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Kevin (Oct 28): Intro to mixed Hodge structures; Hodge
theory for smooth varieties

Throughout the seminar, we work over C like reasonable people.

1.1 Review of Hodge theory

Let X be a smooth projective variety. Then we have the Hodge decomposition

HMX,C)= P HP9(X).

p+q=n

Here, HP-9 contains forms of type (p, q). Deligne constructs a mixed Hodge structure on smooth
varieties in Théorie de Hodge II and on all varieties in Théorie de Hodge 111.

Definition 1.1.1. Let A be one of Z, Q,R. A Hodge structure over A can be defined in several ways:

1. A Hodge structure of weight n is a finitely-generated A-module H with a decomposition
He=HeC= (H HPA
p+g=n
satisfying HP-4 = HP.
2. A Hodge structure of weight n is a finitely-generated A-module H with a decreasing

filtration F x eH¢ that is n-opposite in the sense that if p+q = n+1, then FP NF? = 0 and
FPeF! =He.

3. A Hodge structure of weight n is a finitely-generated A-module H with an action of the
Deligne torus S := Res C* on Hy of weight n.

Remark 1.1.2. In our definition, p, q,n can all be negative.

To see that these definitions are equivalent, from a decomposition B, | _n, H?"9 we take the
filtration
FPH = H"™
i>p
In the other direction, for a filtration F, we take

HP4 = FP O FY.



From now on, when we say Hodge structure we will take A = Z.

Definition 1.1.3. A morphism of Hodge structures of weight n (H,F) — (H’,F’) is a morphism of
modules that respects the filtration after tensoring with C.

Tensor products of Hodge structures are Hodge structures after adding the weights, and the
dual of a Hodge structure is still a Hodge structure after taking the negative of the weight.

Examples 1.1.4.

1. Let X be a smooth projective variety. Then by the Hodge theorem, H™ (X, Z) is a Hodge
structure of weight n.

2. Let X be a smooth proper variety. Then H™(X,Z) is a Hodge structure of weight n by a
result of Deligne.

3. (Tate-Hodge structure) We will define a Hodge structure Z(1) of weight —2 where the
underlying Z-module is 2niZ and Z (1) ®z C = H~1~1, We will denote by Z(n) the n-th
tensor power of Z(1). We may twist Hodge structure by Z(n) to change the weight.

If Z — X is a subvariety of a smooth projective variety of codimension r, there are Gysin
maps
i HV27(Z,Z2) —» H™ (X, Z).

This is not a map of Hodge structures by weight reasons, but after twisting by Z(—r) we
obtain a morphism
ij: HV27(Z,Z)(—7) — H" (X, Z)

that is a morphism of Hodge structures.

Now set U := X\ Z. Then we have a long exact seqeunce
ce 5 HY2T(Z) (=1) = H™Y(X) —» H™Y(U) —» HV 21 (Z) (=) — HYPH(X) - HY P U) — - -
We will introduce a new increasing filtration W on H™(U) where

Wha(HY W) =0 Wr(H™ (W) =ImH™(X) = H*(U)) Wy (H™ (W) =H™(U).

Taking the associated graded module

Im(H™(X) — H™(W)) i—n
GriVH™ (W) = { Im(H™ (W) » HY 21 (2)(=1)) i=n+1
0 otherwise.

Now W has allowed us to isolate the weight n part and the weight n 4- 1 part, and now we
want to consider mixed Hodge structures.

1.2 Mixed Hodge structures

Definition 1.2.1. A mixed Hodge structure is a finitely-generated Z-module H together with two
filtrations:

¢ The weight filtraation W, which is an increasing filtration on Hg;

o The Hodge filtration F, which is a decreasing filtration on Hc.



These are required to be compatible in the sense that for all n, the associated graded piece
(G Ho, F)
is a Hodge structure over Q.

Example 1.2.2. Let H be an ordinary Hodge strucure of weight n. This is a mixed Hodge structure,
where we take W;,_1Hg = 0 and W,,Hg = Hg.

Definition 1.2.3. A morphism of mixed Hodge structures f: (H,W,F) — (H’, W/, F’) is a morphism
of Z-modules H — H’ that is compatible with both filtrations.

Theorem 1.2.4. Any morphism of mixed Hodge structures is automatically strictly compatible with both
filtrations, which means that if h' € Im(f) N W/ (H'), there exists h € Wy (H) such that f(h) =h'. The
same result is true for F, F'.

Remark 1.2.5. The category of mixed Hodge structures is an abelian category.

Theorem 1.2.6 (Main theorem of Hodge II). Let U be a smooth variety. Then H™ (U, Z) is functorially
a mixed Hodge structure.

1.3 Hypercohomology spectral sequences

Before we discuss the proof of the main theorem, we will discuss this important tool. Let X be a
smooth projective variety. Then recall that

H™(X,C)= P HIX,Qf).
P+q=m

This implies that the Hodge-de Rham spectral sequence degenerates. Recall! that the Hodge-de
Rham spectral sequence is given by

EP9 =HI(QY) = HPTI(X,C).
This is a hypercohomoology spectral sequence.

Definition 1.3.1. Let (K, F) be a filtered complex of abelian sheaves with F decreasing and finite
on each component. Then the hypercohomology spectral sequence for (K, F) is given by

EP'9 = HP+9(X,GrP K) — HP*9(X,K).

In our case, the Hodge-de Rham spectral sequence is the hypercohomology spectral sequence
for (Q%, F), where F is the filtration béte and is defined by

= KT 2P
0 n<p.

This gives us EP'9 = HP9(X, QF [—p]). Using the holomorphic Poincaré lemma, the map
C — Qf% is a quasi-isomorphism, and this gives us the Hodge-de Rham spectral sequence.
We will now say some things about filtered complexes.

10r look up on



1. If (K,F) — (K’,F’) is a morphism of filtered complexes, there is an induced map of hyperco-
homology spectral sequences.

2. If (K, F) — (K',F') is a filtered quasi-isomorphism (which means it induces quasi-isomorphisms
on all associated graded complexes), then the map of hypercohomology spectral sequences
is an isomorphism.

3. Finduces a filtration on H¥(X, K) given by
FPH*(X, K) = Im(H* (X, FP (K)) — H*(X, K)).

4. Every complex K carries a canonical filtration T, which is an increasing filtration and is given

by
0 n>p
Tp(K)" = kerd? n=p
K™ n<p.

In this case, the associated graded pieces are given by Gry, K = HP (K)[-p]. If K — K" is a
quasi-isomorphism, then (K, tx) — (K’, tx/) is a filtered quasi-isomorphism. Thus we can
discuss canonical filtrations of items in the derived category.

