KUDLA PROGRAM FOR UNITARY SHIMURA VARIETIES

QIAO HE, YOUSHENG SHI, AND TONGHAI YANG

ABSTRACT. In this paper, we first review and summarize some recent progress
in Kudla program on unitary Shimura varieties. We show how the local
arithmetic Siegel-Weil formula implies the global arithmetic Siegel-Weil formula
for non-singular coefficients on U(n, 1). In particular, the arithmetic Siegel-Weil
formula for non-singular coefficients on U(1, 1) is true.

1. INTRODUCTION

Kudla’s seminal work [ | started the Kudla program which studies the
relation among (arithmetic) special cycles and their relations with values/derivatives
of Eisenstein series and L-functions. Starting with low dimensional orthogonal
Shimura varieties (] 1, [ ], and | 1), a lot of progress has been
made in last few years in both orthogonal and unitary cases. For example, The
modularity of geometric theta series was proved by Borcherds ([?]), Wei Zhang ([?]),
and Bruinier-Raum ([?]); The local arithmetic Siegel-Weil formula at unramified
prime was conjectured by Kudla and Rapoport ([?]) and recently proved by Li and
Zhang (] ], see also | | for special cases); The arithmetic Siegel-Weil formula
at infinity was proved by Yifeng Liu (] ]) in unitary case and by Bruinier-
Yang in orthogonal case (] ]). Garcia and Sankaran proved both unitary and
orthogonal cases in more general setting, including singular coefficients (] D.
Modularity of arithmetic theta series of arithmetic divisors was proved recently
by Bruinier-Howard-Kudla-Rapoport-Yang in unitary case ([ ], [?]) and by
Howard-Medapusi-Pera in orthogonal case ([?]). Li and Liu have recently proved the
inner product formula ([?]), generalizing early result of Liu on U(1,1) ([?]) These
are just a few examples, here are some (incomplete) references for other work on
Kudla program and in particular arithmetic Siegel-Weil formula (| 1,170, 170, 170,
7], [S13], [San14], [San17], [DY19], (7], [Shils], [Shi20], [HSY20,(2], [2]; [2)). In
[?], Kulda outlined his program with orthogonal Shimura varieties as main example.
In this paper, we will summarize some of the recent progress in unitary case and
prove the arithmetic Siegel-Weil formula for U(1,1) at all non-singular coefficients.
We also show how to derive the arithmetic Siegel-Weil formula from local arithmetic
Siegel-Weil formula and local Siegel-Weil (see Section 3 ) for non-singular coefficients.

In Section 2, we review basics on Eisenstein series on U(n,n), their Fourier
coefficients and Siegel-Weil formula. The only new result is the local Siegel-Weil
formula (Theorem 2.9), which describe the relation between the local Whittaker
functions and local orbital integrals. Its analogue was proved in [ | and
[ | in orthogonal cases. In Section 3.1, we describe the geometric theta series
of cycles and Kudla’s geometric Siegel-Weil formula. In Section 3.2, we describe
the modularity result of arithmetic theta series of arithmetic divisors proved in
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[ ]. There are still a lot of unknown about arithmetic cycles of higher
codimension, including the definition. In Section 3.3, we describe what is known
and what are the basic questions to be resolved. It is interesting to notice that
the highest codimension case (arithmetic O-cyles) is easier to deal with and more
is known. In Section 3.4, we describe the arithmetic Siegel-Weil formula and local
arithmetic Siegel Weil formula in the non-singular case. We show that the arithmetic
Siegel-Weil formula is local in nature in the non-singular case and follows from local
arithmetic Siegel-Weil formula and local Siegel-Weil formula (see Theorems 3.7 and
3.10). The arguments at a finite and the infinite prime are the same. The local
arithmetic Siegel-Weil formula is given in Theorem 3.6 at the infinite prime and
Conjecture 3.8 at a finite prime. The conjecture is vague at ‘bad’ primes in general.
In Section 4, we restrict ourselves to U(1, 1) Shimura curves, make Conjecture 3.8
precise and prove it, and thus prove the arithmetic Siegel-Weil formula for all primes.
Acknowledgment: Professor Keqin Feng is not only a great mathematician
but also a great and caring mentor. He has set a great example for us to follow.
T.Y. would not have had a chance to start his number theory career without help,
encouragement, and mentoring of Professor Feng, and appreciates the opportunity
and help very much. The authors thank Tuoping Du, Ben Howard, Steve Kulda,
Hongbo Yin, and Zhiyu Zhang for their help during preparation of this paper.

2. EISENSTEIN SERIES

2.1. Eisenstein series on U(n,n). In this subsection, we review degenerate Eisen-
stein series on G’ = U(n,n) and its Fourier expansion for convenience of the reader.
Let F be an imaginary quadratic field with O its rings of integers. Let A (resp.
Ar) be the ring of Adeles of Q (resp. F). For an algebraic group G over Q, we
denote G(Q)\G(A) by [G]. Let Her,, be algebraic group over Z whose R-points
consist of the Hermitian n x n matrices over entries in Or ® R, and let G' = U(n,n)
be the algebraic group over Z such that

G'(R) ={g € GL2,(Or ® R) : guw'g = w},

with w = (1(1 7({" ). Here I, is the identity matrix of order n. Let P’ = N'M’ be
the standard Siegel parabolic subgroup of G with

N'(R) = {n(b) = (% /) : b€ Herp(R)},

and
M'(R) ={m(a) = (&.,21) : a € GL,(Op ® R)}.

0tat

Notice that M’ is isomorphic to Resp/q GL,. More generally, we set for 0 <7 <n
Ny ={n.(b) =n((§})) : b€ Her,(Q)}

and

I,,., 0 0 0
0 0 0o -I
0 0 I,_, 0
0 I, 0 0

One has w, = w and n,.(b) = n(b) for r = n. We will simply write N’ = N’'(Q),
N/ = N/(Q), and M’ = M'(Q). Sometimes we also do the same for G’ and P’ if
the context is clear.
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Recall the Bruhat decomposition

(2.1) G =) PwP.
r=0
Lemma 2.1. For 0 < r < n, let Q, be the standard paraboblic subgroup of GL,,

consisting of the matrices (6‘ B) with D being square matrices of order r. Let

M; = {m(a) : a € Qn(F)\ GLy(F)}.
Then .
PQ\G'(@) = [ w Ny
r=0
Note that the term with » = 0 is simply {1} and the term with r = n is wN.
The proof amounts to verify
P'\P'w,P" = w,N/M]

via direct calculation and is left to the reader.
Let

_tF

H" = {r € M,(C): =—" >0}

i
be the Hermitian symmetric domain for G'(R). Every 7 € HY can be written
uniquely as

T=u+iv, wu€ Her,(R), v €& Her}(R),
with u = 3(7 +!7) and v = 5 (7 — *7). Here Her;} (R) is the set of positive definite
Hermitian matrices of order n. We will simply write v > 0 for v € Her,' (R). The
group G'(R) acts on HY linear fractionally

(2.2) (&E5)(r)= (AT + B)(CTr+ D).
The stabilizer of i is a maximal subgroup of G'(R) given by
Kl ={(“5): A'"A+B'B=1, A'B=B'A} =U(2n)NU(n,n) = U(n)xU(n),

with identification ( 4% %) — (A+iB, A—iB). Write g = n(u)m(a) with a’a = v.
We can choose and will @ with det a > 0 in this paper. Notice that g, (i) = 7. This
implies that G'(R) acts on H" transitively, and

G'(R) = P'(R)K!, = N'(R)M'(R)K", .

X

Let x = [[xv be a unitary idele class character (Hecke character) of F*\AZ%,
and extend it to a character of P'(Q)\P’(A) via x(n(b)m(a)) = x(det a). Consider
the induced representation I(s,x) = Indggig x| 13, consisting of smooth functions
® on G'(A) satisfying
n
5
An element @ € I(s,x) is often called a section. It is called factorizable if & =
[1,<o ®p With @, € I(s, xp) (the local induced representation). We say that ®o is
of weight m = (mq,mg) if for all k = (5 §) € K.,

(2.3) O (gk,s) = ®(g,s)(det(A+iB))" (det(A —iB))™=.

We will write @7 for the unique section of weight m = (mq, mg) with ®22 (1) = 1.
Notice that the restriction of ®3 on Sp,,, is of weight m; — ma.

®(n(b)m(a)g,s) = x(deta)|deta|* " ®(g,s), pn=
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For a section ® € I(s, ), the associated Eisenstein series is defined to be

(24) E(g,59) = >  ®(y9.5)

YEP(Q\G'(Q)

which is absolutely convergent when R(s) is big, has memomorphic analytic con-
tinuation to the whole complex s-plane, and is holomorphic on the unitary axis
R(s) = 0. The Eisenstein series has the following Fourier expansion:

(2.5) E(g,5,®)= Y Er(gs®),
TeHer, (Q)

where ¢ = [[ 4, is the ‘canonical’ additive character of A/Q, and
(26) Er(g.5.®)= [ E(()g.s, 2)(- u(T)d
[Her,,]

is the T-th Fourier coefficient of E(g, s, ®).
For a Hermitian matrix 7" and an invertible matrix a of the same size, we write
T[a] = aTa* and a* = ta.

