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Fan (Feb 09): D-modules, bare minimumz, part 1

For now, let X = Spec A be a smooth affine variety over C.

Definition 1.0.1. A differential operator of order < iis a C-linear D: A — A such that for any ¢ € A,
[D, ¢] is a differential operator of order < i — 1. In other words, for any ¢y, ..., dn € A, we have

[, ..., [b2, (1, [do, DIII] = 0.

We will call the set of differential operators of order < i D, We will see later that Ox = DY,
Ox®@Tx =D, and Gr'D = Symbx Tx. Some other facts are:

¢ D is generated by Ox, Tx under the rules
Prxdr=1d2  GxE=0E L1 xEH—Hx& =&, 8] Exd—pxE=E(P).

* Forany p € A, Ay ®a DIA) = Di(Aq)).

We will now prove these facts. First, Ox = DH(X) by ¢ — -¢ and D — D(1). On the other
hand, we note that Ox ® Tx — D! is givenby ¢ @& — (-¢p)+&(—) and D — D(1) @ [D, —].

Lemma 1.0.2. We have Dt - DI C D gnd [DY, DI] € DIHI-1,
Proposition 1.0.3. There is a canonical map Syme Tx — Dx.

On one hand, note that Tx ~ Gr!(D). Taking symmetric powers of this, we obtain a map
SymTx — GrD.
To define the inverse, note that we have a morphism in degree 0 already. Inductively, we
consider the map
Ox®DX -G 1Dy $®D ~ [D,dl.

This kills Ox ® D;("l, so it descends to Ox @ Gr™ Dx. Inductively, we use the adjunction to obtain
Gr"* Dy — Der((‘)x,Symg;1 Tx) =Homg, (QX,Symg;l Tx) = Symg;l Tx @ Tx — Sym™ Tx.

It is easy to check that this is an inverse.
We will now consider generation of D by O and T. We will endow O @ T with the Lie bracket

{d)l/ (132} = 0/ {E/ d)} = E(d))/ {El/ 52} = [alr E:Z]
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We will show that
Dx =UOx ©Tx)/ (1% P2 = d1d, b * & = PE) .

Clearly there is a map ¢ — ¢, & — &, whose source we call U. The commutation relations imply
that Gr U is commutative, so we have a surjection

SymOX Ty = GrU — GrDy.

Clearly, we see that Gr U — Dx is an isomorphism, so U — Dx is an isomorphism.
Finally, consider the map A4 ® D'(A) — D'(Ay) given by

i L _L i—1 i n)
S @D = Db~ o <¢n®[D,¢] .

Clearly this is well-defined, so it suffices to check that Ay ® Gr' D(A) — Gr' D(Ag) is an

isomorphism. But both sides are Ay ® Sym' Ta = Sym' T - and by exactness of localization we
are done.
Now that we have a sheaf Dy, we will define Dx-modules.

Definition 1.0.4. A left Dx-module is a quasicoherent sheaf with a left Dx-action.

Example 1.0.5. Clearly Dx and Ox are Dx-modules. On the other hand, if k, is the skyscraper
sheaf at x € X, then k, ® Dx is a right Dx-module.

Proposition 1.0.6. Let F,F' € Dx—Mod. Then
* F® 3" is a left Dx-module with the formula

Evev)=8veVv +ve &'

e Homg, (F,5") is a left Dx-module by
(&) (v) = &(f(v)) — F(E(V)).
The analogous statement is true for right modules.
* If G is a right Dx-module, then § @ F is a right module by

WRV)E=WERQV—WwR Ev.

* Homg, (5, 9) is a right module by

fE(v) = f(V)E+ F(&v).

Recall that Tx acts on Q¥ by the Lie derivative. Then det(Qx admits a right Dx-module
structure by w - £ = —Lie; w.

Definition 1.0.7. Define the right Dx-module Qp, by

-O-DX =detQx ® Dx.



Now if F is a left Dx-module, then we see that
Qp, @p, F=detQx ®p, F
is a right Dx-module. Now if § is a right Dx-module, then
HomD;p (Qpy,9) = Homg, (detQx, )
=G ® Ox(detQx)"
=g Dy H0m®(>><p (QDX/ Dx).
We will call this sheaf QSD .
X

Proposition 1.0.8. The functors det Qx ®o, — and Homg, (det Qx, —) give an equivalence of categories
between Dx—Mod and Mod—D.

Proof. We will prove an adjunction

' Hoch;(p(detO.x ® —,—) = Homp, (—, HomoX (detQx,—)).
This will be defined by

Vf(&v) = EVE(v) = E(w = flw @ V) = —flw@Vv)E+ f(Ew @ V).

Here, we note that f(&Ew ® v) — f(w ® &v) = f((w @ V)E), so we have the adjunction. We only need
to check that the unit and counit are isomorphisms now. Here, we have

det Qx ®o, Hom, (det Qx, F) = det Qx ® F @ (det Qx)~
= g’,

and the unit is similar. O



Fan (Feb 16): D-modules, bare minimumz, part 2

Our goal is the following underived theorem:

Theorem 2.0.1 (Kashiwara). Let 1: X — Y be a closed immersion. Then there exist functors
Ly : Dx—Mod — Dy—Modx, (T Dy—Modx — Dx—Mod

giving an equivalence of categories.

Definition 2.0.2. Let f: X — Y be a morphism. Then the D-module pullback f* is defined by
*F = Ox @10, ' F
with the Dx-action given by
E(d@v) =E(P)v+ o df (E)v.

2.1 Transfer modules
Definition 2.1.1. Define the transfer module Dx_,y = f*Dy.

Now that we have this definition, it is clear that f*F = Dx_.y -1, 17
Definition 2.1.2. Define the functor f: Dx—Mod — Dy—Mod by

i F= HOimD(g(QDY,f*(QDX Ry T @Dy Dx—sv))-
After symbol pushing, we obtain

f+3 = Homg, (det Qy, f.(det Qx) ®oy F @py Dx—v)
= Homy, (detQy, fi(detQx ®oy Dx—y @py F))
= f.Homg  (f* det Qy,det Ox ®o, Dx -y @y F)
=Ty ((detQX) R0y Dxoy @py F @0y f* det O_:()
= f.((det Qx ®oy Dx—v) @ny (F R0y " detQY))
= fi(det Qx ®p, Dx—y Doy fFdet QY @9, F).

This motivates the following definition:



Definition 2.1.3. Define the other transfer bimodule by
Dy x =detQx ®o, Dx—y ®o, f*det QY
= Qp, ®p, Dxoy @19, 1 (Dy Do, det Q).
Now we have 1 F = . (Dy._x ® DxF).

If 1: X — Y is a closed immersion, then 1. is right exact. We hope that an adjoint exists, and in
fact we will define a candidate.

Definition 2.1.4. Define the functor t*: Dy—Mod — Dx—Mod by
"F :=Hom 1q, (Dyex, ).

Example 2.1.5. Let {x;,0;} be a local étale coordinate system on X. Then write §(x,0) =
Y & P(x)0%. Now we define

EN(x,0) =) (1) %0%pa(x).

This is an anti-homomorphism of Dx. Defining a right action on Qp, ® F by v& = £Tv, this is
the left-right flip.

Example 2.1.6. Now let {y;, 0;} be a coordinate system on Y and suppose X is cut out by ym =
-+ =Yn = 0. Then we have

Dxoy = Ox @109, U 0y[01,...,dm] ®¢ ClOma1, ..., On]
= Dx ®c COm+1,---,0nl.

On the other hand, we have Dy, x = C[01,11,...,0m] ®¢ Dx.

2.2 Proof of Kashiwara

We will first prove an adjunction. In fact, we will prove the adjunction on the level of sheaf Homs.
But this reduces to

Homyp ((Dysx ®py F),9) = tHom, 19, (Dye x @py T, 01 G).

There is a natural morphism coming from § — 1,t~1G, so we only need to check locally that this
is an isomorphism. But now the left hand side becomes
Homﬂy(t*(C[anH, e, Ml ®cF),9) = HomQDY(L*(C[a] ®c F),Tx9)
= t.Hom 14, (C[A] ®¢ F, v 'TxS),
where I'x§ is the subsheaf with supports in X (note notation is different from Hartshorne).