1.4 Hodge theory for smooth varieties

Let U be a smooth variety. We will find a good compactification of U:
1. First we consider the Nagata compactification X'.

2. Then resolve the Nagata compactification using resolution of singularities, and now we have
a good compactification X.

Definition 1.4.1. A compactification X of U is good if D = X\ U is a simple normal crossings
divisor. This means that D locally analytically looks like a union of hyperplanes.

Now that we have a good compactification, we know D is a union of smooth irreducible
hypersurfaces

S
D= JDs
i=1

For all I C [s], write D1 = (;¢; Ds. If I is empty, then Dy = X. Now write DY) := | |;;_; D;. Also
denote the inclusion j: U — X.

We want to study H*(U,Cy) = H*(U, Q) = H*(X,R;,Q},). But now the higher pushfor-
wards vanish, and so we obtain H*(X,j.Q},). Our strategy will be to study the logarithmic de
Rham complex

0% (logD) C j.Qy,,

which are defined as follows:

¢ Logarithmic 1-forms are locally spanned by dzzi iforl <i<tanddz; fort+1<i<<n

Here, we choose coordinates such that D ={z; -- -z = 0}

* Logarithmic k-forms are given by QX (log D) = A* Qi (log D).

In fact, the inclusion Q% (log D) < j«Qy, is a quasi-isomorphism, so we can instead study the
hypercohomology H(X, Q% (log D)).



Kevin (Nov 04): Hodge theory for smooth varieties Il

Recall that last time, we considered a smooth compactification X O U of a smooth variety, and the
boundary is a simple normal crossings divisor. We have this chain of quasi-isomorphisms

Rj.Cu — RjQf ~,Qf « Q%(logD).

Therefore it suffices to study H* (X, Q% (log D)). We are still atempting to prove Theorem 1.2.6.

2.1 Setting everything up

Definition 2.1.1. The weight filtration W on Q% (log D) is defined by

d d
Q% (logD)) = A A
W (Q%(log D)) <oc/\ &z, i > ,

where « is a holomorphic form on X and zy, ... are the local equations for D.

Recall the definitions of D, DY) from last time. We will denote the natural maps ar: D — X
and a;: DY) & X.

Definition 2.1.2. Let I C [s] with [I| = m. The residue map res;: Wi Q% (log D) — aI*Q‘DI [-m] is
defined by

d d
AN N — ! )
o dz; dzm +o’ = afp,

Here, o is holomorphic, Dy ={z; - - - zm = 0}, and «’ has fewer poles.
The important fact is that res; vanishes on W,,,_; and therefore descends to a map
resy: erlv Q% (logD) — aI*Q]'DI[—m].
Lemma 2.1.3. Define

resm = @ resm: GrK Q% (logD) — a*mQI’)(m)[—m].
[I|=m

This map is an isomorphism.

Corollary 2.1.4.



1. We have the identity

. C i=m
3 (GrlY Q% (log D)) = { “mrDM
(Grm Qk(log D)) {0 otherwise.

2. The map (Q%(log D), W) id, (Q% (log D), 1) is a filtered quasi-isomorphism.

Now we want to upgrade our known quasi-isomorphisms to filtered quasi-isomorphisms. By
the previous discussion, we now have filtered quasi-isomorphisms

(RjxZu, 1) ©z € = (Rj«Cu, ) — (+Q7, 1) = (Q%(log D), ) = (Q% (log D), W).

This identifies all of the hypercohomology spectral sequences. The final geometric fact that we
need is the following:

Lemma 2.1.5. The identification R™j.Cy = am«Cpm) is in fact defined over Z. This means that the
diagram
R™j.Cy E—— am*CD(m)

I I

R™,Zy —— Ams+Zp(m) (—m)

commuites.

2.2 An exercise in homological algebra

The first thing we will do is consider the weight spectral sequence, which is just the hypercohomology
spectral sequence for (Q%(log D), W). Here, we have

E, P9 =HPT9(X,Gr)’ Q% (logD)) = H PT9(U,C).
But we can identify the E;-page with

H 2P H9(X, ap«(Q2

D(vl)) ~ H_2p+q(D(p),C).

But now we see that everything is actually defined over Q, so we now have a spectral sequence
E; P4 =H 2D F),Q)(—p) — HPHI(U,Q).

Everything here actually has a Hodge structure. But now the béte filtration F induces filtrations
on the weight spectral sequence:

1. (first direct filtration) (Fq);
2. (second direct filtration) (Fg«);
3. (inductive filtration) (F;).

Some facts about these filtrations are:
1. Fq C F+ C Fgx;

2. The differentials d, are compactible with the direct filtrations;



3. If d, is strictly compatible with F, for r € {0,...,79—3}, then F4 = F, = Fg« for all
T €{0,...,10). Here, f: (Hy,Fy) — (Hy, Fp) is strict if for all a € FY NImf, then f € ImFY.
The important thing is that all morphisms of mixed Hodge structures are strict.

4. This is basically just the previous fact for 1y = co.!

We are now ready to state the main theorem:
Theorem 2.2.1.
1. Fq = Fr = Fga» for all terms of the weight spectral sequence.

2. The filtration W on H*(U, C) comes from a filtration on H¥(U, Q). Moreover, neither W nor F
depends on the choice of compactification X.

3. The filtrations WK] defined by W(klm = Wy and F make H*(U, Z) a functorial mixed Hodge
structure.

Lemma 2.2.2. The hypercohomology spectral sequence for (Gr¥y 0% (log D), F) degenerates at the Eq-page.
Moreover, the induced filtration on E[ P9 = H=2p+d (D), C) is q-opposite.

Proof. We know that (Gry; Q% (log D), F) = am«(Q? F)[—m]. By the Hodge decomposition for

D(m)’
D(MJ) we obtain degeneration at Eq, and by the Hodge structure on H-2r+4(D(P), C) we obtain
g-oppositeness. O

Lemma 2.2.3. The differential d; is strictly compatible with F.
Proof. Because d; is a morphism of Hodge structures, we are done. O

Lemma 2.2.4. The filtration F, on E, P9 is q-opposite.

Proof. We know that E, P9 = 3((E; P79 — E/P9 5 E;P"9). Because F, is the induced
filtration, we are done by the previous lemma. O

Lemma 2.2.5. Forall v > 0, d, is strictly compatible with F.. Moreover, for all v > 2, d = 0.