Theorem 2.2. Let 0 <r <n and T € Her,,(Q). Let
A (T)={A € Q- (F)\GL,(F): Tl'a '] = (§ ) for some a € A}

for some Hermitian matriz T, of order r. Finally let, for T" € Her,(Q),
W (g,s,®) = / |, B (0)g, )0~ T
Her,. (A

the product of local ‘Whittaker’ functions of lever r. Then

r(g,s,®) Z Z W(T) a)g, s, ®).

r2r(T) [a]€e A (T)

Here r(T) is the rank of T. In particular, when T is non-singular and factorizable,

ET(g,sa @) = WT(g,S,(I)) = HWT,p(gvs7<bP)

p

is the product of local Whittaker functions.

Proof. Lemma 2.1 and substitution b[a] — b imply

ET(g7 S, (I))

Z /H B(wyny ()m(a)n(b)g, s)ib(— tr(bT))db

ern] ceHer,., m(a) eM,

Z /H ®(w,yn,(c)n(bym(a)g, s)1(— tr(bT['a""])) db.

ern] ceHer,., m(a) €M,

Write b = ( by bb122 ), and note

w2, Dt = (5 8)ml(3 42,
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we see

Lo, X atwmentm)s, - oTla ) b

ceHer, ,m(a)EM,
= /Her (A)/ by € [Her,_,] Z ®(w,n,(ba)m(a)g, s)(—tr(bT['a~]) db
big € [ReSF/QMn—r,r] m(a)€M,

= > w(m(a)yg,s @)

[a]€A(T)
as claimed. -
Let
In—r 0 0 0
0 A 0 B
. AB
(2.7) gr 2 U(ryr) = Uln,n), (&5) 0 0 I,., O

o C 0 D
be a natural embedding. To distinguish the size r on induced representation, we
put superscript in I (s, x) to indicate that it is an induced representation on
U(r,r). In particular, I (s,x) = I(s,x). Then embedding map j, induces a
U(r, r)-equivariant map for every g € G'(A):

DT (1@ (hes) = B(Gn(h)g, 5).

(2.8) iy i T (s,x) = T (s +
The following proposition is clear.

Proposition 2.3. Let the notation be as in Theorem 2.2. For ® € I(s,x) and
g € G'(A), we have

r n—r .
Wi (9.5, ®) = Wr, (m(a), s + =557, )

is a (usual) Whittaker function for a section j; & € IM(s+ 2

555 X)-

Proposition 2.4. Assume T is a positive semi-definite with rank r(T) = n — 1.
Choose a € GL,,(F) such that T[ta~'] = diag(0,T,). Then

1 @ 1 @
ET(ga 5, (I)) = WTa(17 s+ 9’ q)gn%a)g) + WTa(la s — 9’ cbgnzafl)g)
1s the sum of T,-th coefficients of two Fisenstein series on <I>_£,1) = Jno14® €

I (s + 1 x) and ) e 1) (5 — 1,X). Here
(2.9) P (n) = /b A/b - wan(( 2 " )t vin-1(h)g, )dby dbia.
1€ 12€AL

Proof. For ¢ € Her,, we will denote n_(c) = (Ig IO) and n(c) = (IOT I‘) Then
Jr(n(c)) =n((§9)). In this proof, let r = n — 1. It is easy to verify

wan(( 2,5 )Jwr e (n(e))
= wan—((§ %)y wan-((§ On(( 2, "5 )n-((§ L) yuy?

_ — b1 —biacbi, b _
= (B wwmn((h 5y w4
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So
2@ (n / / (w75 ) o (h)g, )by dbo
Similarly, for a € GLT(AF)7
wan(( " )y n(m(@) = m((5 9 Dwan( (- " )i
This implies
@2 (m(a)h) = | det a** %[ det a| 1®(?) (h) = | det al*~*

i
) (h).

So <I>§,2) e I" V(s — 1 x). Now a substitution b — ba] gives

Wi(g, s, ®) = / B(wn(b)g, s)(— tr bT)db
Her,, (A)
—[ [ ewm(@n@m(a g, s~ o T,) bz b dbe
Her, (A) Jbi €A Jbio€AT
-/ @Eiéa-l)gwn(bw(—tr<b2:ra>>db2
Her, (A)
ZWTG(LS (13(2)

m(a” 1)g)

Since T, > 0, it is easy to Check that A, (T) consists of one element [a]. Now the
proposition follows from Theorem 2.2 and Proposition 2.3.
g

2.2. Weil representation, Rallis map, and Eisenstein series. Let V, be a
(non-degenerate) Hermitian space over F,, of dimension m. Let x be an idele class
character of Ay with x|y« = 671?/@, where €p/g is the quadratic idele character
of A* associated to F/Q (i.e., the Dirichelet character associated to F/Q). Let
K =K®™ = [I, K, be the maximal compact subgroup of U(n, n)(A) with

K - U(n,n)(Z,) ifp < oo,
P U(n) x U(n) ifp = occ.

The reductive dual pair (U(V},), U(n,n)(Q,)) gives a Weil representation w,, = wy, y
of U(n,n)(Q,) on the Schwartz function space S(V'). In particular,

Wy, (n(0))é(x) = by (tx(b(x, 7)) (),
(2.10)  wy, (m(a))é(x) = xp(deta)| detal} ¢(za),

i, (W)0(2) = A(V)6@) = 3 V7) [ ol)i(=ter, 0, (o)),

where (V') is some local Weil index (a root of unity). On the other hand, U(V},)
acts on S(V}') linearly. From the above formula, one can see that there is an
U(n, n)-intertwining operator-Rallis map

(2'11) )‘p : S(Vpn) — I(sm Xp)a /\p((b)(g) = Wy, (Q)QZS(O),

where s, = ™5%. Let ® = &, € I(s, ;) be the associated standard section (i.e.,
®|g, is independent of s) such that ®(s,) = A\,(¢)(g). We will simply denote A,(¢)
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for this ®4. We first record some general results on local Weil representation and
Rallis map, which are of independent interest and are in more general situation.
Let F/F, be a quadratic etale extension of a local field Fy of residue character
p. Let V be a (non-degenerate) Hermitian space over F of dimension m and let x
be a character of F* with x| = e;”/ Py where €p, is the quadratic character of

Fy* associated to F//Fy. When p < oo, let 1 be an unramified character of Fj and
VYp(x) = (trp g, (x)). When p = oo, Fy =R and F = C, let ¢(z) = e(z) = e*™*.
Let wy = wy,y,y be the associated Weil representation of U(n,n) on S(V™) and A
the associated Rallis map.

Lemma 2.5. Assume p < oo and let H = d~1 @ Op be the hyperbolic plane with
Hermitian form (y,z) = y122 + y221, where 0 = Op/g, is the relative different of
F/Fy. Then the following is true.

(1) K' =U(n,n)(OFr,) acts on Char(H") trivially via the Weil representation
w1, where 1 stands for the trivial character of F*.

(2) Let V; = V & (H @0, F)t, and ¢V = ¢ ® ¢;, with ¢, = Char((H')").
Let ® and ®®) be the standard sections in I(s,x) associated to ¢ and )
respectively. Then

®(g, 50 +1) = 2 (g, 5, +1) = wy(9)$!(0).
In particular,
WT(gv Sn + 1, ¢) = WT(gv Sp + 1, ¢(t))

Proof. (sketch) (1) K = U(n,n)(OF,) is generated by Weyl group elements wj,
n(b), and m(a) with b € Her,(OF,), a € GL,(OF). Since H is unimodular, it is
easy to check for ¢; = Char(H")

wl(“’j)¢1 = ¢1.
It is clear that
wi(n(b))¢1(z) = P(trb(z, z))¢1(z) = ¢1(x),
wi(m(a))¢1(z) = [detalpgi(za) = ¢1 ().