We will now prove that the units and counits are isomorphisms. We can do this affine locally, so
we will choose an étale coordinate system {y;, 0;} on Y. We will assume that X = V(yn+1,...,Ym),
and in particular we can reduce to the case where X = V(ym ). We will simply write y == ym, for
simplicity. First, consider

n: ¥ — Hom 14 (Dyx, U (Dyex ®py F))
= Hom(1"'Dy)(C[A] ®c Dx, Cld] &¢ F).



This is determined by f(1® 1) such that yf(1® 1) = 0. Write f(1®1) = 3, 0% ® vi.. Because
[0,y] =1, we have [y, okl = —ko% 1 and [a,gk] = kykfl. Now we have

yY Fove=) y-a"ev+) oy
=> " ylov
=> k@

This is nonzero unless v =0 forall k > 0,s0 f(1® 1) =1 ® vy.
Now consider
er: L(Dyex ®py Hom 19 (Dyx, V" F)) = F.

Locally, the left hand side is simply 1.(C[d] ®¢ Homl_u)y(C[a] ®c Dx, 1 1F)). Consider the
operator yo: 3 — JF. Then define F¥ = ker(yd — k). We now have

yd-yv = (y[o,yl +y?d)v = (k+ 1)yv

and
yo - 0v =9dyov —[9,ylov = (k—1)dv,

so we see that y, 0 act like shift operators. Now define Jy = ker(y®) ¢ F. Then we will show
that 7, CF 1@ ... @ F K. To show this, we will use induction. If v € kery, then yov = —v, so
v € L. For the inductive step, we note that if v € JFy, then

WweF 1 CF 1@ pF (kD
Thus dyv € F 2@ --- @ F ¥, Then
0= dy*v =y*ov + ky* v = y*yov + kv),
soydv+kve F 1@ .- @~ (k=1 and thus
ywv+kv—dyveF la... o5
Because J is supported on X, we have F = J3°_; F. CF '@ -, and thus
F=Flg...=ClecF .

But now f € Homﬁlgy(C[a] @c Dx, L H(CP] ®@c F1)) is determined by f(1®1) and must be
killed by y, so Hom = 5~ 1.



Fan (Mar 02): D-modules, bare minimumz, part 3

Recall that we have an underived version of Kashiwara. We will prove that
Proposition 3.0.1. If a Dx-module is coherent over Ox, then it is locally free over Ox.
Also, we will prove

Proposition 3.0.2. Let X C Y be a smooth closed subvariety. Then there exists a functor \\ such that
T =Rt
L (I

Finally, we will prove

Theorem 3.0.3. There exists a functor i,: D®(Dx—Mod) — DP(Dy—Modx) such that 1,1, give an
equivalence of categories.

3.1 Proof of first proposition

Note that local freeness can be checked at stalks. Also, flatness can be checked at stalks. Over
local rings, flat is equivalent to free. Finally, for finite modules over a reduced Noetherian ring,
flatness is the same as the rank of M ® k(p) being locally constant. Then, any two closed points
on a smooth variety can be connected by (a chain of) smooth curves. Therefore, we can reduce to
the case when X is a smooth curve.

First, we will show that J is torsion-free. If I has torsion at x, then there exists § C F supported
at x, so by Kashiwara, there exists H{ € D—Mod such that

§=14+H
= Lx*(DX<—x Q¢ }C)
()« ([0]70),

which is not coherent. But now JF is not coherent. Now because X is smooth, Ox 4 is a DVR, and
in this case, being torsion free is the same as being free.

3.2 D-modules on singular varieties

Now suppose X is singular and affine. Choose X — Y = A™, and then define Dx—Mod to be
Dy—Modx, and this automatically satisfies Kashiwara. This is compatible with diagrams of the
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11

form
X — Yl

Lo

Y, — Z

We will not consider singular things, so we will not need this in the future.

3.3 Construction of functors
We will define the functors we want to study. First define ft: D®(Dy—Mod) — DP(Dx—Mod) by
1 = Lf*[dim X — dim Y],

where the shift apparently makes the Riemann-Hilbert correspondence more convenient.
On the other side, define f,: D?(Dx—Mod) — D (Dy—Mod) by

f, = Rf.(Dyx @, —).

Theorem 3.3.1 (Bernstein). Let X be separated and Noetherian. If R is a sheaf of Ox-algebras, quasicoher-
ent as an Ox-module. Let DEC(IR—Mod) be those with quasicoherent cohomology. Then

D®(QCoh(R)) — D§ . (R—Mod)
is induced by the inclusion of quasicoherent modules into all modules.

Example 3.3.2. If j: X — Y is an open embedding, then j* is exact and Dx_,y is precisely Dx, so
in fact j* =j~1. Also,
Dy x =Qp, ® Dxy ®@j DY
=Qp, @ Dx @ DY
=Dx,
and therefore j+ =j«(Dy.x ® —) =j«, and thus j, = Rj..

Example 3.3.3. Let t: X — Y be a closed embedding. Choose coordinates y;, 9; of Y such that X is
cut out by yn4+1 =+ = ym = 0. Then we know

m
Ox ~K*(Ix) = @ (loy L loy),
i=n+1

wnere 0 — K™ ™ — ... - KO — Ox — 0 is a resolution of 1" 1Oy-modules. Note that
k m
Kk = /\ ( @ L_loy dyi>
i=n+1
and that

k
d (- dyy, Ao Adyy) =) (1) yg d(dyy, ..., dGs, o, dygy).
j=1
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Applying — ® 11Dy, we obtain a resolution
K* @10, U "Dy = Dx_y
of locally free t ' Dy-modules. Therefore we have
JF=K® ® 10, 1T —ml.

On the other hand, Dy, x is locally free as a right Dx-modules, so t, = 4.

3.4 Proof of second proposition

First, we will show that Li*Gn —m] = RHomrlDy(Dw_x, (—1G). But it suffices to see that
Dx_yln—m] = RHom, 19, (Dyx, U 1Dy). Now it suffices to show that

RHomrlep (Dx—v, Lil@Y) =Dy, xn—ml].
Note that K™~ ™ = (! det Qy has rank 1, so there exists a canonical pairing K} @ K™ " —
K™~ such that
Homﬁloy(K]’, T 1Oy) = K™ ® 10, Hom 16, (K™, 1Oy).
Therefore
RHomle?(Dx—w/ C1Dy) = RHomFlD%p(Ox Q10 1Dy, I Dy)

= RHomﬁ]OY (Ox, L_lpy)

= Lil';Dy ®L*10y RHomF]oY(OX, Liloy)

=Dy @K h—ml® Hom, 1, ("l detQy, . TOy).
Comparing this to

detOx @K* @1 1Dy = Qp, @ Dxy @1 1 DY =K* @1 Dy @11 det QF,

we have the desired result.
Next, we will show that RHomrlDY(DW_X, "1—) = Rt in DP(Mod(Y)). Recall from the
proof of Kashiwara that

" =Hom, 19, (Dyex, U Tx(—)):

We will prove the derived version of this. Note that L*1FX is exact, so it sends injectives to
injectives. We now claim that the map

RHom, -1, (Dysx,t RMxS) — RHom, 1, (Dy.ex,1 ')
induced from RI'xG — G is an isomorphism. This is by an exact triangle

RIx (=) = (=) = Rjuj (=) 5.

It suffices to show that RHom, 1 DY('.DY<_X, (" 1Rj+j~1G) = 0. But this is because
C(Ox @8 IR TF) = 1,0x @ Rj.F
= Rj.(j'LOx & 7).

By vanishing of jflL*OX =0, we are done.
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3.5 Proof of Theorem

Finally, the proof of the derived version of Kashiwara follows from the underived version by an
inductive argument using truncation functors, which is not reproduced here.!

1Following the example of someone who decided to ditch us for Berkeley.



Fan (Mar 09): brief interlude: refresher on algebraic groups

We will call GL,, the general linear group, By, the upper triangular matrices, U,, the nilpotent
part, and T,, the maximal torus.