Proof. The r = 0 case follows from the first lemma. For r =1, this is the second lemma. Finally, to
prove degeneration, we can simply proceed by induction. We know that Fg = F;, = F4« on E,. But
now by the second fact, we know that d, is compatible with F,.. Thus we have

d(E;P) =dr| Y FIUEP)NF(EP)
a+b=q
c Z Fa(E:p+r,q7r+1) mfb(E:p+r,qfr+l)
a+b=q
=0. O

1Kevin did not give a precise statement because he ran out of space on the board.
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By the final fact, we see that
Gry P ypray, ) = g, P

is a subquotient of H-2p+4(D(P), Q)(—r). Therefore, (H*(U,Q), W[k],F) is a mixed Hodge
structure.
Finally, we discuss the functoriality of the mixed Hodge structure. To do this, we want the
filtrations
(Q%(log D), W, F)

to be functorial. For U — V, we want to prove that H*(U, C) is functorial. We also compactify the
morphism to X — Y. But now we know that H¥(V,C) — H*(U,C) comes from

H*(Y, Q0% (log Dx)) — H(Y, 0% (log Dy)).

All we need to do is to show that there is a compactification that works, and this is given by
resolving X and taking Y to be the closure of the graph.

To prove independence of the compactification, suppose Xi, X, are compactifications. Then let
X’ resolve X1, X, simultaneously, and then X’ — U C X; x X; is a resolution of singularities. By
functoriality, the isomorphism

H* (X, Q% (log Dx)) = H*(X’, Q% (log Dx/))

is an isomorphism of mixed Hodge structures.



Caleb (Nov 11): Cohomological descent

Definition 3.0.1. A simplicial object in a category C is a functor A°P — C, where A is the category
with objects [n] for n > 0 and morphisms are order-preserving set maps. There are distinguished
functions d*: [n — 1] — [n] skipping i and s*': [n + 1] — [n] repeating 1.

The maps di, st induce maps di: Xn = Xn—1 and Si: X;y = Xy 41 on a simplicial object. We
will refer to simplicial objects in C by S(C) and denote S, (C) = Aogpn — Cand S4(C) = A;pfl —
C given by adding [—1] = 0 to A.

For various reasons, we will assume that C has all finite products and fiber products. If this is
not sufficient, add assumptions until what is written here makes sense.

3.1 Coskeleta
Given a simplicial object Xo € S(C), let skn (X) € Sn(C) be the n-th truncation of X,.
Definition 3.1.1. Let Yo € $;,(C). Then the coskeleton functor is defined by

Homg_(c)(sk(Xe), Ye) =~ Homg ) (Xe, coskn (Ye)).
Example 3.1.2. Letn =0 and Yy € C. Given Xy — Yy, consider

X2§X15X0—f>m.
We obtain maps Xp — Yy x Yg and Xz — Yy x Yp X Yy, and so on. Then we define
cosko(Yo)n = Y™
and give it the natural simplicial structure.
For an example of a simplicial object, if Y_; is a topological space and Yy = | |U;, where U;

form an open cover of Y_j, then the Y; are the i-intersections.
Now choose Y, € S (C). Set

coskm(Ye)ln= lim Y= lim Y.
m(Ye)n lim k= dim Ve
sk (A1) o

11
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Given a map skn (Xe) = Yo, we need to define a map X;; — limpj_, ) Yk. For every ¢: [k] — [n]
and k < m, we have a morphism

Xn 25 X = Yy
for k < n.
Proposition 3.1.3. The map Xe < sk (coskm (Xe)) is an isomorphism.
The proof essentially follows from the construction. For n > m, the single copy of Yn
corresponding to [n] — [n] determines everything.
Remark 3.1.4. The skeleton sk, also has a left adjoint, which is the inclusion S, (C) — S(C).

The adjunction id = coskm sk is not generally an isomorphism, but is an isomorphism for
n-coskeleta when 0 < n < m.

3.2 Hypercoverings

Definition 3.2.1. Let P be a class of morphisms containing all isomorphisms and stable under
base change and composition. Then a simplicial object X, of C is a P-hypercovering if for alln > 0
(or n > —1), the natural adjunction X — coskn, (skn (Xe)) induces Xy, 1 — coskn (skn (Xe))n+1 is
in P.

Example 3.2.2. The map cosky(S’/S) — S is a P-hypercovering if and only if S’ — S is in P.

For example, if P is a surjective condition for topological spaces, then S’ =| |U; — S obtains
the Cech construction.

We may compute cohomology using hypercoverings. Define H'(S,F) = H'(Moore(J(S))),
where the Moore complex was defined in a different seminar by Caleb. If we take the limit over
all hypercoverings, we recover the derived functor cohomology.

We are most interested in hypercoverings of singular schemes, which we will be used to
construct Hodge structures.

Definition 3.2.3. A simplicial object X € S(C) is split if there exist subobjects NX; with isomor-
phisms

B NXm —Xn

m]—[m]
Remark 3.2.4. In the case of simplicial abelian groups, we have

n—1
NXp = () kerd;.
i=0
Under nice conditions, split objects have unique splittings. A nice fact is that given split

n-truncated objects sk (X) and NX;, 41 — (coskn (skn (X)))n+1, we can recover X, ;1. This is
because we know that
Xni1= D NXm

Mn+1]—[m]
and the map to the coskeleton tells us what the maps out of X;, 1 are.

Theorem 3.2.5. If sky, X is split, then there exists f: X" — X with sky (f) an isomorphism and X' split.
Furthermore, if X is an augmented P-hypercover, so is X'.
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From now on, to be safe, we will assume that we are in one of the following cases:

1. C = Top/B with P the proper surjective morphisms;

2. Cis the category of schemes étale over some base with P the surjective étale morphisms;
3. Cis a topos with P the epimorphisms.

Corollary 3.2.6. For m > 0 and an augmented m-truncated P-hypercovering Z in one of the first
two situations, the face and degeneracy maps for Z are proper or étale. If Xe — S is a proper or étale
hypercovering, then all structure maps are proper or étale.

Theorem 3.2.7. Let S be a separated scheme over a field k. Then there exists a dense open immersion
S < S into a proper k-scheme and an augmented proper hypercovering Xe — S such that Xy, is a projective
reqular k-scheme and the part of Xy lying over S\ 'S is a (strict) normal crossings divisor.

In de Jong’s alterations paper, he mentions that this result as an application. Of course, in
characteristic 0, we simply need resolution of singularities, but in positive characteristic, de Jong’s
alterations theorem is needed.

Proof. First, to construct the open immersion, we use Nagata’s compactification theorem. Of
course, if we are interested in quasiprojective varieties, then this is unnecessary. The upshot is
that now we have a dense open immersion S < S into a proper k-scheme.

