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\newline Recall:\newl1ine
o =cone\newline
o =dual\newline

A, = C|S,] =ring - '\newline
lattices N and M with primes N' and M"\new11ine

\newline \newline
Example Consider the case where N =Z? and ¢ is generated by e; and me; — ey, generalizing the case m =
2 that we looked at earlier:

\caption{}
fig:enter-Tabel



Then 4, = C[S,] = C[X, XY, XY?,...XY"™].

If we variable substitute X = U™ ,Y = V /U, we can alternatively rewrite this as:

A, =C[U™U™V,...,UV™ c C[U,V].

\newline

U,= Spec(A,) and the inclusion of A, in C[U, V] corresponds to a mapping C? — U,,.

\newline

The group G = pi,,, =m*" roots of unity = Z /mZ acts on C? by ¢ * (u,v) = ((u, Cv). By this action,

we let f(u,v) = D 1o apufvl,

(. fu,v) = fu,v) <=> Y1 g au(Cu)*(Cv)! = Y4 1op amufv! <=> (¥ =1 oray = 0forallk]
<=> m divides (k+l) or aj; = 0 for all k1.

\newline

\newline

\newline

and me; — ey that generate o and let ¢’ be the same cone as o, but regarded in N'. We will show a similar
form for A, To start, of course, we know N and M are generated by (1,0) and (0,1). Since ¢’ is generated by
two generators for N', U =C'?, and the inclusion of N' in N gives a map C'?> = U!->U,,. The claim is that this
is the same as the map constructed by hand above. To see this, note that N' is generated by (m,0) and (0,1)
and M' is all vectors whose dot product with anything in N' is an integer; so it is generated by (1/m,0) and
0,1).

\newline

ey is already orthogonal to (m,0), so the dual vector for es is (m,0),

me; — e is orthogonal to (0,1), so the dual vector for me; — e is (0,1), thus we have:\newline

S, is generated by (1/m,0) and (1/m,1), so A, =C[z*/™, z1/™y]. Recall A, = C[z, zy, ..., zy™]; thus, if we

. . / / .
variable substitute u = /™ and v = 2'/™y, we arrive once more at

A, =C[U™ U™ V,...,UV™ C C[U,V].



(Note: o~ obtained by taking perpendiculars to o generators)

fig:enter-label

\newline\newline

to in common practice with any such example is to put generators of the cone into standard form (0,1),
(m,k). To demonstrate this, we can take any generators (x1,¥;) and (3, y2), but one thing we will assume

y1 —I1
M:

a b
\newline

(yl —m) . (fcl) . (:clyl — m1y1)
a b Y1 azri + byy

(wlyl — mlyl)
azry + by



z
We can assign some (m, z) := M * ( 2)
Y2

(Note that z is different from 1 or x2).
\newline
These generators produce o as such:\newline

\caption{}
fig:enter-1label

\newline

1 0
Finally, we can apply the following shearing function ( 1) to the lattice. (Note that this is an

C

by em: \newline
1 0
( )*(m,w)=(m,m+cm)
|
\newline
We will now represent this as
(m, —k), where em + ¢ = —k,0 <= k < m, and k and m are relatively prime since (m, —k) is a
minimal generator along the edge of o.
\newline
Meanwhile, (0, 1) remains fixed:

((1: ‘1’) £(0,1) = (0, 1)



Any minimal generator along an edge of ¢ is part of a basis for N = Z?, so if we take (0, 1) and (m, —k) as
these two minimal generators, we can reasonably assume o has form:

(Note: o~ obtained by taking perpendiculars to o generators)

fig:enter-1label

\newline

Let's do the specific example depicted in the figure, m=3, k=2:

\newline

To start, of course, we know N and M are generated by (1,0) and (0,1). Now let N' C N be the lattice
generated by the e; and 3e; — 2e5 that generate . Also let o’ be the same cone as o, but regarded in N'. N'
is generated by (3,0) and (0,1) and M' is all vectors whose dot product with anything in N' is an integer; so it
is generated by (+,0) and (0,1). The generators for S’ are (%, 1) and (%, 0).\newline






S is generated by (1, 0), (1, 1), (2, 3). This implies that A,=C[z, zy, z?y*].\newline

We can variable substitute to get 4, = C[u®, uv, v*].\newline

Alternatively, we can look at A, as a quotient of a polynomial ring in C'® by substituting
C[s, t,w|/(sw — t3).\newline

So, the ring C|[s, t,w| /(8w — t3) is the quotient ring formed by taking the polynomial ring in s, t, and w
and factoring it by the ideal generated by the polynomial equation sw — £°.

\newline

In general, U, the Spec(A4,) = C? / b Where g,,,, the m*" roots of unity, acts on c / ttm by
¢ * (u,v) = (Cu, {*v)\newline

Here, U,, = C%/u3 where s acts on C?/ 3 by € * (u,v) = (Cu, (o).

\newline

XY 7 where j <= “-i.In a future talk, we will learn how to find the minimal generators.



