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@ Any face is also a convex polyhedral cone.
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?> Any intersection of faces is also a face.
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4} Any face of a face is a face.

In fact, if T = oNu* and Yy = tN(u')* for u€ o¥ and u' € vV, then
for large positive p, u'+ pu isin o¥ and Y= on(u'+pu)*.
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g) Any proper face is contained in some facet. O — WL’Q jw k
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Indeed, if T is any face of codimension larger than two, from (5) we
can find a facet Y containing it; by induction T is the intersection of
facets in ¥, and each of these is the intersection of two facets in o,

so their intersection T is an intersection of facets.

(7) The topological boundary of a cone that spans V is the union of

its proper faces (or facets).
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g ;Z (%) If o isa convex polyhedral cone and vy ¢ o, then there is
@ y some ug € g with <ug,vg><0.
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(9) The dual of a convex polyhedral cone is a convex polyhedral
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If we now suppose o is rational, meaning that its generators I/‘W MIprk

can be taken from /N,/ then oV is also rational; indeed, the above

procedure shows how to construct generators u; in o“NM. \/\‘ [/\/M I\Vq%f//
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Proposition 1. (Gordon's Lemma) If o is a rational convex
polyhedral cone, then S; = cYNM Iis a finitely generated semigroup. WL‘\/U':\ ‘p‘ﬂ;r\/t
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It is often necessary to find a point in the relative interior of
a cone o, i.e., in the topological interior of o in the space R:o
spanned by o. This is achieved by taking any positive combination of
dim(o) linearly independent vectors among the generators of o. In

particular, if o is rational, we can find such points in the lattice.
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(10) If t is a face of o, then o“Nt* is a face of o7, with
dim(t) + dim(og¥Nt*) = n = dim(V). This sets up a one-to-one
order-reversing correspondence between the faces of o and the
faces of 0. The smallest face of o is oN(-o).
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Proposition 2. Let o 'Pe a rational convex polyhedral cone, and let
u bein Sy = o NMZThen T = oNu* is a rational convex
polyhedral cone. All faces of o have this form, and
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Proposition 3. If o and o' are rational convex polyhedral cones
whose intersection T is a face of each, then
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A cone is called strongly convex if it satisfies the conditions of
(13). Any cone is generated by some minimal set of generators. If the
cone is strongly convex, then the rays generated by a minimal set of
generators are exactly the one-dimensional faces of o (as seen by
applying (%) to any generator that is not in the cone generated by the

others); in particular, these minimal generators are unique up to
multiplication by positive scalars.
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