Example 4.0.1. Here are some examples of group schemes. First, we have G, = SpecCl[t,t~1],
whose functor of points is A — A*. Analogously, we have GL,, = SpecClt;;, det 1] which has
functor of points A — GL,(A).

Proposition 4.0.2 (Cartier). In characteristic 0, all algebraic groups are smooth.
Proposition 4.0.3. For algebraic groups, smooth is the same as geometrically reduced.

It should be clear what it means to be a sub-group scheme and a normal sub-group scheme.
In fact, if H C G is an algebraic subgroup, the inclusion H — G is a closed immersion.

Proposition 4.0.4. For algebraic groups, connected is the same as being irreducible.
For a homomorphism of algebraic groups G — H, we have a kernel. Then
1-A—=-B—=C—1

is exact if A maps isomorphically to the kernel of B — C and B — C is faithfully flat. In fact, any
G — H factors as G — image — H into a faithfully flat map followed by a closed immersion. As
one would expect, we can construct stabilizers of Y C X when G acts on X. As a special case of
this, we can construct normalizers and centralizers of subgroups.

Example 4.0.5. Some other classical examples of algebraic groups are given by

* SLn = SpecClty;l/(det—1);

1 1
. 502n+1=A'—>{9€3L2n+1(A)|9T< . In>9=( . In)}~

e SOy = A > {g € Slrn(A) | 9T<1n In)9: <1n In)}'

* Spon =A— {QGSLZn(AHQT(In _In>g: (—In Ih)}'

Of course tori are defined to be G},.
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Definition 4.0.6. Suppose G, H are smooth and connected with ¢: G — H. Then ¢ is an isogeny
if ker ¢ is a finite algebraic group. In general G and H are isogenous if they are connected by a
zigzag of isogenies.

Theorem 4.0.7. An algebraic group G is affine if and only if G is a closed subscheme of GLy,.
We will define GLy to be the functor A — Auta (V ® A), and a representation is a morphism
p: G — GLy.

Definition 4.0.8. Let H C G be a subgroup. Then f: G — X is H-invariant if G x H 65 Xis

the same as G x H 25 G 5 X. Then f: G — X is a quotient of G by H if f is faithfully flat, f is
H-invariant, and if
GxH—=GxxG (g,h) — (g,gh)

is an isomorphism.

All quotients G/H exist and are quasiprojective varieties. If H is a normal subgroup of G, then
G/H is also an algebraic groups. If G, H are affine and H is a normal subgroup, then G/H is also
affine. Note tha this fails for H not normal, because G/B is always projective.

Definition 4.0.9. A filtration or a subnormal series is a sequence
G=G G b-->Gn=1

A composition series is a filtration where dim Gy > dim G; > --- For composition series, the
quotients are unique up to reordering and isogeny.

Definition 4.0.10. Define DG = [G, G]. Then the derived series of Gis G 2 DG 2 D2G D ---.

Definition 4.0.11. A subgroup G is solvable if D™ G = 1. Equivalently, there exists a filtration with
abelian quotients.

Definition 4.0.12. A group G is unipotent if every representaiton has a fixed vector. Equivalently,
G is isomorphic to a subgroup of Us,.

Definition 4.0.13. Let G be a smooth connected linear algebraic group. Then the radical Rad G is
the maximal smooth connected solvable normal subgroup. In addition, the unipotent radical is the
smallest unipotent normal subgroup. G is semisimple if Rad G =1 and G is reductive if Rad,, G = 1.

Theorem 4.0.14 (Jordan decomposition). For g € G(k), there exists a unique g = gssgu = guJss
such that

1. If G = GLy, then gss is semisimple (diagonalizable after field extension) and (g —1)™ = 0 for
some M.

2. This decomposition is functorial under G — H.

Definition 4.0.15. A group G is diagonalizable if G is isomorphic to a subgroup of T,,. Equivalently,
0 (G) is spanned by a such that A(a) = a ® a (grouplike elements).

Proposition 4.0.16. There exists an equivalence of categories between the opposite category of finitely-
generated Z-modules and diagonalizable algebraic groups given by M — D(M) = (A — Hom(M, A*))
and G — x*(G) = Hom(G, G ).

Definition 4.0.17. A group G is of multiplicative type if Gz = D(M )y for some finitely generated
abelian group M.



16

Having defined the characters x*(G), we can define the cocharacters
X+(G) = Hom(Gm, G) = Hom(x"(G), Z).

Definition 4.0.18. Let f: Gy, — X If there is an extension f: Al — X, then we can define
lim¢_,o f(t) = f(0). For A: Gy = G, we have an action of G, on G by conjugation. Then we can
define

P(A) ={g € G |limtg exists}, UA) ={g € G|limtg =1}, Z(A) ={gec G|tg=g}
These are all subgroups of G.

Note that an action of §,,, on G induces a decomposition
LieG=---®g 1Pg0Pg1 D -

Then U(A) corresponds to positive weights, P(A) corresponds to nonnegative weights, and Z(A)
corresponds to the weight 0 subspace.

Proposition 4.0.19. In characteristic 0, unipotent algebraic groups are the same as finite-dimensional
nilpotent Lie algebras.

Definition 4.0.20. A group G is trigonalizable if G is isomorphic to a subgroup of By. Equivalently,
every irreducible representation is finite-dimensional. Also, this is the same as G being an
extension of a diagonalizable group by a unipotent group.

Theorem 4.0.21 (Lie-Kolchin). (Split) solvable implies trigonalizable. In fact, for smooth connected
groups over an algebraically closed fields, the two conditions are equivalent.

Definition 4.0.22. A Borel subgroup of a group G is a maximal smooth connected solvable subgroup.

Borels are minimal parabolic subgroups. We then have G D B = NgB D CgT O T. We also
have N =NgTand BN N = T. We define NgT/T to be the Weyl group. Also, all pairs (B, T) of a
Borel and a maximal torus are conjugate to each other. For G reductive, we have

GODBODC=T>ZG >RadG > Rad,, G=1.

The quotient G/ZG is semisimple. For example, GL,, /Gy, = PGLy, which is isogenous to SLy,.



Fan (Mar 23): localization: d-modules and representationZ

We will warn that the things that we say may be slightly wrong because every source uses a
different convention. Here, localization will take the form

D—Mod/ ~= Ug—Mod, ~,

where the D-modules live on G/B and everything is twisted in some way. The three ways to get
the D are by:

1. Using line bundles to twist Dx;

2. Doing something like (Dg/ (A — E(AN))EB;

3. Taking some quotient of Ug as a Lie algebroid.
All of these strategies are the same.

Definition 5.0.1. A sheaf F on X is G-equivariant if, considering act, mp: G x X — X, we equip F
with an isomorphism

Qg: act" F - M F
such that
L oglixx =id;
2. We have the commutative diagram

. idX -
(id x act)* act* F _%7, (id x act)*m; F oxeg T

J o

(mult xid)* act* F —— (mult xid)* 3 F —— T3 F

on G x G xX.

17
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5.1 Universal enveloping algebras

Recall that a central character 9: Zg — C is the same as a W-orbit (by the dot action) on h* by
Harish-Chandra. Then we define

Ugs = Ug/ kerd = Ug/ (z—d(z)) .

Now let G(™) = Spec O(G)/m]*"! be the n-th infinitesimal neighborhood of the identity. Then
for an open set U C X, we obtain a sequence of morphisms

MU, F) 25 (6™ x X, ) 2516, 04m) @ T(U, F).
This is the same as the data of a map
(0(G)/m}1)* — Endc F(U).

Therefore, we have a morphism ag: Ug — Endc F(U). This satisfies forall £ € g, € Ox,ve F
the identity

ag(&)(dv) = pag(&)v+ap, (E)(d),

and in particular ap, : g — Tx(U).
Definition 5.1.1. A Lie algebroid g is a sheaf isomorphic to Ox ®c g extending g such that
[E, bl = bIEL, E2] + ap, (&1) (D) &,

The corresponding construction for the universal enveloping algebra is Ug = Ox ®¢ Ug with a
product extending that of Ug such that

Eb— P& = ap, (E).

