphere

α1,α2,α3,α4
(z, P ).(3.8)

Recall the following Fourier inversion identity which holds for any continuous f ∈ L1(R) with Fourier

transform also in L1(R), after substituting µ2 = eω, µ̃2 = eω
′
:ˆ

R
dP µ̃

Q−iP−α1−α2
γ

2

ˆ ∞

0

dµ2µ
−Q+α1+α2+iP

γ −1

2 f(µ2)

=

ˆ
R
dP

ˆ
R
dωe(ω

′−ω)(
Q−iP−α1−α2

γ )f(eω) = 2πγf(eω
′
) = 2πγf(µ̃2).
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Multiplying both sides of (3.8) by (2πγ)−1µ̃
(Q−α1−α2−iP )/γ
2 , integrating w.r.t. P over R and applying the

above Fourier transform identity yieldsˆ
e−µ̃2Lϕ(0,z)−Lϕ(1,∞) LF

(α1,0),(α2,z),(α3,1),(α4,∞)
H (dϕ)

=
1

2πγ

ˆ
R
dP µ̃

Q−α1−α2−iP
γ

2 z(−∆α1−∆α2+
P2

4 +Q2

4 )Γ(
α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)ZGsphere

α1,α2,α3,α4
(z, P ).

Notice that left hand side of the above display is boundary four point function as defined in Definition 2.3
with parameters 0, m̃u2, 0, 1. By applying the boundary bootstrap relation of Theorem 2.6 and the scaling
relation of Lemma 2.5, we may write the above identity as:

z(
Q2

4 −∆α1
−∆α2

)

ˆ
R
µ̃

Q−α1−α2−iP
γ

2 H
(α1,α2,Q+iP )
(0,1,0) H

(α3,α4,Q−iP )
(0,1,0) z

P2

4 F sphere
α1,α2,α3,α4

(z, P )dP

=
1

2πγ

ˆ
R
dP µ̃

Q−α1−α2−iP
γ

2 z(−∆α1
−∆α2

+P2

4 +Q2

4 )Γ(
α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)ZGsphere

α1,α2,α3,α4
(z, P ).

We know that both integrals in the identity above are absolutely convergent. By applying the result that
two L1 function which have the same Fourier transform are almost everywhere equal we obtain (3.6). This
completes the proof of Theorem 3.3. □

3.2. Fusion transformation of the spherical conformal block. In this section we will prove the fusion
transformation for the spherical conformal block in a smaller parameter range than the one of our main
result Theorem 1.2. The result is stated here using the GMC expression.

Theorem 3.5. Let αi satisfy αi < Q, α1 +α2 > Q, α3 +α4 > Q, α1 +α4 > Q, α2 +α3 > Q. Fix z ∈ (0, 1)
and P ∈ R. Then the following holds

(3.9) z
1
2P

2

Gsphere
α1,α2,α3,α4

(z, P ) = C(z)

ˆ
R
Msphere

α1,α2,α3,α4
(P, P ′)(1− z)

1
2 (P

′)2Gsphere
α1,α2,α3,α4

(1− z, P ′)dP ′,

where C(z) = z(∆α1
+∆α2

−Q2

2 )(1− z)(
Q2

2 −∆α3
−∆α2

) and where the fusion kernel is given by

Msphere
α1,α2,α3,α4

(P, P ′)

(3.10)

=
1

2π
I1 ×

Γ γ
2
(Q− iP )Γ γ

2
(Q+ iP )Γ γ

2
(α1+α4−Q−iP ′

2 )Γ γ
2
(Q− α1+Q+iP ′−α4

2 )Γ γ
2
(Q− Q+iP ′+α4−α1

2 )

Γ γ
2
(α1+α2−Q+iP

2 )Γ γ
2
(α1+Q+iP−α2

2 )Γ γ
2
(α2+Q+iP−α1

2 )Γ γ
2
(Q− α1+α2−Q−iP

2 )Γ γ
2
(−iP ′)

×
Γ γ

2
( 32Q− α1+α4+iP ′

2 )Γ γ
2
( 32Q− α2+α3−iP ′

2 )Γ γ
2
(α2+Q−iP ′−α3

2 )Γ γ
2
(Q− α2+α3−Q+iP ′

2 )Γ γ
2
(Q− α3+Q−iP ′−α2

2 )

Γ γ
2
(iP ′)Γ γ

2
(−Q+α3+α4−iP

2 )Γ γ
2
(α3+Q−iP−α4

2 )Γ γ
2
(α4+Q−iP−α3

2 )Γ γ
2
(Q− α3+α4−Q+iP

2 )
,

where I1 has the integral expression:

I1 :=

ˆ
C

S γ
2
(Q+iP ′

2 + α4

2 − α1

2 + r)S γ
2
(α1+α4+iP ′

2 − Q
2 + r)S γ

2
(Q2 − α3

2 + r − iP
2 + α4

2 )S γ
2
(α3

2 − Q
2 + r − iP

2 + α4

2 )

S γ
2
(Q+ r)S γ

2
(α4 + r)S γ

2
(Q+ r − iP

2 + iP ′

2 + α4

2 − α2

2 )S γ
2
(α2

2 + r − iP
2 + iP ′

2 + α4

2 )

dr

i
.

The above contour integral is well-defined in the chosen parameter range, see appendix A.2.

Will we prove this result by applying the same operator
´∞
0

dµ2µ
−a−1
2 to the right hand side of the second

bootstrap statement given by Theorem 2.7. We first state the following lemma which will make the fusion
kernel appear by applying the operator

´∞
0

dµ2µ
−a−1
2 to the H function in the right hand side of Theorem

2.7.

Lemma 3.6. Let again a = Q−iP−α1−α2

γ . Let also αi satisfy αi < Q, α1+α2 > Q, α3+α4 > Q, α1+α4 > Q,

α2 + α3 > Q. The following identity holds:ˆ ∞

0

dµ2µ
−a−1
2 H

(α1,Q+iP ′,α4)
(0,µ2,1)

H
(α2,α3,Q−iP ′)
(µ2,0,1)

= ZΓ(
α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)Msphere

α1,α2,α3,α4
(P, P ′).
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Proof. Recall the relation lets start by writing out explicitly the relation µ2 = eiπγ(σ2−Q
2 ). We start by

writing out explicitly the formula for the first H function (keeping here only the integral):

ˆ ∞

0

dµ2µ
−a−1
2 eπiσ2(Q−iP ′−α1−α4)

(ˆ
C

S γ
2
(Q+iP ′

2 + α4

2 − α1

2 + r)S γ
2
(α1+α4+iP ′

2 − Q
2 + r)

S γ
2
(Q+ r)S γ

2
(α4 + r)

e−i2π(σ2−Q
2 )r dr

i

)
H

(α1,Q+iP ′α4)
(0,µ2,1)

.

Lets first justify that we can exchange the integration over µ2 and the integration over r, we need to check
that:

ˆ
iR
dσ2

ˆ
C
dr

∣∣∣∣∣eiπσ2(α2−α4)eiπQr
S γ

2
(Q+iP ′

2 + α4

2 − α1

2 + r)S γ
2
(α1+α4+iP ′

2 − Q
2 + r)

S γ
2
(Q+ r)S γ

2
(α4 + r)

H
(α1,Q+iP ′α4)
(0,µ2,1)

∣∣∣∣∣ < +∞.

Note that after taking absolute values, the integrations over r and σ2 decouple since the term e−2iπσ2r is
just a phase. By Lemma A.2, the integration over r is finite provided that:

−Im(P ′)− 2Q < 0, Im(P ′) > 0.

We assume that P ′ has a small positive imaginary part in order for this integral to converge. By continuity
we can take Im(P ′) → 0 at the end of the proof. Next we check the integral over σ2. We use the fact

that H
(α1,Q+iP ′α4)
(0,µ2,1)

converges to a constant as µ2 → 0 and is equivalent to constant times µ
Q−iP ′−α1−α4

γ

2 as

µ2 → +∞. Now that we can interchange the order of integration we need to compute:ˆ
iR
dσ2e

πiσ2(iP−iP ′+α2−α4)e−2iπσ2rH
(α1,Q+iP ′α4)
(0,µ2,1)

.(3.11)

For this we now write out the explicit for the second H function:

ˆ
C

S γ
2
(Q−iP ′

2 + α2

2 − α3

2 + r′)S γ
2
(α3+α2−iP ′

2 − Q
2 + r′)

S γ
2
(Q+ r′)S γ

2
(α2 + r′)

e−i2π(Q
2 −σ2)r

′ dr′

i
.

Again thanks to Lemma A.2 this expression is well-defined if and only if one has the conditions:

Im(P ′)− 2Re(σ2) < 0, 2Q− Im(P ′)− 2Re(σ2) > 0.

We are free to make a small shift on the contour on integration over σ2 in order for σ2 to a small real part
which then makes the above inequalities hold. Once the integrals are interchanged, the integration over σ2

will then act as an inverse Fourier transform on the integral over r′. From here we can compute, using below
α = α1 + α2 + α3 + α4:ˆ ∞

0

dµ2µ
−a−1
2 H

(α1,Q+iP ′,α4)
(0,µ2,1)

H
(α2,α3,Q−iP ′)
(µ2,0,1)

=
4

γ2
Γ(

α1 + α4 + iP ′ −Q

γ
)Γ(

α2 + α3 − iP ′ −Q

γ
)

×
(2π)

2Q−α
γ +2( 2γ )

( γ
2 −

2
γ )(Q−α

2 )−2

Γ(1− γ2

4 )
2Q−α

γ Γ(α1+α4+iP ′−Q
γ )Γ(α2+α3−iP ′−Q

γ )

Γ γ
2
(α1+α4−Q−iP ′

2 )Γ γ
2
(Q− α1+Q+iP ′−α4

2 )Γ γ
2
(Q− Q+iP ′+α4−α1

2 )

Γ γ
2
(Q)Γ γ

2
(Q− α1)Γ γ

2
(−iP ′)Γ γ

2
(Q− α4)

×
Γ γ

2
( 32Q− α1+α4+iP ′

2 )Γ γ
2
( 32Q− α2+α3−iP ′

2 )Γ γ
2
(α2+Q−iP ′−α3

2 )Γ γ
2
(Q− α2+α3−Q+iP ′

2 )Γ γ
2
(Q− α3+Q−iP ′−α2

2 )

Γ γ
2
(Q)Γ γ

2
(Q− α2)Γ γ

2
(Q− α3)Γ γ

2
(iP ′)

× eiπ
Q
2 (α1+α2+α3+α4−2Q) × eiπ

Q
2 (Q+iP ′−α2−α3) × γeiπ

Q
2 (Q−iP−α1−α2)eiπ

Q
2 (iP−iP ′+α2−α4)I1.

The last line can by simplified by:

eiπ
Q
2 (α1+α2+α3+α4−2Q) × eiπ

Q
2 (Q+iP ′−α2−α3) × γeiπ

Q
2 (Q−iP−α1−α2)eiπ

Q
2 (iP−iP ′+α2−α4) = γ.

Putting everything together this gives the claimed result. □

With this lemma we can now finish the proof of Theorem 3.5.

Proof of Theorem 3.5. We will thus apply our operator
´∞
0

dµ2µ
−a−1
2 to both sides of the second bootstrap

statement of Theorem 2.7. By Lemma 3.4 we already know applying this operator to the left hand side will
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give Gsphere
α1,α2,α3,α4

(z, P ) up to a prefactor. For the right hand side by first using Theorem 3.3 we obtain:

ˆ ∞

0

dµ2µ
−a−1
2

(ˆ
R
H

(α1,Q+iP ′,α4)
(0,µ2,1)

H
(α2,α3,Q−iP ′)
(µ2,0,1)

(1− z)
P ′2
2 F sphere

α1,α2,α3,α4
(1− z, P ′)dP ′

)
=

ˆ ∞

0

dµ2µ
−a−1
2

(ˆ
R
H

(α1,Q+iP ′,α4)
(0,µ2,1)

H
(α2,α3,Q−iP ′)
(µ2,0,1)

(1− z)
P ′2
2 Gsphere

α1,α2,α3,α4
(1− z, P ′)dP ′

)
.

We then need to justify the exchange of the integral over µ2 and the one over P ′. This is equivalent to
showing:

ˆ ∞

0

dµ2

ˆ
R
dP ′

∣∣∣µ−a−1
2 H

(α1,Q+iP ′,α4)
(0,µ2,1)

H
(α2,α3,Q−iP ′)
(µ2,0,1)

(1− z)
P ′2
2 Gsphere

α1,α2,α3,α4
(1− z, P ′)

∣∣∣ < +∞.

Using the bounds (cite), as µ2 → 0, the quantity is
∣∣∣H(α1,Q+iP ′,α4)

(0,µ2,1)
H

(α2,α3,Q−iP ′)
(µ2,0,1)

∣∣∣ is of constant order in µ2

and as µ2 → +∞ it will be of order µ
2Q−α1−α2−α3−α4

γ

2 . In both case the total P dependence grows at most

as CecP log |P | and therefore the integral over P ′ is absolutely converging. For the integration over µ2, it will
thus converge if α1 + α2 > Q and α3 + α4 > Q. These conditions are indeed satisfied.

This claim should follow from the asymptotics written under Lemma 2.5. Thus by exchanging the integrals
and applying Lemma 3.6:
ˆ ∞

0

dµ2µ
−a−1
2

(ˆ
R
H

(α1,Q+iP ′,α4)
(0,µ2,1)

H
(α2,α3,Q−iP ′)
(µ2,0,1)

(1− z)
P ′2
2 Gsphere

α1,α2,α3,α4
(1− z, P ′)dP ′

)
=

ˆ
R

(ˆ ∞

0

dµ2µ
−a−1
2 H

(α1,Q+iP ′,α4)
(0,µ2,1)

H
(α2,α3,Q−iP ′)
(µ2,0,1)

)
(1− z)

P ′2
2 Gsphere

α1,α2,α3,α4
(1− z, P ′)dP ′

=

ˆ
R

(
ZΓ(

α1 + α2 + iP −Q

γ
)Γ(

α3 + α4 − iP −Q

γ
)Msphere

α1,α2,α3,α4
(P, P ′)

)
(1− z)

P ′2
2 Gsphere

α1,α2,α3,α4
(1− z, P ′)dP ′.

