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Disclaimer

These notes were taken during the lectures using neovim (Patrick) and VSCode (Davis). Any errors
are mine and not the speakers’. In addition, my notes are picture-free (but will include commuta-
tive diagrams) and are a mix of my mathematical style and that of the lecturers. Also, notation
may differ between lectures. If you find any errors, please contact me at plei@math.columbia.edu.

Unfortunately, I cannot guarantee that the notation in these notes is consistent. Please do not
judge this too harshly.

Description

Graduate level introduction to modern mathematical physics with the emphasis on the geometry
and physics of quantum gauge theory and its connections to string theory. We shall zoom in on a
corner of the theory especially suitable for exploring non-perturbative aspects of gauge and string
theory: the instanton contributions. Using a combination of methods from algebraic geometry,
topology, representation theory and probability theory we shall derive a series of identities obeyed
by generating functions of integrals over instanton moduli spaces, and discuss their symplectic,
quantum, isomonodromic, and, more generally, representation-theoretic significance.

Quantum and classical integrable systems, both finite and infinite-dimensional ones, will be a
recurring cast of characters, along with the other (qq-) characters.
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Classical mechanics

We will be discussing three types of physics in an attempt to create something mathematically
interesting:

¢ (lassical physics;
¢ Statistical physics;

® Quantum physics;

1.1 Classical physics

1.1.1 Hamiltonian dynamics We will begin with a space of classical states, which is most
commonly known as a phase space. This is a symplectic manifold (M, w), where dim M = 2m and
w € O?(M) satisfies

dw =0
WA Aw #0.
This carries a function
H: M =R,

called a Hamiltonian. Then there is a vector field V} described by
dH = v, w,
which generates a 1-parameter group g* of symplectomorphisms of M. The evolution law of the
physical system is given by
X = VH (X)
Because g* acts by symplectomorphisms, the graph

gt = {(m,g'(m))} cMxM

is a Lagrangian submanifold. Recall that a submanifold L C M of a symplectic manifold is called
Lagrangian if dimL = m and w|y =0.



Exercise 1.1.1. Locally any symplectic manifold is given by M = R?™ with the symplectic form
m .
w= Z dp; Adq'.
i=1
This coordinate system on R*™ is unique up to Sp(2m).

Now if V is a vector field such that Liey w = 0, then diyw = 0. Thus there locally exists a
Hamiltonian hy,. We also need the Hamiltonian vector field to be linear in the local coordinates,
so the Hamiltonian itself must be quadratic.

Example 1.1.2. An important example of a symplectic manifold is T*B for any smooth manifold
B. There is a 1-form 0 on T*B given by the following formula. If v is a tangent vector at the point
(p,b), then

0(v) = p(myv).

Then w = d0 is a symplectic form.

Example 1.1.3. Another large class of examples are obtained by symplectic reduction. Here, we
suppose that a symplectic manifold M carries the action of a compact Lie group G by exact

symplectomorphisms. This defines a moment map M £ g* by the formula
(w(m), &) = hy, (m).
There is some ambiguity in the choice of constants, but in the end we obtain a new space
M/ G:=u"1(0)/G.
In practice, we want the moment map p to be equivariant with respect to the coadjoint action on
g*. Then the manifold M // G has a canonical symplectic form, but this requires a lot of work.

Now consider M = RZ™ and G = U(1), where we write M = (R2)™ and U(1) acts by rotations.
Then the moment map is actually

p1+q =T

I\)\)—‘

m
i=1
so w~1(0) is a sphere. We then obtain
R*™ /U(1) = $*™ /U =pm,
We made no use of the complex numbers, so the fact that we obtain a complex manifold will be
viewed as a bonus. The reduced symplectic form is simply r times the Fubini-Study form.
Note that P™~! is compact, so the interpretation that phase space records position and

momentum breaks down. In this case, our phase space is called the classical spin phase space, where
the motion is by rotations rather than by translation.

Remark 1.1.4. We will often consider time-dependent Hamiltonians, where x = Vi) (x).



1.1.2 Lagrangian mechanics There is another point of view, where dynamics on M are
given by an optimization problem on the space

PM = Map([0, 1], M)

of paths in M. We will consider an action

1
SWk:JG—LvHVHMdL
Y

where we assume that w = d6. If we further require that y(0) € Ly and y(1) € L;, our dynamics
are well-defined if Ly, L are Lagrangian submanifolds. Of course, we are looking for paths were
35 = 0.

1.1.3 Classical field theory Classical field theory should be thought of as an infinite-
dimensional version of classical mechanics, where we study loopified versions of finite-dimensinoal
manifolds. We want to consider integrals

S:J £1¢, 0¢lvoly,
(Z,h)

where X is the spacetime, h is a metric, and ¢ are the fields. Fields could be one of several options:
e Scalars f: L — X, where X is a Riemannian manifold;

¢ Connections V on principal bundles

¢ -

™M

called gauge fields;
¢ The metric h itself, called gravity.

We can introduce more complexity into the problem by varying the action and looking for
solutions of PDEs, introducing boundary to Z, and other operations. Also note that Lagrangian
mechanics can be interpreted as a 1-dimensional classical field theory.

1.2 Statistical physics

In statistical physics, a point is replaced by a cloud of points, or a probability measure. For
example, the measure could contain the term e PH where H was the classical Hamiltonian and
B is a parameter of our distribution (inverse temperature). The system often flows to a stationary
distribution, which is determined by the outside world. In reality, the distribution will have the
form

le’ﬁH Z:J e’BHiw/\”'/\w.

This factor Z is called the partition function, and most of our energy is spent on computing this
partition function.



1.3 Classical physics with multiple times
Suppose we have Hamiltonians Hy, ..., Hy such that [V}, ..., VHJ.] = 0. Then we obtain dynamics
v:[0,e]P = M

and an action
P
S = Je* Zl*detk
k=1

defined on paths inside the cube [0, ]P. The extreme case of this is an integrable system where the
H; are functionally independent, and the maximum possible value of p is m.

Theorem 1.3.1 (Liouville-Arnold). If the motion is finite (fits in a compact set), then locally M is a
fibration

™ —— M

|

B
such that the Hy factor through B and the Vi, span the rotations on each S factor of T™.

A typical trajectory is a winding of the torus, where if 0; are the angle coordinates on T™,
there is the formula 4 4 .
0'(t) =0"(0) + w't.

Generically, these paths will have dense image.
In the special case of an integrable system, there are action-angle variables, where the symplectic
form is

m
w=) djAde'.
i=1
The 0! are defined up to SL(m, Z) affine transformations. If C; € H{(T™,Z) form a basis, then
the I; are defined by
1 1
I, =— .
=5 ii;vi dw

Here, C; is transported to other fibers via the Gauss-Manin connection. We should note that the
I; are not well-defined, but the quantities I;(b’) — I;(b) are well-defined.

Because the Hy are defined on the base B, we can write Hy (Iy, ..., I ;). Fixing 71,...,Tm € R,
we can flow along

m
H= Z Tka,
k=1

we obtain
_OH

_a—Ii.

In “reality,” which is non-integrable, consider an approximation

(,Ui

H(I,8) = Ho(I) + eHq(I,0).

Then we can understand the approximate evolution with respect to H by averaging H; over T™.



1.4 Gauge symmetry

We would now like to discuss the idea of gauge symmetries and gauging in the Lagrangian
formalism. Recall that the phase space (P, w) carries an action

3] :J 4w —J Y*HdY,
Y I

and we want to consider the effect of an action of a group G on P. The moment map
w: P — G*

is equivariant with respect to the coadjoint representation. Note that P / G has a symplectic form
w, and locally P looks like

T*"GxPJ/GSP/G.
Thus w restricted to a tubular neighborhood of p = 0 has the form

" W + (tautological form on T*G).

Recall that we are looking for extrema of S, and we need to find a path on the quotient space.
We need to enlarge the space of variables to include A € Q1(g). Now we will define

Sty, Al = Sly] —JI Y A).
The space of possible A has an infinite-dimensional symmetry generated by
G = Maps(I, G) 3 g(t)
The action is given by
(9(1)) - (v(t), A) = (g(t)y(t), Ad gty A+ g~ ' dg).

Note that A transforms as a connection, not as a 1-form.

Remark 1.4.1. The translation by g~! dg compensates for the change of d"'w = 3 p; dq* under
the action of G.

1.4.1 Rational Calogero-Moser model The first example is called the Calogero-Moser-
Sutherland model. The phase spaces are

P=T*RN\Aor (sHN\A)
with the standard form

N
w:dei/\dxi.

i=1

For any v € R, the Hamiltonian is given by

N

A 1 1 1

H § PZ 2 Z
- ' = (xi —x;j)? ' 4sin? (28
i=1 1<i<iKN ) 51 2



These are systems of n particles where they start out very far away from each other, are brought
closer together, and then repel themselves apart again. These turn out to be integrable systems,
and in fact they can be obtained by reduction of a system on a higher-dimensional symplectic
manifold.

Define the unreduced phase space

P =T*u(N)) xCN.

This is a pair of N x N Hermitian matrices (P, Q) with a vector z € CN. The Liouville form will
be written as

+ N N
Tr (dPAdQ+ Trdz/\dz ) =Y dPyAdQy+ - Y dziAdz.

2v-l ij=1 vl
Then we may define the Hamiltonians
1
Hie =1 Tr P

The flows look like
(P,Qiz)— (P,Q+ ) tP*1z),
k

so they clearly commute. This system carries a U(N) x U(1) symmetry, where
(w,¢)-(P,Q,z) — (W 'Pu,utQu,u'z).

Because this preserves the symplectic form, we may perform the symplectic reduction. Becuase
U(n) is not simple, there is a free parameter v, so the moment map is given by

w(P,Q,z) =[P, Ql +vV—1(zzf —v-1n).

We only need to solve i = 0 up to U(N), so we choose a diagonal representative of {ufl Qu}. Thus,
assume that Q = diag(xy,...,xn) is diagonal with x; > --- > x. Generically, the inequalities are
strict. Then

wij = Pij 0 —xi) + V—=1(zi2] — v&yj).

If i =, then Izi\z = v, so the remaining U(1)N-action can be used to set z; = z¥ = /v. We can
now compute
v—=1v

xXi *Xj

Pij =
for the non-diagonal elements. We cannot compute the diagonal elements of P, so we obtain

VT

Xi—Xj

N

(1—1204)

P= diag(plr“-rpN) + ‘
i,j=1

In this form, the Hamiltonians become

N
Hy = Zpi
i=1

N
2 2 1
épi_Fv Z(Xi_xj)z/

i<j

Hy =

NI~
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which is what we wanted. We need to show that w = } dp; Adx;, so we will compute the
Poisson brackets of various functions. Recall that functions on (P, w) form a Lie algebra with the

Poisson bracket

{f,g) = w lLdf Adyg.

We note that

The functions we will consider are the resolvents

R(?\):TrQ_}\

1
=TrP .
r O—x

S(A)
Because the trace is cyclic, we obtain

dR(A) = —Tr(Q—A)1dQ(Q—A)"!
=~ Tr[(Q-N?dQ]

Therefore

Z an, aP]1
:—n@—M(Q—M4
_a<mm—wa
oA A—u ’

On the reduced space, the functions become

1
R(?\):ZX__A
i=1""
- P
S(u) = .

This is equivalent to {xi,x;} =0 = {pi,pj}, so {pi,x;} = d;.

Note that this system has an alternative presentation where we assume that P = diag(p1, . ..

and
v—=1v

:dla (%,,f‘)\(’ )+ = =<
< s A Pi—Pj

Then the Hamiltonians reduce to

Zpu

rﬁN)
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and the flows are given by
=%i(0) + Z tkpk 1

This system is not very interesting, but we could instead consider
HY = L1 Qk
k
and obtain a system with position and momentum exchanged.

1.4.2 Trigonometric Calogero-Moser (Sutherland) Now consider P = T*U(N) x CN.

Then we have a triple (P, g; z) where P is Hermitian and g(= exp(\/ le)) is unitary. The moment
map is given by
u(P,g,z) = V=1(P—g 'Pg+zzl — v 1n).

We may choose to either diagonalize P as diag(p1, ..., pn) or diagonalize g as diag (e‘/jlxl, ..., eV )

Making the latter choice, we obtain

v

(1= 5:s
eﬁm—m)_1( i)

P =diag(py,...,Pn) +

The Hamiltonians in this case are

:Zpk
2Zpl 4 Z (xl—x]>'

i<j sin

Making the former choice, we obtain another integrable system called the rational relativistic
Calogero-Moser system or the rational Ruijsenaars model. In this model, the Hamiltonians look like

HY = Z et x (rational functions of Pi)-
Here, a relativistic particle in 1+ 1 dimensions has energy and momentum given by
E =mcosh® = Tr(g + 971)
p =msinh6 = Tr(g — 971>,

so E2 —p? = m2.

1.5 Infinite-dimensional symmetries

—

We will now replace g = Lie with g = Maps(S!, g), which is a central extension of the space of
maps with commutator given by

[(f1,c1), (f2, c2)] = ([ﬁ,fz],Ll Tr dfz).
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Then g* is not g but instead
= {ka+A |A €l (g) ke 1R}

with the pairing

(k0 + A, (f,c)) =ke +J (A, f).
Sl
We will also consider the Lie algebra Maps(IR, g), but this requires us to specify some kind of
boundary conditions at co. We may also consider [2(R) ® g. In the case of S!, note that

C(fl,fz) = J Trﬁ dfz
S1

is a 2-cocycle and that
H?(Lg,R) = R

is 1-dimensional, so this is the only nontrivial cocycle.
The corresponding group is given by the following construction. Define

LG = Maps(S!, G).
Then LG is a nontrivial U(1)-bundle

15 U(1) LG = LG —1.

Note that H?(LG,R) =~ R. The cohomology H3(G, Z) is nontrivial with a nontrivial class given by

i IR
w=23 TI'(Q dQ) s Tr &€, E3] = (&1, &2, &3).

Then there is an evaluation map
e:LGxS' =G (g(t),u) — g(u),
and then
J e*w € H3(LG,2)
St

represents cq (fC\S — LG). Therefore, we have an identification

G = Maps(D2, G)/Maps((D?,51), (G, 1)),

o —

where Maps(D2?,G) = Maps(D?, G) x U(1) with multiplication
i _
(g1,¢1) X (g2, c2) = (9192/ cic2exp - JDz Trg; 'dg /\d92>~

To embed Maps((D?,S!), (G, 1)) as a normal subgroup, we make use of the fact that m,(G) =0, so
any map g can be extended to g: B3> — G. Then we define

@(g) = (g,exp(2mi)g*w).

The fact that this construction is well-defined is the Polyakov-Wiegmann formula.
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We will now discuss the adjoint and coadjoint actions of L[Gong,g* respectively. Infinitesimally,
we have

(6,0 (&,¢) = ([cp, aJ,Ll Trd)dé).

0= (rw (e [rea))

_ J Tr¢da+J T AL, &)

The action on the dual space is given by

(ad} (A, X),

J Tr&(—kd + (A, d)).