Now ag extends to as: Ug — Endy, F. We can also write Zg = Ox ®c Zg. Here, we have
b =ker(dp,: § — Tx) = {E €F1E(x) €b(x) forallx € X = G/B}.

Then for X = G/B, points of G/B are the same as choices of a Borel subgroup B C G. We can

similarly define n = [b, b]. For all A € h*, we have
X:E—»E/EZH:OX(@C{j A)Ox.

In particular, we have a p.
Now we may define

@) = (E- (M) Ug.
This is in fact a two-sided ideal, and so we define
D% = 44g/7*(9)-

In this perspective, we have a natural projection Ug — D% and a natural sequence Ug <
r(X,0x) ® Ug — T(X, DY).
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5.2 Line bundles

Let V be a module over B. Then define £(V) on X = G/B by

MU, L(V) = {d € 011y ® VI d(gb) = b (g) |-

Then we have a projection n: G xg V — G/B. When V is actually a representation of G, then
L(V) = Ox ®c V. Then for a character A, we can define

LN = L(C_y).

Definition 5.2.1. An L-twisted differential operator of order < nis D: L — £ such that for any
i € Ox, we have [dn, ..., [dg, D]] = 0. The sheaf of such twisted operators is called Dx .

Proposition 5.2.2. For any A, we have D} = Dx pa-o-

Theorem 5.2.3 (Beilinson-Bernstein localization). There are equivalences of categories

DY Oug—
— 3
Ugy_, ,—Mod D% —Mod

F(X,—)

whenever A is regular and dominant.

5.3 Taking B-invariants

Definition 5.3.1. A weakly B-equivariant D-module is a D-module that is B-equivariant as a
quasicoherent sheaf such that the morphism

DgOgF - F
is B-equivariant.

Consider the map ap: b — End(O(—)) C Dx, which acts on F. Then we define agf =ay—ag.

This is in fact a Lie algebra homomorphism to End(J).
Definition 5.3.2. A D-module is strongly B-equivariant if agr =0.

We now define the sheaf @é’b =Dg/Dg (£, —A(&)), which is weakly B-equivariant and has
a? = —A. We will denote the category of weakly B-equivariant D-modules with a? = —A by
Dg —ModB2. To relate all of the notions we have defined so far, we have

A AByop _ (mAB\B
Dy = EndDGiModB,A(DG )P = (DZ")".
In this situation, localization becomes

Theorem 5.3.3. We have an equivalence of categories

Ugs, ,,—Mod = D —Mod.



Fan (Mar 30): proof of localization: d-modules and
representationz, part 1

6.1 An example with SI,

Let V be a module over B and consider 71: G — G/B = X. We will see that
M, £(v) ={o € 0,1y VI d(gb) =b 'd(g)}.
Here, £(A) is the map B — C* with weight A. We will consider the case when G = SL, and thus

G/B =Pl
If we set A = np, then we see that

M(D(x), L)) = {¢ | dla, ap +ba", co, cp+do!) = (e, be,d)}.
But this implies that ¢ € x™"C[y, x], and a similar result is true for D(y). Therefore,
L(np) = Op1(—).

Doing more computations, we note that the action of 9, acts on D(xy), and in fact we obtain
9, = —W?d,, +nw. We also have an action of G on Dx,c(A)- On the chart D(x), we have

x ? 1 —cx+ay
- P
9 (y ?)H(dx—bw (dx—by )

and we have ¢ = X%P(z) on D(x) and y%Q(w) on D(y). For the element e € sl;, we note that

exp(te) - ¢ = hzd(z) + 20, d(2)

d
dtfi_o

on D(x) and —9,,&(w) on D(y). Therefore we have

220, +nz D(x) —0, D(x) 220, +n D(x)
— f— ) h
—0w D(y) w0 +nw D(y) —2wd,, — . D(y).

Now we know that £L(—mp) = O(—n) € fD]ljl“ ? —Mod. Taking global sections, consider the basis

vt = (—=1)'wl. Then we see that evl = vt~ fvt = (n —i)vit! hvt = (n —2i)vi, and this is the
representation Ly, .

20
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6.2 Main results
There are a few key results:
Theorem 6.2.1. We have the identity
Ug/9x = T(X, DX2°).

Theorem 6.2.2.

1. If A is p-antidominant, then

I': DX°—Mod — Ug/9x—Mod
is exact.

2. If N is p-regular, then T is faithful.

Theorem 6.2.3. For the action of G on X, then
$*9/S%g- (S°9) S ~ T(X, S, Tx).

The logical equivalences are that the first two theorems imply localization and that the third
implies the first. Also, Kostant implies the third theorem.
6.3 Proof of localization

Let A be a quasicoherent sheaf of algebras on X and A =T'(X, A). Then A ®a — and I'(X, —) give
an equivalence between A-modules and A-modules. It is clear that np, is an isomorphism to all
free M because I'(X, A ® o A) = A. But then for any M, if we consider a presentation

P1—>P0—>M—>O

and note that np, are isomorphisms and the sequence stays exact after applying I'A ®a —), we
see that np/ is an isomorphism.

To prove that the counit is an isomorphism, note that I' is conservative, so it suffices to show
that I'(e) is an isomorphism. But here we have

id: T(F) 2 r(A @A TF) ~E7 g,

so eg is an isomorphism.

6.4 The technical results

Next, note that if M is a Ug/d-module for 9 # 3, then Loc* 2P M = D;}Hp ® M = 0 because

£ (z—9(2)

®v=0.

Proposition 6.4.1. The map px2,: Ug — F(X,@;}Hp)factors through Ug/9x.
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Proof. Let J) = (z—9\(2) | z € Zg) C Ug. It suffices to show that
Irn — Ug — DY 2P
is the zero map. For x € X, note that
Cx @ DLF2P =Ug/ (£~ (A +20x)E | & € by)
= Cr+2p, o, Ug.

The action of Zg on this is actually ;.
By the discussion from last semester, in the diagram

Zg PHC S.b

\lbj‘c J{)\»—M—p
S*h,

XA = AMWnc(z)) is independent of the choice of Borel. Also, x) = 9)_, because Zg acts on
Ug ® Cy by 9, on Ug ®p, CA by XA+, , and therefore, taking the transpose, Ug acts on C ®p, Ug,
and Zg acts by xa_p, = 9r—2p, - O

Lemma 6.4.2. The inclusion Zg — Ug induces an isomorphism Gr Zg = (S®g)©.

Third theorem implies first theorem. Note that Ug inherits the filtration from Ug and consider the

map pa: Ug/O — (X, D;}Hp). It suffices to show that the graded version of this is an isomor-
phism. Here we have a sequence of maps

$%9/(S°9)S" = GrlUg/dx420 — GrT(X, DX %) = T(X,GrDX) = (X, $%, Tx),

whose total composition is an isomorphism. Here, the second map is Grp,, the third map comes
from something like
i—1qA+2p imA+2p i A+2p
FDy ™" = DY — Grt Dy

and using left exactness of T'. Finally, S®g — GrUg — GrUg/9, factors through (Gr Zg)™. O



Fan (Apr 06): proof of localization: d-modules and
representationz, part 2

7.1 Comments on equivariant things
Let B act on Y. Recall the definitions of weakly B-equivariant and strongly B-equivariant D-
modules.

Proposition 7.1.1. Suppose @:Y — X is a principal B-bundle. Then there is an equivalence between
Dy-modules and strongly B-equivariant D)Y-modules given by F — @*F and G +— GB.

Proposition 7.1.2. We have an equivalence D%x—Mod = @y—ModB'an:_}‘.

Proof. In general, if F is a quasicoherent sheaf on X, @*J is B-equivariant because the diagram

BxY 2.y

e

Yy —© 4 X

commutes. We also need to check compatibility with the Dy-action, which means that

act*(Dy @ @*F) —— 13 (Dy ® @*F)

l |

act(@*J) ——— m(@*F)

commutes. Here, we are assuming that Y is locally X x B in the Zariski topology (this is true in the
cases we are interested in), so @*F = F X Op. Now J locally has trivial B-equivariant structure
and Ogp is strongly B-equivariant by definition, so @*¥ is also strongly equivariant.