Simplifying the prefactors we obtain the result claimed in the theorem. □

4. Analytic properties of the fusion kernel and of spherical conformal blocks

4.1. Identification with the Ponsot-Teschner fusion kernel. In the physics literature a different ex-
pression is given for the fusion kernel. In this subsection we will show that they are equivalent. Consider
the following expression of PT for the fusion kernel:

Msphere,PT
α1,α2,α3,α4

(P, P ′) =
Γ γ

2
(2Q− β1 − β2 − β3)Γ γ

2
(β2 + β3 − β1)Γ γ

2
(Q+ β2 − β1 − β3)Γ γ

2
(Q+ β3 − β2 − β1)

Γ γ
2
(2Q− σ1 − β1 − σ2)Γ γ

2
(σ1 + σ2 − β1)Γ γ

2
(Q− β1 − σ2 + σ1)Γ γ

2
(Q− β1 − σ1 + σ2)

×
Γ γ

2
(Q− β3 − σ1 + σ3)Γ γ

2
(β3 + σ1 + σ3 −Q)Γ γ

2
(σ1 + σ3 − β3)Γ γ

2
(σ3 + β3 − σ1)

Γ γ
2
(Q− β2 − σ2 + σ3)Γ γ

2
(β2 + σ2 + σ3 −Q)Γ γ

2
(σ2 + σ3 − β2)Γ γ

2
(σ3 + β2 − σ2)

×
Γ γ

2
(2Q− 2σ2)Γ γ

2
(2σ2)

Γ γ
2
(Q− 2β3)Γ γ

2
(2β3 −Q)

1

i

ˆ
iR

ds

4∏
i=1

S γ
2
(Ui + s)

S γ
2
(Vi + s)

where one has:

U1 = σ2 + σ1 − β1, V1 = Q+ σ2 − β3 − β1 + σ3,

U2 = Q+ σ2 − σ1 − β1, V2 = σ2 + β3 − β1 + σ3,

U3 = σ2 + β2 + σ3 −Q, V3 = 2σ2,

U4 = σ2 − β2 + σ3, V4 = Q.

and with the following parameter identification:

σ1 =
α1

2
, σ2 =

Q+ iP

2
, σ3 =

α4

2
, β1 =

α2

2
, β2 =

α3

2
, β3 =

Q+ iP ′

2
.
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More explicitly, plugging in these parameter we get:

U1 =
Q+ iP

2
+

α1

2
− α2

2
, V1 = Q+

Q+ iP

2
− Q+ iP ′

2
− α2

2
+

α4

2
,

U2 = Q+
Q+ iP

2
− α1

2
− α2

2
, V2 =

Q+ iP

2
+

Q+ iP ′

2
− α2

2
+

α4

2
,

U3 =
Q+ iP

2
+

α3

2
+

α4

2
−Q, V3 = Q+ iP,

U4 =
Q+ iP

2
− α3

2
+

α4

2
, V4 = Q,

and thus:

Msphere,PT
α1,α2,α3,α4

(P, P ′) =
Γ γ

2
(2Q− α2

2 − α3

2 − Q+iP ′

2 )Γ γ
2
(α3

2 + Q+iP ′

2 − α2

2 )Γ γ
2
(Q+ α3

2 − α2

2 − α3)Γ γ
2
(Q+ Q+iP ′

2 − α3

2 − α2

2 )

Γ γ
2
(2Q− α1

2 − α2

2 − Q+iP
2 )Γ γ

2
(α1

2 + Q+iP
2 − α2

2 )Γ γ
2
(Q− α2

2 − Q+iP
2 + α1

2 )Γ γ
2
(Q− α2

2 − α1

2 + Q+iP
2 )

×
Γ γ

2
(Q− Q+iP ′

2 − α1

2 + α4

2 )Γ γ
2
(Q+iP ′

2 + α1

2 + α4

2 −Q)Γ γ
2
(α1

2 + α4

2 − Q+iP ′

2 )Γ γ
2
(α4

2 + Q+iP ′

2 − α1

2 )

Γ γ
2
(Q− α3

2 − Q+iP
2 + α4

2 )Γ γ
2
(α3

2 + Q+iP
2 + α4

2 −Q)Γ γ
2
(Q+iP

2 + α4

2 − α3

2 )Γ γ
2
(α4

2 + α3

2 − Q+iP
2 )

×
Γ γ

2
(Q− iP )Γ γ

2
(Q+ iP )

Γ γ
2
(iP ′)Γ γ

2
(−iP ′)

×
ˆ
iR

S γ
2
(Q+iP

2 + α1

2 − α2

2 + r)S γ
2
(Q+ Q+iP

2 − α1

2 − α2

2 + r)S γ
2
(Q+iP

2 + α3

2 + α4

2 −Q+ r)S γ
2
(Q+iP

2 − α3

2 + α4

2 + r)

S γ
2
(Q+ Q+iP

2 − Q+iP ′

2 − α2

2 + α4

2 + r)S γ
2
(Q+iP

2 + Q+iP ′

2 − α2

2 + α4

2 + r)S γ
2
(Q+ iP + r)S γ

2
(Q+ r)

dr

Proposition 4.1. One has Msphere
α1,α2,α3,α4

(P, P ′) = 1
2πM

sphere,PT
α1,α2,α3,α4

(P, P ′).

Proof. The proof of Proposition 4.1 is based on Proposition B.3 expressing a symmetry property of hyperbolic

Barnes integrals. For i = 1, . . . , 8, define b̃i = αi −Q. For u ∈ C8 defined by

u =
(1
4
(−2ĩb1 + ĩb2 + ĩb4 − P + P ′ + 2iQ),

1

4
(2ĩb1 + ĩb2 + ĩb4 − P + P ′ + 2iQ),

1

4
(−ĩb2 + ĩb4 + P − 3P ′),

1

4
(ĩb2 − ĩb4 − P − P ′),

1

4
(−ĩb2 + ĩb4 + P + P ′),

1

4
(ĩb2 − ĩb4 + 3P − P ′),

1

4
(−ĩb2 − 2ĩb3 − ĩb4 − P + P ′ − 2iQ),

1

4
(−ĩb2 + 2ĩb3 − ĩb4 − P + P ′ + 2iQ)

)
,

we find that u′ = w · u is given by

u′ =
(1
2
(−ĩb1 + P ′ + iQ),

1

2
(ĩb1 + P ′ + iQ),

1

2
(−ĩb2 + P − P ′),

1

2
(−ĩb4),

1

2
(ĩb4),

1

2
(ĩb2 + P − P ′),

1

2
(−ĩb3 − P + iQ),

1

2
(ĩb3 − P + iQ)

)
.

Define the integral expression

I :=

ˆ
iR

S γ
2
(Q+iP

2 + α1

2 − α2

2 + r)S γ
2
(Q+ Q+iP

2 − α1

2 − α2

2 + r)S γ
2
(Q+iP

2 + α3

2 + α4

2 −Q+ r)S γ
2
(Q+iP

2 − α3

2 + α4

2 + r)

S γ
2
(Q+ Q+iP

2 − Q+iP ′

2 − α2

2 + α4

2 + r)S γ
2
(Q+iP

2 + Q+iP ′

2 − α2

2 + α4

2 + r)S γ
2
(Q+ iP + r)S γ

2
(Q+ r)

dr.

Shifting the integration contour of I1 by − 1
2β4 and the integration contour of I by 1

4 b̃2−
1
4 b̃4−

1
2Q+ 1

4 iP
′− 1

4 iP
and applying Proposition B.3, we obtain that

(4.1) I1 = I · S γ
2
((±b̃1 + b̃4 + iP ′ +Q)/2)S γ

2
((±b̃1 + b̃2 + iP +Q)/2)

S γ
2
((−b̃2 ± b̃3 − iP ′ +Q)/2)S γ

2
((±b̃3 − b̃4 − iP +Q)/2).

Simplifying the prefactors of the integrals in Msphere
α1,α2,α3,α4

(P, P ′) and Msphere,PT
α1,α2,α3,α4

(P, P ′), we find that (4.1)
implies the claim. □
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4.2. Analytic properties of the fusion kernel. In order to prove analytic properties of the 4-point sphere
conformal block, it is required to fully understand the analytic properties of the fusion kernel. Consider:

Pm,n =
iγm

2
+

2in

γ
.

We will prove the following proposition.

Proposition 4.2. Fix P ′ ∈ R. Let also αi satisfy αi < Q, α1 + α2 > Q, α3 + α4 > Q, α1 + α4 > Q,
α2 + α3 > Q. Then the function P 7→ Msphere

α1,α2,α3,α4
(P, P ′) is meromorphic on C with simple poles at

P = ±Pm,n, for m,n ≥ 1. Furthermore the residues at the poles are given by

(4.2) ResP=Pm,n
Msphere

α1,α2,α3,α4
(P, P ′) = c(m,n, P )Msphere

α1,α2,α3,α4
(P−m,n, P

′),

where we have introduced

(4.3) c(m,n, P ) := −i(−1)mn

 ∏
(j,k)∈Sm,n

1
jγ
2 + 2k

γ

 4∏
j=1

m−1∏
i=0

n−1∏
k=0

(
Tj −

γm

4
+

γi

2
− n

γ
+

2k

γ

)
,

and used the notations Sm,n := {(j, k) ∈ N2,−m+ 1 ≤ j ≤ m,−n+ 1 ≤ k ≤ n, (j, k) ̸= (0, 0)} and:

T1 =
α1 + α2 −Q

2
, T2 =

α2 − α1 +Q

2
, T3 =

α3 − α4 +Q

2
, T4 =

3Q− α3 − α4

2
.

Proof. The function Msphere
α1,α2,α3,α4

(P, P ′) contains the product Γ γ
2
(Q − iP )Γ γ

2
(Q + iP ), which has poles at

the desired locations, P = ±Pm,n, m,n ≥ 1. Establishing the proposition will thus contain two steps: i)
show that the function Msphere

α1,α2,α3,α4
(P, P ′) is analytic in P on C \ ∪m,n≥1{Pm,n,−Pm,n}, ii) establish the

value of the residue at P = ±Pm,n.
Step 1. Let us introduce the following function of P :

f(P ) :=
1

Γ γ
2
(α1+α2−Q+iP

2 )Γ γ
2
(α1+Q+iP−α2

2 )Γ γ
2
(α2+Q+iP−α1

2 )Γ γ
2
(Q− α1+α2−Q−iP

2 )
(4.4)

× 1

Γ γ
2
(−Q+α3+α4−iP

2 )Γ γ
2
(α3+Q−iP−α4

2 )Γ γ
2
(α4+Q−iP−α3

2 )Γ γ
2
(Q− α3+α4−Q+iP

2 )
I1.

The goal of thus to show that f(P ) is an analytic function of P on C. For this we will use the following
lemma giving the set of poles of I1.

Lemma 4.3. The function I1 is a meromorphic function on C6 of all its parameters α1, α2, α3, α4, P, P
′ and

has poles when ξ = nγ
2 + 2m

γ , for m,n ≥ 1, where ξ can be equal to any of the following:

α1 − α4 − iP ′ −Q

2
,

Q− α1 − α4 − iP ′

2
,

α3 − α4 + iP −Q

2
,

Q− α3 − α4 + iP

2
,

α1 + α4 − iP ′ − 3Q

2
,

−Q− α1 + α4 − iP ′

2
,

α3 + α4 + iP − 3Q

2
,

−Q− α3 + α4 + iP

2
,

α1 − α2 − iP −Q

2
,

Q− α1 − α2 − iP

2
,

α3 − α2 + iP ′ −Q

2
,

Q− α3 − α2 + iP ′

2
,

α1 + α2 − iP − 3Q

2
,

−Q− α1 + α2 − iP

2
,

α3 + α2 + iP ′ − 3Q

2
,

−Q− α3 + α2 + iP ′

2
.

Proof. Let us rewrite the expression of I1:

I1 =

ˆ
C

S γ
2
(Q+iP ′

2 + α4

2 − α1

2 + r)S γ
2
(α1+α4+iP ′

2 − Q
2 + r)S γ

2
(Q2 − α3

2 + r − iP
2 + α4

2 )S γ
2
(α3

2 − Q
2 + r − iP

2 + α4

2 )

S γ
2
(Q+ r)S γ

2
(α4 + r)S γ

2
(Q+ r − iP

2 + iP ′

2 + α4

2 − α2

2 )S γ
2
(α2

2 + r − iP
2 + iP ′

2 + α4

2 )

dr

i
.

Recall also that the function S γ
2
(x) has poles at x = −γn

2 − 2m
γ and zeros at x = Q + γn

2 + 2m
γ for any

m,n ≥ 0. As a function or r the integrand in the expression of I1 has poles at the following locations, for
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any m,n ≥ 0:

α1 − α4 − iP ′ −Q

2
− γn

2
− 2m

γ
,

Q− α1 − α4 − iP ′

2
− γn

2
− 2m

γ
,

α3 − α4 + iP −Q

2
− γn

2
− 2m

γ
,

Q− α3 − α4 + iP

2
− γn

2
− 2m

γ
,

iP − iP ′ + α2 − α4

2
+

γn

2
+

2m

γ
, Q+

iP − iP ′ − α2 − α4

2
+

γn

2
+

2m

γ
,

γn

2
+

2m

γ
, Q− α4 +

γn

2
+

2m

γ
.