By Johan, we obtain a regular Xy — S wich is a proper surjection, where the preimage of
S\ S is a strict normal crossings divisor. Now given X<,, we know that coskm X is a proper
hypercovering of S. We know that each term is S-proper. By Johan applied to (coskn X<m)m+1,

we obtain X' proper over (cosky X<m)m+1 such that the part over S\ S is a normal crossings
divisor. _,
Now set NX;;,,1 = X and take the construction

Xn+l = @ NXmn,
n+1]—[m]

and here we obtain an (m + 1)-truncated solution. By induction, we are done. O

3.3 Cohomological descent

Let C be a site with the topology generated by E-morphisms for some class of morphisms E. Let
Xe be a simplicial object of C. Set X, to be the category sheaves on the following site:

* The objects are E-morphisms U — Xy,;
* The morphisms are commutative squares

u—"—u

L

Xn — X},

where f is any morphism in C;

* A covering of [U; — Xy ] is given by any covering of U;.
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This is meant to formalize the notion of sheaves on X,. A map U,: Xe — Y, induces maps
Uey: )?. — \7. and Uj: \7. — )~(..

Now let a: X¢ — S. We have a*: §. — X.. Here, we have (a*F)n = afF. Also, we have
Qs )~(. — §., and a.J* is the equalizer of

ao*f‘fo = 01*3"1.

On the level of derived categories, we obtain a*: D (S) — D1 (X,) and Ra.: D4 (Xe) = D (S).

Definition 3.3.1. A morphism a: X, — S is a morphism of cohomological descent if the natural
transformation id — Ra, o a* on D4 (S) is an isomorphism.

Note that the adjunction of (a*, Ra.) means that equivalently, a*: D (S) — D4 (S.) is fully
faithful.

Definition 3.3.2. A morphism a is universally of cohomological descent if every base change
ags: Xe X5 S’ — S’ is of cohomological descent.

Definition 3.3.3. A map of spaces ag: Xo — S is a map of cohomological descent if cosko(ap): cosky(Xe/S) —
S is of cohomological descent.

Theorem 3.3.4. Morphisms universally of cohomological descent form a Grothendieck topology.

We now discuss some properties and applications. Unfortunately, because of time reasons, we
cannot review any descent theory.
First, the condition that id — Ra. o a* is an isomorphism on D (S) is equivalent to the
isomorphism
F = a,a"F =ker(ag.apF — a,.a7F)

and Ria,(a*F) = 0. Note that this is a derived version of ordinary descent theory.

Theorem 3.3.5. Let Xq be a simplicial space. For any complex K’ in D4 (Xs), there exists a spectral
sequerice
EP9 =H'(Xp, K'lx,) = HPT9(XK).

On the 0-skeleton, we have

Theorem 3.3.6. Let X — S be a proper surjective of either topological spaces or schemes with the étale
topology. Then X — S is univerally of cohomological descent.

Theorem 3.3.7. Let Xo — S be a proper hypercovering. Then it is universally of cohomological descent.

All of these theorems have extremely long proofs.



Kevin (Nov 18): Applications and examples of mixed
Hodge structures; Hodge theory for all varieties

4.1 End of Hodge Il

The main theorem is as follows:

Theorem. The weight spectral sequence

E, P9 =H?HDP),Q)(-p) = HPI(UQ)
degenerates at the o page. The Hodge structures on Ey induce a mixed Hodge structure on H=P9(U, Q).
Corollary 4.1.1. IfHk(U,C) has nonzero weight (p,q), then 0 < p,q < kand k <p+q < 2n.

Proof. We consider the spectral sequence. All terms that do appear must lie above a line of slope
—2.1 The lines of slope —1 are the cohomology, and so by staring at this for long enough, we
obtain the desired result.? O

Corollary 4.1.2.

1. If X is any smooth compactification of U, then Im(H*(X,Q) — H*(U,Q)) is the bottom weight part
Wi (H*(U, Q).

2. If Y —» U — X s any morphism with Y smooth and proper, then
Im(H*(U, Q) — H(Y,Q)) = Im(H*(X,Q) — H*(Y,Q)).

Proof.

1. We will use the rising sea (Grothendieck) fact that Im(H*(X,Q) — H¥(U,Q)) does not
depend on the choice of X. Therefore we may assume that X\ U is a simple normal crossings
divisor. Now the weight spectral sequence for X maps to the weight spectral sequence for U.
But recall that the weight spectral sequence for X only consists of H*(X) in the rightmost
column, while the weight spectral sequence for U has nontrivial things to the left. Therefore,

Im(H*(X,Q) — H*(W,Q)) = EY* = Wy (H*(U,Q)).

1Kevin didn't type this, so I'm not typing it either.
ZKevin said he was not going to do this, and then he confused me.

15
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2. Recall that maps of mixed Hodge structures are strict. This implies that
Im(H*(U, Q) — H (Y, Q) = Im(Wi (H*(W,Q)) — H¥(Y,Q)).
By the previous part of this corollary, we are done. O

Theorem 4.1.3 (Global invariant cycles theorem). If f: U — S is smooth and proper with S smooth and
separated, and X is a smooth compactification of U, then Im(H*(X,Q) — H¥(Ug, Q)) = H*(Ug, Q)™ (S:s),

Proof. We will only prove the projective case. First, we use the fact that H¥ (U, Q) — H¥(Us, Q)™ (S:s),
This follows from the degeneration of the Leray spectral sequence for smooth projective mor-
phisms, which gives

HY(U, Q) — HO(S, RF,Qu) = H (U, Q)59

Using the second corollary for Us — U — X, we obtain

HE (U, Q%) = Im(H*(U, Q) — H (U, Q))

= Im(H*(X,Q) — H*(Us, Q)
using the previous corollary. In the general case, we dominate U by something projective. O
Remark 4.1.4. Using the theorem, we can prove the degeneration of the Leray spectral sequence

for smooth proper morphisms.

Now we will do some computations.

1. Consider U =C* — X =P.. Then D = ptU pt. The only nonzero differential is
Q> =H(D)(-1) = H*(P") =Q,

and by the cohomology of C*, we obtain a Q in the (0,0) position and a Q in the (—1,2)
position. Thus HO is a pure Hodge structure, but the first cohomology HY(C*,Q) =
GrXV H(U,Q) actually lives in weight 2.

2. Consider a punctured Riemann surface® U = Rg \ D, where D is a disjoint union of p points.
There is only one nontrivial differential, which is surjective, so

GrlVH'(U,Q) =Q%,  GrfVH'(U,Q) =QP .

4.2 Hodge lll

Kevin claims that despite the paper being 70 pages, the actual content is only two pages. Today,
we will discuss the other 68 pages.

Our goal is to construct a mixed Hodge structure on H*(X, Q) for any complex variety X. Our
strategy is to take a proper hypercovering Y, — X such that each Y;, is smooth. We will use
cohomological descent, which will tell us that

H*(X, Q) = H*(Y,, Q).

The right hand side is approximated by H*(Y;,, Q) (in the sense that there is some spectral
sequence converging to H*(Y,, Q)), and each of the terms has a mixed Hodge structure, which
will induce a mixed Hodge structure on Hk(Y,, Q).