Next, it is clear that

Hom'DX (3"1/ 3"2) = HomQXXB?ﬂZOB,g‘ngB
= Hom@X(fﬂ,ffz) ®HomDXXB—M0dB(OB’OB)'

This implies that our assignment is fully faithful. Now for a strongly equivariant Dy-module G,
we can write § = FX Op for some F on X. Finally, we check that

] _ _ _ _ 0 _
UrRo, = GFROE — A0y = ag +apy — a9y — Aoy = agF —ag, = ag =0. O

23
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7.2 Proof of Theorem 6.2.2

First we will prove exactness. It suffices to show that
DX P —Mod — Ug/dr—Mod — Vect

is exact. However, we identify the first term with ‘D(;—ModB'ah:’“‘+2"), and then global sections
take us to g—Mod. This lands inside a non-finitely generated version of category O, and then we
take M — (M")~(A+20) o get a vector space. But now

(M™)~A20) = Homy (C_ (51 20), M) = Homg(M_ (420}, M).

This is exact exactly when M_ (5,2, is a projective Verma module, which follows from our
assumptions on A.

Definition 7.2.1. A sheaf of twisted differential operators is a sheaf of Ox-algebras with a filtration
such that

1. Ox — D induces Ox = DS0;
2. The natural map Sg, DS!/DS? — Gr D is an isomorphism;
3. The map DSL/DSO 5 Ty given by & — (¢ — & — $E) is an isomorphism.
Note here that D§‘< = Ug/ <E — ?\(E)> is a sheaf of twisted differential operators. This is because
the image of " in UFS!/UFSC is b, so we get an exact sequence
0—b—g— Tx —0.

Next, the image of I in UgSt/UgStT s b- Sioxﬁ, so we have
Gr' DY = S'g/bSg = S'§/b = S*Tx.

The next fact is that for any A € A, Dg} = Dx ¢ (a)- To see this note that £(A) is G-equivariant,
so the map

Pcay:Ug — Dx c(n

factors through J* because b acts on £(A) by e? for any x € X.
Finally, we will accept as fact that G = | |, c\,» BWB, that X =| |,,c\w BWB/B, and if BwB/B =

Xw, then
Xw= | | Xu.

usw

Let t,v: Xy — X. Here, we have
H* (07, T(X, e F)) = Hijg (Xow, LWL,

Now we are ready to prove faithfulness. Let F € @;\(HP—Mod. We want to show that
F(X,F) # 0. Let Zy. = Xic = Ug(w) <k Xw, where Xy = | |y(y) =i Xw. Now if € is the maximum
length in the Weyl group, consider

Z1=0CZyC---CZy=X,



consider the filtration
FZO?C - C rzsz.

Now if ji: X\ Zx — X is the inclusion, we have an exact triangle

RTZ, —id — jiRjt +5,

which gives us an exact sequence
0=T2.F =T =i F =0,
and in particular, we obtain
0 T2,F =Tz, F = jkiilz,,,F=Cr* 1 F 0.
The upshot is that we have a filtration of I'(X, ) such that
Gr*I(X, ) = T(X,jr1,4% 172, F)
= P TX twatiyF).

L(w)=k
Now we have a spectral sequence
EP9 =HP T (nf, Gr" P T(X,F)) = GrP HP "9 (n], T(X, F)).

But now the E; page is actually

D WU T = D X
L(w)=Ll—p {(w)=t—p



Fan (Apr 13): some more on D-modules and identifying
some highest-weight modules in the setup

We will discuss important notions like coherence, holonomicity, duality, and then identify the
Dx-modules corresponding to important modules in representation theory under localization.

8.1 Coherence and holonomicity
Definition 8.1.1. A filtration for I € Dx—Mod is compatible with D if
Siggj i+
DYIFS) C FSH,
Definition 8.1.2. A good filtration of F satisfies one of the following conditions:

e GrJ is coherentasa O Qx-module;

e F<tis a coherent Ox-module for all i and D)g(l CFSt=gsi+l forall sufficiently large i.

Definition 8.1.3. Define the singular support Supp® F := Supp Gr F C Qx, where we take any good
filtration on J. This is in fact independent of the good filtration.

Proposition 8.1.4. A Dx-module is Dx-coherent if and only if it has a good filtration.
Theorem 8.1.5 (Bernstein’s inequality). Let F be a nonzero coherent Dx-module. Then
dim Supp® F > dim X.

Proposition 8.1.6. Let i: X < Y be a closed embedding. For every I € Coh(Dx), i+F € Coh(Dy). In
addition,
dim Supp® F — dim X = dim Supp® i, F —dim Y.

Ifj: X = Y is an open embedding and G € Coh(Dv), j*G € Coh(Dx). In addition,
dim Supp® § = dim Supp® j*S.
Another fact is that if § C F, in fact Supp® F = Supp® § U Supp® F/G.
Definition 8.1.7. J is holonomic if the inequality in Bernstein’s inequality is in fact an equality, that
i dim Supp® F = dim X.

26
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Define Dy (Dx—Mod) and Do (Dx—Mod) to be the categories with holonomic and coherent
cohomology, respectively.

Theorem 8.1.8. Let f: X — Y. Then f',f, preserve Dy

Now consider the duality functor Dx: Do (Dx—Mod)P — D op (Dx—Mod) given by
F — RHomy, (F, DY) [dim X].
Fortunately, we can compute this by taking a projective resolution, so
D%F = Homyp, (Homy, (P°, DY), DY)Idim X] = 7.

Theorem 8.1.9. If F is holonomic, then Dx is concentrated in degree 0, and so Dy is a duality functor on
holonomic Dx-modules.

This allows us to construct a six functors formalism for D-modules. Define the pushforward
with compact support

fi = DyfiDx: Dpot(Dx—Mod) — D1 (Dy—Mod)

and the pullback
f* = ]Dxf!]Dy: Dhol(Dy—MOd) — Dhol(Dx—MOd).
Theorem 8.1.10. This, combined with the existing f,, ! form a six functors formalism. In addition, the

natural map f; — f, is an isomorphism if f is proper and f' = £*[2(dim X — dim Y)] if f is smooth.

8.2 Representation theory

For any subgroup K C G, define a (g, K)-module to be a module where the action of ¢ comes from
differentiating an action of K. Then we obtain

0% = (g,B)—Mod/9) = CohB (D} 2P).

Sticking to 9y, define My, = M,y(_2p) and Ly, == L,;,5(_3,)- Then denote their images under
localization by M, L.
Now consider the inclusion ty, : Xy, < X. Define
Nw = twO0x,, = Lw*(DX<—XW ®DXW OXW)-
Lemma 8.2.1.
1 Xr(x,Nw) = XMys
2. There is no nontrivial submodule of Ny, supported on Xy, \ Xy

Proof. Define

ny = @ g %, n = @ g%

ocE(D+ﬁw(CI)+) tx€¢>+ﬂfw((1)+)

These give algebraic groups N, Ny. For w € W = Ng(H)/H, choose a lift w € Ng(H) of w and
define
@: Ny xNy — G/B (ng,ny) — ninoawB.
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Note that @(id, Np) = X, = BWB/B. We now have a diagram

NixNy —25 Imep —— X

J ] >

idx Ny —2 X,,.
Then we compute
F(X, Nw) =T(X, tws (Dxex,, ®Dy,, Ox,,))
=T(Xw, Dx+x,, @Dy, Ox,)
=T (N2, DNyxNy N, @Dy, ON,)-

We then have

_ Q
DNyxNyeN, = DN,y ®DN2 DNy—NixN, ®f—]DN1XN2 DN1><N2

:detQN2®ONZ’DN2—>N1XN2 ®f* 5 fil detQT\hXNz

1ON; xN

= D, ©c (det Oy g ®0y, 14 €©) B¢ (DNyjid Doy 10 ©)
because

DNy—NyxN, = ON, BF10x, xn, DN XN,

= Dn,,

SO we obtain

(X, Nyw) = DNyid ® det-O-T\ll,id ®@T'(Ng, On,)

=Un; ® detny @ Snj.