We thus have four lattices of poles extending in the positive real direction and four lattices of poles extending
in the negative real direction. The function I1 has then a pole when the parameters are such that the
integrand of I1 as a function of r has a pole of a lattice extending to the right collapse with a pole of the
lattice extending to the left. See the proof of [RZ21] for more details on how these poles appear. By writing
out all the possible combinations, this gives the claim list of poles of the lemma. □

Using this lemma it is now easy to conclude that f(P ) is an analytic function of P on all of C, since
the poles coming from the integral I1 are cancelled by the poles of the double gamma functions in the
denominator of the prefactor in front of I1. This completes step one.
Step 2. In this second step we will establish the claimed formula on the residues at P = ±Pm,n. The non
trivial step is to relate I1 at P = Pm,n and P−m,n. For this we will need the following cyclic permutation
identity which is proved in Appendix B.

ˆ
C

S γ
2
(−β2

2 + σ2 + σ3 + r)S γ
2
(Q− β2

2 + σ3 − σ2 + r)S γ
2
(β3

2 + σ3 − σ1 + r)S γ
2
(Q− β3

2 + σ3 − σ1 + r)

S γ
2
(Q+ β1

2 − β2

2 + σ3 − σ1 + r)S γ
2
(2Q− β1

2 − β2

2 + σ3 − σ1 + r)S γ
2
(2σ3 + r)S γ

2
(Q+ r)

dr

i

(4.5)

=
Γ γ

2
(β3+β2−β1

2 )Γ γ
2
(Q− β3+β1−β2

2 )S γ
2
(β1

2 + σ1 − σ2)S γ
2
(β1

2 + σ1 + σ2 −Q)S γ
2
(β3

2 − σ1 − σ3 +Q)

Γ γ
2
(β1+β3−β2

2 )Γ γ
2
(Q− β2+β3−β1

2 )S γ
2
(β2

2 + σ2 − σ3)S γ
2
(β3

2 + σ3 + σ1 −Q)S γ
2
(β2

2 − σ3 − σ2 +Q)

×
ˆ
C

S γ
2
(−β1

2 + σ1 + σ2 + r)S γ
2
(Q− β1

2 + σ2 − σ1 + r)S γ
2
(β2

2 + σ2 − σ3 + r)S γ
2
(Q− β2

2 + σ2 − σ3 + r)

S γ
2
(Q+ β3

2 − β1

2 + σ2 − σ3 + r)S γ
2
(2Q− β3

2 − β1

2 + σ2 − σ3 + r)S γ
2
(2σ2 + r)S γ

2
(Q+ r)

dr

i

In this equality let us plug in the parameter substitution:

σ1 =
Q− iP ′

2
, σ2 =

α3

2
, σ3 =

α4

2
, β1 = α2, β2 = Q+ iP, β3 = α1.

Under this choice, the integral of the first line becomes I1 and the integral of the third line becomes:

J1(P ) =

ˆ
C

S γ
2
(−α2

2 + Q−iP ′

2 + α3

2 + r)S γ
2
(Q2 − α2

2 + α3

2 + iP ′

2 + r)S γ
2
(Q+iP

2 + α3

2 − α4

2 + r)S γ
2
(Q2 − iP

2 + α3

2 − α4

2 + r)

S γ
2
(Q+ α1

2 − α2

2 + α3

2 − α4

2 + r)S γ
2
(2Q− α1

2 − α2

2 + α3

2 − α4

2 + r)S γ
2
(α3 + r)S γ

2
(Q+ r)

dr

i
.

Under this form it is easy to relate J1(Pm,n) and J1(P−m,n). Using (A.5) it is immediate to derive the
following identity:

S γ
2
(T +

P−m,n

2
)S γ

2
(T − P−m,n

2
) = S γ

2
(T − γm

4
+

n

γ
)S γ

2
(T +

γm

4
− n

γ
)

=

∏m
i=1 2 sin(π

γ
2 (T + γ

4 (m− 2i)− n
γ ))∏m

i=1 2 sin(π
γ
2 (T + γ

4 (m− 2i) + n
γ ))

S γ
2
(T +

γm

4
+

n

γ
)S γ

2
(T − γm

4
− n

γ
)

= (−1)mnS γ
2
(T +

Pm,n

2
)S γ

2
(T − Pm,n

2
).

Then setting T = Q+α3−α4

2 + r immediately gives J1(Pm,n) = (−1)mnJ1(P−m,n). Finally we need to take a
look at the P dependence of all Γ γ

2
and S γ

2
functions in front of J1(P ). Combing the prefactors in front of
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I1 in (4.4) and the expression in the second line of (4.5) and obtains the function:

Γ γ
2
(Q− iP )Γ γ

2
(Q+ iP )

Γ γ
2
(α1+α2−Q+iP

2 )Γ γ
2
(α1+Q+iP−α2

2 )Γ γ
2
(α2+Q+iP−α1

2 )Γ γ
2
(Q− α1+α2−Q−iP

2 )

× 1

Γ γ
2
(−Q+α3+α4−iP

2 )Γ γ
2
(α3+Q−iP−α4

2 )Γ γ
2
(α4+Q−iP−α3

2 )Γ γ
2
(Q− α3+α4−Q+iP

2 )

×
Γ γ

2
(α1+Q+iP−α2

2 )Γ γ
2
(Q− α1+α2−Q−iP

2 )

Γ γ
2
(α2+α1−Q−iP

2 )Γ γ
2
(Q− Q+iP+α1−α2

2 )S γ
2
(Q+iP

2 + α3

2 − α4

2 )S γ
2
(Q+iP

2 − α4

2 − α3

2 +Q)

=
Γ γ

2
(Q± iP )

Γ γ
2
(α1+α2−Q±iP

2 )Γ γ
2
(α2+Q±iP−α1

2 )Γ γ
2
(α3+Q±iP−α4

2 )Γ γ
2
( 3Q−α3−α4±iP

2 )
.

To establish an identity of the type ResP=Pm,nMsphere
α1,α2,α3,α4

(P, P ′) = c(m,n, P )Msphere
α1,α2,α3,α4

(P−m,n, P
′), we

first compute the residue of Γ γ
2
(Q± iP ). We write out:

Γ γ
2
(Q+ iP )Γ γ

2
(Q− iP )

=

2m−1∏
j=0

(
2

γ

) γ
2 (2iP+(2j+1) γ

2 ) Γ(γ2 (Q+ iP + j γ
2 ))

Γ(γ2 (Q− iP − (j + 1)γ2 ))

Γ γ
2
(Q+ iP + γm)Γ γ

2
(Q− iP − γm).

Record the identity:

lim
P→Pm,n

(P − Pm,n)
Γ(γ2 (Q+ iP + (m− 1)γ2 ))

Γ(γ2 (Q− iP − (m+ 1)γ2 ))
= lim

P→ iγm
2

(P − iγm

2
)
Γ(γ2 (

2
γ − 2n

γ + iP + mγ
2 ))

Γ(γ2 (
2
γ + 2n

γ − iP − mγ
2 ))

=
1

n!
lim

P→ iγm
2

(P − iγm

2
)

n∏
k=1

1

k − n+ γ
2 (iP + mγ

2 )

= −2i

γ

(−1)n−1

n!(n− 1)!
.

This implies:

lim
P→Pm,n

(P − Pm,n)

2m−1∏
j=0

(
2

γ

) γ
2 (2iP+(2j+1) γ

2 ) Γ(γ2 (Q+ iP + j γ
2 ))

Γ(γ2 (Q− iP − (j + 1)γ2 ))


=
(γ
2

)4nm m−1∏
j=−m,j ̸=−1

Γ(γ2 (Q− 2n
γ + j γ

2 ))

Γ(γ2 (Q+ 2n
γ + j γ

2 ))

 lim
P→Pm,n

(P − Pm,n)
Γ(γ2 (Q+ iP + (m− 1)γ2 ))

Γ(γ2 (Q− iP − (m+ 1)γ2 ))

=
(γ
2

)4nm m−1∏
j=−m,j ̸=−1

n−1∏
k=−n

1
γ
2 (Q+ jγ

2 ) + k

(−2i

γ

(−1)n−1

n!(n− 1)!

)
= −i

∏
(j,k)∈Sm,n

1
jγ
2 + 2k

γ

,

where we have used the notation Sm,n := {(j, k) ∈ N2,−m + 1 ≤ j ≤ m,−n + 1 ≤ k ≤ n, (j, k) ̸= (0, 0)}.
From here we conclude that:

ResP=Pm,nΓ γ
2
(Q+ iP )Γ γ

2
(Q− iP ) = −i

∏
(j,k)∈Sm,n

1
jγ
2 + 2k

γ

Γ γ
2
(Q+ iP−m,n)Γ γ

2
(Q− iP−m,n).

Next using (A.3) one can easily derive:

Γ γ
2
(T +

iPm,n

2
)Γ γ

2
(T − iPm,n

2
)

=

m−1∏
i=0

(
Γ(γ2 (T − n

γ − γm
4 + γi

2 ))

Γ(γ2 (T + n
γ − γm

4 + γi
2 ))

(γ2 )
γ
2 (

n
γ )

(γ2 )
γ
2 (−

n
γ )

)
Γ γ

2
(T +

iP−m,n

2
)Γ γ

2
(T − iP−m,n

2
)

=

m−1∏
i=0

n−1∏
k=0

(
1

T − γm
4 + γi

2 − n
γ + 2k

γ

)
Γ γ

2
(T +

iP−m,n

2
)Γ γ

2
(T − iP−m,n

2
).
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Therefore we arrive at:

Γ γ
2
(
α1 + α2 −Q± iPm,n

2
)Γ γ

2
(
α2 +Q± iPm,n − α1

2
)Γ γ

2
(
α3 +Q± iPm,n − α4

2
)Γ γ

2
(
3Q− α3 − α4 ± iPm,n

2
)

=

4∏
j=1

m−1∏
i=0

n−1∏
k=0

(
1

Tj − γm
4 + γi

2 − n
γ + 2k

γ

)

× Γ γ
2
(
α1 + α2 −Q± iP−m,n

2
)Γ γ

2
(
α2 +Q± iP−m,n − α1

2
)Γ γ

2
(
α3 +Q± iP−m,n − α4

2
)Γ γ

2
(
3Q− α3 − α4 ± iP−m,n

2
),

where we have used the notation:

T1 =
α1 + α2 −Q

2
, T2 =

α2 − α1 +Q

2
, T3 =

α3 − α4 +Q

2
, T4 =

3Q− α3 − α4

2
.

Putting all the above steps together we arrive at the claimed expression of c(m,n, P ):

(4.6) c(m,n, P ) := −i(−1)mn

 ∏
(j,k)∈Sm,n

1
jγ
2 + 2k

γ

 4∏
j=1

m−1∏
i=0

n−1∏
k=0

(
Tj −

γm

4
+

γi

2
− n

γ
+

2k

γ

)
.

This completes the proof of the proposition.
□

4.3. Analytic properties of the spherical conformal block. Taking as an input of the results of the
previous section, we are now able to finish the proof of Theorem 1.2.

Proof of Theorem 1.2. Recall again:

Pm,n =
iγm

2
+

2in

γ
.

We will prove the four claims of the theorem in order. First for claim (a), fix z ∈ D and P ̸= Pm,n. We have
established the fusion transformation in Theorem 3.5 in the parameter range range where Gsphere

α1,α2,α3,α4
(z, P )

is well-defined. By using the almost sure equality of Gsphere
α1,α2,α3,α4

(z, P ) and F sphere
α1,α2,α3,α4

(z, P ) proved in
Theorem 3.3 we can further write:

(4.7) z
1
2P

2

Gsphere
α1,α2,α3,α4

(z, P ) = C(z)

ˆ
R
Msphere

α1,α2,α3,α4
(P, P ′)(1− z)

1
2 (P

′)2F sphere
α1,α2,α3,α4

(1− z, P ′)dP ′.

Now here we will simply take the integral on the right hand side as the definition of the conformal block for
any z and P . For almost every P ′, the integrand of the integral on the right side is jointly analytic in P
outside of the poles of Msphere

α1,α2,α3,α4
(P, P ′), which precisely corresponds to choosing P ̸= Pm,n, and analytic

in the z variable thanks to the following lemmas. To say that these properties imply the block on the left
hand side has the same properties we need to show the following integral is finite:ˆ

R

∣∣∣Msphere
α1,α2,α3,α4

(P, P ′)(1− z)
1
2 (P

′)2F sphere
α1,α2,α3,α4

(1− z, P ′)
∣∣∣ dP ′ < ∞.

For this purpose we give the following lemmas proved in [GKRV20]. Recall the coefficients βn of the series
expansion of the conformal blocks given in introduction by (1.6).

Lemma 4.4. Fix parameters α1, α2, α3, α4 and P ∈ R. Then one has:

|βn(∆Q+iP ,∆α1
,∆α2

,∆α3
,∆α4

)| ≤ 1

2
(βn(∆Q+iP ,∆α1

,∆α2
,∆α2

,∆α1
) + βn(∆Q+iP ,∆α4

,∆α3
,∆α3

,∆α4
)).

Proof. Since the matrix (F−1
Q+iP (ν, ν

′))|ν|,|ν′|=n is positive definite, by Cauchy-Schwartz

|βn(∆Q+iP ,∆α1 ,∆α2 ,∆α3 ,∆α4)| ≤ βn(∆Q+iP ,∆α1 ,∆α2 ,∆α2 ,∆α1)
1/2

βn(∆Q+iP ,∆α4 ,∆α3 ,∆α3 ,∆α4)
1/2

≤ 1

2
(βn(∆Q+iP ,∆α1 ,∆α2 ,∆α2 ,∆α1) + βn(∆Q+iP ,∆α4 ,∆α3 ,∆α3 ,∆α4)).