Now recall the following from Caleb’s lecture:

3Kevin has been posessed by the spirit of D.H. Phong.
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* A simplicial variety is a sequence of varieties Y, with face and degeneracy maps (a simplicial
object in the category of varieties).

* An augmented simplicial variety Yo — X is simply a simplicial variety Y, with a map Yy — X.

¢ A sheaf J* on a simplicial variety is a collection of sheaves ™ on each Yy, equipped with
maps F*(p): T™ — p.I™, where p: [n] — [m] is a map in the simplex category. Of course,
these maps are required to be compatible.

Remark 4.2.1. 1f S, is a constant simplicial variety, then a sheaf on S, is a cosimplicial sheaf on S.

Given a map f: Y} — Y2, we can define f., f* pointwise. If we have an augmentation a: Ye — X,
then we define (a*F)™ = a},F, while we define

a.G® = ker(ag.S° = a1.G).

When X is a point, then a, = I' is the global sections functor. We may then define the right derived
functors
RET (=) = H (Ye, —).

Definition 4.2.2. A proper hypercovering Yo — X is a hypercovering such that
Yn41 — (coskn skn Ye)n i1
is proper and surjective for all n > —1. For n = —1, this says that Yy — X is a proper surjection.

Theorem 4.2.3 (SGA4). Proper hypercoverings satisfy cohomological descent. This means that F —
Ra.a*F is an isomorphism.

Corollary 4.2.4. If Y, — X is a proper hypercovering, then
H(X, F) = H*(X, Ra.a*F) = H*(Y,, a*F).
Thus we can replace X by some simplicial resolution (proper hypercovering) Yo — X and then

do all of our computations on Y,. Then whatever structure we have on Y, will descends to X.

4.3 Mixed Hodge complexes

Apparently all of the homological algebra we did in Hodge I is very general, so we can rip it off.4
This is exactly what we will do now.

Definition 4.3.1. The filtered derived category DF(C) of an abelian category C is constructed by
taking the category of filtered complexes in C, identifying homotopic maps (that respect the
filtrations), and inverting filtered quasi-isomorphisms.

The bifiltered derived category DTF,(C) is defined in the same way, except we have two filtrations.

Definition 4.3.2. For A € {Z,Q, R}, an A-Hodge complex of weight n is the following data:
1. A complex Ka € Dt (A) such that H&(KA) is finitely generated;

2. A filtered complex (K¢, F) € DTF(C) (where F is a decreasing filtration) and an isomorphism
o: Ka ®a C — K in D' (C).

4Kevin really felt like ripping things off today.
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This data must satisfy the following conditions:
1. The differential d on K¢ is strict with respect to F.
2. For all k, (H*(KA),F)isa Hodge structure of weight n + k.
Definition 4.3.3. Let X be a space. An A-Hodge complex of sheaves of weight n is the following data:
1. A complex Ko € DT (X, A);
2. A filtered complex (K¢, F) € DTF(X,C) and an isomrphism o: Ka ®a C — K.
We also require that (RI'(Ka ), RI'((K¢, F)), RI'(«)) is a Hodge complex of weight n.

Example 4.3.4. If X is smooth and proper, then (Zx, (Q%, F), o) is a Hodge complex of sheaves of
weight 0. Here, o is the map Cx ~ Q%.

Definition 4.3.5. A mixed Hodge complex is the following data:
1. A complex K € D*(Z) such that H*(K) is finitely generated;

2. A filtered complex (Kq, W) € DTF(Q) (with W an increasing filtration) and an isomorphism
a: K®z Q = Kg;

3. A bifiltered complex (K¢, W,F) € DTF,(C) and an isomorphism of filtered complexes
B: (KQ,W) ®QC — (K¢, W).

We require that for all n, (Grnw Ko, (Grnw K, F), B) is a Q-Hodge structure of weight n.
Definition 4.3.6. A mixed Hodge complex of sheaves is the following data:

1. A complex K € D (X, Z) such that H*(X, K) is finitely generated;

2. A filtered complex (Ko, W) € DTF(X,Q) and an isomorphism K @z Q ~ Kg;

3. A bifiltered complex (K¢, W, F) € DTF,(X,C) and an isomorphism of filtered complexes
Bi (KQ,W) ®QC — (Kc,W)

We require that for all n, (GrTVLV Ko, (GrT\{V K, F), B) is a Q-Hodge complex of sheaves of weight n.
Here are some facts about these things:
1. If (K, (Kg, W), «, (K¢, W, F), B) is a mixed Hodge complex of sheaves, then
(RT(K), (RT(Kq), W), RT'(«), (RT'(K¢), W, F),RT'(B))
is a mixed Hodge complex.

2. For a smooth variety U, the data (Rj«Zy, (Rj+Qu, 1), &, (Q%(log D), W, F), ) is a mixed
Hodge complex of sheaves on X. Here, 3 is defined as the zigzag

(Rj«Qu, ™) ®o C 3+ O, 1) +—— (Q%(log D), 7)
(RjxCu, ) —— (RjxQy, T) (Q%(log D), W)

3. The main theorem of Hodge II says that (HX(MHC), W[k], F) is a mixed Hodge structure.



Kevin (Dec 02): Hodge theory for all varieties Il

Recall our geometric setup, where we have a proper hypercovering Yo — X of X by smooth
varieties. We may assume that Yo < Y,, where Y, = Y;, UDy, and D, is a simple normal
crossings divisor. Because proper hypercoverings satisfy cohomological descent, we can work on
Ye. Thus we need to do Hodge theory on simplicial varieties.

5.1 Existence of mixed Hodge structures
Definition 5.1.1. A mixed Hodge complex of sheaves on a simplicial space Y, is a tuple
(I, (K, W), o, (Ke*, W, F), B)

of sheaves on Y, such that we have a mixed Hodge complex of sheaves on each Y;,. Here, the first
grading is the degree in the complex and the second is the (co)simplicial degree.

Example 5.1.2. An example of a mixed Hodge complex of sheaves on Y, is given by
(Rj*ZY./ (Rj*QY./ Tg )/ X, (Q%. (log DO )/ W/ F)r B)

Taking the derived functor of global sections on each Yr,, we obtain a cosimplicial mixed Hodge
complex.