Therefore, we obtain
* _ —1 —1

Note that £ is a g-connection 1-form on S'.
There is now a natural candidate for a symplectic form, which is

Qrig = 5kA50+J TrdA N BE.
S1

Here, 5 is the differential in the space of fields. The moment map p: T*g — g* is given by
ke, A &) = (G(k,c A, £),0),
where G(k,c, A, &) = —kd&+ [A, E]. We will now compute
Pred — 1710)/LG ={(&, A K, ¢) | —kdE+[A, & =0}/(§ A) — (Adg &, kdgg ! +gAgh).

We will now solve the moment map equation with the assumption that k # 0. We will scale
k =1, so the equation becomes

This is a first order matrix differential equation with periodic coefficients which can be studied
using Floquet-Lyapunov theory. This says that there exists g such that

g_1 dg+g_lAg etCyg

is constant and lies in a maximal Cartan of g. What this means is that we can write
t
E(t) = G()&GD)™ G(t) = pexpj A
0
These satisfy the equations GG~! = A and G(0) = 1. The monodromy is
27T
Ga =G(2m) = Pepr A.
0

This must commute with &y, so we can bring

A g ldg+g'Ag  Ga — g(0)1Gag(0).
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Recall that G5 can be brought to T C G and A can be brought to « € tand ga = exp(2nt). There
is still some remaining symmetry by

g(u) =exp(ud),

where A € AV is in the lattice of coroots and u € S! = R/2nZ is the coordinate. This shifts
o — o+ A while preserving monodromy. The second kind of remaining symmetry is the Weyl
group W := N(T)/T. Taking their semidirect product, we obtain the affine Weyl group.

If we consider the weight space decomposition of the moment map equation and 3 is a root of
g, then the equation for this component is

dép + (B, o) £ = 0.
Because &g (u) = e~ WB.®) this is generically not 1, so £g = 0. Therefore & € t, and we obtain
T'g /) LG = (T*T)/W.

Note that T parameterizes conjugacy classes of Pexp § A and that T = t/A". Unfortunately, the
reduced space is an orbifold, not a manifold.

We will now attempt to remedy this situation by modifying the quotient. Instead of setting the
moment map to be 0, we want to consider an orbit. We want O = PN-1 and if G = SU(N), LG
acts on PN~ by evaluation at some 0 € S'. We choose z € CN such that zfz = N up to z ~ ze'%,
and the modified equation is

dE+ A, & =68(u) - (iv(ly —zozh)).

Remark 1.5.1. While most of the orbits are infinite dimensional, we are taking some limit where A
becomes a distribution on S! supported on finitely many points.
We first apply Floquet-Lyupanov to make A = diag(ay, ..., an) diagonal with }_ a; = 0. Then
on each coordinate we obtain
dé&ij + (ai —a) &5 = v—18(u)v(—ziz;)
dégs = V=1v(1 - |z )8 (w).

Because &ii(+0) = &;1(2n—0) = &;1(—0) for any 0 € st \zilz
may force z; = 1. Then we obtain

= 1. Using the maximal torus, we

Eij(u) = e a9 g (40)
£ij(2m—0) = e 24T E45(10) = &45(+0) + V-1v.
Finally, the initial value is

v—=1v
e—ZﬂJfl(ai—aj) -1 )

&ij(+0) =

Note that this appeared in our study of the Sutherland system.



Quantum mechanics

2.1 Quantization

The motivation for complexification of our systems is quantization. Recall that if S is the action of
a Lagrangian system, many systems are not described by solving the variational equation

8§ =0

but by meditating on formal path integrals (due to Feynman)

iSlyl
J e m [Dyl.
PP

The classical system is obtained via stationary phase approximation. Mathematically, this is
ill-defined, but if X is a finite-dimensional manifold, we can consider oscillating integrals

iS
I:J en L.
X

Here, X is one of many possible cycles in the complexification X¢ and u is viewed as a
holomorphic top-degree form, so this is just a period. If dim X = n, then we may consider other I

such that
[
r

re Hn (X5, X%),

x§ = {z | Re (15?(:')) < 0}

is set to force the integral to converge. These I' are chosen to flow from critical points of S
(equivalently, of W = iS) in X€ into X - We can construct cycles using Lefschetz thimbles. We can
choose a critical point p which satsifies dW (p) = 0 and then consider the steepest descent flow

for Re (¥), or in other words
. w
x=—VRe (h),

15

converges. These will satisfy

where
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where the gradient is taken with respect to some metric on X¢, and finally take the union T, of

descending trajectories. If we choose a Hermitian metric, then Im (%) is actually constant. For a

generic choice of h, the critical points have different imaginary parts, but in the special settings
we may have Stokes phenomena and wall-crossing behavior of solutions.

Exercise 2.1.1. What happens for W = Y I* | 222

2.2 Holomorphic symplectic dynamics
Now let M€ be a holomorphic symplectic manifold and consider X¢ = Maps(S!, M®) and
W= [pda—BH(p,a)de.

We will take S! = R/Z and we want to find points with dW = 0.
Remark 2.2.1. When we quantize everything, we will obtain

Tr e_iﬁ}jl = Je% [Dv].

We obtain the equations

dp oH
at - Paq
dg ,0H
@& Py

If (3 is real, this is the usual Hamiltonian dynamics, but there may not be real solutions if 3 is not
real. On the other hand, if 3 = iBg is purely imaginary (also known as going to Euclidaen time),
then there may be solutions where q is real and p is purely imaginary.

Example 2.2.2. Let M = R? and
A
U(q) = (a*—a®?,
where A, a are parameters. This is usually called the Higgs potential. Then the energy is

2
_r
E= > +U(q).

We can see that there is a q — —q symmetry, so near -a there are two copies of the same physics.
After complexifying, we obtain M = C2, while the zero set Cg of E is a Riemann surface. If we
compactify, we will obtain an elliptic curve with the hyperelliptic form

2 _ Ao o
p —2<E 4(q a))
= 2@ - a).

Note that Hy(Cg,Z) = Z & Z, so there are two independent cycles corresponding to classically
allowed physics. Also, it is clear that

4E
2 2

— - :I: .
ag —a 3
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Therefore, this family degenerates to a union of two copies of P! when E = 0 (and one of our
distinguished cycles is the vanishing cycle) and has another critical point when E = ”T“Al. Now
w= ‘%q is a holomorphic differential on Cg, and the Hamilton equation tells us that any

y:Sl—>CE—>M‘C

must satisfies y*w = f dt. Now in the low-energy region, [y] € H;(Cg,Z) can be specified by
two integers:
ly] = m[A] + n[B],

where [A] is the vanishing cycle and [B] satisfies A N B = 1. Note B is described up to multiples of
A, so n is well-defined, but m is defined only up to multiples of 2n. We can then find 3 by the
period integral

:J w

v(S1)

=m w+njg w,
A B

which are functions of E. Therefore, the E = Eqn () for n € Z, m € Z/2nZ satisfy a transcen-
dental equation
B =mwa(E)+nwg(E).

We can solve this equation approximately in the 3 — oo limit, where

Aa* _po _im
Emn~——e e,

4

where Q2 = 2\a? is the classical period of very small oscillations around the q = a critical point.
This is all obtained by Picard-Lefschetz theory using the fact that

2 1
271
CUA(E)“H-F"',

where the +--- can be computed using knowledge of elliptic integrals. The solution where
n = 0 corresponds to classical physics, while the solution where m = 0 corresponds to tunneling
between the two critical points. Therefore, the general (m, n) solution is some superposition of
classical motion and tunneling.

2.3 Algebraic integrable systems

We will now consider the class of systems which generalize the following feature of the previous
example: our manifold (MZ", wc) has a Lagrangian fibration M®™ — B™ to some open subset of
C™ by polarized abelian varieties. These are called algebraic integrable systems. This structure gives
the structure of special Kéahler geometry on B™.

For us, a polarization is simply an integral class t € H2(F,Z), where F = 7t 1(b). We will now
define action variables (at, ap,i) on B. If we have y € H;(Fy, Z), this path can be transported
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canonically over paths connecting b to b’ that avoid the discriminant locus Z. We now obtain a
2-chain in M€ covering the path, and we can obtain a number

a0 —ay (o) = [ wC

2-chain

for a distinguished choice of b.. Therefore, we obtain a map

a: B\ Z — H(F,,,C),

e~

where B™ \ = is the space of choices (b,v), where b € B \ Z and v is a path connecting b to b
in B™ \ Z up to homotopy. The image of a is a Lagrangian with respect to t, where if A;,B'is a

basis of 1-cycles in Hq(Fy,,Z), then t(A; N Bl) = 61 Now because

n .
Y da'Adap,; =0,
i=1

locally there exists F(a) such that
oF

- aai'

ap,i

Definition 2.3.1. This J is called a prepotential.

Example 2.3.2. One example is the elliptic Calogero-Moser system. Here, let E be an elliptic curve
parameterized by T € J{ and consider

ME = (T*E™\ A)/S(n).

Then let p; be the coordinates in the fiber directions and z; be the coordinates on the copies of E
and define
Hi=) pi
i

H, :Z%P%‘FVZZP(Zi—Z)‘)-

i i<
This was proven to be an algebraic integrable system by Krichever (before algebraic integrable
systems were defined). Set
0(zy —z; +2)0'(0)
0(zi —z;)0(z) '

L(z) = diag(p1,...,pn) + V(1 — ;)

where the theta function is defined by
1 ; : e - .
G(Z) =qs (eT[lZ _ e*T[lZ) H (1 _ qn)(l o queZTEIZ)(l o qnefZTnz)'
n=1
Here, we make the usual substitution q = e?*. This operator satisfies the equations

L(z4+1) =L(z)
L(z+7) =gL(z)g"
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and has an expansion of the form
v
L(Z) ~ 2(1 — 51])

Therefore, the spectrum of L(z) forms an n-sheeted cover over E, and in T*E, if g(C) =n, then
C ~nl[E] + [FL.

Then we will obtain a Lagrangian fibration where the fiber is the Jacobian Jac(C).

2.4 How to compute some path integrals exactly

Recall our setting of a symplectic manifold with Hamiltonian (M, w, H). We will assume that
there is an action of T = U(1)" with moment map p: M — t*. We will also assume that H is linear
in the moment map, so

H=(u&).

Example 2.4.1. Consider M = IR>™ with Darboux coordinates p;, qi, the standard action of U(1)™,
and moment map given by

1
Wi = 5 (pj + ).
Then the Hamiltonian o
H=) &
i=1
generates an action R < T which is dense for generic &.

If we now assume that M is compact and the fixed points of the T-action are isolated, then to
obtain the statistical-mechanical partition function for some inverse temperature (3, we have the
Duistermaat-Heckman formula

2(p) =] reen
M n!
eff’H(p)

B d]%—o pm H{L:l (mi(p), &) !

where m;(p) are the weights of the T-action on T, M. With these weights, H near p behaves like
H=H Ly gy 21 g2
= (P)JFE;Eizmij(Pj +4j)-
i= j=

Example 2.4.2. If M = S2 and H = cos0 is the cosine of the azimuthal angle, we embed
M C Mc = T*S?, and the contour corresponding to the south pole goes into the cotangent
directions.

The Duistermaat-Heckman formula can be stated in the setting of T-equivariant cohomology.
If G is a Lie group acting on M, we will consider the Cartan model of equivariant cohomology.

Q5 (M) = Fun(g, Q*(M))€,

where we require that
f(Adg-1 &) =g f(&).
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The grading on differential forms is deformed to be

0
Zéa—a + dengSR .

Then the equivariant differential is defined by
D =dpr + tv(—),
where V: g — Vect(M) is a linear map. We can now compute
D? = Liey(_) =0,

so we set H5 (M) to be the cohomology of this complex. We can now compute equivariant
integrals of f € Q% (M). Note that [, f € Fun(g)€ and

2(5) = jM frop(£) = Z(Adg &)

for all g € G. Also note that

We will now prove the Duistermaat-Heckman formula. If u: M — g* is the moment map, we
claim that

D(w 4 u(=)) =0.

This follows from the definition of the moment map. We then see that
D(exp(w +u(—-))) =0,

and this is actually a Duistermaat-Heckman integral. If the G-action is free (and G is compact),
then every closed form is exact. Because G is compact, there exists a G-invariant metric. Assuming
that G = T for now, choose some generic ¢ € Lie T. Then define

a=g(V(E),—) € Q'(M).

We then obtain

Da = g(V(E),V(E)) +2-form
where the function part is nonzero, and finally if

x

=—f
P Do

we obtain f = Dy whenever Df = 0. Now we can replace the integral in the Duistermaat-

Heckmann formula with
ME + J 7
J % Be(p)

where M, = M\ Up B¢ (p), and finally use Stokes’ theorem to obtain the desired result.
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2.5 Infinite-dimensional generalizations and supersymmetry

Now suppose that M = LN, where (N, g) is a Riemannian manifold. Then define for £, € T,M =
I'(SY, p*TN), we can define a 2-form by

(’U(E./T]) = J'51 Q(Eu vtn) dt/
where V is the Levi-Cevita connection. The Hamiltonian that generates the standard Sl-action is

H= [ glp,0)dt.
Then the partition function of supersymmetric quantum mechanics on N (index of the Dirac

operator on N) is given by
J e BH :J A(TN),
LN N

where A is the /?\—genus. The term on the right should be viewed as the contribution of non-
isolated components of the fixed locus and can be thought of as Fourier modes of infinitesimal
loops. Of course, there is the question of the role of 3 in this formula.

2.5.1 The Dirac operator First, associated to the metric g|T N we have the Clifford algebra,
which is generated by symbols ¥ for v € TyN = V with the relation

¥t ¥ = glu,v)L.

This is the analogue of the the Heisenberg-Weyl algebra over a symplectic vector space (W, w),
which is generated by elements w for w € W with the relation

Wl ~W2 —Wz ~V/{11 = w(wl,wz) -1.

The Clifford algebra Cl has irreducible representations, which are called spinors. If we choose
an orthonormal basis {e;} of V, we can write any element as

ot Bifit+ ) Vit
i i<

In addition, we see that the Clifford algebra relation is a deformation of the exterior algebra, so
Cl = A*V as R-vector spaces. The space of quadratic elements of the Clifford algebra is in fact
Lie O(V). Because O(V) is not simply connected, representations of its Lie algebra integrate to
Spin(V), which is the universal cover of SO(V) (at least if dim V > 2). The group-like elements
take the form

1
g=exp D vijgid-

i<
Now we impose a complex structure compatible with the metric and define
Ca = fra—1+V—1fa
Cq =fra—1—V—1fa

fora=1,..., Ldm‘ij These satisfy the relation

CaCp +Cpca = 0.
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Finally, we define the vector space

S =Clvac) & @Cca [vac) @ Ccqcp lvac) @ -+ - @ Ccq - - - C dinV | [vac) .
a

a<b

We impose that ¢* [vac) = 0, and in general that ¢* moves to the left. We then define I' = egjy, v if
dim V is odd. It satisfies

=1, Tei+cal=0, Tck+cil=0.