□

This lemma immediately implies for the conformal block the next result.
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Lemma 4.5. For |z| < 1, we have:

(4.8) |F sphere
α1,α2,α3,α4

(z, P )| ≤ 1

2
F sphere

α1,α2,α2,α1
(|z|, P ) +

1

2
F sphere

α4,α3,α3,α4
(|z|, P )

Now using this lemma we can bound:ˆ
R

∣∣∣Msphere
α1,α2,α3,α4

(P, P ′)(1− z)
1
2 (P

′)2F sphere
α1,α2,α3,α4

(1− z, P ′)
∣∣∣ dP ′

≤ 1

2

ˆ
R

∣∣∣Msphere
α1,α2,α3,α4

(P, P ′)(1− z)
1
2 (P

′)2F sphere
α1,α2,α1,α2

(|1− z|, P ′)
∣∣∣ dP ′

+
1

2

ˆ
R

∣∣∣Msphere
α1,α2,α3,α4

(P, P ′)(1− z)
1
2 (P

′)2F sphere
α4,α3,α3,α4

(|1− z|, P ′)
∣∣∣ dP ′.

By using the result of Lemma A.3, one can see that these integrals are finite.
For the claim (b), we want to prove the same result but at P = Pm,n, after multiplying the block by the

appropriate (P −Pm,n)
m(∆r,s) to cancel the pole. Establishing claim (b) thus follows exactly the same steps

as for claim (a), except this we need to use the bound∣∣∣∣ 1Z (P − Pm,n)
m(∆r,s)Msphere

α1,α2,α3,α4
(P, P ′)

∣∣∣∣ ≤ C2e
c2|P ′| log |P ′|

for some constants c2, C2 > 0 independent of everything and all P in a small neighborhood of Pm,n. We
check using again Lemma A.3 that this bound holds.

Claim (c) of the theorem is a consequence of knowing from (cite [GKRV20]) that the power series expansion
of F sphere

α1,α2,α3,α4
(1− z, P ′) has the desired form. Lastly for claim (d) we will use the results on the residue of

the fusion kernel established in the previous subsection. The starting point is the claim:

(4.9) ResP=Pm,n
Msphere

α1,α2,α3,α4
(P, P ′) = c(m,n, P )Msphere

α1,α2,α3,α4
(P−m,n, P

′).

Taking the residue on both sides of the fusion transformation we obtain:

ResP=Pm,n

(
z

1
2P

2

F sphere
α1,α2,α3,α4

(z, P )
)

= ResP=Pm,n

(
C(z)

ˆ
R
Msphere

α1,α2,α3,α4
(P, P ′)(1− z)

1
2 (P

′)2F sphere
α1,α2,α3,α4

(1− z, P ′)dP ′
)
.

After exchanging the integral and the residue (justification should be the same as above), we get:

z
1
2P

2
m,nResP=Pm,n

F sphere
α1,α2,α3,α4

(z, P )

= C(z)

ˆ
R
ResP=Pm,n

Msphere
α1,α2,α3,α4

(P, P ′)(1− z)
1
2 (P

′)2F sphere
α1,α2,α3,α4

(1− z, P ′)dP ′

= c(m,n, P )C(z)

ˆ
R
Msphere

α1,α2,α3,α4
(P−m,n, P

′)(1− z)
1
2 (P

′)2F sphere
α1,α2,α3,α4

(1− z, P ′)dP ′

= c(m,n, P )z
1
2P

2
−m,nF sphere

α1,α2,α3,α4
(z, P−m,n).

Plugging in the expression for Pm,n, this implies:

ResP=Pm,nF sphere
α1,α2,α3,α4

(z, P ) = c(m,n, P )z2mnF sphere
α1,α2,α3,α4

(z, P−m,n).

□

5. The case of the 1-point torus conformal block

In this section we prove the analogous results to the ones established for the 4-point sphere conformal
block in the case of the 1-pt torus conformal block. The outline of the section follows the same steps as
for the sphere case. We start by deriving a GMC expression for the 1-point torus conformal block. Let us
collect here some notations used in the two subsections below. First define:

(5.1) Aγ,P,0(α) = e
iπα2

2

(γ
2

) γα
4

e−
παP

2 Γ(1− γ2

4
)

α
γ

Γ γ
2
(Q− α

2 )Γ γ
2
( 2γ + α

2 )Γ γ
2
(Q− α

2 − iP )Γ γ
2
(Q− α

2 + iP )

Γ γ
2
( 2γ )Γ γ

2
(Q− iP )Γ γ

2
(Q+ iP )Γ γ

2
(Q− α)

.
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Under the parameter range Q > Re(α)
2 , Im(P ) ∈

[
−Q+ Re(α)

2 , Q− Re(α)
2

]
, define the contour integral

Iα(P, P
′) :=

ˆ
C
dξ

S γ
2
( iP

′

2 + α
4 + ξ)S γ

2
( iP

′

2 + α
4 − ξ)

S γ
2
(Q+ iP ′

2 − α
4 + ξ)S γ

2
(Q+ iP ′

2 − α
4 − ξ)

e2πPξ,

where the contour C of the integral goes from −i∞ to i∞ passing to the right of the poles at r = − iP ′

2 − α
4 −

nγ
2−m 2

γ , r = iP ′

2 − α
4 −nγ

2−m 2
γ and to the left of the poles at r = iP ′

2 + α
4 +nγ

2+m 2
γ , r = − iP ′

2 + α
4 +nγ

2+m 2
γ ,

with m,n ∈ N2. The constraint on the parameters is again required in order for the contour integral to
converge at ±i∞. Then define the function

(5.2) Mα(P, P
′) := c1

sin(γπiP
′

2 ) sin(2πiP
′

γ )

S γ
2
(α2 )

Iα(P, P
′),

and finally the modular kernel Mtorus
α (P, P ′) by the relation:

(5.3) Mtorus
α (P, P ′) = Mα(P, P

′)
Aγ,P ′,0(α)

Aγ,P,0(α)
e

πα(P ′−P )
2 .

5.1. GMC expressions of 1-point torus block. As in the case of the 4-point sphere, we start by giving
expressions for the 1-point torus block using GMC. Here there will actually be two different expressions,
one coming from the boundary bootstrap as in the sphere case and one coming from our previous paper
[GRSS20]. Let us start by giving the first of these definitions. Here let hτ be the GFF on the annulus and
define:

ĥτ (x) = hτ (x) +
α

2
E[hτ (0)hτ (x)].(5.4)

Definition 5.1. (Probabilistic definitions of the 1-point torus block) Let α ∈ (0, Q) and q ∈ (0, 1). For
P ∈ R we can define:

Gtorus
α (q, P ) := c1E

(ˆ 1

0

e
γ
2 ĥτ (x)dx

)−α
γ − 2iP

γ

(ˆ τ
2+1

τ
2

e
γ
2 ĥτ (x)dx

) 2iP
γ

 .

G̃torus
α (q, P ) := c2E

[(ˆ 1

0

e
γ
2 ĥτ (x)eγπPxdx

)−α
γ

]
.

Notice that the main difference between the two expressions is in the location of the P parameter.

Theorem 5.2. Let α ∈ (0, Q), P ∈ R and q ∈ (0, 1). Then one has:

(5.5) F torus
α (q, P ) = Gtorus

α (q, P ) = G̃torus
α (q, P ) almost everywhere in P ∈ R.

To prove this theorem, we start by apply the operator µ
− 2iP

γ −1

1 to the right hand of the first bootstrap
statement on the annulus.

Lemma 5.3. For α ∈ (0, Q), q ∈ (0, 1), P ∈ R, the following identity holds

q
P2

2 F torus
α (q, P ) =

1

B1

ˆ ∞

0

dµ1µ
− 2iP

γ −1

1

(ˆ
R
Gµ0(α,Q+ iP ′)Uµ1(Q− iP ′)q

1
2P

′2
Gtorus
α (q, P ′)dP ′

)
,(5.6)

where the prefactor B1 is given by:

B1 = Γ(−2iP

γ
)Γ(1− iPγ

2
)Aγ,P,0(α)µ

− 2iP+α
γ

0

2

γ
e

παP
2 − iπα2

2 (2π)−
α
γ 2−2P 2+α

2 (Q−α)− iPα
2 (iP )Γ(

α

γ
)Γ(

iPγ

2
)Γ(

2iP

γ
)
S γ

2
(α2 + iP )

S γ
2
(iP )S γ

2
(α2 )

.

Proof. The integral over P ′ on the right hand side of (5.6) using (2.5) can be viewed as
´
R µ

2iP ′
γ

1 g(P ′)dP ′

where:

g(P ′) :=
2

γ
Γ(−2iP ′

γ
)

(
2−

γ
2 (Q−iP ′)2π

Γ(1− γ2

4 )

) 2iP ′
γ

Γ(1− iP ′γ

2
)Gµ0(α,Q+ iP ′)q

1
2P

′2
F torus

α (q, P ′).
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Therefore applying the operator
´∞
0

dµ1µ
− 2iP

γ −1

1 to the right hand side of (5.6) simply amounts to taking
an inverse Fourier transformˆ ∞

0

dµ1µ
− 2iP

γ −1

1

ˆ
R
dP ′µ

2iP ′
γ

1 g(P ′) =
γ

2

ˆ
R
dωe−iPω

ˆ
R
dP ′eiP

′ωg(P ′) = πγg(P ).

It will be convenient to the express the result using Aγ,P,0(α). For this purpose, record the expression

Gµ0
(α,Q+iP ) = µ

− 2iP+α
γ

0

2

γ
Γ(

2iP + α

γ
)

(
2π2

γ
2 (

α
2 −Q−iP )

Γ(1− γ2

4 )

)− 2iP+α
γ Γ(αγ4 + iγP

2 + 1)Γ γ
2
(Q+ iP ± α

2 )Γ γ
2
(Q− α

2 )
2

Γ γ
2
(Q− α)Γ γ

2
(Q+ iP )2Γ γ

2
(Q)

,

where we adopt the convention that Γ γ
2
(A ± B) := Γ γ

2
(A + B)Γ γ

2
(A − B). By applying various identities,

we can find that:

Gµ0
(α,Q+ iP ) = Aγ,P,0(α)µ

− 2iP+α
γ

0

2

γ
e

παP
2 − iπα2

2 (2π)−
2iP+α

γ −12−
1
2 (α−Q−iP )(2iP+α)Γ(1− γ2

4
)

2iP
γ (iP )(5.7)

× Γ(
α

γ
)Γ(

iPγ

2
)Γ(

2iP

γ
)
S γ

2
(α2 + iP )

S γ
2
(iP )S γ

2
(α2 )

.

From here one obtains that

πγg(P ) =Γ(−2iP

γ
)Γ(1− iPγ

2
)q

1
2P

2

F torus
α (q, P )Aγ,P,0(α)µ

− 2iP+α
γ

0

2

γ
e

παP
2 − iπα2

2 (2π)−
α
γ 2−2P 2+α

2 (Q−α)− iPα
2 (iP )

× Γ(
α

γ
)Γ(

iPγ

2
)Γ(

2iP

γ
)
S γ

2
(α2 + iP )

S γ
2
(iP )S γ

2
(α2 )

and thus the statement and the claimed expression for B1. □

We can now apply the same operator to the left hand side of the bootstrap statement to obtain the
following lemma.

Lemma 5.4. Assume α ∈ (0, Q) and P ∈ R. Then one has:
(5.8)ˆ ∞

0

dµ1µ
− 2iP

γ

1 LFτ

[
L1e

−µ0L0−µ1L1Vα
2
(0)
]
=

2

γ
Γ(−2iP

γ
+1)Γ(

α

γ
+
2iP

γ
)E
[
Lhτ

(
τ

2
, 1 +

τ

2
)

2iP
γ Lhτ

(0, 1)−
2iP
γ −α

γ

]
.

Proof. Let hτ be given by equation (5.4). Denote by L0 := Lhτ
(0, 1) and L1 := Lhτ

( τ2 , 1 + τ
2 ) the GMC

measures of both boundaries of the annulus. By writing out explicitly the integral over the zero mode in the
definition of the correlation function and by using the bounds for negative moments of GMC one gets:ˆ ∞

0

dµ1

ˆ
R
dc

∣∣∣∣µ− 2iP
γ

1 e
(α+γ)c

2 E
[
L1e

−e
γc
2 µ0L0−e

γc
2 µ1L1

]∣∣∣∣ = 2

γ
Γ(

α

γ
+ 1)

ˆ ∞

0

dµ1E
[
L1 (µ0L0 + µ1L1)

−α
γ −1

]
< +∞.

Thus we can compute:ˆ ∞

0

dµ1µ
− 2iP

γ

1 LFτ

[
L1e

−µ0L0−µ1L1Vα
2
(0)
]
=

ˆ ∞

0

dµ1µ
− 2iP

γ

1

ˆ
R
dce

(α+γ)c
2 E

[
L0e

−e
γc
2 µ0L0−e

γc
2 µ1L1

]
= Γ(−2iP

γ
+ 1)

ˆ
R
dce

αc
2 E
[
(e

γc
2 L1)

2iP
γ e−e

γc
2 µ0L0

]
=

2

γ
Γ(−2iP

γ
+ 1)Γ(

α

γ
+

2iP

γ
)E[L

2iP
γ

1 L− 2iP
γ −α

γ

0 ].

□

5.2. Proof of the modular equation. Next we will prove the modular transformation in a smaller range
of parameters than the one of our main result Theorem 1.4.

Theorem 5.5. For α ∈ (0, Q), q ∈ (0, 1), P ∈ R:

(5.9) q−
1
12+

1
2P

2

F torus
α (q, P ) = τ−

α
2 (Q−α

2 )

ˆ
R
Mtorus

α (P, P ′)q̃−
1
12+

1
2 (P

′)2F torus
α (q̃, P ′)dP ′.

The proof is again based on applying again the operator µ
− 2iP

γ −1

1 but to the second bootstrap statement
on the annulus. We give this computation in the following proposition.
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Proposition 5.6. For α ∈ (0, Q), q ∈ (0, 1), P ∈ R, the following identity holds:

ˆ
R
Mtorus

α (P, P ′)q̃
1
2 (P

′)2F torus
α (q̃, P ′)dP ′ =

1

B2

ˆ ∞

0

dµ1µ
− 2iP

γ −1

1

(ˆ
R
H

(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

q̃
1
2P

′2
F torus

α (q̃, P ′)dP ′
)
.