This proves (1). For (2), notice that every g € U(n,n) can be written as g =
n(b)m(a)k with k € K'. In this case,

01 (g, 5, + 1) = wyd™(0)

wy (9)#(0)wr (n(b)m(a)k)d;(0)
= wy(9)4(0)| det a|
=®(g,8, + 1)

as claimed. O

The above lemma is an analogue of | , Appendix]. Similarly, Kudla and
Millson show the following result,

Lemma 2.6. (1) Assume that V is of signature (p,q) with p+ q = m. Let
x(z) = (l—jl)“(X) for an integer k() (with x(—=1) = (=1)*X)). Given an orthogonal
decomposition

Ve =VToV™, z=z"+2z",
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where VE are positive (negative) definite subspaces of Vao. Then the Gaussian
majorant
boo(z) = e mtrl(zT 2 T) = (27 2 7))

is a K' = U(n) x U(n)-eigenfunction, under the Weil representation wy. The
p=gtr(x) =p+g+r(x) ). In
2 2 :

associated standard section ®%_ € I(s,x) is of weight { = (
particular, the Gaussian ¢o, on a positive definite Voo gives the standard section
®°. on U(n,n)(R) of weight £ = (W, W)

(2) Let H = C? be the hyperbolic Hermitian plane with Hermitian form (y,z) =
Y121 — Y222, and let ¢, = ¢2F € S(H?) with oo being a Gaussian majorant defined
above associated to H, and let ¢V = ¢ @ ¢y for any ¢ € S(V"). Let & and
QNS I(s,x) be the standard sections associated to ¢ and &Y, then

‘b(g,sn th) = @(t)(g,sn + t)a

and in particular

WT(gaSn + ta¢) = WT(g,Sn + t7¢(t))

Lemma 2.7. Assume that F/Fy is unramified and that L C V is an Op-unimodular
lattice. Then ® = A(Char(L")) € I(s,x) is spherical, i.e., ®p|r; = 1. Here x is an
unramified character of F* with X|F0>< = 6’1}1/1,0.

Now let V' be a global (non-degenerate) Hermitian space over F' of dimension m,
and let
A=A, : S(V*(A)) = I(Sn, x)
be the U(n, n)(A)-equivariant map. For a Schwartz function ¢ = ®¢, € S(V"(A)),
there are two ways to produce modular forms on [U(n,n)]: one is the Eisenstein
series E(g, s, $) = E(g,s, A(¢)). The other is the so-called theta integral. Recall the

theta kernel
0(97h7¢) = Z wx(g)¢(h71z)7
zeVr

which is an automorphic form on [U(V) x U(n,n)]. Averaging over [U(V)], the theta
integral, if convergent,

1
(2.12) I(g,¢) = Vol([UO)]) /[U(V)] 0(g, h, #)dh

is an automorphic form on U(n,n). The following is a special case of the well-
known Siegel-Weil formula, as developed by Siegel, Weil, Kudla-Rallis, Ichino, and
Gan-Qiu-Takeda.

Theorem 2.8. (Siegel-Weil formula) Let the notation be as above, and assume that
r=0 orm—r>n (Weil convergency condition), where r is the Witt split index of
V. Then the theta integral I(g, ¢) is absolutely convergent, the Eisenstein series is
holomorphic at s = s,, and

I(g,9) = KE(g,5n,9).

Here k = 2 or 1 depending on whether s, =0 or not.

Now we briefly describe its local analogue—Ilocal Siegel-Weil formula, which will
be used in Section 3 in proving arithmetic Siegel-Weil formula. We refer to | ,
Section 2] and [ , Section 5.3.1] for detail. Let Fy = R or a p-adic local field,
and let F' be a quadratic extension of Fy. Let 1) be an non-trivial additive character.
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Let V' be a non-degenerate Hermitian space over F' of dimension n with H = U(V),
and let G' = U(n,n). For a n X n Hermitian matrix 7', let

QD) ={zeV": T(z) = (z,z) =T}.
Then for a non-singular 7', one has
H>Q(T): h— hz.
Through the moment map
T:V" = Herp: z— T(z) = (z,2)

and the above identification H 2 Q(T'), one can show that there is a unique Haar
measure dh associated to prefixed Haar measures on V" and Her,, such that for any

pe SV

(2.13) o(v)dv = Or(¢)dT,
Vvn Her,
where
(2.14) Or(¢) = ¢(h~'z)dh
heH

is the orbit integral of ¢ over Q(T). Here z is any element of Q(T).

Theorem 2.9. (local Siegel-Weil formula) Let dh be the Haar measure on H
associated to the self-dual Haar measures on V™ and Her,, (with respect to 1), as
determined by (2.13). Then for any ¢ € S(V™)

(2.15) Wr(1,0,0) =~(V")Or(¢)

for all non-singular T € Her,,. Moreover,

(1) When Fy is a p-adic local field and L C 'V is a lattice. Let K;, ={h € H :
hL =L} and ¢, = Char(L™). Let T be a Gram matriz of L, then

WT(LO, (bL) = ’y(Vn) VOI(KL,dh)

(2) When Fy = R, F = C, and V positive definite, let ¢p(x) = e 27 ¥(@:2) ¢
S(V™). In this case, H =U(n). Then for any positive definite Hermitian
matriz T of order n,

Wr(1,0,¢) =~(V") Vol(U(n)7dh)qT’ gL = i tr(T7)

Proof. (sketch) (2.15) follows formally from

WT(1,0,¢)=/ YV | e(@)p(tr(b(z, z)))da (= tr(bT))db

Her,, vn
- /H AWV) [ O (@ppturb(r’ )T db
= A(V™)Or(9).

(1) follows directly from (2.15) and the fact that (z,z) = T,z € L™ implies that x;
form a basis of L.
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For (2), write 7 = u + iv and v = a'a with deta > 0. Then
W (7,0,¢) = (detv) ™"/ *Wr(n(u)m(a),0, ¢)
= ¢(tr(Tw))Wr(1,0, ¢a)
=7(V")(tr(Tw))Or(¢a)
= (V") Vol(U(n), dh)q"
as claimed. Here ¢,(z) = ¢(za). O

2.3. Incoherent Hermitian spaces and Incoherent Eisenstein Series. The
case m = n is more interesting as observed by Kudla ([ ]). Locally let R(V},)
be the image of A, in I(0, xp), which is always irreducible. When p is split in F,
there is only one non-degenerate Hermitian space of dimension n (denoted by V,")
and 1(0, xp) = R(V,"). When p is finite and non-split in F, there are exactly two
non-degenerate Hermitian spaces V;Di of dimension n, depending on

(2.16) e(Vp) = €, jq, (—1)"" "D/ det V),

and
I(0,xp) = R(VJ) © RV, ).
When p = oo, one has
1(0, Xoo) = Bg=o R(VL?),
where V21 is the Hermitian space over C of signature (p, ¢). Putting them together,
one has

(217) I(Ov X) = EBVR(V) D (69(3 incoherentR(C))'

Here the first sum is over all global Hermitian spaces over F of dimension n,
R(V) = ®R(V,), and the second sum is over all incoherent Hermitian spaces
C = ®C,, over Ap of dimension n, in the sense that it cannot come from a global
Hermitian space, i.e., €(C) =[], €(C,) = —1. The Siegel-Weil formula deals with
those sections in R(V'). The ‘incoherent’ Eisenstein series from the sections in R(C),
as Kudla called it, turns out to be more interesting. Let ¢ = ®¢, € S(C™), and let
E(g, s, $) be the associated Eisenstein series for A(¢). Then Kudla observed that
the central value vanishes automatically: E(g,0,$) = 0. A natural question is what
does the central derivative E’(g,0, ¢) stand for?

We will assume that Co, is positive definite. So there is a global Hermitian space
V' of signature (n — 1,1) with V(Ay) = Ca,, and an associated Shimura variety
M (see Section 3 for detail). Kudla had a conjectured formula to reinterpret the
central derivative E’(g,0, ¢) via arithmetic cycles on the integral model of X—the
(mostly conjectured) arithmetic Siegel-Weil formula ([ I, [?])- Before we start
to review the Shimura varieties and special divisors in next section, we recall the
following fact for r(7") = n. When r(T') = n, T is non-singular, Theorem 2.2 asserts

ET(9757¢) = H WT,p(gp,$,¢p)-

p<oco

Let
(2.18) Diff(C,T) = {p < 0o : detCp/detT ¢ Np/g Af}.

Proposition 2.10. The following are true.
(1) | Diff(C,T)| > 1 is odd.
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(2) If p € Diff(C,T), then for every ¢ € S(C™), the local Whittaker function
vanishes at the center s = 0: Wr ,(g,0,¢) = 0. The converse is true for
p < oo.
(3) We have
ords—o Er(g,s,¢) > | Diff (C,T)].
(4) El(9,0,¢) =0 unless Diff (C,T) = {p} consists of a single prime p. In such

a case

W’_%,p(gpa 07 Qsp)
WT’p(gpﬂ 0, ¢p)
Here V is a neighboring global Hermitian space of C in the sense f/q =,
for g # p and V, and C, give two different Hermitian spaces over Fj, of the
same dimension, ¢, € S(V,') with Wr ,(gp, 0, ¢p) # 0, and finally ¢ = @¢,
with ¢g = ¢q for q # p.

E’%(g70,¢) = ET(Q,O,&)

3. UNITARY SHIMURA VARIETIES AND ARITHMETIC CYCLES

In this section, we will review the Shimura varieties of unitary type (n — 1,1)
and its arithmetic cycles. We will mainly follow [ ] but with Kudla green
functions (] ], [?]) and Garcia-Sankaran green currents (| ). Then we
will discuss Kudla’s program on modularity and arithmetic Siegel-Weil formula and
some recent progress.

Let Wy and W be Hermitian spaces over F' = Q(v/d) of signature (1,0) and
(n — 1, 1) respectively, and let V' = Hompg(Wy, W) with Hermitian form given by

(fi(@1), fa(@2)) = (21, 22)(f1, f2), @i € Wo, fi e V.