From now on, we will assume that dimV = 2k.

Note that S is an irreducible representation of C{, but recall that o(V) is much smaller. It is
spanned by elements of the form cqcy, cacy, cicy,- There is a Z/2-valued conserved charge called
(—)F which is preserved by o(V). For S, it is defined by

k
Flvac) = —5 |vac)
k
F(Cal o Cayp lvac)) =p — 2"

Therefore, we can split
S=S,®S_

by the parity of the F-charge. Then for any u € V, we have

These are called Dirac matrices.
Unfortunately, there is not always a global spinor bundle on N. The obstruction is the
Stiefel-Whitney class

wy(TN) € H2(N, Z/2).
If this is nonzero, then we cannot glue spinors into a vector bundle and thus the manifold N does

not have a spin structure. Therefore, we will now assume that w,(TN) = 0. We will now define
the Dirac operator

P:T(S4) = T(S-)

by the local formula
dimM

o= Z YiVi.
i-1

Here, V; is a spin cover of the Levi-Civita connection and y! is the physicist notation for ¢;. We
also define * to be the same operator applied to S_. The symbol of J*I or of PP* is given by
the well-known formula

2V =5 3 (v +vvh)au;

ij ij
1 .
= ng”aiaﬁ“'
i

=A+...
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Because of the analogy with the Laplacian, the spaces Hs, = ker B and Hs, = ker P* are known
as harmonic spinors. There is a lucky coincidence that if H = PB* + J*1, then

Index ¥ = dim ker & — dim ker &*

=Ty, (~1) e P

= —TI‘L2(57) eiﬁ’B:B/* +TrL2(S+) eiﬁ’B/*’B/
for any 3 > 0. Note here that working on R™,
2 1
TrLZ(S) eiB/BjD/ ~ Tr CBA ~ ‘[dnpeiﬁpz ~ BT
2

Now suppose that (i) € T'(S;.) satisfies
BP0 (1) = exb i)
Then,D/lb(k) =X(k) € I'(S-) satisfies
D/H*X(k] = &xX(x)-
This tells us that
Tre PPP _Tre BPP" _ Lerf — ker J* + Z e Pex Z e Bex

k,ex>0 k,ex>0

= Index .

Note that this cancellation is our first example of supersymmetry. Finally, we take the 3 — 0 limit.

2.5.2 The heat kernel If we were considering on flat space the ordinary heat kernel

Kx,x',B) = (x|eP2|x"),

J [Dx(t)] ex —1Jﬁ (x,%)dt
LN Pl ™2 0 I '

Note that in flat space, the heat kernel must satisfy the PDE

%K = A K =AK.

then Tr eP# is computed by

AspB — 0,
K(x,x',B) = M (x —x/).

There must also be the integral formula
de/ Ko, x; BOK(X, x"; B2) = K(x,x"; B1 + B2),

so in fact, it is given by

K(x,x'; B) = exp (— (X_X/)z) : k
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In our curved situation, we obtain the limit

. )
1 K LA
Mun del dxm <x1,xz, M> ,

which can be well-approximated by the expression in flat space. Considering instead the loop
space LT*N, we now obtain

1
[ [Dx(s)Dp(s)] exp (in dx — [SJ' g’l(p,p) ds).
LT*N 0

Note that the [Dx(s)Dp(s)] carries the term [[, —Lg=xr-. Also, if we integrate out the p, we
(2mB) 2
obtain the previous term

1 1
EJO g(x,x)ds.

2.5.3 Supersymmetric Duistermaat-Heckmann We will now rewrite the integral we
wanted to compute at the beginning of this section in new notation as

J eQ+£H.
LN

Here, we rewrite

1 1
H:fJ' g(x,%)ds
2 Jo

1 . .
0= fj gy 0LV ds,
2 S1
where (Pi(s)) € I'(S!,x*TN). The 1t satisfy the formula
VW (s) = =) ()0 (s).
Finally, here ¢ = % is the equivariant parameter for the action of U(1) on the cotangent directions.

Now, the Duistermaat-Heckmann normalized integral (which is not the Atiyah-Singer normal-
ized integral) is

J' Q+eH _J' 1
€ B 1
LN M Hn;éO H(x (ns + ECX)

- J H T[G(X/E
Nt bsin(mog/e)’
where x1(t) splits into Fourier modes as

Xi(t) — X(i) + Z aileZ'Rins
n#0

and thus splits
Nnyin = ED (TN,

n#0
and « are the Chern roots of TN. This exactly reproduces the A-genus. The Atiyah-Singer
normalized integral has an extra factor of —L—xr.

[Is B
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2.6 Duality

There are two main examples: T-duality in 2d sigma-models and S-duality in 4d gauge theories.

2.6.1 p-form generalized gauge theory We will begin with p-form generalized gauge
theory in D spacetime dimensions. For some A € QP (MP), define

L:J dAAxdA.
MDD

This is invariant under A — A 4 dB. The space of fields in the R-type theory is given by
Ag = QP (MP)/dar—1(MP).

In the U(1)-type setting, the space of fields is smaller and is given by
Ay = QP (MP)/Qh(MP),

where QF is the space of all p-forms alpha such that

J x eZ
yAY

for all integral cycles ZP.

Example 2.6.1. When p = 0 and D = 2, then the U(1)-type theory describes maps M2 — U(1).
Locally, these look like A: M2 = R such that A ~ A + n.. Of course, not every manifold is simply
connected. Therefore, the true space of fields is

Au1) = Maps(M?, U(1)).

This has a decomposition by the topological type as follows. Let t € R be a coordinate with

[ ar-t
R/Z

Then the topological type is given by
[f* dt] e H{(M?,Z).
In general, we will assume that the curvature form dA is not exact, but instead integral, so
dA € Qb (MP).
This can be achieved on an open cover U by choosing
Ax € QP (Uy)

such that
Aﬁ —Ax € Q%(U“ ﬂUB).

Then the space of fields is the space of connections on all U(1)-bundles and its connected
components are parameterized by
L=HPTI(MP,2z).
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The partition function is now given by

7 J [iDA]e_é JupdANA*dA+[ OAdANIA
- 7
Au()

where

is a closed form.
We may also replace f: M? — U(1) by functions

f: M2 > T=U)™ = V/T.

We introduce tensors
Be A*V*,  GeSivr

In this form, the partition function becomes

Z(G B h) — J [DA]e™ IMD GijdAi/\*dAj—O—f Bij/\dAi/\dAj
Ay

where dBi; =0 and By; € QP-2(p+1)(MP). We also have

B {/\Zv* p+1odd
S2V*  p+1even.
We now want to find the critical points of £, where 6£ = 0. The equations for A become
dxdAt =0
for all i. If we set F* := dA%, the equation becomes
d«F' =0,

which are the generalized Maxwell equations. Therefore, we obtain

Z(G,B,h) = N(G,h) Yy exp |Gy (cfxcl ) =i (By Act AdT)],
cEA=HP+I(MDP,I")

where N(G, h) is a regularized version of

det  (xd=* d)’%
Qr/dor-1

which is defined as follows. Define
—s
Cap) (8) = Tr(—A(p)) .
This is defined for Res >> 0, and taking the analytic continuation, we define
1
N(G,h) =exp EC/A(O).

We may need to assume that D = 2(p + 1). For example, if D = 2, then the (c',*c}) term knows
only about the conformal structure of M2, Finally, HP*+1(MP,T) is taken modulo torsion.
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2.6.2 Duality The duality is given by inverting
T=1iG+B

when D = 4 and inverting
T=G+iB

when D = 2. We may consider transformations of the form
1
T ——
T

or more generally
T (Ct+ D) YAt+B),

<A B)e On,n,Z) D=2
C D Sp(2n,Z) D =4.

Applying Poisson resummation, we obtain

where

. 1 '
Z e2mig(c) exp l:_zGij <Ci/ *Cj> + %Bij <Ci/ Cj> .

JCEAR EEN*

Here, we have the identity

> Gyjxc) + V=IByjd +2mv—18 =0
j

in dimension 2. Note that when D = 2, %2 = —1, while when D = 4, %2 = +1. In the 4-dimensional
setting, if we define
¢t xc
Ct = ,
+ 2

the relation is
Tci —TCy +2mvV—1(¢L +¢-) =0.

Therefore,

2/ —1 2/ —1

c_ = ¢ Cy =—
T ! T

&y
The duality must give some reassignment of the degrees of freedom. Locally, if
MP =XP 1 xR,

which is noncompact, we must discuss the Hamiltonian system. The phase space is given by the
stack
TP (XP V)/QP (XPL ).

The symplectic form is given by

. i j
JXD_] BEABSA(p)) + LD_] Bij AS(AAY) ABAL

Here,
Eec QP P(xP1 vy
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is the electric field and dA is the magnetic field. Now we can write the Hamiltonian as

1 i 1 : ;
:H:EJ'X GUEi/\*Ej_‘_EJ‘X Gi)' dA* AxdA).

We return to the space of spatial fields A, which has a decomposition into connected compo-
nents indexed by
¢ € HPH(XP~1, 1) /Tors.

The component corresponding to some c is
Ae = HP(XP~1, v)/HP(XP~1, 1),

which is the space of flat p-connections.
All of this can be understood via the quantum mechanics of a particle on S!. If we define

Ho = {f(t) | f(t427) = eief(t),J\flz < oo},

then 0 is the analogue of (Bj;). Then if the standard symplectic form on T*S! is given by
dEAdt,
E2 quantizes to —92 = H, and the spectrum of this operator is given by
En = (n+0)?, ne-z.

For example, if E; = 0, then n and — have the same eigenvalues, if 0 = %, then the spectrum is
doubly degenerate, and for any other value of 0 the spectrum is simple. Therefore, the duality
exchanges the electric and magnetic fields whenever D = 2(p +1).



Instantons

There are three main approaches:

* Morse theory;

¢ Twisted supersymmetric o-models;

¢ Twisted supersymmetric gauge theory.

These have a Hamiltonian and Lagrangian approach, and the latter will motivate the study of
integrals on moduli spaces of instantons.
3.1 Morse theory

Note that this is not the same as what topologists call Morse theory. Let (M, g) be a compact
Riemannian manifold and f: M — R. Suppose all x such that dfy = 0 have nondegenerate

Hessian, or in other words,
det 782f #0
oxtox] ’

We will consider Q*(M) with the differential
D:=d+dfA: Q* (M) = Q*F1(M).
Using the standard scalar form

(0, B)g = JM XA B,

we define the adjoint
D* = d* + Avad

Physicists refer to the study of this package as supersymmetric quantum mechanics. Here, the
Hamiltonian is

H=DD*+D*D
= —Aq + Lieys + Lie*vf + g(Vf, Vf).

29
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Note that ker H = H*(M), and if H = 0, then

0= (1, Hy)
= (DY, DY) + (D™, D),

so we see that Hy = 0 if and only if DY = D*{ = 0.
There are also excited states where Hip; = E;1; for E; > 0. Then we compute

HDW; = DD*D;
= D(H{; —DD"y)
= D(E{y)
= EiDy,

so the states Dy, D*\;, and DD*1; are also eigenstates with eigenvalue E;.
There is then the following trick. If f — tf and g is fixed for t > 0, then

H=—Ag+ 2| V> +t(--)
where ||Vf|* is a very large potential outside of the critical locus of f. We also have
Dy = e tf detf
on the ground states, which are isomorphic to H*(M). More generally, we note that

Dy =d+tdfA
Di = t=id* + Ly f.

Ignoring the t~'d* term, the Hamiltonian becomes
Lieys + || VF|[> = e T (Liegs)et’.
In the world where f — tf and g — tg, we obtain states

¥ — e Y = Pour
P — etflp = YPin.

As t — 0o, we obtain Hj, and Hyyt, which are distributions.

Example 3.1.1. Now consider M =R and f = ‘”TXZ Note in this case we need to use [? differential
forms. Then we have basic operators

Hp = —02 + w’* + w

= (—0x + wx)(0x + wx)
HY = =02 + w?x® + w

= (0x + wx)(—0x + wx).

Finally, we set oc = \(x) dx.
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The spectrum is given in the following way. If H{) = 0, then the equality (0x + wx){} =0
implies that = e~ ", which is fine if w > 0 and bad if w < 0. Then suppose there is {r, such that
Hyn = n|whprn. Then we obtain

Then if P is a polynomial,
P(ax)e 1P = P25 (%)
as t — oo (here t scales w). This tells us that H), = H.,, are regular functions, while eigenstates

of He are monomials. Similarly, HL, = HJ, are distributions supported at x = 0, while the
eigenstates of Hy, are those of the form 97 6(x). Observe that

Hoo = Lie, 4 .

dx

Then, note that 6(x) dx is an invariant distribution-valued 1-form. The pairing between the in and
out states must be the usual pairing between functions and distributions.

In higher dimensions, there will be both attracting and repelling states, so we can consider
something like

d—m X2 d X2

_ i J

f= Z 2 ) Z 2
i=1 j=d—m+1

and i the end jj, is a distribution supported on the attracting manifold. This concludes the study
of the local picture.

However, we must consider the compact picture. For example, consider S' = R U co where
the Morse function f is attracting at x = 0 and repelling at x = co. Then near oo, the states
corresponding to monomials will look like P. V.x™. Applying x% and expanding

1 1 1 1
b= too + e o g
then the scaling x — tx, etote gives us correction terms of log e and logt to 1J)<(XT)L ), Here, the

principal value

(x™, ) =P. V.J x™Mp dx

R
is the finite part in the e-expansion of
1

,[61 xMpdx.

Therefore, we see that critical points can talk to each other via excited states.
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3.2 o-models

We will consider maps £ — (X, w) from a Riemann surface to a symplectic manifold. We will
also choose an almost complex structure ] which is tame with respect to w. If we consider the
functional

S=1j g(d¢,*hd¢)+ij o',
2 )5 5

its critical points are simply harmonic maps.
In the Hammiltonian formalism, consider M = LX. If & € T;LX, then

df (&) =j w(E, D).

Sl
Note that
g(dd,*ddp) = w(Jdd,*p dd)
and 1+ . 14
i —1i
d¢ = 5 do + 5 do.

Then S can be rewritten as
2

S = J-q>*(iw+iB)+ Hl_zﬂ(a or 0)¢

4

where B is the B-field, satisfying dB = 0. Therefore, the absolute minima are solutions to the PDE

1—i].,
50 =0.

Example 3.2.1. Consider X = R? with the standard symplectic form and complex structure. Let

f:J pdq.
Sl

Let t be the loop variable and s be the noncompact direction. Then we obtain the equations

dp o6f dq
ds ~ &p  dt
dg  o6f  dp
ds  8q  dt’

which are the Cauchy-Riemann equations. If z = s + it and w = exp(z), the Cauchy-Riemann
equations give 7
oz(q+1ip) =0.