(5.10)

where the pre-factor B2 is given by:

B2 = 2iπµ
−α

γ − 2iP
γ

0

(2π)−
α
γ +1( 2γ )

( γ
2 −

2
γ )(−α

2 )−1

Γ(1− γ2

4 )−
α
γ

Γ γ
2
(Q− α

2 )Γ γ
2
(α2 )Γ γ

2
(Q− α

2 + iP ′)

Γ γ
2
(Q)Γ γ

2
(Q− α)Γ γ

2
(iP ′)Γ γ

2
(−iP ′)

Γ γ
2
(−iP ′ +Q− α

2 )S γ
2
(Q− α

2 )

S γ
2
(Q+ iP )S γ

2
(Q− α

2 − iP )

× 1

c1

Aγ,P,0(α)

Aγ,P ′,0(α)
e

πα(P−P ′)
2

1

sin(γπiP
′

2 ) sin( 2πiP
′

γ )
.

We postpone the proof of this proposition and use it to finish the proof of the modular equation.

Proof. We thus equate the two bootstrap statements:

− 1

2π

ˆ ∞

−∞
Gµ0

(α,Q+ iP )∂µ1
Uµ1

(Q− iP )q
1
2P

2

q−
1
12F torus

α (q, P )dP

=
C1

2π
τ−

α
2 (Q−α

2 )

ˆ ∞

−∞
H

(α,Q+iP,Q−iP )
(µ0,µ0,µ1)

q̃
1
2P

2

q̃−
1
12F torus

α (q̃, P )dP.

Applying various identities, we simplify the following expression:

B2

B1
= 4iπ2(

2

γ
)(

γ
2 −

2
γ )(−α

2 )−1
Γ γ

2
(Q− α

2 )Γ γ
2
(α2 )Γ γ

2
(Q− α

2 + iP ′)

Γ γ
2
(Q)Γ γ

2
(Q− α)Γ γ

2
(iP ′)Γ γ

2
(−iP ′)

Γ γ
2
(−iP ′ +Q− α

2 )

S γ
2
(Q+ iP )S γ

2
(Q− α

2 − iP )

× 1

c1

1

sin(γπiP
′

2 ) sin( 2πiP
′

γ )

(γ
2

)− γα
4 Γ γ

2
( 2γ )Γ γ

2
(Q− iP ′)Γ γ

2
(Q+ iP ′)Γ γ

2
(Q− α)

Γ γ
2
(Q− α

2 )Γ γ
2
( 2γ + α

2 )Γ γ
2
(Q− α

2 − iP ′)Γ γ
2
(Q− α

2 + iP ′)

×

(
Γ(−2iP

γ
)Γ(1− iPγ

2
)
2

γ
2−2P 2+α

2 (Q−α)− iPα
2 (iP )Γ(

α

γ
)Γ(

iPγ

2
)Γ(

2iP

γ
)
S γ

2
(α2 + iP )

S γ
2
(iP )

)−1

= 4i(
2

γ
)(

γ
2 −

2
γ )(−α

2 )−1 1

c1

(γ
2

)− γα
4

(
2

γ
2−2P 2+α

2 (Q−α)− iPα
2 (iP )

)−1
P

2πi

(
2

γ

)−α
γ +2

= 4
1

c1

(
2−2P 2+α

2 (Q−α)− iPα
2 i
)−1 1

2π

This power of 2 can from the structure constants, maybe just remove it.. then one gets c1 = iπ
2 .

□

We now complete the proof of Proposition 5.6. We first prove the following integral identity expressing
the integral transform of the H-function as a certain hyperbolic hypergeometric integral. In what follows,
we will transform the resulting integral into the desired form using identities on hyperbolic hypergeometric
integrals summarized in Appendix B. We divide the proof into two steps. In the first step, we express the
integral transform of the H-function as a certain hypergeometric integral. In the second step, we identify the
hypergeometric integral with the modular kernel up to some explicit pre-factor. Let us look at the analytic
issues encountered in proving Proposition 3.3. The first thing we will do is apply the Fourier to the H
function. At the end we will need to justify the inversion with the integration over P ′. For this purpose we
first state the following lemma.

Lemma 5.7. Consider α ∈ (0, Q), P ∈ R+ iη for a fixed η > 0. Then the following identity holdsˆ ∞

0

µ
− 2iP

γ −1

1 H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

dµ1 = B3

ˆ
Cδ

S γ
2
(α2 + r)S γ

2
(Q− α

2 + r)S γ
2
(iP − r)

S γ
2
(Q+ iP ′ + r)S γ

2
(Q+ r)

e
iπ
2 (r−Q+2i(P ′−P ))dr,

where B3 is given by

B3 = 2iπµ
−α

γ − 2iP
γ

0

(2π)−
α
γ +1( 2γ )

( γ
2 −

2
γ )(−α

2 )−1

Γ(1− γ2

4 )−
α
γ

Γ γ
2
(Q− α

2 )Γ γ
2
(iP ′ + α

2 )Γ γ
2
(α2 )Γ γ

2
(Q− α

2 + iP ′)

Γ γ
2
(Q)Γ γ

2
(Q− α)Γ γ

2
(iP ′)Γ γ

2
(−iP ′)

ei
π
2 (α

2 (α
2 −Q))eiπPP ′

S γ
2
(α2 )S γ

2
(Q+ iP )

,
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and where the contour Cδ goes from ±i∞− δ for a fix δ satisfying δ > η > 0.

Proof. We start by scaling µ0:

H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

=
2

γ
Γ(

α

γ
)H

(α,Q+iP ′,Q−iP ′)

(µ0,µ0,µ1) =
2

γ
Γ(

α

γ
)µ

−α
γ

0 H
(α,Q+iP ′,Q−iP ′)

(1,1,µ1/µ0) .

Therefore:ˆ ∞

0

µ
− 2iP

γ −1

1 H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

dµ1 =
2

γ
Γ(

α

γ
)µ

−α
γ

0

ˆ ∞

0

µ
− 2iP

γ −1

1 H
(α,Q+iP ′,Q−iP ′)

(1,1,µ1/µ0) dµ1

= 2iπΓ(
α

γ
)µ

−α
γ − 2iP

γ

0

ˆ
iR
e2π(σ3−Q

2 )PH
(α,Q+iP ′,Q−iP ′)

(1,1,eiπγ(σ3−Q
2

))
dσ3

= 2iπΓ(
α

γ
)µ

−α
γ − 2iP

γ

0

ˆ
iR
e2π(σ2−Q

2 )PH
(Q+iP ′,Q−iP ′,α)

(1,eiπγ(σ2−Q
2

),1)
dσ2.

In the last step we have applied a cyclic permutation of parameters. We now use the exact formula for H

with β3 = α, β1 = Q+ iP ′, β2 = Q− iP ′, σ1 = σ3 = Q
2 ,

µ1

µ0
= eiπγ(σ2−Q

2 ). One gets:

H
(Q+iP ′,Q−iP ′,α)

(1,eiπγ(σ2−Q
2

),1)
=

(2π)−
α
γ +1( 2γ )

( γ
2 −

2
γ )(−α

2 )−1

Γ(1− γ2

4 )−
α
γ Γ(αγ )

ei
π
2 (α

2 (α
2 −Q))Γ γ

2
(Q− α

2 )Γ γ
2
(iP ′ + α

2 )Γ γ
2
(α2 )Γ γ

2
(Q− α

2 + iP ′)

Γ γ
2
(Q)Γ γ

2
(Q− α)Γ γ

2
(iP ′)Γ γ

2
(−iP ′)S γ

2
(Q+ iP ′

2 − σ2)S γ
2
(α2 )

×
ˆ
C

S γ
2
(Q+ iP ′

2 − σ2 + r)S γ
2
(α2 + r)S γ

2
(Q− α

2 + r)

S γ
2
(Q+ iP ′ + r)S γ

2
(Q+ r)S γ

2
(Q+ r)

eiπ(
iP ′
2 −Q+σ2)r

dr

i
.

Let us check the parameter in order for the integration defining H to be well defined. The condition is
Re(Q − σ3 + σ2 − β2

2 ) > 0 which translates given our values of βi, σi to the condition Re(σ2) > 0. For this
purpose we will consider the following quantity

lim
ϵ→0

ˆ
iR+ϵ

e2π(σ2−Q
2 )PH

(Q+iP ′,Q−iP ′,α)

(1,eiπγ(σ2−Q
2

),1)
dσ2,

where at fixed ϵ > 0 it is possible to use the above integral expression for H. The next step will be to justify
that we can exchange the order of integration of the two integrals over σ2 and r.

For this purpose we will also consider a small modification of the contour C over the r variable. For a
small δ > 0, we consider Cδ which goes this time from ±i∞− δ, and in between passes to the left and right
of the poles of the integrand similarly as C.

We will now show the following lemma that allows to exchange the order of integration:
For α ∈ (0, Q), P ′ ∈ R, P ∈ R+ iη and for fixed η, ϵ, δ satisfying ϵ > 0, δ > η > 0 one hasˆ

iR+ϵ

dσ2

ˆ
Cδ

dr |I(r, σ2)| < +∞,(5.11)

where we have used the notation:

I(r, σ2) :=
e2π(σ2−Q

2 )P

S γ
2
(Q+ iP ′

2 − σ2)

S γ
2
(Q+ iP ′

2 − σ2 + r)S γ
2
(α2 + r)S γ

2
(Q− α

2 + r)

S γ
2
(Q+ iP ′ + r)S γ

2
(Q+ r)S γ

2
(Q+ r)

eiπ(
iP ′
2 −Q+σ2)r.

For proving (5.11), it suffices to show that |I(r, σ2)| decays exponentially as Im(r) or Im(σ2) goes to +∞
or −∞. To this end, we use the asymptotics of the double sine function as noted in (B.1). Recall α, P ′ are
real. We note that

|eiπ( iP ′
2 −Q+σ2)r| = e

πP ′
2 δeπIm(r)(Q−ϵ)eπIm(σ2)δ, |S γ

2
(σ2 −

iP ′

2
)| ∼

{
eπ(ϵ−

Q
2 )Im(σ2) as Im(σ2) → ∞,

e−π(ϵ−Q
2 )Im(σ2) as Im(σ2) → −∞,

and,

|S γ
2
(Q+

iP ′

2
− σ2 + r)| ∼

{
c1e

π(Q
2 −δ−ϵ)Im(r−σ2) as Im(r − σ2) → ∞,

c2e
−π(Q

2 −δ−ϵ)Im(r−σ2) as Im(r − σ2) → −∞.∣∣∣∣∣ S γ
2
(α2 + r)S γ

2
(Q− α

2 + r)

S γ
2
(Q+ iP ′ + r)S γ

2
(Q+ r)S γ

2
(Q+ r)

∣∣∣∣∣ ∼
{
eπ(δ−

3
2Q)Im(r) as Im(r) → ∞,

e−π(δ− 3
2Q)Im(r) as Im(r) → −∞.

(5.12)
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By our assumption, P = Re(P ) + iη which implies | exp(2π(σ2 − Q
2 )P )| ∼ exp(−2πIm(σ2)η). In what

follows, we use the above asymptotics to find the decay of I(r, σ2) as Im(r), Im(σ2) → ±∞.
In what follows, we study the asymptotics of I(r, σ2) in eight different possible cases based on the relative

growth of Im(r) and Im(σ2). In all cases, we use the asymptotics such that there

• Im(r) → +∞, Im(σ2) → +∞, Im(r − σ2) → +∞

|I(r, σ2)| ∼ e−2πIm(r)ϵeπIm(σ2)(2δ+2ϵ−2η−Q),

• Im(r) → +∞, Im(σ2) → +∞, Im(r − σ2) → −∞

|I(r, σ2)| ∼ eπIm(r)(2δ−Q)e−2πIm(σ2)η,

• Im(r) → +∞, Im(σ2) → +∞, Im(r − σ2) → C

|I(r, σ2)| ∼ eπIm(r)(δ−ϵ−Q
2 )eπIm(σ2)(δ+ϵ−Q

2 −2η)

• Im(r) → −∞, Im(σ2) → −∞, Im(r − σ2) → +∞

|I(r, σ2)| ∼ eπIm(r)(3Q−2ϵ−2δ)eπIm(σ2)(2δ−2η)

• Im(r) → −∞, Im(σ2) → −∞, Im(r − σ2) → −∞

|I(r, σ2)| ∼ e2πIm(r)QeπIm(σ2)(Q−2ϵ−2η)

• Im(r) → −∞, Im(σ2) → −∞, Im(r − σ2) → C

|I(r, σ2)| ∼ eπIm(r)( 5
2Q−ϵ−δ)eπIm(σ2)(δ−ϵ+Q

2 −2η)

• Im(r) → +∞, Im(σ2) → −∞, Im(r − σ2) → +∞

|I(r, σ2)| ∼ e−2πIm(r)ϵeπIm(σ2)(2δ−2η)

• Im(r) → −∞, Im(σ2) → +∞, Im(r − σ2) → −∞

|I(r, σ2)| ∼ e2πIm(r)Qe−2πIm(σ2)η

Combining the asymptotics in all of these above cases shows that for ϵ > 0 and δ > η > 0, there exists
C, c1, c2 > 0 such that

|I(r, σ2)| ≤ Ce−c1|Im(r)|−c2|Im(σ2)|.