Now we wamt to obtain a complex (in the usual sense) with the same cohomology as a given
cosimplicial complex. Suppose we have a sheaf F* on Y,. We find some injective resolution
F* — K*°. Next, we consider the cosimplicial complex

KP4 =T(Yq,KP9),

and this gives us a double complex K*® using the Moore complex. Finally, from a double complex
we obtain an ordinary complex

sK™ = @ M(Xq,XP9)
p+q=m

with differential .
dxP9 = dgc (xP9) + (1P Y (—1)"8; (xP9).
i
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Also, we have B B
I'(Ye, K®®) = s(K*®) = s (Y,, X*°)
and also RT'(Y,, F®) ~ sRI"*(Y,, 7°).
Remark 5.1.3. There exists a filtration L on sK*® given by L"(sK)® = @, KP9. This gives us a

spectral sequence
Eft = HY (X, F°%) = H*TY(X,,F®).

Somehow all of the homological algebra we did applies to bounded below complexes of
sheaves. The good thing about this is that now sRI'*Rj.Zy, computes the cohomology of X. All
we need to do is to prove that this is a mixed Hodge complex, and this means that we need to
become Deligne.

Theorem 5.1.4 (Main theorem). Let K*® be a cosimplicial mixed Hodge complex. Then there exists a
natural filtration 6(W, L) on sK® such that (sK®,8(W, L), F) is a mixed Hodge complex.

Proof. Define
5(W, L)n(sKQ) = (P Wi (K.

P.q
Then we can compute
5
Gry " @ Gritep K [Pl
But now each K¢F is a mixed Hodge complex, and thus each of the associated graded pieces is a
pure Hodge complex of weight n. This implies that sK® is a mixed Hodge complex. O

Applying the main theorem to sRI'"®*Rj.Zy,, we see that H™ (X, Z) is a mixed Hodge structure.
This is functorial because it is possible to construct compatible proper hyperresolutions, and this
implies that it is unique.

If X is smooth, we can choose the proper hyperresolution to simply be X itself, so we have
the same mixed Hodge structure as before. From the mixed Hodge complex, we have a weight
spectral sequence

£ = @ wDi,Q-1) = H *XQ).
p-+2r=b
q—r=—a

This spectral sequence degenerates at E,, and the differentials on E; are sums of Gysin maps.

Proposition 5.1.5. All of the Hodge numbers hSt that appear in H™ (X, Q) satisfy 0 < s, t < n.

Proof. First, all of the E; %" have nonnegative Hodge components. To prove the upper bound, if
HP (Dgr),Q)(—r) contributes to H™ (X, Q), then p + q +1 = n. In particular, p+r < n and any hs't’
appearing in Hp(DgJ,Q) has 0 < s’,t" < p, so when we twist by (—r), we gets,t <p+r<n. O

Proposition 5.1.6. If X is proper, then all of the weights of H™ (X, Q) are at most n.

Proof. 1f X is proper, then each Yy, is already proper, so each Dy, = (). Therefore, considering the
spectral sequences, we only have nonzero terms for r = 0, so the spectral sequence becomes

E " =HP(Y_q,Q) = H *"?(X,Q).

If HP(Y_q, Q) contributes to H™ (X, Q), then we must have b < n. O
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5.2 Hodge characteristic
Given a variety X = UU Z, then
X (X) =x (W) +x°(2).

For complex varieties, x = x¢, but here we use compactly supported cohomology. For example, if
X is compact, consider the long exact sequence

o= HY(X,Z) - HM"(X) = HY(Z) — - --
and then use the fact that HI* (U) = H™ (X, Z). Also note that
X“ (XX Y) = x(X)x“(Y).

This tells us that the compactly supported Euler characteristic is motivic and defines a ring
homomorphism
x€: Ko(Var) — Z.

Here, Ko(Var) is the Grothendieck ring of varieties with relations [X] = [U] + [Z] and [X x Y] = [X][Y].
This loses a lot of information, however, so we construct something better.

Theorem 5.2.1. Let Y C X be a locally closed subvariety. There is a natural mixed Hodge structure on
each H™ (X, Y, Z) respecting the long exact sequence of the pair (X,Y).

Theorem 5.2.2. The (relative) Kiinneth theorem respects mixed Hodge structures.

Example 5.2.3. We would like to construct a mixed Hodge structure on H*(A!). We know this is
Q in degree 2 and vanishes everywhere else. There is an isomorphism of mixed Hodge structures
H%(/Al) = H2(P1), and thus H% (A1) is pure of type (1,1). By the Kiinneth formula, HE“(A“) is
pure of type (n,n).

Recall that any Hodge structure V defines an element [V] € Ko(HS) by taking graded pieces.
Now define

Pha([Vol) = 3 hPrAuPvi,
P.q

Definition 5.2.4. The Hodge characteristic with compact support is the ring morphism

Xfiag: Ko(Var) = Ko(hs) X Z(—nimg (X, Q).

Definition 5.2.5. The Hodge-Euler polynomial with compact support is the ring morphism
eIC{dg: Ko(Var) — Z[u,v] X Phn(XI(i[dg(X))'

Remark 5.2.6. If X is smooth and proper, then the Hodge-Euler polynomial is a generating function
for the Hodge numbers of X.

Example 5.2.7. Let X be a torix variety and let sy be the number of torus orbits of dimension k.
Therefore, we know that

efiagX) = Y sicefiag((C)X).
Kk
By the Kiinneth formula and the computation for A!, we have

efldg(X) = Z sk(uv —1)k.
k

In the case when X is smooth and proper, the Poincaré polynomial is 3, sy (t> — 1)¥.
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Example 5.2.8. Let X be proper irreducible nodal curve with geometric genus g. Assume that X
has p nodes. From topology, we know that HY(X,Q) =Qis pure of type (0,0). Also, H2(X,Q) = Q
is also pure of type (1,1). It remains to compute the mixed Hodge structure on H!(X, Q). This
tells us that

€f105(X) = €figg (Zg) — 2pefigg (p1) + Pefiag (Pt
=1-gu—gv+uw)02p+p=(1+uv)—(p+gu+gv),

and thus we have h% = p,h10 = g, Kl = g.



Caleb (Dec 09): The Ax-Schanuel conjecture for pr%g?ocsl

Note: this lecture was given over the course of two seminars on two consecutive days.

6.1 Polarized Hodge structures

One motivating question is the one of when a complex torus C9 /A is an abelian variety, a Jacobian,

etc. When g = 1, this is always true because C/A is always an elliptic curve by the Weierstrass

p-function (and is its own Jacobian). When g > 1, of course complex tori are not always algebraic.
Let C be a curve of genus g. Then the Jacobian of C is

Jac(C) = HY(C,0¢)/HY(C,Z) ~ H(C, QL )*/Hy(C, Z).

If 81,...,824 is an integral homology basis, we can send each d; to the map ~r51 —. Now let
wi,...,wgq be a basis of HO(C, Qlc). Then H'(C,Z) embeds as a period matrix

fzs] Wg - fzszg Wy

Now normalize w; so that that the period matrix has the form (I, Q). We want conditions on
Q such such that our complex torus is the Jacobian of a curve. Now on

Hir(C) @ € =H(C,0") @ HO(C,Ql),
consider the alternating bilinar form

Qlwy, wy) = JC w1 A wy.