Let G € GU(Wy) x GU(WW) be the subgroup of pairs for which the similitude factors
are equal. We denote by v : G — G,, the common similitude character, and note
that ¥(G(R)) C Rsyg.

Let D(Wp) = {yo} be a one-point set, and define
(3.1) D(W) = {negative definite C-lines y C W},
so that H(R) acts on the connected hermitian domain

D = D(Wy) x D(W).

Notice that we can identify D with D(V'), which consists of all negative C-lines in
Vk: fix a F-basis {vg} of Wy and a = (v, vp) > 0, then

(V.(, )= W,a™'(,)),
which gives D = D(W) = D(Wy) x D(W). Notice also that G acts on V via
(gf)(x) = g(f(g~z)), which gives the following exact sequence
(3.2) 1 — Resp/qGm — G — H:=U(V) = 1.

So H also acts on D(V'), which is compatible with the action of H on D. Let K be
a compact open subgroup of G(Ay), then the orbifold quotient

Mg(C) = G(Q\D x G(Af)/K

is the space of complex points of a smooth F-stack of dimension n — 1, denoted
M = Mpg. The reason to use (G, V) instead of simply GU(W) will be apparent
when define integral model and integral special cycles later.
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Let
w={veW: (v,v) <0}
be the tautological line bundle over D, with hermitian metric |[v||? = —(v,v). The
metrized line bundle descends to a line bundle over M, denoted by @ = (w, || ||)—the
metrized line bundle of modular forms of weight 1.

3.1. Kudla’s geometric Siegel-Weil formula. Let 1 < ¢ < m. Given z =
(1, -+ ,&m) € V™ such that the subspace V (z) generated by x; is negative definite
of dimension r = r(x), and h € G(Ay), let D, be the negative lines in Vg perpendic-
ular to V(z), G, be the stabilizer of z in G, and K, , = G,(Af) NhKh™'. Then
the cycle Z(xz,h) C M of codimension r is given by

(3.3) Z(2,h) = Go(Q\Dy x Go(Af)/Kyp — M.

For T € Her,,(Q) positive definite of rank r and ¢ € S(Vg‘), if there is z € V'™
with T'(z) = ((x;,x;)) = T, Kudla defined the weighted cycle

ZNaive(T7 ¢) — Z (b(h—laj)Z(.’E, h) S CHT(M)
heGa(Ap)\G(Ay)/K

Let Z(T, ¢) = ZNave(T, ¢) - (w™ )™~ " € CH™(M) and let (1 € HY,)
(3.4) 07°(7,¢) = Y. Z(T.¢)" € Cllall © CH™(M), ¢ = e(tx(TT))

TeEHer,, (Q), T>0

be the generating series of geometric special cycles of codimension m. Kudla
conjectured that it is a unitary modular form of weight n valued in CH¢' (M), Chow
group with coefficients in C([?]). In particular, Z(T, ¢) generates a finite subspace
of CH¢'(M). Its analogue in orthogonal case was proved by Wei Zhang (formally
modular) [?] and Bruinier-Raum (formal modular is modular) [?]. Kudla’s geometric
Siegel-Weil formula ([?]) claims that

(3.5) 09°°(1,¢) - WM =C- E(m)(T, Sy @)

for some non-zero explicit constant C. These theta functions have the following
compatibility property

(3.6) Oy (11, ¢1) - 057 (72, 02) = 057, (diag (71, 72), 61 @ ).

Assume n = 2r is even. For any cuspital automorphic representation = of U(r,r), Li
and Liu proved in [?] that the 7-part of 89° is cohomologically trivial and its height
pairing with itself is equal to the the central derivative of the ‘doubling’ L-series
L(s, ) under some technical conditions.

3.2. Arithmetic theta series of arithmetic divisors. We are mostly follow
[ ]. Assume that ag is an Op-self dual lattice of Wy, a is an Op-self dual
lattice of W, and let L = Homp,.(ag,a) C V be an Op-self dual lattice of V. Let

(3.7) K= {(ho,h1> S G(Af) : hpag = ag, hia = Cl}.

Then the Shimura variety M = Mg has a regular integral model M = M¥Xr2 gyer
Op. Let M; o be the moduli stack over O of CM elliptic curves with Op-action.
Let ME"¢ | be the moduli stack over O, which assigns to an Op-scheme S the
groupoid of quadruples (A, ¢, 1, Fa) in which

(1) A — S is an abelian scheme of relative dimension n,

(2) ¢: Op — End(A4) is an action of Op,
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(3) A: A — AV is a principal polarization satisfying ¢(a)! = (@) for all a € O,

(4) Fa C Lie(A) is an Op-stable Og-module, local direct summand of rank
n — 1 satisfying Krdmer’s condition: Op acts on F, via the structure
map Op — Og, and acts on the line bundle Lie(A)/F4 via the complex
conjugate of the structure map.

Over F, the item F4 and the Kramer condition is automatic. Let M = MX be
the moduli stack which classifies, for any Op-scheme S, pairs

(3-8) (Ao, A) € M1,0)(S) x M2y 15(9)

for which there exists, at every geometric point s — .S, an isomorphism of hermitian
Op ¢-modules

(39) Homop,, (T5A075, TgAS) = Homop,, (Cl(), Cl) ® Ly

for every prime ¢ # p. Then M /Op is the canonical model for M. Notice that
Home, (Ap, A) has a positive definite Hermitian form

(3.10) (f1, f2) = )\23 ofy olaofi €Endp,(4y) = OF.
For a positive integer m > 0, let Z(m) be the moduli stack of tuples (4g, A, x)
with (Ap, A) € M and
(3.11) x € Home, (49, 4), (x,x)=m.
It is easy to check that Z(m)(C) = Z(m) = Z(m, Char(w)).
Let (Ao, A) be the universal object over M, let F4 C Lie(A) be the universal

subsheaf of Krdmer’s moduli problem. Define the line bundle of weight one modular
forms w on M by

(3.12) w™! = Lie(Ap) ® Lie(A)/Fa.

It was shown | , Section 2] that we = w. Via this identification and the
metric on w, we have a metrized line bundle w over Op.

There is a canoncal toriodal compactification M* of M. Then divisors Z(m) also
extends to Z*(m) in M*, and so does @ (which we still denote by the same symbol).
The boundary B = M* — M are indexed by ‘cusps’ @ ([ , Definition 3.1.1]):
B = Z B(b. Let

Zb@ )Bs, ba(m)= %#{x € Lo : (z,z) =m}.
where (Lo, (+,)) is a hermitian Op-module of signature (n — 2,0), which depends
on ®. Finally, let Z%°t(m) = Z*(m) + B(m) for m > 0 and
Z°0) =w ' + Exc € CH@(M*)
Here Exc is the exceptional devisor of M (see for example | D.

Theorem 3.1. Let ep/q : (Z/DZ)* — {#1} be the Dirichlet character determined
by F/Q. The formal generating series

> 2(m) - ¢™ € CH' (M")][q]

m>0
is modular of weight n, level To(D), and character 6?/@ in the following sense: for
every Q-linear functional oo : CH' (M*) — C, the series

> a(2(m)) - ¢™ € C[lq]]

m>0
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s the q-expansion of a classical modular form of the indicated weight, level, and
character.

Bruinier constructed ‘automorphic’ Green functions GrZ(m) for Z(m) in his
thesis using regularized theta lifting ([?], see also [?]), the behavior of Gr?(m) was
studied in [?] and its divisor in M* is Z!*(m)(C) (which is the reason for the
definition of Z!!(m)). Let Zi*(m) = (Z%°*(m), GrP(m)) and

Z'0) = &~ + (Exc, —log(D)).

The main result of | , Theorem B] is the following theorem.

Theorem 3.2. The arithmetic theta series of arithmetic divisors
(3.13) 08 (1) = > 2 (m)q™
m>0

is a modular form of weight n, level T'o(D), and character 6%/@ with value in
—1
CH (M*).

The modularity has important applications, we refer to [?] and [?] for some of
the applications.

There is another systematic way to construct Green functions associated to Z(m),

given by Kudla | ], which is more relevant to this paper and is given as follows.
For any z € D, we have the orthogonal decomposition

VR:zEBzJ‘, r=x,+T,1,
Following Kudla ([ 1), we define R(x,z) = —(x,,z,), and
(3.14) &o(z,2) =T(1,27R(x, 2)),
with partial Gamma function for a > 0 and R(s) > 0
e dt
I'(s,a) = / e*tts?.