Now (5.11) follows from the above display via Tonelli’s theorem.
Using the above lemma we can exchange the integration over r and σ2 and compute the integral over σ2:ˆ

iR+ϵ

dσ2e
2π(σ2−Q

2 )P eiπ(
iP ′
2 −Q+σ2)r

S γ
2
(Q+ iP ′

2 − σ2 + r)

S γ
2
(Q+ iP ′

2 − σ2)

= e−πQP−πP ′r+iπPP ′
e−iπQr

ˆ
iR+ϵ

dσ2e
iπσ2(2iP−r)

S γ
2
(Q+ σ2 + r)

S γ
2
(Q+ σ2)

= ie−πQP−πP ′r+iπPP ′
e−iπQre

iπ
2 (αQ−α2)e−πiαβ

S γ
2
(Q+ r)S γ

2
(iP − r)

S γ
2
(Q+ iP )

= ie−πP ′r+iπPP ′
e

iπ
2 (−Qr+r2−2riP )

S γ
2
(Q+ r)S γ

2
(iP − r)

S γ
2
(Q+ iP )

,

where in the second equality we shift the integration over σ2 (which is clearly valid since P ′ is real) and in
the third equality we use the hyperbolic beta integral from Lemma B.1 with α = Q + r, β = iP − r. The
three conditions Re(Q + r) > 0, Re(iP − r) > 0, Re(Q + iP ) < Q are valid since r ∈ Cδ, P ∈ R + iη and
δ > η > 0. Putting everything together we obtain the desired claim.

Finally lets us check here the convergence at r → ±i∞ of the integral in the right hand side of Lemma
5.7. We compute the asymptotic of the double sine function in the integrand:

S γ
2
(α2 + r)S γ

2
(Q− α

2 + r)

S γ
2
(Q+ iP ′ + r)S γ

2
(Q+ r)S γ

2
(Q− iP + r)

∼

{
c1e

−iπ2 ∆1 as Im(r) → ∞,

c2e
iπ2 ∆1 as Im(r) → −∞.

(5.13)
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where here ∆1 = −r2 + r(2iP + 2iP ′ − 3Q). Therefore:

S γ
2
(α2 + r)S γ

2
(Q− α

2 + r)

S γ
2
(Q+ iP ′ + r)S γ

2
(Q+ r)S γ

2
(Q− iP + r)

e−πP ′re
iπ
2 (−Qr+r2−2riP ) ∼

{
c1e

−iπ2 ∆2 as Im(r) → ∞,

c2e
iπ2 ∆3 as Im(r) → −∞.

(5.14)

Here ∆2 = −2r2 + r(4iP − 2Q) and ∆3 = r(4iP ′ − 4Q). We assume that P ′ is real but that P can have
a small imaginary part iη. Also let us still assume that r = iIm(r)− δ. Based on the values of ∆2,∆3, the
integral is converging. □

We will now express the integral in the right hand side of Lemma 5.7 as a constant times the modular
kernel. This is given by the following lemma:

Lemma 5.8. Consider α ∈ (0, Q), P ∈ R+ iη for a fixed η > 0. Then the following identity holds

Mtorus
α (P, P ′) =

1

B2

ˆ ∞

0

µ
− 2iP

γ −1

1 H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

dµ1,

where B2 is as in Proposition 5.6.

Proof. Applying Lemma B.7 to the output of Lemma 5.7, we find that:ˆ ∞

0

µ
− 2iP

γ −1

1 H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

dµ1 = B3e
iπ
2 (∆α−2PP ′)

S γ
2
(−iP ′ +Q− α

2 )S γ
2
(Q− α

2 )

S γ
2
(Q− α

2 − iP )
Iα(P, P

′).

On the other hand we also have that:

Mtorus
α (P, P ′) = c1

Aγ,P ′,0(α)

Aγ,P,0(α)
e

πα(P ′−P )
2

sin(γπiP
′

2 ) sin(2πiP
′

γ )

S γ
2
(α2 )

Iα(P, P
′).

This implies the claim of the lemma. □

To finish the proof of Proposition 5.6 we need to justify the exchange of the integral over µ1 and the
integration over P ′. This is provided to the following lemma.

Lemma 5.9. In the parameter range α ∈ (0, Q), q ∈ (0, 1), P ∈ R+ iη, η > 0 one has:ˆ ∞

0

dµ1µ
− 2iP

γ

1

(ˆ ∞

−∞
H

(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

q̃
1
2P

′2
F torus

α (q̃, P ′)dP ′
)

=

ˆ ∞

−∞
dP ′

(ˆ ∞

0

dµ1µ
− 2iP

γ

1 H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

q̃
1
2P

′2
F torus

α (q̃, P ′)

)
.

Proof. One needs to show:ˆ
R
dP ′
ˆ ∞

0

dµ1

∣∣∣∣µ− 2iP
γ

1 H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

q̃
1
2P

′2
F torus

α (q̃, P ′)

∣∣∣∣ < +∞.

To show this one simply needs to use the fact that

lim
µ1→0

H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

= H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,0)

,

and the fact that:

H
(α,Q+iP ′,Q−iP ′)
(µ0,µ0,µ1)

= µ
−α

γ

1 H
(α,Q+iP ′,Q−iP ′)

(
µ0
µ1

,
µ0
µ1

,1)
∼

µ1→+∞
µ
−α

γ

1 H
(α,Q+iP ′,Q−iP ′)
(0,0,1) .

Using this asymptotic the integral over µ1 is always convergent at 0 and at infinity it behaves as Cµ
−α

γ + 2η
γ

1

and so one needs to assume α ∈ (γ + 2η,Q) for it converge. For η this interval is non empty since one
has γ < Q. One can then check the integration over P ′ is converging by using the bounds on the special
functions. □

Finally we had assumed P ∈ R + iη, η > 0. Since the left hand side of (5.10) is continuous in P in a
neighborhood of R, one can clearly take the limit η → 0 and obtain the desired result for P ∈ R.
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5.3. Analytic properties of the modular kernel. The modular kernel Mtorus
α (P, P ′) given in (5.3) in

the previous section involves the integral formula Iα(P, P
′) which is only converging in the parameter range

Q > Re(α)
2 , −Q + Re(α)

2 < Im(P ) < Q − Re(α)
2 . In order to extend the 1-point torus conformal block to

a meromorphic function of P , it will first be necessary to extend the modular kernel to a meromorphic
function of P ∈ C, fixing all the other parameters in some appropriate range. We will also show the modular
kernel has poles at P = Pm,n with residues satisfying a certain identity. This is the content of the following
proposition.

Proposition 5.10. Fix γ ∈ (0, 2), α ∈ (0, Q), and P ′ ∈ R. The modular kernel P 7→ Mα(P, P
′) is a

meromorphic function over C with poles at P = Pm,n. Furthermore it obeys:

(5.15) ResP=Pm,n
Mtorus

α (P, P ′) = d(m,n, P )Mtorus
α (P−m,n, P

′).

In order to prove this result, we will show that the modular kernel obeys certain functional equations
known as shift equations. Consider the function Mα(P, P

′) related to the fusion kernel by the relation:

Mα(P, P
′) = Mα(P, P

′)
Aγ,P ′,0(α)

Aγ,P,0(α)
e

πα(P ′−P )
2 .

We know give the following lemma on the function Mα(P, P
′).

Lemma 5.11. Fix α ∈ (0, Q) and P ′ ∈ R. The function P → Mα(P, P
′) can be meromorphically extended

to C. For both χ = γ
2 or 2

γ , it obeys the following functional equation:

sinπχ(iP + α
2 )

sinπχiP
Mα(P − iχ, P ′) +

sinπχ(iP − α
2 )

sinπχiP
Mα(P + iχ, P ′) = 2 cos(πχiP ′)Mα(P, P

′).

Proof. Assume a function f(P ) is a solution to:

sin(πχ(iP +
α

2
))f(P − iχ) + sin(πχ(iP − α

2
))f(P + iχ) = 2 cos(πχiP ′) sin(πχiP )f(P ).

Using Fourier transform we can write f(P ) as

f(P ) =

ˆ
C
dξe2πPξ f̂(ξ)

where C is some appropriate contour going from −i∞ to +i∞ and now try to identify the function f̂(ξ).
The above functional equation then becomes:(

e
πiχα

2 −πχP − e−
πiχα

2 +πχP
)ˆ

C
dξe2π(P−iχ)ξ f̂(ξ) +

(
e−

πiχα
2 −πχP − e

πiχα
2 +πχP

)ˆ
C
dξe2π(P+iχ)ξ f̂(ξ)

= 2 cos(πχiP ′)
(
e−πχP − eπχP

)ˆ
C
dξe2πPξ f̂(ξ).

We now move the contour C to get:ˆ
C
dξe2πPξ f̂(ξ +

χ

2
)
[
e

πiχα
2 −2πiχ(ξ+χ

2 ) + e−
πiχα

2 +2πiχ(ξ+χ
2 ) − 2 cos(πχiP ′)

]
−
ˆ
C
dξe2πPξ f̂(ξ − χ

2
)
[
e

πiχα
2 +2πiχ(ξ−χ

2 ) + e−
πiχα

2 −2πiχ(ξ−χ
2 ) − 2 cos(πχiP ′)

]
= 0.

By taking the inverse Fourier transform this implies the following equation on f̂(ξ):

f̂(ξ +
χ

2
) =

cos(πχα2 + 2πχ(ξ − χ
2 ))− cos(πχiP ′)

cos(πχα2 − 2πχ(ξ + χ
2 ))− cos(πχiP ′)

f̂(ξ − χ

2
)

=
sin(πχα4 + πχ(ξ − χ

2 )−
1
2πχiP

′) sin(πχα4 + πχ(ξ − χ
2 ) +

1
2πχiP

′)

sin(πχα4 − πχ(ξ + χ
2 )−

1
2πχiP

′) sin(πχα4 − πχ(ξ + χ
2 ) +

1
2πχiP

′)
f̂(ξ − χ

2
)

⇒ f̂(ξ + χ) =
sin(πχα4 + πχξ − 1

2πχiP
′) sin(πχα4 + πχξ + 1

2πχiP
′)

sin(πχα4 − πχ(ξ + χ)− 1
2πχiP

′) sin(πχα4 − πχ(ξ + χ) + 1
2πχiP

′)
f̂(ξ).
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Lets check that the integrand of Iα(P, P
′) obeys the same relation. For this we will use the functional

equation (A.6) on S γ
2
. Thus let:

g(ξ) =
S γ

2
( iP

′

2 + α
4 + ξ)S γ

2
( iP

′

2 + α
4 − ξ)

S γ
2
(Q+ iP ′

2 − α
4 + ξ)S γ

2
(Q+ iP ′

2 − α
4 − ξ)

.

Then we can compute that:

g(ξ + χ) =
S γ

2
( iP

′

2 + α
4 + χ+ ξ)S γ

2
( iP

′

2 + α
4 − χ− ξ)

S γ
2
(Q+ iP ′

2 − α
4 + χ+ ξ)S γ

2
(Q+ iP ′

2 − α
4 − χ− ξ)

=
sin(πχiP

′

2 + πχα
4 + πχξ)

sin(πχ2 + πχiP ′

2 − πχα
4 + πχξ)

sin(πχiP
′

2 − πχα
4 − πχξ)

sin(πχiP
′

2 + πχα
4 − πχ2 − πχξ)

g(ξ)

This matches the relation for f̂ and thus we have checked the first shift equations. □

Remark. It is also possible to derive the following extra three shift equations:

sinπχ(iP ′ − χ+ α
2 )

sinπχ(iP ′ − χ)
Mα(P, P

′ + iχ) +
sinπχ(iP ′ + χ− α

2 )

sinπχ(iP ′ + χ)
Mα(P, P

′ − iχ) = 2 cos(πχiP )Mα(P, P
′),

1

sinπχ(iP ′ − χ)
Mα+2χ(P, P

′ + iχ)− 1

sinπχ(iP ′ + χ)
Mα+2χ(P, P

′ − iχ) = 2Mα(P, P
′),

1

sinπχiP
(Mα(P − iχ, P ′)−Mα(P + iχ, P ′)) = 2Mα+2χ(P, P

′).

As they will not be needed in the present paper, we omit their proofs.

Using the shift equation we have established, we can now prove Proposition 5.10.

Proof of Proposition 5.10. Fix α < Q, P ′ ∈ R. The goal is to show that the function given by

Mα(P, P
′) = Mα(P, P

′)
Aγ,P ′,0(α)

Aγ,P,0(α)
e

πα(P ′−P )
2 ,

Mα(P, P
′) := c1

sin(γπiP
′

2 ) sin(2πiP
′

γ )

S γ
2
(α2 )

Iα(P, P
′),

Iα(P, P
′) :=

ˆ
C
dξ

S γ
2
( iP

′

2 + α
4 + ξ)S γ

2
( iP

′

2 + α
4 − ξ)

S γ
2
(Q+ iP ′

2 − α
4 + ξ)S γ

2
(Q+ iP ′

2 − α
4 − ξ)

e2πPξ,

which is originally defined under the parameter constraint Im(P ) ∈ [−Q + Re(α)
2 , Q − Re(α)

2 ] extends to a
meromorphic function in P ∈ C with poles at P = Pm,n and residues prescribed by the stated relation. To
prove this fact the two inputs will be the shift equation prove on Mα(P, P

′), namely

sinπχ(iP + α
2 )

sinπχiP
Mα(P − iχ, P ′) +

sinπχ(iP − α
2 )

sinπχiP
Mα(P + iχ, P ′) = 2 cos(πχiP ′)Mα(P, P

′),

and the fact that the P dependence of the total prefactor in front of the integral is:

Γ γ
2
(Q− α

2 − iP )Γ γ
2
(Q− α

2 + iP )

Γ γ
2
(Q− iP )Γ γ

2
(Q+ iP )

.

□

sinπχ(iP + α
2 )

sinπχiP
Mα(P − iχ, P ′) +

sinπχ(iP − α
2 )

sinπχiP
Mα(P + iχ, P ′) = 2 cos(πχiP ′)Mα(P, P

′)

at χ = γ
2 and P = 2in

γ we can derive Mα(P−1,n, P
′) = Mα(P1,n, P

′).