Given two 1-forms w,n with period vectors u = (uy,...,uzg) and v = (vq,...,V24), We can

compute
0 I
An=u’ ™ v
ch e <_In O)v

23
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The proof is not completely trivial, but we can take the fundamental polygon of the curve and
then use Stokes to write the integral as a sum of products of periods. If wj,..., w4 is a basis for
HY(C, Q}), then w; A wj = 0 because h*? = 0. If we write P = (I, Q), we see that

0 In T _
P(0. 5)-o
This implies that Q = QT. We also see that iQ(w, @) > 0. Therefore the imaginary part of Q is
positive-definite. The two conditions we have obtained are called the Riemann bilinear relations.
These are the conditions for having a principal polarization, but of course not all principally
polarized abelian varieties are Jacobians.

Given a g x 2g matrix B, a polarization is a skew-symmetric form E with BEBT = 0 and
BEB* > 0.By linear algebra, there exists a diagonal matrix D such that

e (9 9)

If D = Iy, then this is a principal polarization.

Remark 6.1.1. A polarization on HY(A,C) for A a complex torus gives us an element of H?(A,Z).
By the Lefschetz (1, 1)-theorem, this is c;(L) for some line bundle L. By the positive-definite
property of the polarization, L is ample.

6.2 Lefschetz decomposition

Recall that the Hodge decomposition is
H™(X,Z)oC= P HPI(X).
pP+q=m

By Dolbeault, we know that HP-9(X) = H9(X, QP). Also, HP9 = Hd.P. If we consider a partition
of unity (considering X as a real manifold), we obtain a Hermitian metric h on any compact
complex manifold X. Then we know h = g —iw, where w is a nondegenerate (1,1)-form. We
know X is Kéhler if and only if w is closed.

We know that g induces an L?-metric on forms, so we obtain the Hodge star operator

:QF 5 QMR (o« BY2 = JX A %

Now assume that X is compact Kéihler.
Definition 6.2.1. Define the operator L: H¥(X,R) — H*"2(X,R) by L(«) = a A [w].
Theorem 6.2.2 (Hard Lefschetz). For k < n, L™ ¥: H¥(X, R) — H2""K(X,R) is an isomorphism.
Definition 6.2.3. The primitive cohomology of X is defined to be
HR=T(X,R) = ker(L"™1: HM (X)) — HMTH2(X).
This terminology is justified by the fact that

H™ (X, R) = HE, (X, R) & L(H™T2(X)).
This implies that

H (X) = P L"(Hg; 2" (X, R)).

k—2r<min(n,2n—k)

Remark 6.2.4. This decomposition works also for complex coefficients because L has degree (1, 1)
and is thus compatible with the Hodge decomposition.
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6.3 Polarizations

Define an integral form on H¥(X,R) for k < n by

Qlay ) = (~1) "% (1" ¥a,p)
k(k—1)

=(-1) 7 JX WA QA B.

takes real values, and if [w] is integral, it takes integral values on H¥(X,Z). Also, is
g g

nondegenerate, bilinear, and (—1)™-symmetric. Also, Q(HP-9, HP /'q/) =0unless (p,q) = (q’,p").
Extending to HK(X,C), we have iP~9Q(«, «) > 0 for nonzero o € ng’q(X). We know [w] is
integral if and only if X is a smooth projective variety over C by the Kodaira embedding theorem.

Definition 6.3.1. An integral polarized Hodge structure of weight k is given by a Hodge structure
(Vz, FPV¢) of weight k and an integer-valued (—l)k-symmetric bilinear form Q on Vz such that

1. Q(HP/9,HP"9") =0 unless (p,q) = (q’,p");
2. iP79Q(«, @) > 0 for all nonzero « of type (p, q).

These are called the Hodge-Riemann bilinear relations. To see why they are true, consider the
following:

1. Integrating over X is the same as taking the cap product with [X], and of course [X] has type
(n,n). Because L has type (1,1), weneed p+p’ =q+q’.
2. The Hodge star is given by
" ke
— (—1)k(k+1)9ip—q
xw = (—1) 2iP TR

This implies that
k(k—1)

iPT9Q(a, ®) = iP~9(=1)" 7 J a ALV k%
X

= (n—k)!Jch/\*cx

> 0.

6.4 Unpolarized period domains
Let m: X — B be a smooth proper map or projective varieties (or a proper holomorphic submer-
sion).

Theorem 6.4.1 (Ehresmann). In this case, 7 is a locally trivial fibration as smooth manifolds. Thus
X = Xo x B locally, and the fibers of X — Xg are complex submanifolds. Thus the family of complex
structures varies holomorphically.

Consider the sheaf R*7,C on B. This is a local system because in the diagram,

XO*>XXBU*>X

| | I

0 u B
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X xg U= Xy x U, so H& (X, C) ~ H*(Xp,C) for all b € U. If X, is Kihler, we may assume U =B
and then H¥(Xy,C) ~ H¥(Xp,C) and the Hodge numbers are the same. However, the Hodge
filtration is not the same. If A¥ is the k-differential forms, recall that

FPAR(X) = AT
r>p
Then the Hodge filtration is given by

ker(d: FPAK(X,C) — FPAKTL(X, C))
Im(d: FPAK—1(X,C) — FPAX(X,C)) "

FPH¥(X,C) =

If we write bP-¥ = dim FPHK (X4, C), the period map
o7 B — Gr(bP*, H¥ (X, C))

is defined by b — FP H¥(Xp,C) € HX(Xp, C) ~ H*(X,, C). By a theorem of Griffiths, this map is
holomorphic. If we take all p for a fixed k, the period mappings send b to a complete flag of
H*(X, C). Because Xy, is Kéhler, Hodge symmetry implies that

FPH*(Xp, C) @ Fk—P+HIHK (X, C) = H*(X}, C).

The open set D C FI(H*(X, C)) satisfying this condition is the period domain.

6.5 Polarized period domains

Consider X — B. Then a polarized Hodge structure on H;r(Xb) is given by a bilinear form Q such
that

1. FPHK(Xp,C) = F*PHIHK(X,, C)L;

2. H*(Xp,C) = FPH¥ (X}, C) @ Fk—P+1HK(Xy, C);

KD pg = Pk FIHE (X))
3. (1) 7 i Q(e, @) for nonzero & € FpH*(Xy,) NFA Hpr(Xb).

Flags satisfying the first condition are the domain DcC Fl(H‘ljr(Xb)) called the compact dual. The
flags satisfying all three conditions form an open subset D C D.
Definition 6.5.1. Define G(R) = Aut(Hg, Qr), where R=2,Q,R,C.

