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1 Setup and Definition of Deformation Functors

Let II be a profinite group. We define a finiteness condition for II:

Condition ®,: For every open subgroup of finite index IIy C II there exists only finitely many continuous
homomorphisms IIy — Fp,.

In fact, both Gg, and Gg s satisfy condition ®,,.

Choose and fix a finite field k of characteristic p. Let C denote the category (of coefficient rings) whose
objects are complete Noetherian local rings with residue field £ and whose morphisms are local homomor-
phisms which induce identity on k. Let C° be the full subcategory whose objects are artinian. Let A be an
object of C. We define Cx to be the category whose objects are coefficient A-algebras and the homomorphism
respect the A-algebra structure. We let C§ be the artinian full subcategory. Note that we have C = Cw (k-

Define Deformation Functors D, Dy.

2 Schlessinger’s Criteria

Recall that any object of C is an inverse limit of objects of C°. We say a functor F on C is continuous if

where R is a complete noetherian local ring with maximal ideal m. Then F is completely determined by its
values on C°. It may happen that F is not representable as a functor on C°, but that there exists an object
R of the larger category C such that we have

F(A) = Hom(R, A)

for every artinian coefficient ring A. In this case, we say that the functor F on the category C° is pro-
representable. In fact,

Lemma 2.1. If F is continuous, then it is pro-representable as a functor on C° if and only if it is representable
as a functor on C.

Proof. A consequence of Hom(R, —) commuting with inverse limit in the second factor. O

Since we have shown last time that the deformation functor is continuous, instead of showing the defor-

mation functor is representable, we show that it is pro-representable under suitable hypothesis.



A Theorem of Grothendieck gives a sufficient condition for a functor on C° to be pro-representable
involving the MV property. However, the hypothesis of the theorem is hard to check. Schlessinger obtained
a set of criteria for pro-representability of functors on the categories of artinian rings which are much easier
to apply.

Let F be a covariant functor

F :C} ~ Sets,

and assume that F(k) consists of one element. Before stating the criteria for F to be pro-representable by a
ring R in Cy, we need a definition.

Definition 2.1. If R and S are two coefficient A-algebras, we say a homomorphism
¢:R— S

is small if it is surjective and if ker(¢) is principal and is annihilated by mg.
Lemma 2.2. Any surjective homomorphism in C$ factors as the composition of small homomorphisms.

Remark 2.0.1. One prototypical example of a small homomorphism which will be of great importance is the

homomorphism

kle] = k
which sends ¢ — 0.

Now we are ready to set up the Schlessinger’s criteria. Consider rings Ro, R1, and Ry in C}. Suppose we
have morphisms ¢; : Ry — Ro and ¢2 : Ro — Ro. We define the fibre product Rz = R; X, Ra. Since for

¢ = 1,2 we have projections 7; : R3 — R; and F is a functor, we get a map (*)
F(R3) — F(R1) Xp(ry) F(R2)

by universal property of the fibre product.

H1: If the map ¢3 : Re — Ry is small, then (*) is surjective.

H2: If Ry = k and Rz = k[e], then (*) is bijective.

If H2 holds, applying it to the case Ry = k[e] shows that the tangent space hypothesis is satisfied, and
hence we can think of tp = F(k[e]) as a k-vector space (can define addition).

H3: The vector space tg = F(ke]) is finite-dimensional.

H4: If Ry = R, ¢1 = ¢2, and the ¢;’s are small, then (*) is bijective.

Remark 2.0.2. The first two conditions say that the map (*) should be nice when ¢ is simple.

Theorem 2.1 (Schlessinger). Let F be a set-valued covariant functor on CY such that F(k) has ezactly one
element. If ¥ satisfies conditions H1 to HJ, then F is pro-representable.

Let d = dimy tp. The proof structures R as an inverse limit of quotients of A[[X7, Xa, -+, X4

3 Existence of Universal Deformation

We now apply Schlessinger’s theorem to the deformation functor. As we will see, the first three conditions
will always hold, but the fourth will depend on the residual represenation p.
We first make a definition.



Definition 3.1. Let p be a residual representation. We let
C(p) = Homp (K", k") = {P € M, (k) | Pp(g) = p(g)P for all g € 11}
Let p be a deformation of p to a coefficient A-algebra A. We define
Ca(p) = Homp (A", A") = {P € M,,(A) | Pp(g) = p(g)P for all g € IT}
In particular, C(p) = Ci(p).

Theorem 3.1. Suppose II is a profinite group that satisfies property ®,, p: II — GLy (k) is a continuous
representation, and A is a complete Noetherian ring with residue field k. Then the deformation functor Dy
always satisfies property H1, H2, and H3. Furthermore, if C(p) = k, then D also satisfies property HJ.

We will now start the proof of the theorem. We fix the following notations throughout.
Let Ry, Ry, Ry be artinian coefficient A-algebras and suppose we are given ¢; : R; — Ry as above. Let

E, := Homz(II, GL,(R;))
be the set of homomorphisms from II to GL, (R;) which reduce to p modulo the maximal ideal. Let
I'n(R;) :=ker(GL,(R;) = GL,(k)) =1+ M, (mg,).

Then
Di(R;) = Ei /T n(Ry).

Therefore, the map of concern in Schlessinger’s (*) translates to

EB/FH(RS) - El/Fn(Rl) X Eo/Tn(Ro) EQ/FH(RQ)-
By the property of local ring map and the explicit description of I';, (R;), it is not hard to see that if R; — Ro
is surjective, then so is I',,(R;) — 'y, (Ro).-
Lemma 3.1. Property H1 is true.
Proof. Suppose ¢- is small (in fact we only need that it is surjective). Given a pair of deformation (p1, p2)
of deformations to R; and Ry which induce the same deformation to Ry, we want to show that we can paste
them together to get a deformation to Rs. The pasting is clear if we are only considering the E;’s. For the
actual map (*), the key is to pick the representatives properly so they match when projected down to Ry.