Actually it may be easier to just write the shift equation directly on the modular kernel. We can write:

Mα(P, P
′) = C(γ, P ′, α)

Γ γ
2
(Q− iP )Γ γ

2
(Q+ iP )

Γ γ
2
(Q− α

2 − iP )Γ γ
2
(Q− α

2 + iP )
Mα(P, P

′)
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Using the notation g(P ) = 1
Γ γ

2
(Q−α

2 −iP )Γ γ
2
(Q−α

2 +iP ) and the shift relation of the double gamma function we

can obtain:

g(P + iχ) = χ2iχP−χ2 Γ(χ(Q− α
2 − iP ))

Γ(χ(Q− α
2 + iP − χ))

g(P ),

g(P − iχ) = χ−2iχP−χ2 Γ(χ(Q− α
2 + iP ))

Γ(χ(Q− α
2 − iP − χ))

g(P ).

Appendix A. Identities on special functions

A.1. Gamma and double gamma functions. The gamma function is Γ(z) =
´∞
0

tz−1e−tdt for ℜz > 0. In
particular, Γ(n) = (n−1)! for n ∈ N. It has meromorphic extension to C with simple poles at {0,−1,−2, · · · }
and satisfies Γ(z + 1) = zΓ(z), the reflection formula

(A.1) Γ(z)Γ(1− z) =
π

sin(πz)
for z /∈ Z,

For Re(z) > 0 the double gamma function Γ γ
2
(z) is:

(A.2) log Γ γ
2
(z) :=

ˆ ∞

0

dt

t

[ e−zt − e−
Qt
2

(1− e−
γt
2 )(1− e−

2t
γ )

−
(Q2 − z)2

2
e−t +

z − Q
2

t

]
.

The function Γ γ
2
(z) admits meromorphic extension to C which has no zeros and has simple poles at {−γn

2 −
2m
γ | n,m ∈ N}. Moreover

(A.3) Γ γ
2
(z + χ) =

√
2πχχz− 1

2Γ(χz)−1Γ γ
2
(z) for χ ∈ {γ

2
,
2

γ
},

which implies

(A.4) Γ γ
2
(z +Q) = 2π

χ(χ−χ−1)z

Γ(χz)Γ(χ−1z)z
Γ γ

2
(z).

For γ2 /∈ Q, Γ γ
2
(z) is completely specified by (A.3) and Γ γ

2
(Q2 ) = 1. Other values of γ can be recovered

by continuity. We also use the function

S γ
2
(z) := Γ γ

2
(z)Γ γ

2
(Q− z)−1.(A.5)

and its functional equation:

S γ
2
(x+ χ)

S γ
2
(x)

= 2 sin(πχx), for χ ∈ {γ
2
,
2

γ
}.(A.6)

The now give a lemma giving the asymptotic of S γ
2
.

Lemma A.1. We have that

lim
ℑ(x)→∞

ei
π
2 x(x−Q)S γ

2
(x) = 1,

lim
ℑ(x)→−∞

e−iπ2 x(x−Q)S γ
2
(x) = 1.

As a consequence it is easy to derive the following bound. Fix a ∈ R away from the poles of S γ
2
. Then one

has:

|S γ
2
(a+ it)| ≤ Cae

π
2 |t(Q−2a)|, ∀t ∈ R.
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A.2. Convergence of contour integrals. Throughout this paper we consider in many places expressions
of the form ˆ

C
dreiπrξ

N∏
i=1

S γ
2
(ui + r)

S γ
2
(vi + r)

,

where the ui, vi, ξ can a priori be arbitrary parameters in C. Here we discuss how the contour C is chosen
and what are the conditions for the convergence of such integrals. Using the properties of the S γ

2
function,

we see that the integrand has a pole when:

r = −ui −
mγ

2
− 2n

γ
, r = Q− vi +

mγ

2
+

2n

γ
, m, n ≥ 0.

There is thus N lattices of poles extending to the left (in the positive ∞ direction) and N lattices of poles
extending to the right (in the −∞ direction). The contour C is then chosen to go from −i∞ to +i∞, passing
to the left of the poles of the lattices extending to the right and vice versa. This will always be possible
except in the special case where there is a pole from one of the left lattices collapsing with a pole from the
right lattices, in which case the whole function has a pole. Let us now use the asymptotic (A.1) of S γ

2
to

study the asymptotics of these integrals. Write r = it. First as t → +∞:∣∣∣∣∣eiπrξ
N∏
i=1

S γ
2
(ui + r)

S γ
2
(vi + r)

∣∣∣∣∣ ∼ e−πtRe(ξ)

∣∣∣∣∣
N∏
i=1

S γ
2
(ui + r)

S γ
2
(vi + r)

∣∣∣∣∣ = e−πtRe(ξ)

∣∣∣∣∣
N∏
i=1

e
iπ
2 (v

2
i+(2it−Q)vi−u2

i+(Q−2it)ui)

∣∣∣∣∣
We then get as t → +∞:∣∣∣∣∣eiπrξ

N∏
i=1

S γ
2
(ui + r)

S γ
2
(vi + r)

∣∣∣∣∣ ∼ e−πtRe(ξ)
N∏
i=1

eπtRe(ui−vi)e
π
2 Im(u2

i−v2
i ).

The condition for convergence of the integral are thus:∑
i

Re(ui − vi)− Re(ξ) < 0,
∑
i

Re(vi − ui)− Re(ξ) > 0.

We will also need the following lemma.

Lemma A.2. For fixed parameters ξ, a, b, c consider the function:ˆ
C

dr

i
eiπrξ

S γ
2
(a+ r)S γ

2
(b+ r)

S γ
2
(c+ r)S γ

2
(Q+ r)

.

The parameters need to obey the constraint above namely:

Re(a+ b− c)−Q− Re(ξ) < 0, Q+Re(c− a− b)− Re(ξ) > 0.

Assuming the parameter are such that this condition holds one then has the following asymptotics, first as
Im(ξ) → +∞

S γ
2
(a)S γ

2
(b)

S γ
2
(c)

(1 +O(e
πiγξ

2 )),

and as Im(ξ) → −∞:

e−πibξ
S γ

2
(b)S γ

2
(b− a)

S γ
2
(c− b)

(1 +O(e−
πiγξ

2 )) + e−πiaξ
S γ

2
(a)S γ

2
(a− b)

S γ
2
(c− a)

(1 +O(e−
πiγξ

2 )).

Note that when Re(a) > Re(b) then the term with e−πibξ is the leading term and for Re(a) < Re(b) it is the
term with e−πiaξ.

In order to perform the identification of the following section, we will try to match the poles of both sides.
Therefore we need to determine the poles of the meromorphic function given by:

Iα(P, P
′) :=

ˆ
C
dξ

S γ
2
( iP

′

2 + α
4 + ξ)S γ

2
( iP

′

2 + α
4 − ξ)

S γ
2
(Q+ iP ′

2 − α
4 + ξ)S γ

2
(Q+ iP ′

2 − α
4 − ξ)

e2πPξ,

For this purpose we must now specify how the contour is chosen. The contour C of the integral goes from

−i∞ to i∞ passing to the right of the poles at r = − iP ′

2 − α
4 − nγ

2 −m 2
γ , r = iP ′

2 − α
4 − nγ

2 −m 2
γ and to
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the left of the poles at r = iP ′

2 + α
4 + nγ

2 +m 2
γ , r = − iP ′

2 + α
4 + nγ

2 +m 2
γ , with m,n ∈ N2. Let us check

the convergence of the integral at ±i∞. For this, by Lemma A.1 we find that as ξ → +i∞ the integrand
of the above integral is equivalent to c1e

2πPξeiπξ(2Q−α) for some c1 ∈ C independent of ξ. Therefore this
imposes the constraint 2Q − Re(α) + 2Im(P ) > 0. Similarly for ξ → −i∞, the integrand is equivalent to
c2e

2πPξe−iπξ(2Q−α) for some c2 ∈ C independent of ξ. This gives the constraint 2Q− Re(α)− 2Im(P ) > 0.
These constraints can be summarized by the conditions

Q >
Re(α)

2
, Im(P ) ∈

[
−Q+

Re(α)

2
, Q− Re(α)

2

]
.

If we wish to extend the exact formula for the modular kernel to a meromorphic function of all of its
parameters to the whole complex plane we need to use the shift equations.

A.3. Asymptotics on special functions. Our estimates will be based on the following asymptotic:

Lemma A.3. Fix γ ∈ (0, 2), a, b ∈ C with a ̸= −γn
2 − 2m

γ for any integers m,n ≥ 0. Then for P ∈ R one

has ∣∣∣∣∣Γ γ
2
(a+ iP )

Γ γ
2
(b+ iP )

∣∣∣∣∣ < Cec|P | log |P |

where C, c > 0 depend on γ, a, b but not on P .

Proof. We will prove this bound by directly using the integral formula for the double gamma function which
we recall now.

(A.7) Γ γ
2
(x) := exp

(ˆ ∞

0

dt

t

[
e−xt − e−

Qt
2

(1− e−
γt
2 )(1− e−

2t
γ )

−
(Q2 − x)2

2
e−t +

x− Q
2

t

])
.

This formula is valid as long as Re(x) > 0. Without loss of generality we can assume a, b are real. By the
using the shift equations of the double gamma function, we can also assume that 0 < a < b. From here we
can write that:

Γ γ
2
(a+ iP )

Γ γ
2
(b+ iP )

= exp

(ˆ ∞

0

dt

t

[
(e−at − e−bt)e−iPt

(1− e−
γt
2 )(1− e−

2t
γ )

+
(a− b)(Q− 2iP − a− b)

2
e−t +

a− b

t

])
.

Since 0 < a < b, for large t the integral is converging and should at most contribute as c|P |. Let us now
look at how the integrand behaves for small t. We first write:

(e−at − e−bt)e−iPt

(1− e−
γt
2 )(1− e−

2t
γ )

+
(a− b)(Q− 2iP − a− b)

2
e−t +

a− b

t

=
1

t
(b− a+ (

a2

2
− b2

2
)t+ o(t))(1− iPt+ o(t))(1 +

γ

4
t+ o(t))(1 +

1

γ
t+ o(t))

+
(a− b)(Q− 2iP − a− b)

2
(1− t+ o(t)) +

a− b

t
= o(1).

At the next order we will see the integrand is converging at t = 0. We only have to worry about the P 2

term. In the above expansion it should appear as − 1
t (b− a)P

2

2 t2 and give a total contribution of the form:

exp

(ˆ t0

0

dt

t

1

t
(a− b)

P 2

2
t2
)

= e
(a−b)t0P2

2 .

By assuming b > a which is possible using shift equations, this argument seems to conclude the proof. □

Appendix B. Identities on hyperbolic hypergeometric functions

This appendix summarizes some integral identities on hyperbolic hypergeometric functions used in [PT01]
and [Tes16] and originally coming from the thesis [vdB07].
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B.1. Hyperbolic beta integral. The first identity we will use is the following hyperbolic beta integral.

Lemma B.1 ([PT01, Lemma 15]). Consider α, β ∈ C satisfying the conditions Re(α) > 0, Re(β) > 0 and
Re(α+ β) < Q. We have that

ˆ i∞

−i∞

dτ

i
dτe2πiτβ

e
πi
2 (τ+α)(τ+α−Q)

e
πi
2 τ(τ+Q)

S γ
2
(τ + α)

S γ
2
(τ +Q)

=
e

πi
2 α(α−Q)e

πi
2 β(β−Q)

e
πi
2 (α+β)(α+β−Q)

S γ
2
(α)S γ

2
(β)

S γ
2
(α+ β)

which implies

1

i

ˆ
iR

dτe2πiτβ
e

iπ
2 (τ+α)(τ+α−Q)

e
iπ
2 (τ+Q)τ

S γ
2
(τ + α)

S γ
2
(τ +Q)

=
e

iπ
2 (α2−αQ+β2−βQ)

e
iπ
2 (α+β)(α+β−Q)

S γ
2
(α)S γ

2
(β)

S γ
2
(α+ β)

⇒
ˆ
iR

dτe2πiτβeiπτ(α−Q)
S γ

2
(τ + α)

S γ
2
(τ +Q)

= ie
iπ
2 α(Q−α)e−iπαβ

S γ
2
(α)S γ

2
(β)

S γ
2
(α+ β)

.

The contour in τ is the imaginary axis, shifted slightly to the half space of negative real part to avoid the
pole at τ = 0.

Lets look at the behavior as τ → ±i∞ of the above integral over τ . Using the asymptotic of the double
sine function we obtain:

e2πiτβeiπτ(α−Q)
S γ

2
(τ + α)

S γ
2
(τ +Q)

∼

{
e

iπ
2 α(Q−α)e2πiτβ as Im(τ) → ∞,

e
iπ
2 α(α−Q)e2iπτ(α−Q)e2πiτβ as Im(τ) → −∞.

(B.1)

By using these asymptotics, the integral converges at τ → +i∞ if and only if Re(β) > 0. The integral
converges at τ → −i∞ if and only if Re(α+ β) < Q.

Notice also the integrand has poles when τ equals any of the following:

τ = −α− n
γ

2
−m

2

γ
, τ = n

γ

2
+m

2

γ
.

For Re(α) > 0, the contour can be chosen as the imaginary axis avoided the pole at the origin. For more
general α the contour would be more complicated..

B.2. Hyperbolic special functions. The next class of identities we will use are the transformations of
hyperbolic hypergeometric integrals in Lemmas B.6 and B.5, which were derived in [vdB07] by degenerating
a symmetry of the general hyperbolic hypergeometric integral under the action of the E7 Weyl group. For
the reader’s convenience, we now give a brief primer on hyperbolic hypergeometric functions to make explicit
how to extract them in this form from the original source.

The hyperbolic gamma function is defined for ω1, ω2 ∈ C with positive real parts by

(B.2) G(z;ω1, ω2) = exp

(
i

ˆ ∞

0

( sin(2zt)

2 sinh(ω1t) sinh(ω2t)
− z

ω1ω2t

)dt
t

)
.