If we let H act on Ni x Ny by h(ny,np) = (hn;h—1, hnyh—1), this becomes an isomorphism of
H-representations, and so we can compute the characters. First, we have
1

Ha€®+ﬁw®+(1 - ei(x) .

XUnl =

Next, we obtain
1

L (1—ew),
HOCG(D+0—W(D+

XSn; =

The action of h on detn; has weight
> () =—wp—p,
xe® Nwd
SO Xdetn, = € WP P = e"°(=20) 1In total, the character is
ewo(—2p)

= X .
aco, 1—e ) "M

We now prove the second part of the lemma. Let j: Im ¢ — X and tZ =: X\ Im ¢ — X. We
have an exact triangle

RNy — Ny = §uj Now
and because j.j*Ny,, = N,,, we see that I'zN,,, = 0. O]
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Proposition 8.2.2. We have
N(X,Ny) = M.

Proof. Induct on {(w). First, for [M] = [Mi\,], if Hom(L,,,,M) = 0 for all ¢(w’) < £(w), then
M = Ml,. To see this, consider the map M,, — M. If this is not surjective, then there
exists a morphism MT — L,/ and thus L, is a Jordan-Holder factor of M. But then L, is a
Jordan-Holder factor of M, so {(w’) < {(w). this gives a nonzero map L., — M.

By the inductive hypothesis, L., C Md—v,, so £,,» C N, for all £(w’) < {(w). Because L., is
supported on X/, which does not intersect X,,, by adjunction we see that Hom(F, 1,+0x,,) =0
for all F supported inside X,,,. Applying global sections, we see that Hom(L,,,,, M) = 0. O

One can also show that £, is the image under 1, — 1, of Ox,,. This is very difficult and uses
the Riemann-Hilbert correspondence. Also, DxN,, = M,,.



Kevin (Apr 20): the Riemann-Hilbert correspondence

Note: these are the speaker’s notes. Minor modifications were made to adapt to my typographical style choices.
Some references include Hotta-Takeuchi-Tanisaki (D-Modules, Perverse Sheaves, and Representation
Theory, Part I), Dimca (Sheaves in Topology, Chapters 4-5), and Borel (Algebraic D-modules).

9.1 Review of constructible sheaves

Since Caleb’s talk last Friday covered this material and (presumably) most of you were there, I'll
briefly review constructible sheaves and the six functor formalism.
Let X be a complex variety. A stratification of X is a locally finite partition X = | J; Xj, where

each Xj is a smooth connected locally closed subvariety such that each X; is a union of strata. A
C-sheaf F on X is constructible (with respect to this stratification) if J x; is a local system with

finite-dimensional fibers for each j. A complex F* € D?(X) == D®(X,C) is constructible (with
respect to this stratification) if each cohomology sheaf H(F®) is. We use DZ(X) to denote the full
subcategory of D (X) consisting of constructible complexes.

Why consider constructible sheaves? Local systems are all over the place, but they aren’t
well-behaved under the usual sheaf operations. Constructible sheaves are. Here are the six
operations we can perform (let’s say we have a map f : X — Y). All the operations are derived, so
we will omit the R and L for the most part.

o :D2(X) = DE(Y)

e f,:DE(Y) = DE(X)

* f;:D2(X) = DE(Y)

o f:D2(Y) = D2(X)

¢ ®5:DR(X) x D(X) = DE(X)

* RHom : DZ(X)°P x D(X) — D2(X)

We have adjunctions (f*,f,), (f;, ), (— @- F*, RHom(7F*, —)). Moreover, there is a Verdier

duality functor D = RHom(—, wx) : D2 (X)°P = DY (X) such that ID? = id. Here, wx is the
dualizing sheaf, which is Cx[2d] (d is the dimension of X) when X is smooth. ID intertwines the
functors: f, = Df,D, f = Df*D.
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9.2 The Riemann-Hilbert correspondence for integrable connections

For the remainder of this talk, all varieties will be smooth, since we want to talk about D-modules.
Let X be a smooth variety. The Riemann-Hilbert correspondence (for varieties) is an equivalence

Drbh(Dx) = DE (X) (here, rh stands for regular holonomic; I will define this shortly). To motivate
the general correspondence, we will first discuss the simplest case: integrable connections. Let
(€, V) be an integrable connection, i.e. a vector bundle with a flat connection. We can get a local
system whose sections are horizontal sections of E, i.e. sections s for which Vs = 0. This produces
an exact functor from the category of integrable connections on X to the category of local systems
on X: Conn(X) — Loc(X).

Is this functor an equivalence? If we consider the analytic analogue (we consider flat holo-
morphic connections on the complex manifold X?"), the answer is yes: Conn(X*") — Loc(X) is
an equivalence. When X is proper, the answer is yes by GAGA. However, in general, in the
algebraic case, this functor is not necessarily an equivalence, as the map Conn(X) — Conn(X*") is
not necessarily an equivalence. We would like to apply GAGA; to do this, we must restrict to the
subcategory of regular integrable connections on X, which are connections that behave well near the
boundary of a compactification X.

We first define regularity for connections on a curve. A smooth curve C can be compactified to
a smooth proper curve C by adding a finite number of points. Let p € C — C, and let (E, V) be an
integrable connection on C. Letting j : C = C be the inclusion, we get a meromorphic connection
j+E on C with possible poles at C — C. Let p € C —C, let K¢, denote the fraction field of O¢ ,
and let x € O, be a local parameter at p. Taking the stalk of j.E at p, we get a K¢ -vector space

M with a connection V: M — Q%p ®Ofp M. We say that (E, V) is reqular at p if either of the
following equivalent conditions holds:

* (Algebraic) There exists a finitely generated O¢ ,-submodule L C M such that M = K¢ L
and xVL C Qlép ®Oép L.

* (Analytic) All locally defined horizontal sections of E (local in the analytic topology) grow at
most as fast as [x| ™ for some N as x — 0.

We say that (E, V) is reqular if the meromorphic connection j.E is regular at all p € C — C.

One way to make sense of the algebraic condition is to pick an O, basis y1,...,yr of L and
work analytically. In terms of this basis, the set of conditions for horizontal sections of E near p is
a set of r ODEs

where the Aj; are some meromorphic functions defined near r (these form the connection matrix).
The condition xVL C Qlép means that xAj; is holomorphic for all 1,j. This translates to the

AxN+1
condition about moderate growth. For instance, the ODE % = AxNy has solution ce N+1
for N # —1 and cx”? for N = —1. When N > —1, the solution is a meromorphic function with

N+

moderate growth. When N < —1, e N+T has an essential singularity at p and, in particular, doesn’t
have moderate growth.
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Now consider a smooth variety X of any dimension. By resolution of singularities, we can
find a smooth compactification X such that Y := X — X is a divisor. We say that an integrable
connection (E, V) on X is regular if for every map from a smooth curve ic : C — X, the induced
integrable connection i -E is regular. It can be shown that this notion is independent of choice
of X. For the complex manifold X", we can similarly define regular integrable connections as
certain meromorphic connections on X" with respect to Y?", except that we consider maps from
the unit disci: B — X" such that i~ (Y2") = {0}. Unlike the algebraic case, analytic connections
on X2 don’t have unique meromorphic extensions to X", so it doesn’t make sense to say that a
particular integrable connection on X*" is regular.

Here’s a big theorem of Deligne, known as Deligne’s Riemann-Hilbert correspondence.

Theorem 9.2.1 (Deligne). The restriction defines an equivalence of categories
Conn™8(X™, Y*™) = Conn(X2™).

Corollary 9.2.2. The functor
Conn™8(X) — Loc(X)

is an equivalence.

Sketch of proof. After picking a compactification X with divisor boundary Y, we can factor this
functor as

Conn™8(X) — Conn™8(X,Y) — Conn™8(X™", Ya) — Conn(X®) — Loc(X).

