
 

Proposition IfXisa nonsingulartoricvariety andDi Dd aretheirreducible 7 divisors

onX then fi is a canonicaldivisor
negativeofthe sum oftheT divisor

divisorofzerosandpolesofrationaldifferentialform w a AMi
rationaldifferentialformhas pole in all Di

Example LetX bea nonsingular completesurface Di Di at

Thecanonicaldivisor K EDIhasself intersectionnumber
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Sincethere ared 2 dimensional cones Wealsoknowthat
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Noether's formula for the surface X

Canonicaldivisor Kx

Anti Canonicaldivisor Kx

Definition is Fano if Kx is Cartierandample
Thusevery Fanovariety is projective



Example Kip D DatDs 3H is ample strictlyconvex inthiscase
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therefore ITis a Fanovariety

classification of I dimensional Fano toric varieties
ThestandardfanforIP XE hasminimalgenerators Uo dies Une
and uses Thepolytope corresponding to the anticanonicaldivisorof IP
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Example theweighted projectivespace IPgo qn B Fano iff
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FanoToricVarieties and Reflexive Polytopes

A latticepolytope in Mir is reflexive if its facet presentation is
P MEMIRKM.UA 1for all facets F
It followsthat if P is reflexive theoriginis the unique interiorlattice

pointofP Since AF l forall facetsF the dualpolytope is
Po Conv UFIF is a facetofP inwardpointinnormal

Finally P.is atticepolytopeandis
reflexive

Theorem letX bea toric variety If X is a projective

Fanovariety thenthe polytope associated to the anticanonical divisor Kx IpDp
Breflexive Conversely ifXp is theprojective toricvariety associated to a
reflexive polytopeP ThenXp is a Fano variety

Toric varieties notinjective Reflexive polytopes

FanotoricTarieties tn reflexive polytopes

proof

projectiveFanovariety anticanonicaldivisor KxEpDp Cartier

andample polytope hasfacetpresentation



D MEMR 5mup 1 forall facetsp reflexive

P is a reflexive polytope in Mr
thetacetpresentation hasUF 1 foreveryfacet FofD
Cartierdivisorcorrespondtop is Dp EFDF Kxp

Dpis ample Kxpample

Hence XpisFano

Classification Bytheorem

Classifying toricFanovarieties isequivalentto classifying the

reflexivepolytopes P in Mir
Sincereflexivepolytopes containtheoriginas aninteriorpoint classify meansupto

invertiblelinearmaps ofMr inducedby isomorphismsofM
Thisiscalled latticeequivalence

thelatticepointsofP aretheoriginandthe latticepoints onthe boundary

anyboundarylatticepointis primitive

Given a reflexive polgonPand a primitiveelement MEM thereis aprojectivemap

Tim Mr Mr Rm

Whoseimageis apolytopewhosevertices lie in M Im

Lemma Let Pbea reflexivepolytope in Mr IR andletm bea latticepointm

in theboundaryofP Then TimP B a latticepolytope in MirRmcontaining
theoriginasan interiorlatticepoint and Tm P Tum Umertacetofp F



proof

Lemma Letm.msbedistinct latticepoints on the boundaryof a
reflexivepolytope P Thenexactly one of thefollowingholds

a mandm lie in a commonedgeofP

b Mtm 0 or

c mem also lie in a commonedgeofD

2 dimensionalcase that classifies reflexivepolygons in theplaneMr R
Theorem thereareexactly 16equivalenceclassesof reflexivepolygons in

the plane
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