It is easy to check that &(x, z) is smooth in D — D, and has log singularity along
D, Actually, Kudla showed that it is a Green function for the divisor D, :

(3.15) dd°&o(z,2) 4+ dp, = [prm.o(z, 2)],
where ¢ o is the (smooth) Kudla-Millson Schwartz (1, 1)-form which is Poincaré
dual for the cycle D,, see | , Proposition 11.1].
Finally, let for m € Z, v > 0, and (z,h) € M
(3.16) E(m,v,z,h) = Z o(h™tx) - &z, 2).
zeV
(z,x)=m
It is smooth on M* for m < 0 and is a Green function for Z**(m)(C). Let
(Zt(m),=(m,v)) ifm >0,
Z1¢(m,0) = { (0,2(m,v)) ifm < 0,

o1 + (Exc, —log(|Dv|) + 2(0,v)) ifm = 0.
By [?, Theorem 1.3], Kudla’s arithmetic theta function

(3.17) 0% (1) = Zi2(m, v)q™

meZ



KUDLA PROGRAM FOR UNITARY SHIMURA VARIETIES 15

is a (non-holomorphic) modular form of weight n, level I'g(D), and character €% /0
1
with value in CH (M*).

3.3. Generating functions of higher codimension arithmetic cycles. This
section is mostly speculative. For a positive definite Hermitian matrix T € Her,,(Z),
let ZNaive(T) be the moduli stack over Op, representing (Ao, 4, f = (f1, -+, fm))
with (Ao, A) € M(S) and f; € Home,,(Ag, A) such that

T(f) = ((fi. f;)) =T
It is a Deligne-Mumford stack and its generic fiber ZNaVe(T)/F = Z(T, Char(L™)),
which will be denoted simply by Z(T). However, ZN8Ve(T") could have lower co-
dimension at some prime p and could thus be not equi-dimensional. To make it an
element in CH™ (M), we view it as a quotient of filtration of certain K-group, and
define Oz(r) as an element there as ‘derived tensor’ of Oz,) over ZNaive(T);

Ozry = (Oz@) @@ Oz(t,,)) zNaive ()

Here t; is the i-th diagonal element of 7', ® stands for the derived tensor product
and we take the part of the derived intersection that is supported on ZNaive(T)
([?]). Thus Z(T) is an element in CH™(M). For positive semi-definite 7" of rank
r < m, we modify it by (w™!)™~" to get an element Z(T) in CH™(M).

As for Kudla Green currents, the star product

§0'(z,2) = &o(x1) * &o(w2) * -+ x Eo(Tm)

is a Green current for D, = {z € D : z L z;}. The Kudla Green current for
t

ZNave(T ) is then given by, for a positive Hermitian matrix v = a’a,
(3.18) ENO(T,0,0)(2,h) = Y p(h™'e) - & (xa, 2).
zeV’”
(z,x)=T

This gives ZN%¢(T, v, $) = (ZNove(T), EN®ve(T, v, ¢)) € CH" (M) with r being
rank of T'. Define

2(T,0,9) = (Z(T),E(T,v,9)) = ZN""*(T,v,¢) ® (@)~1)" " € CH™(M).
We drop ¢ when it is Char(L™). Recently, Garcia and Sankaran (] ]) discovered
a more conceptional way to define a Green current Egg(T,v) for Z(T), see | 1,
which is equivalent to Kudla’s Green current in arithmetic Chow group. We will
identify both as Z(T,v). Actually, Z(T,v) is well-defined for all Hermitian 7" and is
smooth when T not positive semi-definite. A basic question is to understand its
boundary behavior, and show that it is a Green current on M* for

Z"NT) = Z(T) + Zp(T)

for some boundary cycle Zp(T). Assume that Zg(T) has a canonical integral model
Zp(T), and thus an integral cycle ZY(T) = Z(T) + Zp(T), and arithmetic cycle
Ztot(T, v) = (Z1°4T),5(T,v)) € C’Hm(./\/l*) The 0-th term Z™°¢(0,v) might need
more modification, and we skip it here.

Conjecture 3.3. The generating series
0r(r) =Y Z'(T,v)q"
T
is a unitary modular form for U(m,m) of weight n.
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Another basic question is to construct Bruinier type Green currents GrZ(T) to
make a similar generating series

(3.19) bt (r) =Y Z(T)d",
T>0
a holomorphic unitary modular form of weight n. Here
ZP(T) = (2", GrP(T).
We certainly expect the compatibility properties

Oy (11) - 051, (72) = 00y, (diag (71, 72)).

3.4. Arithmetic Siegel-Weil formula. Although the previous section is very
speculative, the case m = n can be made more precise. In this case, we have the
arithmetic degree map

deg: CH (M*) = C.
Kudla’s arithmetic Siegel-Weil formula is, roughly speaking, the following conjecture.
Conjecture 3.4. Up to some modification at ‘ramified’ primes, one has
Degf (r) = CE'(1,0, \(¢)2%,).

Here C # 0 is some explicit constant, ¢ = Char(w™), and ®°, € I(s,Xs0) is the
n+r(Xoo) —n+n(xoo))
2 2

standard section of weight £ = ( (associated to the the Gaussian
in S(CZ)). In another word, one has for every Hermitian n x n matriz T,

(3.20) DegZ!!(T,v)q" = CEj(7,0, A(¢)®L,).

This conjecture is only known for orthogonal type of signature (0,2) and (1,2)
completely, see [ I [ ], [?] and | ]. Much more has been known for
non-singular 7', which essentially follows a local arithmetic Siegel-Weil formula and
a usual Siegel-Weil formula.

Lemma 3.5. Assume that T is non-singular Hermitian of order n, and let C be
the incoherent Hermitian space over Ar such that CAf = Vi, and Cs 18 positive
definite as in Section 2.3. Then the following holds.

(1) When |Diff(C,T)| > 1, then Z''(T,v) = 0.

(2) When Diff(C,T) = {oco}, T is not positive definite, one has

ZtUT, v) = (0,E(T,v)).
(3) When Diff(C,T) = {p} with p < oo, p is non-split in F, and
ZtUT,v) = (Z(T),0).
s supported at p.

Proof. (sketch) First notice that Z(T) = 0. This is because if there is & =
(x1,+ ,2Tpn) € V™ with (z,z) = T, then z; form a basis of V and Dz = 0. By | ,
Lemma 2.7], Z(T') = 0 if T is not positive definite. This proves (2). If ZNeve(T)(F))
is not empty with an element (Ao, 4, -- , &), then V = Homp, (Ap, A) @7 Q repre-
sents T. Away from p and oo, V, =V, by definition of M. By (2) V., is positive
definite. Since C is incoherent, V,, and V,, = C,, have ‘opposite’ determinant, and so
Diff(C,T) = {p}. This proves (1). Finally, when Diff(C,T) = {p}, 2(T,v) = 0, no
boundary is added to Z(T"), and we have (3). O
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By definition of arithmetic degree and the above lemma, we have for a non-singular
Hermitian matrix T":

(3.21)

- 3 Jx. :(T,v)dx if Diff (C, T') = {00},

degZ(T,v) = { x(ZN(T), Z2(t1) ®" - -~ @ Z(t,)) log N(p) if Diff(C, T) = {p},
0 otherwise.

Here p is the unique prime ideal of F' above p, and t1,--- ,t, are diagonal elements

of T

3.5. Local Arithmetic Siegel-Weil formula and ‘proof’ of arithmetic Siegel-
Weil formula for non-singular 7. In this subsection, we describe the local
arithmetic Siegel-Weil formulas and use it to derive the arithmetic Seigel formula
(3.20).

Local Arithmetic Siegel-Weil formula and ‘proof’ of arithmetic Siegel- Weil
formula for non-singular T.

We first assume Diff (C,T") = {oc}, so T is non-singular but not positive definite.
Given z € V™ with (z,x) =T, define

(3.22) htoo () = %/D&?(I,Z)

to be the local height at z. Yifeng Liu (] ]) proved the following local arithmetic
Siegel-Weil formula and arithmetic Siegel-Weil formula at infinity. Garcia and
Sankaran ([ ]) gave a different proof with more generality (including singular
terms).

Theorem 3.6. (Local arithmetic Siegel-Weil at infinity) (Liu) Let the notation be
as above. Then
Wi 0o (7,0, ®5)

hto = (=1 nBoo . / 1 Q)Z —2mtrT _
(x) ( ) WT,OO( ’0) oo)e WT T,O,q)f;o)

ool

for any positive definite Hermitian form T with trT = trT (if exist). Here

Pa(s) = (2m) "5 T (s — ).
=0
and
-1 _ n (271')”2 _ n

where the Haar measure in the unitary ball is given in Theorem 2.9. In particular,
the local height his(x) depends only on (x,2) =T, not on x itself.

Proof. When T has signature (n — 1, 1), this follows from | , Theorem 4.17,
Proposition 4.5]. The factor (—1)" comes from

(V") = (=1)"v(C%)-
When T has signature (p,q) with ¢ > 2, the left hand side is zero as there is no

x € V" with (z,z) = T (as V has signature (n — 1,1)), and Wr (7,0, ®%) = 0 by
[ , Proposition 4.5]. The last identify for B, comes from Theorem 2.9. [
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For the arithmetic Siegel-Weil formula, we can do a little more general without
using lattice L. Let Gy = GU(Wy) and H = U(V), and identify

(3.23) G=Gox H, (90,9) (90,9 '9),

and assume K = Ky x K, with Ky = (’A); being the maximal compact subgroup of
Go(Ay) = Aé’f, and K, C H(Ay) a compact open subgroup.