The functor Conn™8(X) — Conn™8(X,Y) is an equivalence because algebraic connections on X
extend to unique meromorphic connections on X with respect to Y. The functor Conn™8(X,Y) —
Conn™8(X™,Y2") is an equivalence by a GAGA argument; here, we need regularity because
GAGA only applies to coherent sheaves on X. The functor Con nreg(ian,Ya“) — Conn(X?") is an
equivalence by the preceding theorem. We’ve already noted that the functor Conn(X®") — Loc(X)

is an equivalence.
O

Deligne’s Riemann-Hilbert correspondence provides an algebraic description of the category
Loc(X). The Riemann-Hilbert correspondence of Mebkhout and Kashiwara does the same thing
for D2 (X).

9.3 The Riemann-Hilbert correspondence for regular holonomic D-modules

Recall that a coherent D-module M is holonomic if its characteristic variety Ch(M) = supp grf M C
T*X has dimension d, where F is a good filtration. We can define the characteristic cycle CC(M) of
a holonomic D-module as the formal sum ) , multz (M)Z over the irreducible components Z of
Ch(M). Since Ch(M) is conic Lagrangian, any irreducible component Z C Ch(M) must be of the
form Ty X, where V is a smooth locally closed subvariety of X.

For a short exact sequence of holonomic D-modules

0O->M—->N-—=L—O0,

CC(N) = CC(M) + CC(L). Moreover, CC(M) = 0 iff M = 0. Thus, holonomic D-modules
have finite length. The simple holonomic D-modules are the minimal extensions L(V,E) =

Im ( i jE— f).! E), where V is a smooth locally closed subvariety such that j : V — X is affine and
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E is a simple integrable connection on V. This means that we can think of holonomic D-modules
as D-modules built from integrable connections, in the same way that constructible sheaves are
built from local systems. CC(L(V, E)) = rk(E)[Ty X], so CC(M) tells us where the composition
factors of M are supported.

We say that a holonomic D-module M is regular holonomic if for all its composition factors are
of the form L(V, E) for E a regular integrable connection on V. We let DE(@X) (resp. Dﬁ’h(Qx))
denote the full subcategory of DP(Dx) consisting of complexes with holonomic (resp. regular
holonomic) cohomology sheaves. To get a constructible complex from a holonomic complex M?®,
we apply the de Rham functor DR(IM®) == Q.. ®]®X M@ Concretely,

DR(M?®) == Tot[0 — M™® — Qkan ®0yan M¥™® = -+ = Qffan @00 M™® — 0],

where Q;i@m ®Oyan M is in degree 0. Here, if we pick local coordinates x4, ...,xq, the map
Olan ®0 30 M3 = QL ®0 .0 M3 sends a @ m — da® m+ (—1)! Y dz Aa®dym.

Theorem 9.3.1 (Kashiwara’s constructibility theorem). For M*® € Dﬁ(ZDX), DR(M®) € D2 (X).

Theorem 9.3.2 (Riemann-Hilbert correspondence). The functor DR : Dl”h(Dx) — DE(X) is an
equivalence respecting the six functor formalism on each category. The natural t-structure on DY (Dx)
corresponds to the perverse t-structure on DY (X).

We can also do this with the solution functor Sol: D} (X) = DE(X)°P defined by Sol(M®) ==
R@Dxan (M®3, Oxan)[d]. The de Rham and solution functors are related by DR(DM?®) ~
Sol(M*).

When (M, V) is an integrable connection on X, DR(M?®) is the de Rham complex of M with
differential V. By the holomorphic Poincaré lemma, DR(M) is quasi-isomorphic to the local
system of horizontal sections of M in degree —d (and Sol(M) is the dual local system in degree
—d). This matches our expectation from the Riemann-Hilbert correspondence for integrable
connections.



10

Kevin (Apr 27): the Kazhdan-Lusztig conjectures

Note: These are the speaker’s notes. Minor modifications were made to adapt to my typographical
conventions. Some references include Yi Sun’s notes “Perverse sheaves and the Kazhdan-Lusztig
conjectures” and de Cataldo-Migliorini’s notes “The Decomposition Theorem, perverse sheaves
and the topology of algebraic maps.”

10.1 The Kazhdan-Lusztig conjecture

I gave this talk last semester, but I forgot everything, so here it is again, possibly with different
conventions. The Hecke algebra of a Weyl group W is the Z[q'/?, q~!/?]-algebra H(W) with
Z[q'/?,q~1/?]-basis T,y for w € W and multiplication given by T; = 1 and relations

T Tsw if £(sw) > L(w)
YT (=D T + qTew  if £(sw) < £(w).

H(W) carries an involution (—) given by q1/2 = g Y?and T, = T‘;ll. There is a special basis
Cl, (w € W) of H(W) satisfying the given properties:

« T =0l

o Chy=q t™M2y Puw(q)Ty with Py, € Z[q] of degree < 3 (¢(w) —(v) —1) forv < w
and Py = 1.

The Kazhdan-Lusztig polynomials Py, ,, describe the change of basis matrix from T,, to Cj,,.

The Kazhdan-Lusztig conjecture states that these polynomials describe the change of basis matrix

from the Verma modules M, = M(w - (—2p)) to the simple modules L,, = L(w - (—2p)) in K(Op):

Lol =) (=1 =EIPy, (1M,

vw

10.2 Sheaves on the flag variety

To prove the Kazhdan-Lusztig conjecture, we translate everything to sheaves. Let Xy, (resp.

Xw = |ly<w Xv) be the Schubert cell (resp. Schubert variety) corresponding to w, and let
jw : Xy — X denote the inclusion.
We have the following functors from the last couple talks:

34
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¢ Beilinson-Bernstein localization Loc : Mod(g,Xxo) — Mod(Dx).

* The Riemann-Hilbert correspondence DR : Mod™(Dx) = Perv(X). I haven’t defined the
category of perverse sheaves Perv(X) C DY (X), so here it is. Perv(X) is the full subcategory of
DY (X) consisting of complexes K such that

dim Supp H*(K) < —i
dim Supp H'(DK) < —i.

Perv(X) is the heart of the perverse t-structure, so it is naturally an abelian category. Examples
of perverse sheaves include intersection cohomology complexes, which we will define
shortly.

It can be shown that Loc maps Oy to Mod™(Dx ), so that we can consider the image DR(Loc(Og)) C
Perv(X). It is possible to upgrade Loc and DR to functors on categories of B-equivariant sheaves, so
that the image DR(Loc(Op)) is contained in the subcategory of Perv(X) constructible with respect
to the Schubert stratification of X. We are concerned with the images of the Vermas and simples
in Perv(X). Fan showed two weeks ago that

LOC(I—W) - jw!*OXW
= Im(jW!OXW) — jw*OXw)
I—OC(MW) = jw!OXW-

Since DR commutes with the six functors, we have

DR(Loc(Lw)) = jwiDR(0x,,)
=1Cx,
= e Cox,y [LW)]
= Im(juiCx,, [LW)]) — jwsCox,, [EW)]))
DR(Loc(Mu)) = jwiCx,, [L(w]].

Implicitly, here we are using the fact that j,, is an affine locally closed embedding, so that j,,; and
jwx are exact functors (both for the ordinary t-structure on regular holonomic D-modules and for
the perverse t-structure on DY (X)). We'll abuse notation by writing Cx, for the sheaf j,,/Cx,, on
X.

10.3 Categorification of the Hecke algebra

The Kazhdan-Lusztig conjecture predicts the change of basis matrix for two bases L,,, M, of
K(Op). Having done all this geometric work, we have shown that this is the change of basis matrix
for two bases ICYWfCXW [£(w)] of K(Perv(X)w/) (here, Perv(X)y, C Perv(X) is the full subcategory
of complexes constructible with respect to the Schubert stratification). We can rephrase the
Kazhdan-Lusztig conjecture purely in terms of sheaves:

Theorem 10.3.1 (Kazhdan-Lusztig conjecture). In K(Perv(X)w/),

ICx 1= > ()™= tp, (1)[Cx,, [Lw)].

vw
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Figuring out the change of basis matrix amounts to figuring out the stalks of ICy ~along
the Schubert cells. For a complex of sheaves K on X constructible with respect to the Schubert

stratification, let
Z (Z hi(K ) Tw € H(W).