Pick any pair of representative (mq,m2) for the equivalence class of (p1, p2) and by assumption we know
that ¢ (m1) ~ ¢2(m2) when projected down to Ry, i.e. there exists an element M € I',,(Rp) such that,

M (61(m1)) M = o(ma).

Since ¢ is surjective, we know that T',,(Re) — I'n(Rp). Thus, we can lift M to M € T',,(Rz). As a result,
m1 and M7, M has the same image in GL,(Ryp), which implies the pair (m, M_17r2M) defines an element
w3 € E3. The equivalence class of ¢3 is mapped to the equivalence class of (p1, p2). O

Now to prove H2, we first establish a criterion for (*) to be injective. Let my € Es and let mg € Ey denote

its image when projected down to Ry. Set
Gi(m;) = {g € T'),(R;) | g commutes with the image of m;}.

Note that G;(¢;) C Cg,(¢;) but they are not identical.



Lemma 3.2. If for all mo € Fy the map
G2(7T2) — Go(ﬂ'o)

is surjective, then the map (*) is injective.

Proof. Suppose p and 7 are elements of E3 that induce elements p;, 7; in E; for i = 0,1, 2. Suppose that p, 7
have the same image under (*), then there exists M; € I',,(R;) such that p; = M[lmMi. Mapping down to
FEy we see that

po =M 'mM; =M oM,

— 1
so that MoM; € Go(mg). By the surjectivity in the assumption, we can find N € Go(ms) that is mapped

to M2M1_1.

Define Ny = N~ M5, then we have
Ny 'moNy = My ' Nmo N~ My = My ' no My = po.

On the other hand, Ny is mapped to M; € T'g(Ry). Thus, the pair (M;, No) defines an element M € T',,(R3)

and have p = M ~'7M. Thus, p and 7 are equivalent and we are done. O

Now we are ready to prove H2.

Lemma 3.3. Property H2 is true.
Proof. If Ry = k and Ry = k[e], we already know (*) is surjective by H1. We want to check that
Ga(m2) — Go(mo)
is surjective for these rings. When Ry = k, Go = I',,(k) = {1}, thus surjectivity holds trivially. O
Lemma 3.4. Property H3 is true.

Proof. Let TIy = ker(p) and let p be a lift of p to k[e]. If © € IIp, we know that p(x) = 1, which implies
p(x) € Ty, (k[e]). Thus, p defines a map

p: /My = GLn(k[e]) /Tn(kle]) = GLn(k),

which should agree with p. Thus, if p, p’ are two lifts that determine the same map on Iy, then p ~ p’. Since
Il is an open subgroup of II and I',, (k[e]) is a finite p-elementary abelian group. By property ®,', there are
only finitely many maps from Iy to ', (k[e]). Thus, by the argument we just established, there are finitely
many elements in Dy (k[e]). O

Now we move on to prove H3. We first establish a Lemma.
Lemma 3.5. If C(p) = k, then for any deformation p of 5 to an artinian ring A we have C4(p) = A.
Proof. Since A — k is surjective, it factors as a sequence of small extensions. We know that C(p) = k by

assumption. It is then suffices to show the alternative claim:
If A— B is small and Cp(pp) = B, then Ca(pa) = A. Here pp is induced from pa by A — B.

Levery p-elementary abelian group is a vector space over F,



To prove this, take ¢ € C'4(pa). By our assumption, the image of ¢ in M, (B) is a scalar matrix. Suppose
c+— 7, where 7 € B is the image of some r € A. Then we can write

c=r+tM,

where ¢ is a generator of the kernal A — B (this is possible from the small assumption) and M € M, (A).

Since ¢ commutes with the image of p4, we have that for every g € II,

(r+tM)pa(g) = palg)(r +tM),

which implies
Mpa(g) = palg)M

Reducing modulo m4 and using the fact that C(p) = k, we know that M = s + M; with s € A and
M, € M, (my). Since A — B is small, we know that tM,,(m4) = 0. Thus, we have proven that

c=r-+ts,
which is a scalar. O
Lemma 3.6. Suppose C(p) = k, Then property H4 is true.

Proof. For i =0,1,2, we know from the Lemma that G;(m;) C Cg,(m;) = R;. In fact, G;(m;) =2 1+ mpg,. For
i = 1,2, we know that ¢; is surjective. Thus, G;(m;) = Go(Rp). By Lemma 3.2 about injectivity of (*) and
H1 about surjectivity of (*), we have shown that (*) is bijective. O

Consequently, we have proven the following theorem.

Theorem 3.2 (Mazur, Ramakrishna). Suppose II is a profinite group that satisfies property ®,, p : II —
GL, (k) is a continuous representation such that C(p) =k, and A is a complete Noetherian ring with residue
field k. Then there exists a ring R = R(IL, k,p) in Ca, and a deformation p of p to R,

p: I - GL,(R),
such that any deformation of p to a coefficient A-algebra A is obtained from p via a unique morphism R — A.

We call R the universal deformation ring and p the universal deformation of p.
Note that the condition C(p) = k is weaker than saying that p is absolutely irreducible. In fact, there

exists reducible representations satisfying C(p) = k.

4 Example of Universal Deformation Ring

4.1 1II is finite

If IT is finite of order not divisible by p, and suppose that p is an inclusion. Then there exists a lift of p to
GL,(W(k)), and hence to GL,(A) via the canonical map. In fact, the universal deformation ring is A.

4.2 n=1

The universal deformation ring for a character Y : II — k™ is A[[[']], with T the abelianization of the

pro-p-completion of II.
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