3.3 4d supersymmetric Yang-Mills

The word symmetry here is actually a confusing one. There are two types of symmetries one
encounters in physics, and one is not a symmetry. Sometimes what we mean by symmetry is a
redundancy; mathematically what that means is that we’re studying a quotient of some space
X by some symmetry G, X/G. This is a local symmetry. The other type of symmetry is a global
symmetry where we really have G acting on the space we are studying X. In the case of a local
symmetry, platonically there is a space X with action of G, but that space is not accessible to us.
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Rather we only can see X/G. Occasionally, it’s the case that we find there exists Y/H = X/G. We
call this a duality.

Because the groups we deal with in physics are typically infinite dimensional groups, for
example Maps(M, G) of a manifold into a finite dimensional group, these groups typically have
lots of normal subgroups. Sometimes rather than the full Maps(M, G), our local symmetry is some
sort of normal subgroup that preserves additional structure: for example, possibly the normal
subgroup that sends certain marked points {x;} of M into certain subgroups {H;} of G. The global
symmetry will then be whatever is left from Maps(M, G), for example in this case x;G/Hj.

For example, say we are studying (M, g) a smooth Riemannian 4-manifold, with G a compact
simple Lie group, and a principal G-bundle P over M. Let Ay the affine space of G-connections
on P. There is a group gp := I'(M*, G x A4 P) acting on Agp; what we really want to study is the
quotient

By := Ap/gop.

The functional we seek to integrate over By is

JBT DA

The measure here is induced from the L2 metric, and Tr refers to the killing form. Our integral
consists of two parts.

}674;—2 I TEFAxgF+42 [ Tr FAF+...

¢ The first is the Yang-Mills action;

® The second is a *topological term* which does not depend on the metric and picks out some
topological equivalence class of principal bundles. We normalise it so that the whole thing
is an integral class.

Since the second term is topological, we know eventually that our integral is equivalent to

Z eine Zn

nez

where Z,, is the integral taken over bundles of Pontryagin class n. We could try to write this on a
lattice, viewing Ap as the edges of a graph and g as the vertices. But if you did this naively you
would find that the coupling has to go to zero. Instead, we can try a trick which we started to
discuss last time. If we write

1
Fa =5 (Fa+5Fa),

the Yang-mills term in the functional is equal to
2
IFAI"+ JTrFA AFa.

Then we can rewrite the whole functional as

2ee(= gl [T FAATA) = L [P

where
o dmi

T=—
2 c2
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is some function in the upper half-space. We could try to study the limit c> — 0, while keeping T
finite. In that limit the functional goes to

6(FX)€27U:TC2?.

Studying the moduli space of My := {A[F} = 0}/gp, which we roughly expect to be finite
dimensional because A% R* ~ IR, we can at the very least compute its virtual dimension. To do
S0, assume

e Ay is so that FXO =0;
e A =Ag+dA so that FXO"‘éA = dXOSA;

e wherein d}(o Q! M)®adP — Q¥ (M) ®ad P.

To the linear level, it suffices to computer kerd*. Since

dXodAo = - (1+x)d5 0’

NI =

the virtual tangent bundle is
Toir = ker dXO/ Imda,,

which is the first cohomology of the Atiyah-Hitchin-Singer complex
O"@ad? - Q'®ad? - Q> @ad?,

wherein the maps are da, dXO. If HO, H2 of this complex don’t vanish, we could have singularities
or obstructions and therefore trouble counting dimension.

3.3.1 “theory of differential forms on M»” We could try to overcome the infinite
dimensionality of the problem by seeking to develop a theory of differential forms on My, the
space of anti-self dual connections, i.e. those A such that F;r\ = 0. To do so, we would need some
notion of local coordinates on M. Let’s first try to do this on the space of connections without
the ASD condition.

Define

Q =dpr

on the space of connections Ap. Then
QA=veQ'M)@]]ad?.

This is a one-form, hence an “odd’ object, i.e. a fermion. So Q meaps even to odd and vice versa.

But remember that A := A, dx" is a redundant description, because connections related
by gauge transformation are the same. To deal with this, rather than dpgr we will deal with
*equivariant differential forms*, and write

Q=dpr+tve
on the Cartan model for equivariant cohomology, so that this differential is an operator on

(Q*(4 x Lie(gp)) x Fun(Lie(gp)))97.
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Since H*((M x EG)/G) ~ H*(M/G), if we want this relation not only at the level of chomology
but also on the actual space of differential forms, it's enough to study invariant forms, hence
why we're taking invariants by g”. This is like passing from M/G — M x g/G, which slightly
improves the situation of stabilisers and therefore the space of equivariant differential forms.
Then,

3.1) QA=Y
(32) QY =dad, ¢ € I'ad P) = Lie(gy)
(3.3) Qd =0.

The extra factor of the Lie algebra also defines an object ¢, so that Qb = n where Qn = [, d].
Here ¢ lives in the Lie(gyp) inside our forms itself, whilst ¢ lives in the space Fun(gp) we tensor
by. Then

Q =dpr A + g + tv(g) + L4510
on the space of gp-invariant forms, Q> = 0 since Q is just the Lie derivative associated to
transformation along ¢.
3.3.2 Finite-dimensional model Suppose we are in a similar finite dimensional situation.
® Suppose G acts on a Riemannian manifold (N, g);
* Suppose f € (Q*(N) ® Fun(Lie(G)))S;

e If G acts freely, then there is a well-defined quotient by G. If f is equivariantly closed,it
should correspond go to ¢ € Q°*(N, G).

Remark 3.3.1. Let t: N — N/G. If ¢ is closed so that vy 7w*¢p =0 for all ¢ € g, with ¢ € Q*(N/G).

Further, characteristic classes of our bundle N — N/G are represented by invariant polynomials
on our Lie algebra, (S*gY)C. The functions ¢ should somehow correespond to these, ‘it looks too
good to be a coincidence’. This consideration hits on the fact that we likely want to use a metric
when we make this map.

Let’s do what we already did a previously. Using the metric, we can build a one-form:
g(V(®),e) =0 € O'(N).
It has the following useful property: if Df = 0, we can multiply

f— feP® = f(t)e_g(v(¢)rv($))+On,$+dg(9$.

This will not change the cohomology class, but it will change the representative. For example,
f—¢
is given by
J f(t)eP®.
g
We can write this as

()
Ha((bbfab +...)

DA ADgim G :J f(t)eP°.
g
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In order to not worry about contours, we treat ¢, ¢ as complex conjugates. There is a canonical
measure on Lie(G),

[d/ Vol(G)],

which is just the Haar measure which we have for free. Insert this into the integral [ feP® as an
additional term by which we integrate out ¢.

A procedure like this is ‘universal’ in the sense that it produces a differential form on N.
Because all the integrations I've done commute with D, this kind of averaging results in a form
which is still equivariantly closed. The secret of Yang-Mills theory is that it does exactly that: it
takes something simple on the space of connections and does some sort of integration like that to
produce a form on the space of connections.

But there’s a second piece, the anti self-dual condition, which we did not consider. If we have
M = s~ 1(0)/G for some section s of a vector bundle E — N, how do we restrict differential forms
to the vanishing locus of this section? Naively the idea is to just send

f— 8(s)f

where 0 is just a & function or 4 form. To do this properly we need to add on a Koszul complex into
our complex of forms which effectively has s as a differential.

At the level of mysterious formulae, this is achieved in the following way. Extra complexes
imply we have extra fields; introduce the field x which for our purposes will be the self dual form
x € Q%>* (M) ® [Jad P. This x represents the (—1) term in the Koszul complex, so that the Koszul
differential of x is dx := FX =s

Then we have a vector bundle Ep over A with fibers

F=T(Q% (M) ®adP).

Naively Q? is d}{, so not zero on the nose. This is fixed in the following way: we define another
field, x € Q>* (M) ® []ad P, and a further field H € Q> (M) ® ad P, so that

(34) Qx =H
(3.5) QH =[x, ¢]
Remember also that we had fields

® A a connection on P;

e pecO'®ad?P;

P e QM) ®adP;
eneQ'®@ad?P;
e pecQ'®ad?.

which is a minimal list of fields for Yang-Mills theory. Q acted on these fields by

* Qx=H;
hd QH:[X/¢)]/
* QA =1y

e Qb =dad;
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* Qp=n;
e Qn=1[d,9);
. Qp=0.

Note that for all but ¢ there is a canonical pairing between fields just by their type, called Berezin
measure. This gives us a measure:

[DAD][DXDH][D$Dn] {vcl)jl(d)e)} '

where we have only ‘cheated’ in the last term, whose definition leaves something to be said in the
fully infinite dimensional setting.
Consider the functional

exp QJM T X(Ff — %czH) +Trp Axdad + volg Trnld, ¢l.

We got these terms from looking at our metric g = [ Tr(§A A%5A) and applying Q to create the
most general supersymmetric or Q-closed functional. This is the same as

eprTrHFX fCZJ'TrH/\*H—JTrdAcb /\*dA$—JTr[q>,$]cvolg +Tr(xdiw+...).

Since H is quadratic, we could integrate it out.

Also integrating x,n out represents the Atiyah-Hitchin-Singer complex, because it imposes the
conditions dth) =0,d3 ¥ =0, equivalent to \ € ker d i, ¥ is orthogonal to Im(d A ), which gives
us the first cohomology of the AHS complex.

The zero modes of x correspond to the second cohomology of the AHS complex, and the
zero modes of 1 correspond to the first cohomology. It’s something to keep in mind because
zero modes are significant because they drop out of the exponential and so observables ‘have to
provide the missing zero modes’ for the fermionic integrations to be nonzero. Also, we could
determine that the functional implies that ¢ is ‘the curvature of the universal bundle evaluated at
the point x’, but we would need to talk more about this later on.

3.3.3 When M is not compact There is one important change to the whole story when M
is not compact; in other words, if the metric is such that there is some ‘end” which is infinitely far
away, the story has to be modified. We don’t need to integrate over all fields, rather we want to
restrict to those where the curvature goes to zero at co. Naively that’s because the integral would
be divergent if the curvature was not zero.

Since we want ¢ to approach a constant a, ¢ — @, such that [a, @l = 0, we only use those gauge
transformations which approach unity sufficiently fast at infinity. The rate at which they go to 1 is
fixed by the requirement that [|d$|?> < co. The result of that is that a finite dimensional group of
those gauge transformations preserved now acts as a global symmetry! Instead of integrals over
the moduli space of instantons of closed differential forms, one passes to equivariant differential
forms for the moduli space of framed instantons, where framed means the vanishing condition
above.



Gauge-theoretic instanton counting

The difference between mathematicians and physicists is that mathematicians like closed 4-
manifolds while physicists like R*. For mathematical precision, we will let M* be a compact
Riemannian manifold and P — M be a principal G-bundle for some compact Lie group G. These
are classsified by the second Chern class

k= cy(P) € HE(M?4, Z2),

which physicists call the instanton charge. We are looking for connections V = d + A whose
curvature satisfies
Fv = — % FV ,

which are called instantons. This equation in fact only depends on the conformal class of the
metric.
Being anti-self-dual implies that the connection gives a minimum of the Yang-Mills action

S :J TI'FV /\*Fv.
M4

If M*is a complex surface and the metric g is Hermitian, then F%z = 0, which is equivalent to

requiring that that 53\ = 0. Therefore, any representation E of G gives rise to a holomorphic
vector bundle € on M*. This will come into play later when we cheat by replacing instantons with
torsion-free sheaves.

The moduli space of such instantons is

Mp = {VI|FS =0}/59,
where G is the group of sections of the associated Adg-bundle acting by
A g 'Ag+gldg.
For generic metrics g, this is a manifold of dimension

VK — XJZ’J dim G,

where h" is the dual Coxeter number. We should note that even though M, as a space depends
only on the conformal class of the metric, the metric depends on g itself. It also lives inside the

38



39

space Ap /Gy of all connections on P. Our aim is to understand the infinite-dimensional integral

1
Z e—ﬁk J ['DA}G 12 SYM.
(Plcs(P)=—k Ap/Sp

Here, 9 is valued on S!. In the g> — 0 limit, the asymptotics of the integral should become
> a¢| duir+olg),
k M

8r2
where q =e % and the measure is obtained by regularity and determinants of 8Syp.

Instead of trying to understand this very complicated measure 1, we can try to study simpler
but still interesting integrals. For examples, Donaldson invariants are defined as integrals over
My of cohomology classes associated to 2-cycles I; and O-cycles p on M*. The problem is that
My is non-compact because of the conformal invariance of the equations leading to delta-function
solutions. Uhlenbeck discovered that via a complicated system of gauge transformations, these
points can be filled in by ideal solutions, so there is the Uhlenbeck compactification

Mic = {(V, 1,0 %) [ 2(P) = e2(P) = ¢}
= M UMy _1 X M4UMk,2 X Sym2M4U---UM0 xSymkM4.

4.1 The case of R*

This is the case that physicists are worried about. The problem is of course that R* is non-compact,
so we can view either R* = $%\ co or R* = C? = P2\ PL.. There are already interesting solutions
in this case, but because our metric is singular at infinity, we will consider the moduli space

e = (9 17 = 0}/55,

where G5 C G is the set of those elements satisfying g(x) — 1 as x — oo. This is a hyperkéhler
manifold of dimension 4kN when G = SU(N).
It is well-known that this (or a slight modification ﬁtfgamed) is a Nakajima quiver variety
corresponding to the quiver data
By

O B
Kk 2

JiE
N
Here, we need to modify the instanton equations to
[BllBZ] + I] =0

By, Bil+ By, BI + 11T —JT = ¢ 1y,

which in algebraic geometry corresponds to changing the value of the moment map.
This moduli space has an instanton interpretation if we replace R* by a noncommutative R4,
which has coordinates z1, 2, z1,z; with commutators

(z1,Z1] = —5 = (22, Z5].
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~—framed

In the N = 2 case, we have MgramEd = R* x (R*\ 0)/Z, while M, = R* x R*/Z, and
ﬁ[gamed — R4 x T*S2.
There is also an action of U(2) x SU(N), where for elements

ap
a= cLieUN)®C
an
and
0 &1
e— |1 0 € LieU(2) C,

0 2

—E&) 0

the corresponding vector field is denoted by V(a, ¢). Given a choice of
}\H,f = Gj?[ (V(a/ E), *)r
the partition function is

oy 1
Zy = Jﬁgamed exp (~G5:(V(a ), V(@) iy (e N,

This is not the most general formulation, but it is a distilled version of Yang-Mills with some
supersymmetry. It turns out that Zy is actually a rational function of degree —2kN in a and «.
One generalization of this is

o0
Z(a,e, A) =ZP" x Y A*NZy(q,e),
k=0
where
7P (g e) = [ [Talai — 551, 2).
i#
Here, I has the asymptotics

Rigere)~ [ (x+em+em)

nm2>1

and solves the equation
D(x+e)(x+e)

D(x)(x+¢e1+€)
In the limit as €1, e — 0, we expect the asymptotics

exp (15"((1,/\) 4,....)/
€182

so the question now is to evaluate F(a,A). In the case when G = SU(N), we can do it by
localization.
A standard computation tells us that

1

N 7
A _A(K) [Tii—1 ([Toenw (ai —aj +fle1, €2))) ([ Tmernn (a5 — ai + gler, €2)))
|}\(1J|+...+‘7\(k)|:k

Zk(a/ 8) =
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where f and g are defined using the (relative) arms and legs of the two Young diagrams. For
example, when i = j, we end up with f = ¢y (armp + 1) — eoleg and g = —gjarmp + e (legy + 1).
Treating Zy as a probability measure on the set of Young diagrams, we obtain the observables

N
}\(N)] _ HDea+)\(a)(X—ao¢—CD)

Y)Y, _ .
a=1 Hlea,x(o‘) (X_ Ay —Cm— &1 — 82)

This function knows essentially everything about the shape of the diagrams, and its vacuum
expectation is

(Y(x)) = 3 3 Y0 Rlug (0, AN,
X

It satisfies the property that

2N
<Y(X+ e1+¢e)+ /Y\(X)>

has no poles in x and is in fact a polynomial of degree N. Physically, this is interpreted as an
interaction between two neighboring instanton sectors.
If we send €1, ep — 0, then (Y(x)) = Y(x) we then obtain the algebraic equation

/\ZN

Y(x) + 9]

=Tx),

where the coefficients of T(x) are defined by

This is a hyperelliptic curve.