Theorem 3.7. (Arithmetic Siegel-Weil at infinity) (Liu) For any ¢ € S(V (Ap)™)E

(K -invariant) and nonsingular T which is not positive definite, we have

degZ(T,v,¢)q" = C - Ef(7,0,9).

Here C = TrVol(R ;ﬂl;\’};w(n) R with the Haar measure given in Theorem 2.9,

and wp = |Of| being the number of roots of unity in Of.

Proof. Here we sketch a short proof using local Siegel-Weil formula and local

arithmetic Siegel-Weil formula, following | , Section 7]. Assume that there is
x € V™ with (x,2) =T (otherwise both sides are zero), fix such an x, then for any
y € V™ with (y,y) = T, there is a unique h € H with hz =y as z1,--- ,z, form a

basis of V. Notice also that Gy-factor in Gg x H acts on V' and D trivially. So we
have By definition

— 1
degZ(T,v,) = - / S
2 J(Go@\Go(a )/ Ko)x H@\Dx H (A7) /K, |Go(Q) N K]
=Y b(hoh) T a)Ep (hg ' a, 2)dh
ho€H(Q)
h
- £ o(h ™ a)el (za, 2)dh
2WF JpxH(A)/ K.
hr _
= —htoo(ma)/ o(h~tz)dh.
UJFVOI(Ku,dh) H(Ay)

The factor wg in the denominator comes from the fact that M is a stack with a
point x = (Ay, A, ..) counting with multiplicity m = 1/wp. By local Siegel-Weil

formula (Theorem 2.9) and local arithmetic Siegel-Weil formula (Theorem 3.6), we
have

. B (=1)"hp
degZ(T,v,¢) = Vol(K o, dh) [T ,<o0 7 (Vi) Vol(U(n), dh)

(:Ta*,oo(la 0, (I)e)eizﬂ- tx(Tw) WT,f(L 0, (rb)

_ (=1)"hp , r
= \/ol([(u7 dh) VOl(U(n)’ dh) Er (7'7 0, ¢>)q

as claimed. Here we use the fact

Warar,00(1, 8, P)e™ tr(Tu) — W (1, s, ®)| detv|®

for 7 = u + iv,v = aa*, and recall that for g, = n(u)m(a) (deta > 0)

Wr(r,s,®) = |det v|_%WT(gT, s, D).
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The arithmetic Siegel-Weil formula (3.20) for the case Diff(C,T) = {p} for a
(nonsplit) finite prime p can be dealt similarly although we need some more notation
and need some modification at ramified primes.

First we introduce the Rapoport-Zink space. Let Fp be the completion of the
maximal unramified extension of F,, with ring of integers O 7 We also denote

W = W(F,). Let’s fix a point (E°, A°) in the supersingular locus of M(F,), which
induces a tuple

(Y, ey, Ay, X, ux, Ax, Idx, Fx),

where Y = E°([p™]) and X := A°([p>]). This will serve as a base point of
the Rapoport-Zink space. Given the base point (E°, A°), we can define another
Hermitian space

y® = HomOOF (E°, A°) := Homp, (E°, A°) ®z Q
with Hermitian form
(z,y)vw =Apoy odlgox e EndooF(E) ~ F.
Notice that

(3.24) VP @ AP = Hompgar (V(E°)P, V(A°)) =V @ A}
and
(3.25) V® ©Q, = Homo,, (Y,X)®Q, %V ®Q,.

Here V (E°)(resp. V(A°)) is the rational Tate module of E°(resp. A°). So V®) is
the neighboring global Hermitian space of the incoherent space C at p while our
original V is the neighboring global Hermitian space of C at oo.

For x € V® it induces

X, €= Vp(P) =V = Homo,, (Y,X)®Q,
and
xP = (Xg)qsp,00 € HOIHF@A?(V(EO)[)’ V(A®)P).

Let Nilpoﬁp be the category of Opp—schemes S such that 7 - Og is a locally
nilpotent ideal sheaf. We define the RZ-space ./\f(IfLTM) over O 7, to be the following
moduli functor (see [ L ] and | ): for S € Nilpoﬁp7 (}7{31,1)(5)
is the groupoid of isomorphism classes of tuples (X, ¢, A, p, Fx) given as follows:

(1) X is a p-divisible group over S of dimension n and relative height 2n;
(2) ¢: Op, = End(X) is an Op-action on X satisfying Kottwitz condition:

char(u()|LieX) = (T — 7)" YT + =);

(3) A: X — XV is a principal-polarization whose associated Rosati involution
induces on Op, the nontrivial automorphism over Z,;

(4) p: X xg S =X X Spec k Sisa Qpp—linear quasi-isogeny of height 0 such that
A and p*(Xx) differ locally on S by a factor in Z;

(5) (the Krdmer condition) Fx is an Op, ® Og-submodule of Lie(X) with
Og-rank n — 1 and is a direct Og-summand of Lie(X). OF, acts on Fx via
the structure morphism Op, — Og and acts on Lie(X)/Fx via the Galois
conjugate of the structure morphism.
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When p is inert, the Kramer condition follows from (2) and is not needed. In fact,
in this case Fx C Lie(X) is canonically determined by X as long as X satisfies
Condition 2.

Let NV, (1,0) be the similar Rapoport-Zink space with the framing object X replaced
by Y. Then ./\/(1’0) = Spf O and has a universal p-divisible group Y over it. For
every S € Nilpopp, we have N(q,0)(S) = {Y = Vs}.

The RZ-space we will consider is
N = N(LO) X Spf Op N(Ifllfl’l)-
Adding Nj o) enables us to define cycles naturally.

For a 0 # x € V, let Z(x) be the closed (formal) subscheme of N such that
(Y, 1y, Ay, py, X, x5 Ax, px, Fx) € N(S) if px* o x o py lifts to an O homomor-
phism z : Y — X. According to | ], Z(x) is a divisor. For a full rank lattice
M C 'V with a basis x = {x1,...,X,}, let

htp(x) = X(Na OZ(xl) ®]L T ®L OZ(xn))

be the local height at p. It is known that ht,(x) is independent of the choice of the
basis {x1,...,%,} of M by [ | and is often denoted by Int,(M). Let T be a
gram matrix of M. When p is inert, Kudla and Rapoport proposed a conjectural
formula for this number ([?]), which was recently proved by Chao Li and Wei Zhang

([LZ19]).

In order to take the ramified primes into consideration as well, We propose the
following vague conjectural formula for the convenience of proving (3.20) in such a
case.

Conjecture 3.8. (Local arithmetic Siegel-Weil formula at finite prime) Let p be
a non-split prime and p be the prime ideal of F' above p. Then there exist n — 1
sections ¢}, € S(V") and the associated sections ®}(s) € I(s,x) (1<i<n-—1),
and rational functions (in p*) ci(s) with ¢,(0) =0 such that

W ,(1,0,®)

(3.26) ity () log N(p) = Int, (M) -log N(p) = 37" 505

where @g is the standard section associated to Char(Ly) and
n—1
;=) + Z cp(5)®;,.
i=1

When p is inert we can simply take all the @;(s) to be zero.

To make the conjecture precise, we need to determine @; and c;',(s). The following
observation gives some hints. Let (¢;;) = T, and v(T') = min{val.(¢;;)}. According
to | , Theorem 1.2], if v(T') < 0, then

ht,(x) = 0.
Let (t;;) = T. As a result, we want Wy (1,0, ®5) = 0 when min{v,(t;;)} < —1.
Wi (1,0, ®9) is zero if min{vy(t;;)} < —2, but in general nonzero if min{v,(t;;)} =
—1. So the correction terms should be nontrivial when min{v.(¢;;)} = —1. Here

for a Hermitian lattice L we define x(L) = x(disc(L)), where x is the quadratic
character associated with the quadratic extension F'/Fj.
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By | ], there are n — 1 equivalent classes of Hermtian lattices.
(3.27) M = H O, g for1<i< g e—+1
where H is the hyperbolic plane, and I,,_s; . is the unimodular Hermitian lattice
of rank n — 2i with x(I,—2;) = x(H™") = e. When n = 2r is even, we take
Ipe = 0 and ’H?’T = H". Then we set ®}(s) be the standard section associated
with Char(?—[ 5 ) Setting W1, (1,0, ®5) = 0 for T' the Gram matrix of H_ M)
all possible ¢ glves n — 1 equations, which uniquely determines c ( ) by a direct

calculation. For more detail, see [?]. We prove the case n = 3 in []

Remark 3.9. The local arithmetic Siegel- Weil formula— Kudla-Rapoport conjecture—
is usually stated in terms of local density polynomials. The local Whittaker function
differs from the local density polynomial by a simple factor. Indeed, let L be an
integral OF, -lattice of rank m with a gram matriz S, and let H, = Her,(Z,), and

T € H) ={T = (t;j) € Her,(Q,) : ord,(t;;) >0, and ord,(t;j0r) > 0}
be the dual of Her,,(Z,) with respect to the form ¥ (tr(XY')). Let

o(n.1) = [ oLt Tz

be the local density defined in | | and | | with Vol(L, dx) = (Vol(H,, db) =
1. With this deﬁm’tion we hcwe

(3:28) o(L.T) =, "7 pr (X € Minn(Or, /p') + S[X] =T € p'Hy}|

:pln n=2m) |{X S Mmm(OFp/p) : [X] =T ele'I\L/}|

for sufficiently large |, where d is the discriminant of F. Notice that a(L,T) only
depends on the Gram matriz S of L. The classical local density

a(8,T) = Jim pln(n—an{X € My n(Op, /p') : S[X]—T € p'H,}|

n( n 1)
differs from the a(L,T) by a factor of |d|p, 2 . They are the same in unrami-
fied cases. Simple calculation gives the following relation between local Whittaker
functions and local densities (s, = 52 ):

n(2m+n—1)
(3.29) Wr p(1, 8, Char(L™)) = y(L")|det L{j|d], *  o(L,T)

n(2m—n+1)
= (L") det Lpldl, —* a(S,T).