Definition 6.5.2. A variation of Hodge structures (Vz,F®) of weight k over B consists of a local
system Vz of finite rank and a finite filtration of V¢ ® Og by holomorphic subbundles FP such
that

¢ The filtration F}, of (V¢ )y is a Hodge filtration;
* (Griffiths transversality) If V is the Gauss-Manin connection of V¢ ® Og, then V(FP) C FP— 1,

We now have a global period map @: B — G(Z)\D. In the case of X — B, we have b — [H‘gr(Xb)].
If ' contains the monodromy representation on H]gr(Xb ), then @ can be lifted to IN\D.
Definition 6.5.3. Let H be a Hodge structure. Then the special Mumford-Tate group MTy is the

algebraic Q-subgroup of End(Hq) such that for any tensor power H' = H®* @ (HY)®!, the
rational Hodge classes of H' are precisely the rational vectors fixed by MTy.
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Definition 6.5.4. The Deligne torus S is the group C* considered as a subgroup of GL(R).

Now let z act on HP'9 by zPz9. This is a real representation, so R* C S acts on Hg. We also
have S! € C*, and these give different definitions of the Mumford-Tate group.

Definition 6.5.5. The Mumford-Tate group is the smallest algebraic group over Q whose real
points contain the image of S'.

Definition 6.5.6. The big Mumford-Tate group is the same thing but with RX in place of S'.

Example 6.5.7. Consider Q(n) = (2mi)™ C C of type (—m, —n). Then the big Mumford-Tate group
is G if n # 0 and {1} if n = 0, and the special Mumford-Tate group is {1}.

Example 6.5.8. Consider X = E and write V = H!(E., Q). Then the special Mumford-Tate group
is Q(7) if E¢ has complex multiplication and SL;(Q) otherwise.

Definition 6.5.9. Let D be the polarized period domain and suppose x € D.
1. The orbit M Ty (R)x is called a Mumford-Tate subdomain.
2. If M is a normal subgroup of MTy, then M(R)x is called a weak Mumford-Tate subdomain.

3. Let m: D — I'\D be a quotient map. For D’ C D a weak Mumford-Tate subdomain, then
n(D’) C M\D is a complex analytic subvariety, called a weak Mumford-Tate subvariety. Also,
given a period map ¢: X — I'\D, we call @ n(D’) also a weak Mumford-Tate subvariety.

Now let X/C be smooth. Write MTy, = MTx. Let I' be the image of the monodromy
711 (X) = MTy, (Q). Let G be the identity component of the Q-Zariski closure of I'and D = D(G)

be the associated weak Mumford-Tate subdomain, @: X — I'\D is the period map and D be the
compact dual of D. Now consider

Xp —— D

L

X — N\D.

Theorem 6.5.10 (Ax-Schanuel). Let V C X x D be an algebraic subvariety and U be an irreducible
analytic component of UN Xp such that

codim, 4 (U) < codimy, 5 (V) + codimy , 5 (Xp).

Then the projection of U — X is contained in a proper weak Mumford-Tate subvariety.

6.6 o-minimality
Definition 6.6.1. A structure S is a collection of subsets {Sn},, cpy of R™ such that
1. Sy is closed under finite intersections, unions, and complements.
2. The collection (S ) is closed under finite cartesian products and projection.
3. For every polynomial P € R[xy, ..., xn], the set of roots of P is an element of S,.

Note that if P(x,...,%xn) is a polynomial, the vanishing sets of P(xq,...,xn) — X%L 41 are in
Sn+1, and now projecting down, we see that {P(x1,...,xn) > 0} € Sy,. We call the elements U € Sy,
the S-definable subsets of R™. For U € S,V € Sy, amap f: U — V is definable if its graph is.
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Example 6.6.2. Let Raig be the collection of real semialgebraic subsets of R™ (the Boolean algebra
generated by {P > 0}).

Definition 6.6.3. A structure S is o-minimal if S; = (]Ralg)l is the set of finite unions of intervals.

Example 6.6.4. The o-minimal structure Reyp is the structure generated by the graph of exp: R —
R.

Example 6.6.5. The structure Rg;, is not o-minimal.

Example 6.6.6. The structure R,y generated by graphs of restrictions of real analytic functions to
open balls B(R) is o-minimal.

Example 6.6.7. The structure Ranexp generated by Ran, Rexp is o-minimal.

Definition 6.6.8. An S-definable topological space M i a topological space M with a finite covering
{Vi} of M and homeomorphisms ¢;: V—1i — U; C R™ such that

1. All U; and all intersections U;; are S-definable.
2. The transition functions @i;: Uj; — Uj; are S-definable.

We can also define S-definable continuous maps, but it will not be helpful to write down this
definition.

Example 6.6.9. Consider C* C C and let e: C — C* be the covering map. Then we want to put an
R,1g-definable structure on C*. We can do it in more than one way:

1. Simply take C* C C = IR? and induce the structure from C*.

2. Define Fq = {z€C|a-ImzCRezC (1+¢)+almz}. Under the map e, this covers C*.
Taking thinner strips, we obtain an open covering of C*, and we obtain a different structure
for each a.

Example 6.6.10. Let X be a real variety. By covering X with affines, the induced IR;g-structures on
affines give us an RRyjg-structure on X.

Definition 6.6.11. Let X be a complex variety. Let X3¢f be the S-definable topological space with
underlying set X(C) and then use the previous example.

We will now discuss applications of o-minimality. The first is a counting theorem of Pila-
Wilkie. We will begin by recalling the elementary theory of heights that we should have learned
as undergrads (but didn’t).

Definition 6.6.12. For r € Q, define H(r) = max{|al, |b[} where r = { is reduced. Then for & € Q™,
write H(x) = max H( o).

Note that there are only finitely many points of Q™ with bounded height. Now let U C R™ be
a subset. Define N(U,t) = #{oc € UNQ™ | H(x) < t}. Then let

uals = U z

Zconnected semialgebraic
and U™ = U\ U

Example 6.6.13. Consider Z = eXy. Then U8 is given by y = z = 0.
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Theorem 6.6.14. Let U C IR™ be definable for some o-minimal structure. Then for any e > 0, N(U",t) =
O(t®).

This result shows that most Q-rational points are algebraic. The next application is the
Definable Chow theorem of Peterzil-Starchenko. Recall Chow’s theorem, which says that if X is a
proper complex variety and Y C X" is a closed complex analytic subvariety, then Y is an algebraic
subvariety.

Theorem 6.6.15 (Definable Chow). Fix an o-minimal structure and let X be any complex variety. Let Y
be a closed complex analytic subvariety whose underlying set is definable. Then Y is algebraic.
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