4.2 Mathematical realization

From now on, we will set G = U(N) and consider the moduli space

~—framed

M (N) = {(Bl,Bz, L]) | By, By € End(Ck),1: CN — CK,J: C* — CN,ADHM}/u(k).

Recall that this is a Nakajima quiver variety corresponding to the Jordan quiver. The ADHM
equations are

= (uRr, uc, i) =0
uRr = [By, BI] + By, B + 11T — JJT — (g1,
uc = [B1, Bal + 1] — (¢ - 1x.

Here, = (R, ¢c, {c) € R3 = Ra& C. It can in fact be rotated to (¢,0,0) by SO(3), so we can
assume ( > 0. Here, the action of g € U(k) is given by

g(B1,B2, L)) = (g 'B1g, g 'Bag, g 'L Jg).
—framed

Then My (N) has an action of U(N) given by

h(By, By, 1,]) = (By, By, Th, h 1)),
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and these are symmetries. There is also a U(2)-action given by

u@) s (_b 2) " (By,By, 1, ]) = ((aB11 4 bBy)e', (—bBy + @By)e', I, Je*™Y).

In fact, if we only consider pg, it in fact has GL(2)-symmetry.
~framed

We are interested in the fixed points of our U(2) x U(N) action on My (N). To be a fixed
point of (u,h) € U(2) x U(N), the tuple p = (By,Bp,I,]) must obey (u,h)p = gy np for some
gu,h € U(k) depending on u, h. It is in fact enough to consider the maximal torus of U(2) x U(N),
so we may assume that

ie
elcl
u:( 6152)' h:

(uxh)(Bq,By,L]) = (eialBll 615282, Ih, h—lei(éﬁ-iz)l)_

eial

elaN

Now we obtain

To make this compatible with the gauge transformations, the assignment

(eisl eia) = Je,a

is a group homomorphism, giving a decomposition

ck= @ Ka, 9£,a|K>\ = ei?\(s,a),
A

where A(g, a) is a Z-linear function.

We will now use the Kempf-Ness theorem and solve pu¢ = 0 and then divide by GL(k). Given
a solution, we want g € GL(k) such that (g~'B1g, g 'Bsg, g1, ]g) solves ug = 0. This is not
always possible, so we need stable solutions in the sense of geometric invariant theory.

Definition 4.2.1. The tuple (B, By, 1,]) is stable if and only if for all subspaces K’ C C* such that
B1(K’) C K/, Bo(K’) € K/, and I(CN) C K/, then K’ = K. Equivalently, C (By, B,) I(CN) = Ck.

Theorem 4.2.2. We have an isomorphism
E1(0)/U(K) = ue ' (0)°/GL(K).

Using this, write CN = @ N4 as the standard decomposition into eigenspaces of the standard
maximal torus of U(N). Then let I, = I(N). Our equations then become

g;}l o« = eia“I(X
—1 R ¥ —1
ga,aBl =€ 1Blg£,a
—1 N ¥ —1
ge,aBZ =€ 28295,(1'

Then C (By, By) I« = K is spanned by eigenvectors of g; & with eigenvalues e?®« ellPertaes) for
integers p, q > 0. Note if P € Ck satisfies g;}llj) = A, we have

gea(B1) = e 1By (gg 4 ) = (Ae**1)(B1).
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We are still interested in the fate of ], and in fact we will see that ] = 0, which will imply that
[B1,Bo] = 0.

It is sufficient to replace C* by K, and CN by C, so we reduce to the case of N = 1. This gives
us

so taking the trace gives us TrI] = 0. Therefore, J(I) =0, viewing I € Ck. Next, we see that
J(B11) = Tr B4IJ = Tr(B1[B2, B1]) = Tr(B2[By, B1]) = 0.

Similarly, J(B,I) = 0. This is also true for any powers of Bq, B, and in fact for any polynomial of
By, By, so using the fact that I is a cyclic vector for Bq, By, we see that ] = 0.

We now see that to each K, we obtain an ideal I, C C[xq,X>] to be the annihilator of I, under
the assignment x; — Bj. Thus we can identify

Ko = Clxq, %2l /I -

By a standard argument, the action of C* x C* tells us that J4 must be a monomial ideal, and
this corresponds to a partition of ky = dim K, or equivalently a Young diagram of size k. The
only thing we know is that

N
D ka=k,
a=1

so some of the k« could be zero. We will call the a-th partition A(*) and its components
() (o)
;\(a):<A1 2...27\€“ )

We have therefore proven the following theorem:

Theorem 4.2.3. There is a bijection

~—framed

My N T = ] pt

Example 4.2.4. When k = 1, we have

~—framed

M, (N)=C? x T*P™!

and the fixed points are given by {0} x (0,...,1,...,0).

4.3 Explicit localization computation

In order to compute our integrals using equivariant localization, we need to compute
~—framed
T (N) = P Cw
w

as a representation of the maximal torus T. Its equivariant Chern character (also the character of
the representation) is given by

~—framed

ChMM(N)) = Y eV=Iwlere2al € Z[gy, g, hy, ... W],
w
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where hy = eV~ 19« and qi = eV~1¢ Then any

~—framed

(8B1, 0By, 81,8]) € ThyMy (N)

must satisfy
[Bl,éBz] + [531, Bz} + 15] =0

up to
6By = [By, ¢l, 8By =1[By, 9], ¥ =—¢l, 3] =]Jp=0.

~—framed

Therefore, Ty My (N) is the H! of a complex

T = End(C¥) — End(C*) ® End(C*) ® Hom(CN, C*) @ Hom(C¥,CN) — End(C*) ® A2C?,
where the two arrows are given by

dl(‘b) = ([Bll (1)] [BZI d)]/*d)I/Id))
dy(8By, 5By, 51,8]) = [By, 5Ba] + [5B1, Byl + 18] + 81].

Lemma 4.3.1. We have H?(T) = H2(T) = 0.

Proof. Suppose v € ker d;. Then
Y(C[By, BoJI(CN)) =

But this space is all of C¥, so y = 0.
Now suppose there exists ¥ € End C* such that

Tr(yda(B1, B2,1,j)) =0
for all (31, B2,1,j). But this implies that
Tr(Y1)j 4+ Tr(Jy)i+ Tr[By, ¥1B2 + Tr[Bo, Y11 =0,
which is exactly d; (Y) = 0, which implies y = 0.
To compute the character, we note that

xa(q1, q2; w1, ..., wn) = ChHY(T)
—Xx1(7)

—Y (-1'ChHY(T)
—~) (-D'ChCYT

We also know that

n
N :=ChCN = Zw“

n
K= Cth = Z WocKoc(qlr qZ)/

a=1

where

Kelqna2)= Y qi'q)"

(ij)en(e)
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This also gives us

IN* :ngl
ZW q1 rqz )

We are now able to compute
ChEnd(C¥) = KK*.

It is also easy to see that
Ch C!(T) = KK*(q1 + g2) + NK* + KN*q1q>

and
Ch C*(7) = KK*q1q2,

SO
xalqr, galwy, ..., wn) = NK* +IN*Kq1q2 — (1 —q1)(1 — g2) KK*.

This is not obviously a pure character, but taking its dual gives us
X3 = NK +NK"q; g, ' — gy a5 ' (1= 41)(1 = q2)KK*
=d; '

Rewriting

N
=) w B *(q1,92)
o,B=1

and noting that
Tap = 1927 o
we can compute
Top (a1, q2) = Tap 0+ Taks’
= Kj +Kaq1g2 — (1—q1)(1 - q2)KaK.
We then see that

£ ()

P A%

(1—aq2)Ka= ) qi '(1—qy")
i=1

()
M NGE

(1_q1)K[3:_quq2 1-q, 7 ).
j=1

Taking only the nonpositive part, we obtain
<0
qufﬂ =Kp — ((1—q1)(1—q2)KaKj) 9

AP Ao
= ) @ q
(L5)EA(®)

(o)
,( 1+a
EI O
§ q qr .

OeAlB
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Putting it all together, we obtain

N
(B) (o) (o) (B)
—1 —¢ 1+a {H7+1 —a
XA = Z WaWg ( Z q © a0+ Z 4”4y )

OelB) Oealx)

We are now able to compute the integrals we wanted as

J QUNK) _
My (N)

Q0]

N
Al=k 11 H(aa—aﬁ—sﬂ(gﬁ)+ez(1+a|(j“))) IT (aa—ap +51(€(Da)+1)_52a(ﬂm)
o, B=1A(B) Dente

We now consider the tautological complex
5:=10—C* b ckac?acN 2 ck o0,

which should be thought of as a holomorphic square root of the tangent complex. This is given by
the formulae

d1(x) = ((B1 —z1)k, (B2 — 22)K, JK)

82(Kk1, k2, V) = (B — z1) Kk — (B2 — 22) K1 + Iv.

In fact, the ADHM equation is equivalent to this being a complex for all z € C2. We see what
happens when z = 0. In this case, we see that if k € coker 8, then

ET(Ble —Baky+1Iv) =0
for all (kq, kp,V), so it annihilates all of By, By, I, and thus k = 0. Therefore
F(8p) =0.

However, in general, this complex has both H? and H!. We will compute these over A. We can
explicitly see that

H%(8p)

is the space of corners. We will compute the character of the H! using the equation
ChH’(S) —ChH!(89) = Ch C%(89) — Ch C(8) +Ch C*(8y)
= > walKa—Kalq1 +92) =1+ Kaq142)
x

— _Zw“u —(1-q1)(1—q2)Ka)-

If we note that .

h S
el e = T g

we see that .

— Ky =ChJ
(1-qg1)(1—q2) * *
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is the character of the ideal corresponding to Al*). Therefore, the coefficient of w is simply

Z qo — 912 Z qg,

OeosA Oeo_A

and the first term yields Ch H! while the second term yields Ch HC.
To see how this works in practice, fix N = 1. Then J is a codimension k ideal in C[z;, zp]. We
are looking for
f(z1,22) = z1k2(21, 22) — 22K1(21,22) +V €7,

and this is given by

v = f(0,0)
f(or O) - f(or ZZ)
Kl =—m8m8Mmm—
z
~ flz1,22) — (0, 20)
Kp = .
21

4.4 (q-characters

Notation 4.4.1. From now on, we will denote K = C* and N = C™.

The main tool for dealing with instanton integrals (equivalently, sums over ensembles of Young
diagrams) is the qq-character. Here, we will have a discrete set S, and the densities ps € C for

s € S must satisfy
A
seS

For example, we can consider s = AN T is important to note that s depends on
(ay,...,an, €1, €25 A),

but we can make choices such that all ps are positive real nnumbers, giving us a probability
measure.

Definition 4.4.2. A function O: S — C is called an observable if

Z nsOg < o0.

sEeS

Before we continue, we will consider a tautological bundle over instanton moduli spaces,
which we will call K. In fact, it literally corresponds to the C¥ in the construction of the Nakajima
variety. Then we are interested in quantities

Y R0 AN [t ) Ci(KIE
T X AZKN ka ! = = Z us(ag, ..., an, €1, €2, A)ci (K)ls,
- My (N) = seS

where

S=| | Ne(N)T.
k=0
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We can see that

us(a, e, A) =
1 /\stNf'rLg(k)E|S
oz (B) (o) (o) (B) ,
IT IT(ea—ap—erts’ +e2l+a5) J] (ax—ap+eilty’ +1)—e2aq")
o, B=17\(B) Oeale)
where
/\stan;(k)as
(oc)+1)_€20(mr5))

z=)
N
11 H(aoc—ars—ﬁﬂ(gﬁ]+€2(1+G(D‘X))) [T (aa—ap+eley
o,B=1A(B) Oenle)

normalizes the sum )  us =1 and n=z(k) si the degree of =[;.

Examples 4.4.3.
1. In pure super-Yang-Mills theory, = = 1 and Z is homogeneous in (ay, ..., an;, €1, €2, A);

2. In super-QCD, we set
2
== C(mf/ K)
1

where c denotes the homogeneized Chern polynomial. Here, the input is given by

z

-
Il

(al/~- ., N, €1,E2, My, ..., M2N, q)/

where the my are the “flavors” and q takes the role of A previously.!

3. The N = 2* theory, or adjoint super-QCD, is defined by
= =c(m, T*My(N)).

Theorem 4.4.4. The Chern polynomials at the fixed points are given by

N
cme KN =[] I (mi—(aa+eli—1)+eli—1)).
a=1 (i,j)ey\(oc)

Examples 4.4.5. For example, in super-QCD, we obtain

N 2N
a<TIII TI (me—aa—eli-1)—e(—1))
a=11=1(ij)erle)
(o‘)—i—l)—azal(jm)

z=
B9 TT (aa—ap +en(eS

N
) H H(aa—aﬁ—ﬁlf(gﬁ)-i-ﬁz(l-FaD
Ol

o, B=1(B)
1The a4 are called “colors” in physics. For example, there are six flavors and three colors of quarks in the Standard

Model.
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This series has a finite radius of convergence and is well-defined for |q| < 1. It also admits a
non-trivial analytic continuation.
In the N = 2* theory, we obtain

7 Ky aD )+1) szﬂ(DB)er fsla(DB)Jrsz(f‘%Jrl)er
Zq H H 1) — e B (B) g gy
«,B=10enlx El(aD +1) —ely  goae —aag +elg +1)

Remark 4.4.6. We should view q as lying on My 4, and the points 0, 1, co become places where the
curve degenerates.