The local density polynomial o(L, T, X) is determined by
a(L,T,p~) = a(L,,T)
with L, = L ® H", where H is the hyperbolic Hermitian plane given in Lemma 2.5.
So
n(2m+n—1) 5
(3.30)  Wrp(1,sm +r,Char(L")) = ~(L")[det Lg|d[, *  a(L,T,p~"").
In case of the conjecture, m =n and s, = 0.

Globally, instead of the Eisenstein series in Conjecture 3.4, we need a modified
one: E(7,s, ®*) for &* = @5 where ®; is the one given in Conjecture 3.8 when p
is non-split in F', the standard section ®, associated of Char(L;}) when p is split,
and is @’ (the one associated to Gaussian ¢, in S(CZ)).
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Theorem 3.10. Assume that Conjecture 3.8 is true, and assume Diff(C,T) = {p}.
Then we have

degZ(T)q" = C'- E}(7,0,8%),

or Vol(Kdeliz;\’;;(U(n)’dh) s the same constant as in Theorem 5.7 with

K,=K = {h S U(V)(Af) :hL = L}

where C =

Proof. The case p = oo is Theorem 3.7 as
Wr4(1,0,07) = Wr (1,0, ®,)

for any prime g. Assume that p is finite and nonsplit in F. We again identify G with
Go x H as before with Gy = GU(Wp) and H = U(V). Under this identification,
our compact open K = Ky x K, with Ko = OF. Let H®) = U(V®) and
G = Gy x H® be the analogue of G. Notice that with this identification, G acts
on V® and N trivially. To simplify the notation in the proof, we write V(®) = f/,
H® = H and so on.

By [ , Lemma 2.21], Z(T) is supported in the supersingular locus M** of M.
Let M be the completion of the formal completion of M Xgpec 0, Spec O 7, along

its supersingular locus. By the p-adic uniformization theorem ((] , Theorem
6.30]),] , Theorem 5.5])

M = GQ\W' x G(A}h)/KP)
> (Go(Q)\GolAy)/Ko) x (H(Q)\N x H(A})/KD).

Here N = (Go(Q,)/Ko,) x N. Under this identification we have (] , Proposi-
tion 6.3] and [ , Proposition 4.4])
Z(T) = (Go(Q)\Go(Ay)/Ko) x | | Z(xp),

heH(Q\H(AR)/KE  xeQ®)(T)
h~1xPeL"QZL®

where Z/(\T) is the closure of Z(T') in Mo, Z (xp) is the special cycle in N associated
to x, € V' = V" and

QP(T) ={xeV": (x,x) =T}
Fix one x € Q®)(T), then
H(Q) = QP(T), hw— hx.

So we have by Conjecture 3.8 and Theorem 2.9

— hg 1,
deg(2(T) = % 3 Do O g X ity () log(N(p)
he H(@Q\H (A})/KT ho€H(Q)
_ e Wiy (10.%,) / ¢ (h='xP)dh
wr Ws, p.(1,0,Pp) Jrary ks !
hr ng(l,o, o7) 3
= ’ V(AR T Wy 42 (1,0, (9)F
UJFVOI(K57dh) WSp,p(:LO,@p),Y( ( f) ) T,Af( ) 7( )f)
hg

o / *
= wr VOl(KZ, dh) C1Er(r,0,2%),
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with

Crt =y(V(A})™"Ws, (1,0, 8,) Wr o0 (7,0, ).
Here S, is a Gram matrix of L,. Recall that 1" is positive definite, Theorem 2.9
implies

Crt =[] v(Cp) Vol(K L p, dh) Vol(U(n), dh)q" = (—1)" Vol(K L, dh) Vol(U(n), dh)q" .

p<oo

Put this back into the formula above, we prove the theorem. (Il

In fact we can make C' more explicit. Let §4 denote the number of distinct prime
factors of d and define
L(2s,n,€ep/q) = H L(2s + 14, e%/(@), where L(2s + 4, e%/(@) = ((2s +1).

i=1
Then we have the following expressions of C'.

Proposition 3.11.
Pu(m)hpld "1
C = (2m)"?2%dwp

n(n—1)
—I'w(n)hrp|d n . .
(ézgn%éiw: L(0,n,ep/q) [1,a(p? +€(V3)), if n is even.

L(0,n, ep/q), if m is odd,

Here €(V},) is defined as in (2.16).

Proof. To make C explicit, we need to compute Vol(K,,dh) and Vol(U(n),dh).
According to Theorem 2.9,

Vol(Ky,dh) = [] 7(V™)~'Wr(1,0, Char(Ly))
p<oo

where T is the Gram matrix of L. Recall from Remark 3.9 that (m = n in this case)

n(2m+n—1)
(3.31) Wr,(1,0,Char(L"™)) = y(L")|det Lj|d], *  o(L,T)

n(2m—n+1) .
=y(L")|det Lipldl, *  a“(S,T).

When n is odd, Theorem 7.3 of | ] implies that

dr 1y [T-.(1 —€r,0,()'p™"), ifptd,
ap( prLp) = nl e .
2]L5 (1 —p™™), if pld.

Then
n n(n+1)
Vol(Ky,dh) = [] IN(det L) [dl, * af (L, T)
p<oo

= |d|

_ n,(n4+1) )

L(O, n, EF/Q)_l.

Also, according to Theorem 3.7,

Vol(U(n), dh) = (?W)n = (2m)" 5" h(i!)_l.
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A combination of the above shows that
_ (=D)"hr
B wgVol(K,, dh)Vol(U(n), dh)

n(n+1)

_ Dbl
(271')"226‘111}1:'

When n is even, [ , Theorem 7.3] implies that

c [T (1= €r,/q,(®)'p), ifptd,
apl(L;DaL;D) = ! ,/S %—1 —92; .
2(1 - €(Vp)p 2) i=1 (1—p==), ifpl|d.

L(O, n, eF/Q)

Then
n n(n+1) .
Vol(K,,dh) = [ IN(det L) |dly © af(L,,T)

p
p<oo

n(n+1)

= |d|=" 5 2L(0,n,ep0) ]

Pt +e(Vy)
Plugging this to the formula of C, one proves the proposition. g

To deal with singular coefficients of (3.20) is the same as to prove the following
conjecture at their non-singular coefficients.

Conjecture 3.12. For 0 < m < n — 1, there is a ‘normalized’ Fisenstein series
E(r,s,®*) on U(m,m) and a constant C # 0 with
n

PO -m
Qb?nT(T)'wn m:C'E/(Ta 9 7@*)

Here @, is some modification of the standard section associated of Char(Ly') for
finite p (modification only happens at ‘bad’ primes), and ®o = ®°_. The case m = 0
amounts to give an explicit formula for the arithmetic volume @™

n—m

Here the normalization for the Eisenstein series is important as its value at "5
is non-zero, see | I, 1 1, [ ], and [?].

4. THE ARITHMETIC SIEGEL-WEIL FORMULA ON SHIMURA CURVES OF TYPE
U(1,1)

In this section, we restrict to the case n = 2 and make Conjecture 3.8 a theorem
with precise modification and thus prove Theorem 3.10 unconditionally in this case.
Actually, we will relax the condition a little. Let B be an indefinite quaternion
algebra over Q of conductor D = D(B), and let O be an Eichler order of square-free
index N with (N, D) = 1. We also assume 2t dND. Locally

OBp lfp|D7
(4.1) Op = Lolp)  ifp[N,
My(Z,) ifpf{ND.
Here Op, is the maximal order of the division algebra B, and
Lo(p) ={(2Y) € Ma(Zy) : plc}.

We assume and fix an embedding i : O — O, which extend to an embeding F' — B.
Via this embedding, we will simply view Op as a subring of O. Choose an § € O
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with 62 = A € Z primes to dND such that x6 = 6z. Recall that d = d(F) is the
discriminant of F. Then B = F + F§. Let trp(x 4+ yd) = x, and let z — 2* be the
main involution of B.

