Resalntion of ainguiarities (Tn Wigher divendn nz3 ),
* lose some o the wice properties {rim the Surfate Case.
key tden loring o pone iato normad torm . (T Lower glimension) .

f / Definition: Fix o lattice basic (ef). Given a gone

6= Cone(un) for primitive vectare () . we sou) ot 6 3

9_91,_> in Normod form . with respect 1o the basts | 1%

Sy §U=l[ andl
V="he-mf . for naturad mumbers 0 u< )\,

°
0
Q

Q

* this vancept does nettrapslate 1o pimensions 23

V%Tgr Space
Provlem Lot Abe o fan T Ne whore dim IN&)=1 . We pwont o find
6 Smuoth tan A vefniing - A cuoh that the smooth cones Th A are Tn the

refement A

To tind such o sovtih refinementt: stellor refinements.

Deftnition ( Stollor petivement) . Lot 6€ N e a cone andl let p be omy)

m Ni&. Then we olofine 6‘193:76 T p¢e ")
?@l%elg%\ itP=6.

4nm A subsets.
Dol “hatts
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‘ 1V\TV00lM(’/TY\Cj ot Taye T the pUgovithm 13 an nsianee o stediar
refinement,

Two 4teps:
f we first find o simpliciod fan A refining A
Next we fird p gmosth fan X refining A

) Simplaviahising : W ¢ first find o Simpliciad pefinement of A.
We can vefine T guch & Waw that the simpliciad (ones Are unchanged .

Dediwition - (Simpliciod cone )+ A cone. 6 < N & called simpiagial v s

Winimad Qenerators Ore Linearlyy Tndependent over IR
generoted 0y a Jottice losis.
Romark : Tt tollows that A Smosth cane B 4 Smpliciod cone, Ao

Oone 66 NR R gimpliciad T The hwmber ef edbjes equals dim 6.
* f Shwpliciod cone need not +o be gmooth

Now if o is a k-dimensional simplicial cone, and vj
the first lattice points along the edges of o, the multiplicity of o is

defined to be the index of the lattice generated by the v; in the lattice
generated by o:

mult(o) = [Ng: Zvy + ...+ Zvi].

Note that Ug; is nonsingular precisely when the multiplicity of o is
one.

Remark : Tue variety Us & Smorth when yault(6)=).



Lemma Evenj fom A Was o Simphiciad retivement A suoh thak The
the gimpuiciod  pones of A (we odge Ccones T A . Twis mnhe achinad .
by THorated Stellar vetinemont

proet,

Definition - A vaw 0 B a cplitting edge of o cone & 1 there & o
bomplomentary fatet bot 6 , 1.6, O facet such that 6= Trp, A
Cone & stowt I TF v no splitting edges ,

Oxample 02+3 i s none of the four
3rovit (one N odges Wl o
¢ Complemeiiony
N et

Rewld: O h-climengionad cone & simpaciad ¢f ool oy of T hay

exactiy ol edges ondl the Lonessporattng vaw) generatur§ ove Uintarny
adepenolentt over . Thic meang thot ol edges ore spuirting edges .

Purthermore, each face ot o Simplicicd bine o8 gplitiing edges,

Therefore :
Remark A cone & simpucid 7ff T4 Mots ok molwsle any stout face , Hene o

fon that doos Wet bantatn ang Qout cones B (v gimplioiad fon .




Doitinved -

Proef ..

idea: « use stellar refinements to lower the namber #f coul tones,
* Oloim thot no 4impligiad cme Tn A gt subslivided
e, the simpliciod ommes of A are st m the vefinement A’

) 3moo'tho/mv\@: Let A be o gimpuiviod fan. Then We ean refing M Suoh
o waw) That The smorth Cenes oime Lnohongeol .

omma Bvon| simpuiciod fwn A oA & smooth novoment A . et Tt
theomorth Coned of A are o cones M A | This can be devieved by
tterated steller refinement

Recall: A (simplicial ) Cone B smovth whenever s mutipicity @ 1.

So & fm A 3 4morth when vt (6)=1 tor Ml ones Ge A,

To fmd & smorth vefinement of asimpiicial foan: lower the mkbiplicty of et T the fan.
iden: subdwide n pme of yut>) into tanes of lower P Tpuety

Wsetwl propurties of The yuiiphcity of a cone

Proposition s Lot 6SNR by o simpliciad Lene with winimad generators
Ui d andd Lot @, 04 be o bass for Ne=gpan(6)NN . When e write
Ui= Zymeg, Then W have bt (6)- \det 07|




proet. |inear plgelra: determinant % The Todex of e Sublattice  Zu++ Lud
inside No .

proposition: Lok 6C NR. be & Simpliciad (oné with wiantmal generatrs
Wi, Then the generators 5pan the fundamental paralielotupe

Pe= 3 %)\Mi\ WeR ond 0eni<1 .
Ond the ymAIRPUGHY of the wne B The mwmber o Waitice points meide The
paralleletope : Yt (6)= IPeNNI.

Caollayy For cones 6<% , we have yault(e) < mukp (1),

Lewma (shows +hot v Staller nefimement Moy Laver The Wvtvpuety of o e
Let 6N be a cne whioh s muitipioy > 1. Dendte U, Ud For the yinimald generatery

d
o6f 6 tnd dssume we have 4 lottice point T the pavallelotope = Up= TZN‘W& PoON for D<Xi<|
Assume Up nenzero .-\

Let €(P) be The steller refinement with Hhe vow Hhrwgn vp as a temter. Thon we

have - (049 < mutt (6) | for cnes i 67).
\}
ut (b+0) € it (85 p)
$

focet of 6 nat contvining Uy
@@vwmwd by gther m‘m;\mm generators

Reon # 1% The vory Qevenated by Up= 25 Muki, for Dei<l
(ompare Svep and 6+ yutt ( Syp) = N mult(6)
()\]4 = mut (vip) < muitle) |



Cancmde thort -
KU 3 o refiemont of A such that
* other it (R(p)<m

oo mukp (X ()=m but A hag lesy tanes of wiasimat WUty

Proposition. For any toric variety X(A), there is a refinement A

of A so that X(A) — X(A) is a resolution of singularities.