Instead of the tautological bundle, we may also consider the tautological complex
C=K—=KeC?aCN - Ka A*C?,

which defines some K-theory class. Here, we set K to live in degree —1. For any K-theory class

& =[E"—El,
we may define its total Chern class by
_c(x,EY)
c(x, &) = o ED)

Definition 4.4.7. The Y(x)-observable is defined by

c(x—eq,K*)e(x — e, K*)
c(x, K*¥)c(x — &1 — &2, K*)

c(x, C*) = c(x, N*)

lN_[ c(x+ e, K¥)e(x + g9, K*)
ot c(x, K*)c(x + €1 + ey, K*)'

We may evaluate it at a general fixed point to obtain
N

Y(x)\S:H (x — ag) H (x—ax—ei—e(—1)(x—ax—e1(i—1) — &j)

(L) A (x—ax—e1(i—1)—e2(j —1))(x — ax — €11 — €2j)

x=1
ﬁ Ha+)\ X — Qg — )

Hlea AX—ax—cm—e—e)’

where co = e1(i—1) + &2(j — 1). We can then compute the expected value

ZZq J Y(x)Zk,

My (N)
which is a meromorphic function of x with poles at
x=ax+e(i—1)+e(—-1),

where (i,j) lie in a finite set with cardinality at most k at order qk and satisfy 1 <1i,j < k.
Recall the gamma function
dt ;¢
INz) = —t%e ",
0
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which is defined for Rez > 0 and has an analytic continuation which is meromorphic with first
order poles at the nonpositive integers. We will need the generalization

I_‘2(2’/ €1, 82)'

Before this, recall that zI'(z) = '(z+ 1) and I'(1) = 1. Similarly, if we set

z

Nz e) = egl"(f),

£

this satisfies the functional equation
M(z+e¢e) =zlM(z¢).
The Barnes 2-gamma function will be defined the functional equation

l(z+e1,€1,€2)2(z+ €2, €1,€2)

M(z,e1,e2) (24 €1 + €2, €1, €2)

Definition 4.4.8. The fundamental qq-character for Aq-theory is defined by
X(x) = Y(x+ 1+ e2) + qP()Y(x) 7,

where
2N

P(x) =] J(x—me).

f=1

Definition 4.4.9. The A; qq-character is defined by the formula

P(x + w;)
Xwi,..., ww(X) = E quII IY(X+(U1+€1+€2)| |Y(Tu)])| IS(wlfw]),
IuJ={1,...w} iel jeJ j ‘E}
)

where
(x+¢&1)(x+ €2)

SN = S ratea)

Remark 4.4.10. This is the beginning of quantum field theory, where we should think about this as
an operator product corresponding to

X(x+wi) - x(x+ww)

when we make the w; collide.

We would also like to discuss the expected value more precisely.
Definition 4.4.11. The expectation value of the Y(x)-observable is
I &
(Yo ¥iY 1)) = > 0T Vi)Y VOu)Ek:
Zi=o IM(N)
Using equivariant localization, we see that

1
Y(x3)la~

(YY) o)) = 2 3 aPluala m, ¥ ()Y (o)l
A
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To speed up our calculations, we will express Y(x)[, as a plethystic exponential

Y(x)lx = E[-e*S3],

where
E| Y o ¥ e :HSLJ?
seS, seS_ HSESJrnS

In addition,
N
Sa=) e —(1—qi)(1—q2)Ky,
x=1

where
N
_ a i—1_j—1
Ka=) e >  qi'qg)
=1 (ij)erl®

is the character of K at A. Using the plethystic exponential, we can write

SaSx — NN* —MS3
HA(leré) =FE|— = — _I
(1—q;)(1—q2)
= EINKS +d162N"Ka — (1= q1) (1 = q2)Ka K5 — MK3],

where

Theorem 4.4.12. The expected value

is an entire function of x.
Sketch of proof for fundamental qq-character. We need to check pole cancellation for the expression
(Y(x+e1+&2)) + qP(x) (Y 7).
Note that x is a pole if there exists @ € {1,...,N}and p, q € Z~ such that
x=ax+e(p—1)+elq—1)
and (p, q) € 9_A(*), Therefore, we have

Res (Y(x+ €1 + €2)) = Z us ResY(x + €1 + €2).

s=(AM) AN
(p,q)€d_Al)

Considering the other term, we need to compute the residue

g HsqPlax +e1(p—1) +e2(q—1)) Res Y(x)ls
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The poles of this expression require (p, q) € 9, A(*) " All of the combinatorics works out, so it
remains to check that the measures work out, or more precisely that
1
Ham, Al AN Resx=au+cy = qP(ax +CD)U()\(1),...,)\(0<) ..... AN Resx=ay+cq Yo
Weco_ A
Using the plethystic exponential and setting & = e®«"¢0, we can write

Hy = Ha ¥ Elq1q2&S; + EIS\ —1+q1+q2—qiga—MEY

_ P(anrCD)(fl)N <£1+€2>
uAYi(a(x—i—cD)YA(a(x—&-cD—&-sl—i—ez) g160 /)

We are now able to evaluate the residue. We see that
P(x
Resx—aq+co <Y(x +e1+¢€)+ qY(x§>

1 Plax+co) 1 X
_ [A[+1 & O Al
=7 § q HA*Y,(Q(X—FCD) + 7 E q| |HAReSX:acx+CD Y(x+¢e1+€2).

Oecd Alx) Oed_Ax

The desired result follows from more computation, namely that

€1€2
Resy— Y5 =Y
€Sx=ay+cn A(X+£1+£2) A(aoc+CD+5l+52)£1+£2

and that

E[—£q19253 — 1] = Resx—qaq e Yz (X + &1+ €2). O

In the }A\O—theory, the partition function is defined to be
2=Y ¢ clen TGN,
% Cx(N)

where we magically have new parameters e3 and ¢4 = —(e1 + €2 + €3). In this case, the measure is

given by
1—qs
1—q;H(1—q; 1Y)

This is invariant under swapping €3, ¢4 and €1, €2, which corresponds to transposing A. In this
case, the fundamental qq-character is given by

ux(ga)—lEl—( (SASx —NN*)|.

X(X) =Y(x+¢e1 + &)+ qY(Xi 8\3()(1)(7‘7 &) T

I] Yx+e+e+on)

_ |H‘D€a+p < £1€2 >
%q ] Yx+om) DEIH t (eshg + (&1 + e2)ap)(esho + (e1 + e2)(ag +1))
Hco_p

Previously, we were integrating over generalisations of Hilb™C2. Today we will generalise
even further, and integrate over products of such:

M, (ng) x -+ x My, (ny)

Definition 4.4.13. We will call spaces like the above moduli spaces of quiver instantons.
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4.5 The theory for general quivers

Definition 4.5.1. Let ' = (Vr, Er, s, t) be a quiver, wherein Vr is its set of vertices, Er its set of
edges, and s, t the source, target maps Er — Vr. sending an edge to where it starts or ends.

Definition 4.5.2. Let " a quiver. Let m : Vi — Z > be its flavours, and n : Vr — Z~ its colors.
Then the moduli space of quiver instantons is

7[* _
M (n) = Uevp sz, | [V € ViMk(r) (1))

Remark 4.5.3. Each C? is acted on by a torus C* x C*. Further, we can work equivariantly with
respect to each GL(n(v)). Define

GL'(n(v)) := [ [GL((v)).

Remark 4.5.4. Each ﬁk(v) (n(v)) has a tautological bundle, K,,. We could choose a tuple of complex

— —

numbers V), one for each vertex, and a tuple of complex numbers p(¢), one for each edge, and
evaluate

m(v)
> T[T IT etkont™) T cleeuth

k:Vy—=Z>9 vEVT veVr f=1 eckr
Definition 4.5.5. Let Hom(F;, ;) denote the sheaf on
IP? X My (s (e)) ((5(€)) X My (1)) (M(t(e)))

parametrising the data of two points in our moduli space corresponding to two torsion-free
sheaves. Then define
€e = (Rm) Hom(JF1, F7)

wherein 7t is the projection map forgetting the CIP? factor.

In principle, we could imagine integrating the above integral. However, not every I" leads
to a nice story. One possible restriction would be to hope that our integrals converge. A basic
condition for that would be:

dime M () = Y mwkv) + Y ...,

that is, the dimension of our moduli space is at least the degree of the chern class of the bundle
we're integrating over. (The tautological bundle term is clear, and

X(€e) = J}PZ ch(F)) ch(F,) Tdp:

gives a term like

D k(s(e))n(t(e)) +k(t(e))n(s(e)).

e

Also note
dime My (n) = Y 2k(v)n(v).

v
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Remark 4.5.6. The above restriction is linear in k on both sides. We could for the restriction to be
true for every k. That leads to the condition that

D (@n(v)—m)) =Y (n(s(e)) —n(t(e)) >0.

v €

Theorem 4.5.7. Fix I'. There exists T, m satisfying the above condition if either
1. T is an ADE Dynkin diagram as an unoriented graph;

2. T'is an affine ADE Dynkin diagram as an unoriented graph, m = 0, and n is related to the Dynkin
indices.

Example 4.5.8. Choose the quiver with one vertex and ¢ loops. Then the inequality reads
2n—m > 2nd.
This is satisfied if either
1. £ =0, m > 2n (the A; case);
2. £=1,m =0 (the /?\0 case).

In more detail, the solutions are (described here but not drawn due to the note-taker’s
inadequacy)

1. Ara cyclic graph with T nodes, all with the mark N;

2. D,: a linear graph of r — 3 nodes, with two additional nodes attached to the first and last
nodes. The marks of the linear nodes are all 2N; the marks of the additional nodes are all N.

3. Er: an exceptional series of graphs.

a) Eé, the graph with 7 vertices, a linear graph with three nodes with two chains of length
two added at the end. Dynkin marks are N,2N, 3N on the linear part and then 2N, N
on each chain.

b) Eg, the graph with 9 vertices, namely a linear graph of length 7 with one addi-
tional node attached to the sixth node. The marks on the linear component are
N,2N,3N,4N,5N, 6N, 4N, 2N and the added node has mark 3N.

¢) Ey, left as an exercise.

Remark 4.5.9. In physics, this inequality is related to the condition of asymptotic freedom for
the gauge theory associated to the quiver. It's hard to explain this precisely. These integrals
approximate the partition function of the gauge theory, which is a path integral over the space of
all connections. You could try to define the path integral rigorously by discretising. Asymptotic
freedom, in that picture, is an equation relating to when the discretised path integral is a good
approximation to our original path integral.

Example 4.5.10. The standard model could be related to the A3 quiver withm =0andn=1,2,3
(though we are of course modeling supersymmetric versions of the theory with our integrals.)
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Remark 4.5.11. If you've found a solution of this inequality, you could take a limit:

M
Hm(v)

gv—0

This limit is a finite dimensional shadow of renormalisation group flow. Taking this limit removes
one factor from our chern class; essentially it just removes one flavour. This means that, replacing
m — m—1, we could find a solution to the inequality for the new m. So it suffices to solve
for solutions where the inequality is an equality: together with the trick of ‘freezing’ one of the
nodes, this gives all solutions. For example, we can get A, by freezing a node on Ari1s sending
dr+1 — 0, qo — 0.

Remark 4.5.12. We have parameters
qv € Cr.1<1

and

v /---ran(v))(v))

Example 4.5.13. When we seek to get A, by freezing A1 as above, after a little bit of computation
we find that

6(0) = (Hl/--'/HN)

and

(r)

alr+l) = (W +er+e...)

Let’s reiterate the idea of how we study integrals like the above, namely the use of qqg-
characters. Since there is some ADE structure to this story, it might not be so surprising that
what we called qq-characters have something to do with the characters of algebras related to
the ADE series. Again jﬁr (K)n will be related to a combinatorial sum, namely a sum over a

doubly-indexed set of Young diagrams AV'%, wherev € Vrand a € 1,...,n(v).

Definition 4.5.14. Let

n(v) I (x — (v) 81/62)
B Oed Alve) (X = Qo —C
Voo =1 ) (ened)

(v
o=1 0o Alv) Hljeaf)\(v,vc) (x—ae —cpn )
Then start to define

Xv(x) =Yy (x + €1+ €2)
Py(x) [Tees—1(v) Yece) X+ He) [ Tect-1(v) Ys(e) (X + €1+ €2 — pe) N
Yo (x)

v

Theorem 4.5.15. There is a completion of this sum such that < X, (x) > has no poles in x. This has the
same size as the sum defining characters of affine Kac-Moody groups.

Example 4.5.16. Let’s study the A; case with marks N, N and two framing nodes N, N. Redefine
so We = 0 by rescaling. Then,

Yi(x+¢e1+e2) +qq Pl(X)Yz\(Z(i)El *e2) + Ch%ipl (\(Z)(iz)(X)
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Here, the term we needed to add was q1q2 %, and this exactly cancels all remaining pools.

So it stops after 3 terms. Why 3 terms? Aj is related to sl3. This looks like a character: a character
of what? The large x asymptotics are like

(1+q1+q1q2)xN +...

There’s something called a conformal extension of a simple Lie group G. It has to do with the fact
that there’s a centre. For any group with a centre, we can add a torus factor for every cyclic factor
in the centre. This relates, for example, SL to GL.

Remark 4.5.17. The “fundamental” in qq-characters denotes that they’re related to highest weight.

4.6 General qq-characters
Definition 4.6.1. A general qq-character depends on
@ € Byey, V)
For w: Vi — Z3(. We could try to define a qq-character X (x). It would look like

wi(v)

Xa() = [T T] Wwix+wd” +e1+e2) +...
veVr a=1

The point is that it’s not just the product of fundamental characters; there are corrections. You're
trying to encode all orders of expansion of this function.

Once we define a general qq-character, we’ll then be able to set the stage for the limit shape
story, that is, Seiberg-Witten geometry.

Remark 4.6.2. Remember that a guiver is an oriented connected finite graph, possibly with more
than one arrow between nodes. Then quiver gauge theory depends on the data of Nj, M;, vector
spaces for each i € Vertices(Q).

Recall there is an ADE classification given by imposing the condition that

ng—my = Z Mi(e) + Z Ms(e)
(e)=i

a(e)=i t i

The N, M are discrete parameters of our theory, but there are also continuous parameters a(l) €
Lie(T) C Lie(GL(N;)), and m(¥) € Lie(T) C Lie(GL(M;)). Further there are gi € C, complex
numbers of small absolute value.

Finally there are parameters me € C, for e € E(I'), and there are two parameters

(e1,€2) € Cr C Lie(T) C Lie(GL(2)).
Definition 4.6.3. We may then define a partition function

. . Albe)
Z((a®W,mY, q)iev, (Me)ecrr e1,e2) = Y mala,m e e0) [ g™

AL ieVr
wherein « is the color parameter, and runs from 1 to ny, and

i),V 1< I < )\%i,cx)}‘

Sy ={ad + a1 (1= +e2(] = DT ST AY,
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Remark 4.6.4. There is some redundancy in this description. For p; € C, i € Vi, we may shift

Me — Me + Hi(e) — Hs(e)
a™ - a4 Hi
m 5 m

Remark 4.6.5. There are physics expectations that as €1, e, — 0, or even just ¢ — 0, the asymptotics
might be computable.

To study all of this, we’ll need another auxiliary object.

