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5 Subsystems of Entangled Systems

Given a quantum state of the composite system AB described by

PAB , how can we obtain the reduced density operators PA I Pr ?
-> Partial trace

PAB1> PA
= tris(PAB) "partial trace over B"

PAB PB = tra (Par)
II

L A
"

tr() denotes "tracing out" the B subsystem
kinda like taking marginal distribution

over joint prob . dist
.

Def. (Partial trace) t (AB) = A.CtrB)

tra(AB) = (trA) .B

EX. REMiQNi on AB , trB(R) = E Mitr(Ni)
-

Ex. this (100X111) = tris/10X11 10X11) = 10X11 tr(1OX1) = 10X11 . <011)= 0

EX. Composite system AB in a pureentangled state (PAB).

ITAB)= Ibi
m

↳ Orthonormal bases

Pai= ITABX4 FlaiXa
;)lbi

PA = TUBPAB

= TUBITABXYaB

= tu iClaiXaj)IbiXbj)
*I- CiC; AiXajl(trlbiXbjl)

- CiclaiXaj
= /KlaiXa

Bij -> Pa is diagonal W/P:= /C:



Ex. (Maximally mixed state)

(AB)= laiDIbi) (dim7 = dim7tB = d)

then PA
=

P3=*1 = (Yayaa)
1+= (100)+ /(1) has Pa = PB = #I

= ( ,(2)

P = (100)+ ((() (00l+ <(11)

=> (100x001 + 100X11I + 11 X001 + 11/X (11)

=> (10X0) * 10x01 + loXII IOXII /IXolIXOL + IXII /IXII)

Pa= PB= E(10x01 + (IXI)) = (12 ,2)
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6 Mixtures and subsystems

Consider the joint state of a bipartite system AB

ITAB)= Cij (ai)(bj)
= 151bj) where If>>

= &Cyldi]
= pj(4j7(b)
u

↳ normalized version of 17j>
Pj = (fj(Fj)

Then the partial trace over B gives the reduced density operatorof subsystem A .

PA
= tri/E(FiXFjlQ (biXbj)
= (FiX

; )(triz((biXbj)
= Z(FiXjl(bilbj)

i
,j

= IiXil = &PiltiXtil

Pa describes subsystem A ; is itever affected by what happens to subsystem B2.

Say A , B are in separate labs.
Bob measures in basis1bj) and get Kw/ probability PR

Pi(πi)(bi) + (4R)IR

Subsystem A is then in state (TR)
Bob doesn't communicate his result
Alice's perspective : Bob prepares a mixture of 14i), ..., INm) W/ prob. Px-Pm
Alice's density matrix : PAPi/TiXtil

Now suppose Bob measures in some other basis /di)
We can write (bi)=Uldi)

ITAB) = [ 1Fi) (bi)

= (i)(Hij(dj)
=i(fi))(dj) = 1Pj)/dj

18i)



Alice's perspective : mixture of states 14 .)
....
14m) w/ PR= (h) r]

But this mixture has the same density operator as the previous one .

↳ 18XjEeUijITeXilUxFe
-- Hir Hi** = Enj

Sil
if H unitary

=I If,Xπj ) = Pa
j
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7 Partial trace
,
revisited

Given a densitymatrix of two qubits in the standard basis 51007, 1017, 110), I( 1)]
,

how can we easily find the reduced density matrices ?

PAB is a 4x4 matrix , which we'll write as PaB
=/

Pa = th(paB)= s
PB
= tra (PAB) = P+ S

Def . (Partial trace) The partial trace over B is the uniquemap PAB*Pa S.

t
.

tr(XPa) = tr((X * I) PaB]

where X is any observable acting on X andI acts on B

Scheck (NAB) = Cij(di) (b)
= (; )(bj)

= /j(πj)(bj)
Now Alice measures some observable X on hersystem.
We can thinkof this as /X * I) acting on the entire system
The expected value of this obs . in 14ai) is

tr(X*I) /MaBXAB)

tr((XI) PaB] = tr((X *1)((X, /(biXbj 1)
= (tr(X /FiXF, 1)/IbiXbj)↑

= tr(X1FiXFjl) Gij

= tr(X [PilTiXTjl)
= tr/X IPiltiXYi ) = tr(XPA]



WTS uniqueness .

Suppose -> arbitrary mapTst . tr(XT(PAB))
= tr ((X * I) Pas) - (*)

↓ density matrices PAB
↓ observables X acting on A .

Now take some orthonormal basis[Mi] of the space of Hermitian
matrices

Mi Hermitian => (MilT(PAB)) =Etr(MiT(PAB)] ↳ nor is defined by
Hilbert-Schmidt inner product

Expand T(PAB) in this basis : (A/B) = E trATB

* any vector ~in an inner product sp. w/ Orthonormal basis Se: 3 can be
expanded as v= (iv) 2:

T(PAB)= /MilT(PAB)) Mi

= tr (MiT(PAB)] Mi
# tr((M:* I) PaB] Mi
-> indep .

of choice ofT, so we're done .