Let L = O with Op-Hermitian form

(21,22) = trp(2123),
and let V' = L ®z Q = B be the Hermitian space of signature (1,1). We mention
that every Hermitian space over F' of signature (1,1) can be obtained this way.
Let B act on the left F-vector space V' via right multiplication, which gives a
ring embedding (with respect to the basis {1,d})

(4.2) a: B < Endp(V) = My(F), (z+yd)h=(z,y)a(h) (3;) :
or explicitly,
(4.3) a(hy + had) = (;3:32 2 ) .

Recall that
GU(V) = {h € GLy(F) : hdiag(1,—06%)'h = v(h) diag(1, —6%)}

with similitude v(h) € @*. The following lemma can be verified via calculation and
is left to the reader.

Lemma 4.1. The map (4.2) induces an embeddding o« : B* — GU(V) with
similitude v(a(h)) = det h = hh* being the reduced norm. Moreover, we have
a(BY) = SU(V), where B* consists of norm 1 elements in B>,
U(V) =a(BY) x U(1),
GU(V) =a(B*) x U(1).
Here U(1) = F! is embedded into U(V) via € — diag(1,€).
Let ap be a fractional ideal of F with Hermitian form (x,y) = %, and

Wy = ap ®z Q = F with the associated Hermitian form. Let W = B with Hermitian
form

(21, 22) _ trp(z125)

N(ao) N(ao)

and let a = agO C W be an integral O lattice of W. Then it is easy to check that

(21722)W =

L = Homop,, (ag, a)
as Hermitian Op lattices, and V = Homp(Wy, W). Recall that
G = {(g0,9) € GU(Wo) x GU(W) : v(g0) = v(9)} = Gox H, (g0,9) = (90,95 '9)
with Go = GU(W) = resp/gGr, and H = U(V). Recall also
K ={(g0,91) € H(As) : goap = ap,g1a =a} = Ky x K,
as in Section 3. The associated Shimura curve M over F has the property
M(C) = G(Q\D x G(Af)/K.

Since a is not Op-unimodular, the integral model M has a slightly different moduli
interpretation as in Section 3, which we now describe. Write D = DDy and
N = N1N2 with

(4.4) MN|d, (Ny,d)=1, Dild, (Ds,d)=1, dND, d=2> mod4Ny.
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d = 22 mod 4N, is forced by the condition O C O, which also implies that the
prime divisors of D are inert in Op. It is easy that the above assumptions about
d, N, D implies that

DyNoLY C L C LY and [LY : L] = (DyNo)2.

Here LV is the dual of L with respect to the Hermitian form. Let ME2 =

(1,1)
Mﬁr?’)%m be the moduli stack over Op, which assigns to an Op-scheme S the

groupoid of quadruples (A, ¢, \, F4) in which

(1) A — S is an abelian scheme of relative dimension 2,

(2) ¢: O — End(A) is an action of Op,

(3) A : A — AV is a polarization satisfying ¢(a)! = «(@) for all & € Op such
that

ker(\) C A[DaNy], and |ker()\)| = (DoNy)?,

(4) Fa C Lie(A) is an Op-stable local direct summand of Lie(A) of rank
1 satisfying Krdmer’s condition: Op acts on F4 via the structure map
Or — Og, and acts on the line bundle Lie(A)/F 4 via the complex conjugate
of the structure map.

Notice that only condition (3) changes.

Now we define M = Mo to be the substack of My gy Xspec 0p Mﬁi?’)DQNz that

associates to an Op-scheme S the groupoid of pairs

(4.5) (Ao, A) € M(1,0)(S) Xspec0r M 1)(S)
such that
(46) HOInOF (Tg(A(LS), Tg(AS)) ~ L &y Ly

as a Hermitian lattice over O ®7Z; at any geometric point s : Spec k — S for every
¢ # char(k(s)). As an Op-stack, M is regular and flat. Its complex uniformization
is given by the following proposition.

Proposition 4.2.
Mo(C) = G(Q\D x G(Af)/K.

The special cycles Z(T) can be defined exactly the same as in Section 3. Local
Rapoport-Zink space N' = N o x N{§* can be modified similarly. For example,
The RZ-space N(Ifrf) over Oﬁp is the moldui formal stack which represents the
following (see | | and | ]): for S € Nilpy, (}frf‘)(S) is the groupoid of

» ;

isomorphism classes of tuples (X, ¢, A, p, Fx) given as follows:

(1) X is a p-divisible group over S of dimension 2 and relative height 4;

(2) ¢:OFp, = End(X) is an Op,-action on X satisfying Kottwitz condition:

char(i(m)|LieX) = (T — 7)(T + ) = T? — 7;
(3) A : X — XV is a quasi-polarization whose associated Rosati involution
induces on Op the nontrivial automorphism over Fy, and
ker(A) € X[pl,  [ker(M)] = p?™s (P2,

(4) p: X xg S =X X Spec k Sisa OF,-linear quasi-isogeny of height 0 such that
A and p*(\x) differ locally on S by a factor in OZX,,;
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(6) Fx is an Op, ® Og-submodule of Lie(X) with Og-rank 1 and is a direct
Og-summand of Lie(X);
(6) OF, acts on Fx via the structure morphism Op, — Og and acts on
Lie(X)/Fx via the Galois conjugate of the structure morphism.
Only condition (3) is slightly different.
Fix a basic element (Y,X) € N(F,) and V = Home, (Y, X) ® Q as before. For a
full rank lattice M = My, x, C V with a basis {x1,x2}, the local height (intersection
number) is given by

hty,(x) = Int, (M) = Z(x1) - Z(X2) = X(N, Oz () @ Oz(xy))-

Now we define the modification section ®,+ = @, + c,(s)®; and &* = R
in Conjecture 3.8 and Theorem 3.10 precisely as follows. Here ®, is the stan-

dard section in I(s,x,) associated to Char(L?) for p < oo and ®oy = @&
(= (2+’“‘éx°°), *2“;(’("")). Let @5 € I(s, xp) be the standard section associated to
Char(?—l%), where H, = 8;171 ® OF, is the hyperbolic plane with Hermitian form

(z,y) = z1J2 + x271. Let

cp(s) =

p*—p~° J1 ifp|D
1—p%2 |0 otherwise.

In particular, ®; = &, for p 1 D. Notice that we need to make a little modification
for p inert in F' and p|D.

Theorem 4.3. Let the notation be as above. Then Conjecture 3.8 holds in this
case, and Theorem 3.10 holds conditionally:

deg(2(T,v))q" = C - Efn(r,0,")
with

C= 25d_ 2H -D]J@+D.

p|N

Proof. We verify the formula case by case and may assume Diff (C,T) = {p} with
p < 0o non-split in F' (the case p = oo is Theorem 3.7). In particular, T is positive
definite,

Case 1: When ptdND, i.e., everything is unramified at p, this is a special case
of Li and Zhang’s main theorem in [ ]

Case 2: When p|D and p 1 d, this is the case proved by Sankaran in [ ].
Briefly, Remark 3.9 aserts

(4.7) Wr,p(1, 7, Char(Ly))) = y(V,")| det L2 ol(L, T, p~%").
(in [ , Proposition 4.11], «(S,,T’) should be a(Ss,,T)). Write o/(L,T) =
do(L,T,X) : =
— =% |x=1 asin | I, 1 ], and | ]. In our case, n = m = 2, we
have
Wr,(1,0,Char(L3)) ol o/ (Ly, T)
Ws,»(1,0,Char(L2)) ~ 2 a(L,,S,)’

and
WTvp(l,O, Char(’HQ)) o a(’H,T)
Ws, »(1,0,Char(L2)) ~ © a(L,,S,)’
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Here S, is a Gram matrix of L,. By | , Corollaries 2.17, 3.6], we have for
(x,z)=T

o/ (L, T) p?  a(H,T)

alL,S) p2—-1a(L,S)’

So (p = pOp in this case)
Wr,(1,0, Char(L3))
Ws, »(1,0, Char(L%))

Wr.,(1,0, Char(H?))

ht,(z) log(N(p)) = Ws (1,0, Char(L2))

¢ (0)

as claimed.

Case 3: When p|d and p|D, this is basically [ , Theorem 1.3] together
with the above argument in Case 2. We leave the detail to the reader.

Case 4: When p|d and p|N, this is basically | , Theorem 7.1].

The case p{d and p|N does not exist as O C O.

Now we compute C' explicitly. In the current situation, according to Theorem
7.3 of | ], we have

1—p~2), ifpsplitsin F and p{ N,

1=p7"
-1

(
p(1—p~1H2 if p splits in F" and p|N,
ol (1+p 1) (1 —p2), ifpisinert and pf ND,
ap, (vaLp) = 132 e
p(1+p~1)?, if p is inert and p|D,
o2t if p|d and p|D,
2(1)’%1), if p|d and p|N.
The rest of the calculation for C' is the same as that in Proposition 3.11. g
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