Definition 4.6.6. A Nakajima quiver variety depends on the data of a quiver Q and data defined
by tuples of integers Vicv,, Wicv,.. We want at least one w; > 0 and the remaining w; to be
positive. To this data, we assign complex vector spaces Vi = C¥i, W; = C"i. Then the Nakajima
quiver variety is defined as

Mg (¥, W) == (T~ Hom(V, W) & T* Hom;_,;(Vi, Vj)) /J/ GL(V)

where /J/ denotes the symplectic quotient. We may estimate its dimension to be 2} ; v; (w; —
Vi) +23 55 vivy
Remark 4.6.7. These spaces carry obvious tautological bundles
Vi, Wi — MQ (v, w)
and hence a tautological complex C;:
0=Vi-Wia@PV; P Vi = Vi—0
i—j k—1

wherein all the maps are the obvious ones given by the quiver representation. The complex
moment map condition is precisely the condition that this is a complex.

Remark 4.6.8. Mq (V, W) has a GL(W)-global symmetry. There is another symmetry factor, namely
by permuting edges, and finally a Cj; which acts by scaling the moment map. There is some
redundancy in this description.

Definition 4.6.9. Let Y;(x) the observable defined by

Yi(x) ﬁ [oeo.avm k= ax—arl=1) 20 ~1))
o — _
o a=1 HDea,)\(iroc) (x— al —el— e]J)

We will now give a general formula for qq-characters. Let’s fix vectors

—

uew,
which we think of as equivariant parameters for GL(W), and an equivariant parameter —#
for Cé, and define
X (x)
) . ix+e1+er+ 8 )
- X TTaf, eraa@wen [T TTpitcs e [ Heviiratet e,
L VrieVr Mq (W) iEVr b=1 lEVr ix+er ety
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where everything is taken equivariantly with respect to all symmetries listed above and

Vi
ch(V;) = Z ebiv,
b
my i
Pi(x) =[x —mi"),
f=1
ch(CH) =) ene,
a

ch(Cy) =Y et
b

Definition 4.6.10. Xz(x) is a fundamental qq-character.
Proposition 4.6.11. (X3 (x)) has no poles in x.

Example 4.6.12. Let’s recover the Aj-case we studied earlier. Here, Ma, (v,w) = T*Gr(v,w).
The symmetry group is PGL(w) x C*. The maximal torus T C PGL(w) x C* acts with isolated
fixed points, labeled by the v-dimensional planes spanned by the coordinate axes in the basis
chosen by our choice of maximal torus. In other words, fixed points are labelled by partitions of
{1,...,w} =IJU/] into two disjoint sets, so that |J| = v.

In terms of the Nakajima data, let I : W — V,] : V — W, and impose the stability condition
that J is of maximal rank. Hence it’s the space of operators

{I,711J =0,] of maximal rank}/GL(V),
So the tangent space is
TMa, ={81,8] | 8I] + JoI = 0}/(81,8]) ~ (81 + CL, 8] — J¢, ¢ € End(V))
At the fixed point [ = 0, Jey, = e; , we can identify the tangent space as
T =T*"Hom(V,W/V)

Therefore,
ch(T) = Z eUi—lj 4 pfrtertuj—ug
ieJd,jed

where the first summand comes from TGr, and the second from T*Gr.

So the qg-character takes the form

Z qw\ H163,163 i j j i HP(X+ui) y contr1}9ut1on from
Hiejrjeg(ui —uj)(—e1 — e +uy —uy) | canonical complex

Jug={1,...w} ied

Of course the canonical complex takes the form

V-oW-—=V.

uw

Since I = 0 and ] is injective, up to equivariant weight, C* = W.V, and Ch(C*") = 2 jeget,
Ch(Ci) == Z’LEJ e'LH*E]*EZ‘
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Hence the final factor gives an overall answer of

[licgicq(wi —uy+e1)(—e2 +u5 —wy)
Xg = Z g iegjeg\tti j i P(x +1uy)
N e, [liegjegui —w)(—er —e2 1y —wi) 1 5
H]'GH Y(x-i—u]- +e1+¢€2)
Hiej Y(X+u1)

This is the qq character for Aj-quiver theory, namely SQCD. It has 2" terms. This formula
is already indicative that not all such formulas come as rational expressions in the Y whose
arguments are just shifted. If we were to set for example u; = 1;, we would have a smaller torus.
The fixed point locus would not be isolated but it would still be compact. So this integral is finite.
So even though there’s terms like u; —u;, we should expect the limit as these two things approach
to exist, but we might get some derivatives of Y appearing.

4.7 Limit shapes

We’ve defined many partition functions
Z(a,m, q, e, €)

dependent on many parameters. The parameters ¢; were special, recording the weights of GL(2)
symmetry for g(CIP?,CIP.,). These partition functions were essentially sums over infinite sets
whose elements are finite subsets of C. So these subsets had the form

x= {a§)+el(1_1)+szu_1) lieVra=1,...,n(L]) 67\“"")}.

Each such set carries a certain complex weight. There is a way to specify all the parameters of the
problem such that this weight is real and positive. In that case we could talk about the induced
probability distribution. Then we could be interested in the limiting behaviour as €1, e, — 0. In
this probablistic case that would require us to find the limiting measure. We can draw a curve
which describes the boundary of these finite sets, and seek its limiting shape as €1, e — 0.

Physically, €1, €, effectively confine instantons into a polydisc of volume ~ (&g €2)" 1. Then
taking the limit €1, e — 0 is a thermoydynamic limit. We view Z = exp(sl_lsglff(&, m,q)+...),
and our goal is to extract the function J. The typical size of a partition will be

NG| < (eqe0) 1 (d, W, §).

Remark 4.7.1. A probabilistic interpretation of Z exists at all because the moduli space of instantons,
My (n), is a complex symplectic manifold. So each tangent space is a symplectic vector space, and
so the weights of the symmetry group therefore split in pairs. So if w appears in TMy (1), so does

€1 + €2 —w. That defines a symplectic form on My (n), which roughly descends from that on the
space of all connections:

J dz; Adzy ATrdANJA.
]R4
If we specialize e; + €2 =0, then
iy = I16..)
[1(—w?)

Each w is a linear function of the d, € terms. Choosing ¢; € iR, ag ) ¢ iR, then (—m?) € R™.
The numerator is trickier, but can also be made positive real by judicious specialisation of our
parameters.
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If we stay away from the locus wherein

a((xi) — ag) € ey +eZy,

which is the locus wherein some of the weights could become 0 in the denominator, we won’t
have any convergence issues.
Remark 4.7.2. Remember our

H HD68+?\ (i,00) (Z_ag) _CD)

Yi(z) :expj pi(x)dxlog(z —x)
R HDea,A(w( M _co)

Z—ay —Cn
has p; with compact support near a‘(,j ), and we remember that

cg=&(I—=1)+e(]—1).

Then "
PiA = Z +8(x —ax’ —cn).

All these d-functions have signs. We should think that the density between these + will concentrate,
so we might thank that in the limit we might get a continuous function which equals zero almost
everywhere except at a finite number of intervals where the + signs concentrate. The question is:
can we express L in terms of this limiting function?

We have
A (@, 7, q) =exph 2 ” d'dx” 3 o1 (x )oalx"K(x! —x")
iev
_Zpt ps )( //)K(X/_X//+me)
eckE
x2 mi )
+Y pilv) [zlog qi+ ) Klx— ui”)],
i f=1
wherein

K(x) = x2/2<log (%) —3/2)

The advantage of writing it this way is that it’s a quadratic functional, so extremising it is
straightforward.

Now let’s extremise p, subject to the constraints that [ L. P pi(x)dx =1, II xpi(x)dx = a&i ),

Doing so, we will get linear equations on the p;. The most concise way to write those linear
equations is via

Y (x)Y; (x) = qiPil H Ys(e)(x+me) H Yi(e)(x —me)
ecf’(i) ecf’(i)

wherein P;(x) = [T (x — p](c )).

After analytlc continuation, the only thing we’ll be able to control about the Y; are their
moments

(2m)*1§ dlogYi(x) = ai q-
Ai,(x

Studying analytic continuation is related to the action of the Weyl group. So to solve these
equations, it suffices to find the invariants of the Weyl group action. So the strategy now is to find
Weyl invariant functions of the Y.
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4.7.1 Review of Lie theory and Weyl groups Let’s review some Lie theory so that in the
above formula for YTY~. You will recognise something of classical mechanics.

Let QV = coroot lattice = Hom(C*, T) wherein T is our maximal torus. The weights form the
dual lattice A C h* (they are subsets of the dual to the Cartan). It's formed by all elements A so
that A(«V) € Z for every coroot. We let

th = exp(2miA(x))

forteT.

Remark 4.7.3. In the lattice Qv of coroots, there is a basis of simple coroots (oc}/, eer, cxrv) such that
the adjoint action decomposes adi(ey) = t*ey, Wherein ey is a root (it’s a lattice of weights,
namely the weights of the adjoint representation). This has a basis of roots, Z«y, ..., Z«,. Finally
there is a lattice of coweights,

Hom (G, T/Z),

wherein Z is the centre of G. Also, Z = Weights/Roots.

Definition 4.7.4. For & € 1, define simple reflection by r; (&) = & — oci(xi)ociv. It is an interesting
theorem that Weyl = W = N(T)/T is the action generated by the r;. This can of course also be
defined in a multiplicative form. For t € T, an element of the maximal torus, we may parametrise

Vv
t=1] z?i . Applying T; to such an element, the coordinates z; of this torus will transform in the
following way:

T
_ —C;
zZi = 5i7éjzi + 5iij H Zy ]k,
k=1
wherein Cy; is the Cartan matrix. My point is that if you look closely at this formula, you will see
that analytic continuation of the Y; across the cuts is essentially the action of the Weyl group by
simple reflections.

Remark 4.7.5. The more precise statement is the following. Let g(x) € CGr, the group associated
to the quiver somewhat extended. Specifically CG denotes the conformal extension of our group,
which is given by

CG = (Gm)#cyclic factors in centre XZ(G) G

Essentially, it’s where we replace all cyclic factors in the centre by C* factors. Write g(x) =

HIGVg;ﬁ_c;s Yi(x+ i) o Pi(x+ ui)_Aiv, where Vertices denotes that we need to take the universal
r

cover. The claim is that under analytic continuation

g(x) — rig(x)

Remark 4.7.6. 1 don’t know how well this is known in the case of matrix models, but at lesat
for some matrix models, there is a very similar property where this is some combination of
resolvents of densities of matrices which, continuing across the cuts, they transform in the vector
representation of the Weyl group. Therefore what I'm about to say here also applies there.

Claim 4.7.7. In any linear representation V, xv (g(x)) is an analytic function of x. With proper normali-
sation, it is just a polynomial in x.

Claim 4.7.8. Choose a fundamental representation of G. The equations xi(g) = Ti(x) define curves in
(C*)" x C. The tori give coordinates Y1,.. ., Yr; the last coordinate is x. There is a Weyl group which acts
on this vector space, under which the curve is Weyl invariant. This curve is called a Cameral curve. Of



62

course you have heard about spectral curves, which are curves you can assign to a matrix; its eigenvalues
form a curve. That’s what you would do in the case of GLy,. But in general these guys are subject to more
intricate Weyl symmetries, so it’s not really clear what sort of spectral object to consider. What one can do,
for any W' C W, one can try to form a smaller curve by taking the quotient.

Example 4.7.9. Let’s take the A, quiver, and take the case wherein we have fundamental matter
fields at the first and last node and all labels are N. Then g = diag(z; ?’%’ e, zr%,zrﬂ 5—:) €

GL(r+1). Then invariants are given by

— P1(x) Tr picrti(g)
the claim is this is a monic polynomial in x of degree n.

This is an example of a Cameral curve. It maps Cameral — C, with degree (r+ 1)! since any
permutation gives another solution of our equations. Now Weyl = S(r 4+ 1) acts on this curve,
and inside we for example have a subgroup S(r+1) D S(r). Now Cameral/S(r) = Spectral is the
spectral curve. It keeps track of one eigenvalue. However, for example, we could also consider
Cameral/S(r — 1) to remember two eigenvalues. This special branched structure of course has to
do with Gelfand-Tsetlin patterns and is special to A-type.

Spaces of curves like this describe either monopoles in R? x S! for ADE type or instantons on
R? x T2 for affine ADE type. This curve in question is actually a quasimap of degree n (in affine
type at least) from IP! into the moduli spaces of G-bundles on an elliptic curve.

4.8 Use of qg-characters

The main idea is to use the analyticity of (Xy;(x)), together with the fact that for large x the
observables behave like polynomials, to conclude (X (x)) is a polynomial in x. Therefore, the

moments
(x *Xw(x))

are zero for k > 0. This will give us a set of equations on the partition function.

Remark 4.8.1. One can amputate legs with n; = 1. Recall that we have a harmonicity condition;
if there exists i € Vectr for which n; = 1, then it imposes the stringent requirement that
2=mi+ 3 ccs1(1) Me(e) T 2ect—1(i) Ns(e)- Ihat is, it cannot be connected to ‘too many” other
nodes. There were limited possibilities:

1. Ag theory: one node and one loop.

2. Two more complicated graphs separated by a node with marking 1.

Since n; = 1, there is only one partition A() at this node. Hence,

_ . (x—cp—e&1)(x —ep — &)
Yildlo = (x—ai) H (x—co)x—co—e1—€2)
DE?\(U

Now, as x — oo, to O(x 1), we find

Yi(x) ~x—a;+ %‘)\(i)

+0(x72).
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The good thing about the size of the partition is that its expectation value

<‘)\m )= qid(;lz

is simply the logarithmic derivative with respect to fugacity of the partition function.

Example 4.8.2. Consider Aj-theory wherein the framing node has rank 2 and the other node has

rank 1. Then
0 C; XC*

Z(q1, 11, 125 €1, €2) = Z L“bk @ (K, pup)e(K, o).
1

We have another formula
+ W) (eg + K2)
7 — Al (co ,
24 H (ex(ap+1) — e2t0) (—e1ap + €2l + 1)

wherein ag = A —j is arm length, {H = )\t —iis leg length, cg = e1(i—1) 4+ €2(j — 1) is content.
For this theory, we have a unique qq—character so

(Yt &1+ e2) + q0x ) e+ 1) Y™ ) = (14 b+ ul, o, €1,€2))

since it has no poles.
Now use the computation in the above remark to expand (- - -). Specifically, let’s try to interact
the coefficient of x 1. From the first term, this is going to be

- €12/l
e1€al A+ (x + 11 + p2 + prpox (11— 2 )= ere2Al+ nip2 — e1€2)lql.

From this, we derive a differential equoation for Z:

d
e1&2(1—q)q-—Z+mu2qZ =0,

dq

gotten from
e1e2(1—q) <Al > +pp2q <1 >=0.

Define
|, 1=tere
C2
formally. However, we can do better. Take the Gaussian

—1

2 _ _
J’C2 efkllkl‘ +£1d21/\d21+"' — (5182)

The main point is that you can use tricks like this to get rid of all degree 1 nodes.