Here, ht(K),, is the dimension of any stalk of H(K) along X.y.
Theorem 10.3.2. h(ICx ) = Cl,

To prove the theorem, we’ll show that perverse sheaves categorify the Hecke algebra: ICx |
will correspond to C},,, whereas Cx,, will correspond to Ty, . It'll be convenient for us to work with
X x X rather than X. Just as the Bruhat decomposition gives us a stratification of X by B-orbits, we
get a stratification of X x X by G-orbits, where G acts diagonally. We have X x X = |,,, O, where
O, is the G-orbit of (B, wB). The projection py : Oy, — X (resp. p1 : Oy — X) is a Zariski fibration
with fiber X,, (resp. Xw). Thus, IC6W = pTICyW (5], where 6 = dim X = number of positive roots.
Thus, hi(ICGW)V = hit? (ICYW )v, and for a complex of sheaves K on X x X constructible with
respect to the decomposition into G-orbits (we’ll call this the Schubert stratification as well), define

Z (Zw 3( ) T € H(W).

By the above observation, 1rAl(ICaw) = h(ICYW ), so we'll want to show that }AL(ICGW) =Cl,.

We'll need an operation on sheaves to correspond to the multiplication on the Hecke algebra.
Let C C DY (X x X) be the full subcategory of complexes constructible with respect to the Schubert
stratification such that 3(*(K) = 0 either for all odd i or for all even i (this is called parity vanishing).
Given K, K" € €, we can define the convolution K+ K’ to be q.i*(pj,K ® p3,K’), where the maps fit
in the following diagram that I've stolen from de Cataldo-Migliorini:

X x X xXx XxXxX
/ \ ql
XxX XxX XxX
pr2(z1, xo, x3, 24) = (21, 22), p3a(z1, T2, 3, 24) = (T3, 74),
q(z1,x2,23) = (21, 23), i(x1, 22, 3) = (21, T2, T2, T3).

Proof of Theorem 10.3.2. We’ll prove Theorem 10.3.2 by induction. The base cases consist of w =1
and w = s for a simple reflection s. We have 07 =X, so IC* =Cqy [ ], and IE; =T = C’.
: Os — X is a Zariski fibration with fiber Xs = P!, so O is smooth of dimension 1+ 5, and
ICOS = Cg,[1+8]. The Schubert stratification gives Os = 0U04,s0 h(IC J= q V2T +T) =
C%. In particular, IC61rIC65 € C.
To induct, we’ll show that convolution with IC _ corresponds to multiplication by Cj in the
Hecke algebra.

Lemma 10.3.3. For K € C, ]/'\L(ICGS *K) = C’Sﬁ(K). In particular, IC6S *K e C.



37

Proof. This is proven by a direct computation. We have

pT21C65 = CésXXXX[l + 5}/

SO
ICGS *K = q*i*(p§4K)|65><X><X[1 +5]

Let p = (B,wB) be a point of O,,. Then q~!(p)Ni~ (O x X x X) = {(B,x,wB)[x € Xs} = P
Let Y denote this IP!. Then f}{i(Icﬁs *K)p = H'®+L(Y,K|y). By constructibility on X x X, Kly
is constructible with respect to Y = U Uuy, where U = C and ug is a point. Because U is
contractible and K|y, is a complex with locally constant cohomology, each H*(K) is a constant
sheaf, and K|y ~ @; H(K)[—i]. The decomposition Y = U LIy gives us a long exact sequence
in compactly supported cohomology --- — HE(U,Kly) = HY(Y,Kly) = H*(K)ly, — ---. By
parity vanishing, this long exact sequence splices into short exact sequences 0 — Hg (U, K[y ) —
HY(Y, Kly) — H*(K)|y, — 0. Poincaré duality tells us that dim H (U, K|y ) = dim H'72(U, K|y ) =
dim K 2(UW), for any w € U. Thus, hi(ICG_+K)y = dimH(Y,Kly) = dimH"2(U)ly +
dim FCH(U) |, -

To finish, we must identify which strata of X x X contain u and ug. If sw > w, then u € Os,,,
and uy € O, so that hi(ICaS *K)w = hiHF1(K) |, + hiH9=1(K)[gh. If sw < w, then u € O,
and ug € Ogy, so that hi(ICéS *K)w = WL (K) g0 + hiH071(K)|,,,. This turns out to be the
formula for multiplication by C7.

O

To finish the proof, we must compute the remaining IC . Unlike the Os, O,y might not be
smooth, so ICz = might not just be a shifted constant sheaf To compute ICH , we apply the

decomposition theorem to the Bott-Samelson resolution 7 : OW — Ow. For a reduced expression
W = $1...8¢, we define Oy = {(By,...,Bes1) € XH1(By, Bigq) € 651}. 0,y is smooth because
Oy — Plisa (IP1)¢-fibration. 7t : Oy — Oy is defined by 7t(B1,...,Bes1) = (B1,Bgy1); this is an
isomorphism over O,,, so it is a resolution of singularities.
O 6+ = IC551 *oeee *ICGSZ. Thus, by Chapter 10.3.3, ﬁ(n*Céw 6+4) =
Cy, - Cq, = qY2(Ts; + T1) - (Ts, + Ty). Since O,y is smooth, C6W[5 +{] = IC6W, and the
decomposition theorem (which I will not state or explain) states that n*C()W [6 + €] is a direct sum
of shifted ICq ’s: m.Cq [6+1] =1CG & D, DiICH, @ V{[—i] for some finite-dimensional
C-vector spaces V.. Since ICq,, is a direct summand of .C [0 +1{] € €, ICG € C. Applying
h, we have Cs, - Cq, = ]/'\I(ICGW) +2 vew Fv(q)ﬁ(ICav), where F,(q) = Zj (dimV\j,)qj/Z. Since
C()W [0+ {] is self-dual and 7t is proper, ID pJ—C‘(ﬂ*CGW 6+14]) = J—(*I(W*Céw [0+(]), and dimV =
dim V; *. This implies that F,(q) = Fuo(qh).

By induction on length, we have ﬁ(ICaw) =Cj, - — > vew Pv(q)C},. Since everything

By definition, 7..C

on the RHS is self-dual in H (W), ]/’\L(ICGW) must be self—dual. It remains to see that if we write
ﬁ(lcﬁw) = q_e/2 ngw Pv,w(q)Tw then (1) Pv,w(q) S Z[q}/ (2) Pw,w =1, and (3) deg Pv,w <
3(Lw) —e(v) —1):

(1) This follows from the fact that ICH € C.

(2) This follows from the equation ﬁ(ICGW) =Cy, - — > vew Pv(q)Cy, as the first term
contributes q~%2T,,, and no other terms contribute any.
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(3) This follows from the support condition on ICq : Hi-tW(ICH v = 0if dimO,, >

~(i~€(w). Since dim Oy = 5 + (v}, this says that i +5 > t{w) — €(v). Thus, deg Puw(q) <
L(e(w) —£(v)), as desired.

By the uniqueness of the Kazhdan-Lusztig polynormals, vw = Pyw, and h(ICx )
A(ICaw) = C!,, as desired.

O

To f1n1sh the proof of the Kazhdan-Lusztig conjecture, for K € Perv(X)w, we define xW(K) =
PENDIC 1)MHYK)yv € ZWI. By parity vanishing (in particular, fH‘(ICYW) # 0 only when
i=1{(w) (mod 2)),

Wicy,) ZZ J'hHICy = (-1 Zh‘IC =3 (1P, (1.

v v

We have XW(CXW) = (=1)*™)w. From these computations, we see that xW : K(Perv(X)w/) —
Z[W] is an isomorphism of Z-modules. Since XW(ICYW) = Zv(—1)2("")4(")Pv,w(l)XW(va)/

we see that HCYW] = Zv(fl)“w)_“")Pv,w(l)[CXV] in K(Perv(X)w ), which is exactly what we
want.
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