Recalling that the double sine function is defined for 0 < ℜ(z) < Q by

S γ
2
(z) = exp

(ˆ ∞

0

( sinh((Q/2− z)t)

2 sinh(γ4 t) sinh(
1
γ t)

− Q− 2z

t

)dt
t

)
,

we find that

G(i(Q/2− z);
γ

2
,
2

γ
) = exp

(
i

ˆ ∞

0

( sin(i(Q− 2z)t)

2 sinh(γ2 t) sinh(
2
γ t)

− i(Q/2− z)

t

)dt
t

)

= exp

(
−
ˆ ∞

0

( sinh((Q− 2z)t)

2 sinh(γ2 t) sinh(
2
γ t)

− Q/2− z

t

)dt
t

)

= exp

(
−
ˆ ∞

0

( sinh((Q/2− z)t)

2 sinh(γ4 t) sinh(
1
γ t)

− Q− 2z

t

)dt
t

)
= Sγ/2(z)

−1,
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where we use that sinh(x) = −i sin(ix) in the first equality and we make the change of variables t/2 7→ t in
the second equality. This implies that

G(z; γ/2, 2/γ) = S γ
2
(
Q

2
+ iz)−1.

For any u ∈ C8, define the integrand

Ih(u, z) :=
G(iQ2 ± 2z; γ/2, 2/γ)∏8
j=1 G(uj ± z; γ/2, 2/γ)

=

∏8
j=1 S γ

2
(Q2 + iuj ± iz)

S γ
2
(±2iz)

.

The univariate hyperbolic hypergeometric function from [vdB07, Section 4.4.2] is defined for generic param-
eters u lying in

(B.3) Du := {u | u1 + · · ·+ u8 = 2iQ},

and ℑ(uj − Q
2 i) < 0 by

(B.4) Sh(u) :=

ˆ
R
Ih(u, z)dz

and admits meromorphic extension to all u satisfying (B.3). This function obeys the following transformation
symmetry under the action of the E7 Weyl group W (E7) on Du. The identities of interest in this work will
be certain limits of this transformation symmetry.

Proposition B.2 ([vdB07, Theorem 4.4.1]). The univariate hyperbolic hypergeometric function is invariant
under permutations of u and satisfies the symmetry

Sh(u) = Sh(w · u)
∏

1≤j<k≤4

S γ
2
(−iuj − iuk)

−1
∏

5≤j<k≤8

S γ
2
(−iuj − iuk)

−1,

where w is the reflection about the hyperplane normal to (1, 1, 1, 1,−1,−1,−1,−1).

The core objects we will use are two limiting versions of the univariate hyperbolic hypergeometric function.
For u ∈ Du satisfying ℑ(uj) <

Q
2 , define the hyperbolic Barnes integral by

(B.5) Bh(u) := 2

ˆ
R

∏
j=1,2,7,8 S γ

2
(Q/2 + iuj + iz)∏

j=3,4,5,6 S γ
2
(Q/2− iuj + iz)

dz.

Similarly, for v ∈ C6 satisfying ℑ(
∑6

i=1 vi) > Q, define the hyperbolic Euler integral by

(B.6) Eh(v) :=

ˆ
R

∏6
j=1 S γ

2
(Q/2 + iuj ± iz)

S γ
2
(±2iz)

dz.

The Barnes integral

Proposition B.3 ([vdB07, Proposition 4.4.7]). We have that

Bh(u) = Bh(w · u)
∏

j=1,2

∏
k=3,4

S γ
2
(−iuj − iuk)

−1
∏

j=5,6

∏
k=7,8

S γ
2
(−iuj − iuk)

−1,

where w is the reflection about the hyperplane normal to (1, 1, 1, 1,−1,−1,−1,−1).

These two limits are related by the following transformation identity, which is a limiting version of
Proposition B.2.

Proposition B.4 ([vdB07, Theorem 4.4.11]). For u ∈ Du satisfying ℑ(u1 + u6) < Q, we have

Bh(u) = Eh(u2 − s, u7 − s, u8 − s, u3 + s, u4 + s, u5 + s)
∏

j=3,4,5

S γ
2
(−iu1 − iuj)

−1
∏

j=2,7,8

S γ
2
(−iu6 − iuj)

−1

for

s =
1

2
(u2 + u6 + u7 + u8)− i

Q

2
.
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B.3. Transformations of hyperbolic hypergeometric functions. We now derive two limiting conse-
quences of Proposition B.4 which are used in [Tes16]. Although these may be specialized from more general
principles in [vdB07, Section 5.6], we derive them explicitly here for the benefit of the reader.

Lemma B.5 ([Tes16, Equation (B.19)], [vdB07, Theorem 5.6.14]). For parameters µ1, µ2, µ3, ν1, ν2 ∈ C, for

(B.7) σ :=
Q

2
− 1

2

3∑
i=1

µi −
1

2
ν2 and λ :=

3∑
i=1

µi +

2∑
i=1

νi −
Q

2
,

we have that

(B.8) 2

ˆ
iR
dy

3∏
i=1

S γ
2
(µi − y)

2∏
i=1

S γ
2
(νi + y)eπiλye−

1
2πiy

2

=

3∏
i=1

S γ
2
(µi + ν2)e

1
2πiλ

2

e
1
8πiQ

2

e−
1
2πiQ(λ+ν1)

ˆ
iR
dy

∏3
i=1 S γ

2
(µi + σ ± y)S γ

2
(ν1 − σ ± y)

S γ
2
(±2y)

e−2πiy2

.

Proof. Set

u =
(
−iν2+iQ/2,−iν1+iQ/2,−iµ1+iQ/2,−iµ2+iQ/2,−iµ3+iQ/2,−iµ4+iQ/2,−iν3+iQ/2,−iν4+iQ/2

)
+ S(0, 0, 0, 0, 0, 2,−1,−1)

and take the S → ∞ limit of the identity of Proposition B.4 multiplied by

e−iπS2−π(2µ4+ν3+ν4−2Q)−iπ2 (ν2
4+ν2

3−µ2
4+Q(µ4−ν3−ν4)).

On the LHS, by Lemma A.1, we obtain

2

ˆ
R

2∏
j=1

S γ
2
(νj + iz)

3∏
j=1

S γ
2
(µj − iz)e

π
2 (3Q−2ν3−2ν4−2µ4)z−iπ2 z2

dz.

For u to lie in Du, we must have that 4iQ− i
∑4

i=1(µi + νi) = 2iQ and hence

µ4 + ν3 + ν4 = 2Q−
3∑

i=1

µi −
2∑

i=1

νi =
3Q

2
− λ.

Substituting and changing variables to y = iz, we find

−2i

ˆ
iR

2∏
j=1

S γ
2
(νj + y)

3∏
j=1

S γ
2
(µj − y)e−iπλy+iπ2 y2

dy.

On the RHS, note that s = −iσ. Thus, by Lemma A.1, we obtain

3∏
i=1

S γ
2
(ν2 + µi)e

− 1
2πiλ

2

e−
1
8πiQ

2

e
1
2πiQ(λ+ν1)

ˆ
R

∏3
i=1 S γ

2
(µi + σ ± iz)S γ

2
(ν1 − σ ± iz)

S γ
2
(±2iz)

e−2iπz2

dz,

which after a change of variables to y = iz becomes

−i

3∏
i=1

S γ
2
(ν2 + µi)e

− 1
2πiλ

2

e−
1
8πiQ

2

e
1
2πiQ(λ+ν1)

ˆ
iR

∏3
i=1 S γ

2
(µi + σ ± y)S γ

2
(ν1 − σ ± y)

S γ
2
(±2y)

e2iπy
2

dy.

Taking the complex conjugate of both sides yields the desired identity. □

Lemma B.6 ([Tes16, Equation (D.32)], [vdB07, Theorem 5.6.17]). We have that

(B.9) 2

ˆ
iR
dz

S γ
2
(Q4 − µ+ m

2 ± z)

S γ
2
( 3Q4 − µ− m

2 ± z)
e4πiξz

= e2πi(ξ
2−(Q

4 +m
2 )2+µ2)S γ

2
(
Q

2
−m± 2ξ)

ˆ
iR
dy

S γ
2
(Q4 + m

2 ± µ± ξ ± y)

S γ
2
(±2y)

e−2πiy2

.
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Proof. Choose the parameters

u =
(
iQ/4 + im/2 + iξ, iQ/4− iµ− im/2, iQ/4 + iµ− im/2, iQ/4− iµ− im/2,

iQ/4 + im/2 + iξ, iQ/4 + im/2− iξ, iQ/4 + im/2− iξ, iQ/4 + iµ− im/2
)

+ S(−1, 0, 0, 0, 1,−1, 1, 0)

and take the S → ∞ limit of the identity of Proposition B.4 multiplied by eπ(2m+Q)S . On the LHS, by
Lemma A.1, we obtain

2

ˆ
R
S γ

2
(Q/4± µ+m/2± iz)e−4πξzdz = −2i

ˆ
iR
S γ

2
(Q/4± µ+m/2± y)e4πiξydy.

On the RHS, applying Lemma A.1, we obtain

e2πi(ξ
2−(Q

4 +m
2 )2+µ2)S γ

2
(Q/2−m± 2ξ)

ˆ
R

S γ
2
(Q/4± µ+m/2± ξ ± iz)

S γ
2
(±2iz)

e2iπz
2

dz,

which after the change of variables y = iz becomes

−ie2πi(ξ
2−(Q

4 +m
2 )2+µ2)S γ

2
(Q/2−m± 2ξ)

ˆ
iR

S γ
2
(Q/4± µ+m/2± ξ ± y)

S γ
2
(±2y)

e−2iπy2

dy.

Matching the two expressions completes the proof. □

Lemma B.7. The following identity holds:

ˆ
iR

S γ
2
(
α

2
+ r)S γ

2
(Q− α

2
+ r)S γ

2
(iP − r)S γ

2
(−iP ′ − r)S γ

2
(−r)eiπr(iP

′−iP−Q
2 )e

iπr2

2 dr

= C
ˆ
iR

dξ
S γ

2
( iP

′

2 + α
4 + ξ)S γ

2
( iP

′

2 + α
4 − ξ)

S γ
2
(Q+ iP ′

2 − α
4 + ξ)S γ

2
(Q+ iP ′

2 − α
4 − ξ)

e2πPξ,

where C has expression given by:

C = e
iπ
2 (∆α−2PP ′)

S γ
2
(−iP ′ +Q− α

2 )S γ
2
(Q− α

2 )

S γ
2
(Q− α

2 − iP )
.

Proof. We first apply the complex conjugate of Lemma B.5 with the parameters

µ1 = iP, µ2 = −iP ′, µ3 = 0, ν1 =
α

2
, ν2 = Q− α

2
, λ = iP − iP ′ +

Q

2
.

With this choice the balancing condition (B.7) is satisfied for σ = iP ′

2 − iP
2 + α

4 . This thus transforms the
LHS of the desired identity into

1

2
S γ

2
(iP +Q− α

2
)S γ

2
(−iP ′ +Q− α

2
)S γ

2
(Q− α

2
)e−

1
2πi(iP−iP ′+Q

2 )2e−
1
8πiQ

2

e
1
2πiQ(iP−iP ′+Q

2 +α
2 )

×
ˆ
iR

dy
S γ

2
(iP + σ ± y)S γ

2
(−iP ′ + σ ± y)S γ

2
(σ ± y)S γ

2
(α2 − σ ± y)

S γ
2
(±2y)

e2πiy
2

=
1

2
S γ

2
(iP +Q− α

2
)S γ

2
(−iP ′ +Q− α

2
)S γ

2
(Q− α

2
)e−

1
2πi(iP−iP ′+Q

2 )2e−
1
8πiQ

2

e
1
2πiQ(iP−iP ′+Q

2 +α
2 )

×
ˆ
iR

dy
S γ

2
(α4 ± iP

2 ± iP ′

2 ± y)

S γ
2
(±2y)

e2πiy
2

We are now going to apply Lemma B.6 with parameters m = α
2 − Q

2 , µ = − iP ′

2 , ξ = iP
2 . This gives

ˆ
iR

dz
S γ

2
( iP

′

2 + α
4 ± z)

S γ
2
(Q+ iP ′

2 − α
4 ± z)

e2πPz =
1

2
eπi(

P2

2 +α2

8 +P ′2
2 )S γ

2
(Q− α

2
± iP )

ˆ
iR

dy
S γ

2
(α4 ± iP

2 ± iP ′

2 ± y)

S γ
2
(±2y)

e2πiy
2

.
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Therefore this implies the claim of the lemma for the constant:

C =
S γ

2
(iP +Q− α

2 )S γ
2
(−iP ′ +Q− α

2 )S γ
2
(Q− α

2 )

S γ
2
(Q− α

2 + iP )S γ
2
(Q− α

2 − iP )
e−πi(P2

2 +α2

8 +P ′2
2 )e−

1
2πi(iP−iP ′+Q

2 )2e−
1
8πiQ

2

e
1
2πiQ(iP−iP ′+Q

2 +α
2 )

=
S γ

2
(−iP ′ +Q− α

2 )S γ
2
(Q− α

2 )

S γ
2
(Q− α

2 − iP )
e−πi(P2

2 +α2

8 +P ′2
2 )e−

1
2πi(iP−iP ′+Q

2 )2e−
1
8πiQ

2

e
1
2πiQ(iP−iP ′+Q

2 +α
2 ). □

Remark. On the right hand side the integral converges at ±i∞ if the parameters obey the condition:

Q >
Re(α)

2
, Im(P ) ∈

[
−Q+

Re(α)

2
, Q− Re(α)

2

]
.

Also the contour C of the integral goes from −i∞ to i∞ passing to the right of the poles at r = − iP ′

2 − α
4 −

nγ
2−m 2

γ , r = iP ′

2 − α
4 −nγ

2−m 2
γ and to the left of the poles at r = iP ′

2 + α
4 +nγ

2+m 2
γ , r = − iP ′

2 + α
4 +nγ

2+m 2
γ ,

with m,n ∈ N2. Let us check the convergence of the integral at ±i∞.
These conditions should somehow to contained in the identities we are citing to prove this result.
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