Example 4.8.3. Consider the example of D4-theory. Write the shape symmetrically, so that there’s
one central node with n; = 2, three rank one gauge nodes and a framing node also of rank 1
attached. Also give the framing node mass m and give gauge node i the fugacity q;, where 0 is
the label of the central node. Then this can be amputated in the sense that

Zp,(@,qm) =) Za(a;,am =a;,my=ay,...,q),

where

1—qi 1— 93919293
a=wl]i= q0di 1 — qoq19293

(think of q = q¢ + small correction).
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Remark 4.8.4. This is related to the phenomenon known as bubbling. In an ideal world we would be
integrating over actual moduli spaces of instantons, but here we have compactified these moduli
spaces by relaxing the condition that they correspond to actual vector bundles. The price we pay
is that the rank 1 story is already nontrivial, even though Maxwell theory doesn’t admit instantons
on manifolds without holes.

Nonetheless, say that you performed a blowup, luing in a small P'. Then this manifold
has nontrivial by, i.e. it has holes. Then these solve Maxwe’ll’s equations, but from differential
geometeric point of view you have a family of metrics that diverges as the exceptional divisor
goes to 0. Unfortunately it’s not defined at a point unless you blow up this point.

Remark 4.8.5. This is somehow related to mirror maps.

Example 4.8.6. Finally, let’s consider the example of Ao theory. It’s related to earlier work of
Nekrasov-Okounkov. In full generality,

(ea GD +1) —ealg +e3)(—e1ag + e2(fg + 1) + £3)
Z; (g;e3:¢ Al
aweaaza) =) o L =G = amcam ran+ 1)
Of course,
Z= J c(T*Hilb*C?, ¢3).
Z Hilb*C?2 ;

Setting u? = e% / 5% and &; = —¢p, the sum becomes something like

[T —w/n3),

O

which vanishes if p = hg. We will prove some formula like

7= ¢(q)*(£1+€3)(£2+£3)/(£152)'

The fundamental qqg-character of this theory is

Y(x+e3)Y(x+ e4) n

Xx)=Y(x+e1+¢e)+q Yo

G (e3(apg+1) —eglp)(—e3apg +e1(dg + 1))

xY(x+e1+€)

_ Zq (H (e3(apq+1) —egdg+e1)(—ezag+eslg+1) + €1)

H Y(x+og+es(Y(x+og—e1))
Y(x+og+er+€&)Y(x+on)

OeA

This is a complicated formula, but we don’t want to study the full story; we just want to extract
its x ! coefficient. The result is that

0= <[x*1]X(x)>
=e162Z(q, €1 : €4 €3) <‘7\(1)‘> + 5354qi]Z(Q;€1,€4, e3) (1).

This is already a differential equation for Z.
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But the partitions A(!) describe certain ideals in Clz1, 25, i.e. they parametrise 0-dimensional
subschemes in a plane with coordinates ¢4, €. However, somehow in this story a second plane
emerged with equivariant parameters €3, ¢4 whose points were also related to A. This relation
says there is some sort of correspondence between instantons on either plane. This is a transverse
intersection of two planes in 4d, and there is no flat deformation of this cross into a smooth
surface. So there is something useful coming out of this. This whole structure is called crossed
instantons.

We don’t know what crossed instantons are, even though we do know what their moduli space
is. Potentially, Z could be singular when ¢, /¢ is a positive rational number or 0 or co. However
no poles appear in €3. Moreover, if e3 = —¢1, €3 = —¢p, then this whole thing collapses because if
the partition is nontrivial you have boxes for which the armlength is zero. So we may write

(g1 + €3)(e2 + €3)
€1€2

L=1+ Zregularr

where Z,egy1ar is regular. We can more naturally write this as an equation of logarithms as

d d
£1€2 + q@ log Z(q/ €3, &4, £2) = —5354‘1@ logz(q/ €1, €4, 53)/

which means that if we define
€1€&2
e1+¢€3)(e2 +&3)

®(q,e3,€1,€2) = ( log Z(q, €3, €1, €2)
and note that
(e1+e3)(ea+€3) = (&1 + e4)(€2 + €4),

the denominator is symmetric under exchanging 3, e4. Further in the small q expansion we have
no singularities. Further, the differential equation we wrote above implies we can exchange the ¢;
to obtain
D(q, €3, €1, €2) = @(q, €1, €4, £3).

This is a meromorphic function on IP? with no singularities, therefore it is constant in the e. It
suffices to evaluate it at any point. We find that it's = —log ¢ (q), where ¢ is the Euler function.
Many years ago, Nekrasov-Okounkov proved it by representing this formula as a trace. That
proof was much more complicated than this qq-character method.

Example 4.8.7. Consider the case of an A, quiver with all gauge nodes rank 1 and framing
nodes of rank 1 at either end. Add Coulomb parameters ul,ur,a(i) and sometimes write
w; = a% ur = a™! for more symmetric notation. Then,

Z[&q/ &1, E2] - Z

)\1/'“,)@

There are r fundamental qq-characters in this case. The result is that

b
ZAr — H (1_21.'/2).)7131 Pj /(5152)/
ogj<igr

where pf" = ¢1 + &2+ ai — aiy1, P; = ai — @it

Here, we pass to parameters z; so that z;/z;_1 = q;. What this formula should make us think
about is that a chiral block of a partition function of a Gaussian free field living on a sphere with
vertex operators inserted at points z;. This would, for example, be a relevant computation in
string theory with strings coming from infinity somehow. The pieces that go off to infinity would
be represented by a vertex operator.
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Remark 4.8.8. Studying a Gaussian free field

exp—S=e" I oxXox

the Green’s function of the Laplacian, for I a plane, is
(XX) = —loglzy — %

There’s a small issue since this quantity isn’t dimensionless, which is related to the fact that the

constant/zero mode does not enter into the action and so we must make a choice. In principle,
we should add
(XX) = —loglzy — 25|* + harmonic.

Then we’d like to define vertex operators

. etPX(z2) .

4

which give us

.
<H : elPX(Zuz) :> = 5<Z P) Hexp(—PinG(Zi,Zi,Zj,Tj))
i=0 1]
= [
= |Analytic\2,

where G is the Green’s function. The analytic piece ¥ will look very much like our expression for
Z except Z has two types of momenta, unless e = —¢5.
One can slightly modify the Gaussian free field action to include a term

-S = —J XX + aPRX
>

depending on the scalar curvature. Having this scalar term with some coefficient modifies our
computations, and can be fine-tuned to exactly reproduce our formula for Z .

Remark 4.8.9. Let us list the topics which we have not covered yet:

1. Spiked (and the special cases of crossed and folded) instanton moduli spaces. Their study
goes under the name of gauge origami. It’s a kind of model-building device which builds
statistical models of random partitions which can also be interpreted as tools to produce
natural observables, e.g. qq-characters, defects, etc.

2. Compactness theorem (hence, regularity of expectation values of observables).

3. N > 1 cases where one can write closed (system) of PDEs on the partition function Z, or on
some expectation values (- - -).

It turns out these equations, which often are derived more-or-less combinatorially, are
actually the same as the BPZ equations (Belavin-Polyakov-Zamolodchikov) in 2d CFT, or
the KZ equations (Knizhnik-Zamolodchikov). This is one of the best incarnations of the

somewhat mysterious, but nowadays better understood, correspondence known as the
BPS/CFT correspondence.

Since the world of CFT includes representation of things like Kac-Moody algebras, and the
BPS world includes things like Donaldson invariants, this is a very powerful relation.
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4.9 Gauge origami

Previously, we explained that the basic example of the qqg-character is an observable in the
statistical mechanical model wherein we sum over n-tuples of partitions

AL A(m)

which represent a subset of C of the form {ay +€1(i—1)+ex(j—1) | € 1,...,N;(i,j) € Ay,
We discovered that a qq-character x(x), which is an observable for this model, is described by

a formula like Z

W) ()

wherein the sum labelled a subset of C of the form
{bp+esi—1)+eaj—1) B eL...,N;(Lj) e nPl).

However, if we tried to trace the algebrogeometric origin of these two subsets, it was different: the
first subset came by doing gauge theory on the plane described by z;z, whilst the second subset
was in fact derived from a partition function on a transversal plane z3z4.

The only connection between these two planes is that €1 4+ €3 + €3 + €4 = 0. So there’s a 3d
torus acting on a 4d space relating them. We now aim to present a more unified story where we
show that the qq-character is the result of projecting a moduli space involving both planes onto
one of the planes. Let us proceed to define that. Unfortunately, the story is local, although there
are many indications it can be globalised.

4.9.1 Local story Think about the union of C%\ =Uacen ACE\ wherein A € {12,13,14,23,24,34},
|A| = 6 labels the 6 coordinate hyperplanes, and na > 0 are the possible integer multiplicities of
the hyperplanes.

We view

2 4
U“ACA C Cipzy
o

and act on it with a 3d torus. We seek to understand the n 4 in terms of certain sheaves. As before,
fix K = CK, Ny = C"A, Pictorially we can draw a tetrahedron with vertices 1,2, 3,4, so that the
edges label pairs of vertices, hence 2d planes. So attach to an edge A the number n 5. Within the
tetrahedron draw an interior ball labelled by K with arrows 14, ] from and to edges to the ball.
We also label endomorphisms of K, B;.

This is some homogenised version of the ADHM construction, however in the ADHM con-
struction we only have one multiplit=cty so in that setting one doesn’t see the point of all the
operators we have introduced above. To start, let’s define an operator for A = ab with a < b:

ua = [Ba,Bul +I1aJA.

Then the equations look like

o+ 1y =0
13—ty =0
Wi+ 1y =0.

These equations are valued in End(K) ® C3, but we may also represent that as taking values in
six copies of Lie(l(k)) ® R® by endowing K with Hermition structure. The R® here is actually an
irreducible representation of SU(4).
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Furthermore we will impose a unifying equation:

> BB+ Y Iall —JlJa = didk

ae{1,2,34} A€{1213,...}

Why is seven important? It’s 8 — 1. There are 8 hermition operators acting on K. Modding out by
the action of U(K) by

(B,L]) = (g7 'Bg,g 'L ]Jg),

we seek to introduce as many equations as variables.

The intuition is the following: if we draw a ’spiked” picture where we connect the z;3, z>3
planes by another plane which bounds them, the I somehow ’injects’ this plane. Since the B, are
roughly operators of multiplicationby the z,. You can ask: why are we writing the p; in a sort of

strange way, muj; + ug 4 = 0? There is a vaninishing theorem which says

Theorem 4.9.1 (Vanishing theorem). The pa = 0 all vanish individually, the BoIa =0if a ¢ A, and
Jaba =0.

The way this is proven is by squaring the equations. To do everything algebraically, we would
have to introduce derived geometry at this point. But the differential geometry is a little easier.

Remark 4.9.2. This story is a precursor to generalising Donaldson-Thomas theory to CY4s. It has
to do with how we really want to integrate the Pfaffian, and we somehow do this by imposing
half the equations.

Ultimately, we find that

K= Z C[Bal Bb]Iab(Nab)/GL(K)-

a<b

This is to be conmpared with the ordinary ADHM construction

My (n) ={(B1, Bz, I12, J12)lt12 = 0, K = C[By, Bal112(N12)}/GL(K).

Remark 4.9.3. The subspaces Kqp = C[Bg, BylIqb(Ngb) can overlap. For example, BsKi; =0, and
B1K12 =0, so if K3y N Kyy # 0, the overlap (call it Ky 34) must satisfy B3Kip34 = 0, etc.

In a box picture, the corner boxes correspond to ker(B1) Nker(B;). So elements in I~<12,34 must
come from corner boxes. The situation relevant for crossed instantons is when nons4 # 0, and
rest = 0. To take a shortcut, just look at the fixed points of the torus action

Kiz = span(B} "B} ' 112(N1g,a)) = €ij,r

which is associated to the box ij € A(%). The vectors which conceivably could belong to Ky N Kag
here are those annihilated by By, By, again the corner boxes.

On the other hand, look at the corner boxes of Kss. Generically these don’t intersect, but
nongenerically, these cornes can become 1 or become linearly dependent. They will form a 'butterfly
configuration” where some corner boxes overlap. This will happen when we choose the equivariant
torus to be a smaller subtorus, and hence have some relation between the equivariant parameters.
That is, we have some equation like

axte(i—1)+e(j—1)=bg +es(i’—1)+es(j’—1),

which is, notably, one of the conditions for a qq-character to have a pole.
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Example 4.9.4. Set k = 1,n12 = n,n34 = m. Then the B, € C; since they are just numbers, they
drop out of our equations. Therefore we just have equations

I12J120 =0
I34)34 =0,

where 115 : C?> = C,J12:C = C™, 134 : C™ — C,J34 : C — C™. Further there are lots of equations
like B4J12 = 0,.... There is also a stability condition stating that there exist A, p € C so that
A2 + plzg # 0.

Let’s start by assuming that at least one of By, By # 0. On this branch, J34,I34 = 0 by our
assumption that one of the B; doesn’t vanish. Hence the stability condition implies I;5 # 0.
Working this out, we get a copy of T*IP"~1. So one branch of the moduli space is C%BI,B2) X

T*P™ L. The other branch of the moduli space comes when one of (B3, B4) # 0. On this branch,

C%B&B‘l) x T*P™ 1,

Further, there is another branch wherein all the B; are zero, and we get a copy of T*Pn+m—1
which parametrises relations between the Iy, I34.

Remark 4.9.5. In general, let My (1) denote the moduli space of spiked instantons which depends on
n= (TL12,T113,. .o )
There is then a function
K: My (7) = 28,

wherein k(Bi, Ia,Ja) = (kab = dim(Kqp)).
We can also map

M@= [ M, ma).
{a,b}e{12,13,...}

Then,
o0
Zi, =Y af[ e =Y | g
o éq M (n) 2 (0000
Further,

xix) = Y a | 1
k

My (n12=m,0,0,0,0,n34=1)

Then what is the variable x? It has to do with the framing symmetry. We have groups [ [, U(na)
which act only on the (I, ]). The diagonal subgroups act trivially except x acts nontrivially. Here h
in equivariant parameter.

Remark 4.9.6. Consider U(1)> C U(K) which acts by multiplying the Bq — e'®aB. Let

H=P (H U(nA)> X Ginit-

A

Consider the orbifold classification by I' C H. We get answers of type ADE. An interesting case
is ' C SU(2)34. To be specific, we need to embed I" into H by specifying all the decompositions

N2 =@y eevNizw @ Ry,
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and similarly for N34, where dimN12, w = 1ij,, for example. Now My is connected, but its fixed
point locus might not be. It splits,

—
My = (M (12, naa)
K

which gives us more parameters for our basic counting problem. That is, the generating function
will now depend on many additional fugacities in addition to our other parameters:

Z"(q,a,€) = Z H qle JMF 1 = (general qq-character of quiver gauge theory) .
Ko K

One can reverse the roles of nyy, n3s. Then, the same calculation will be computing some integrals
over the moduli space of instantons related to the work of Kronheimer-Nakajima.
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