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Johan (Sep 24): Schlessinger’s paper

The paper by Schlessinger is titled Functors of Artin Rings. Throughout this lecture, k is a field, C

is the category of Artinian local k-algebras A, B, C, ... with residue field k, and € is the category
of Noetherian complete local k-algebras R, S, ... with residue field k.

Remark 1.0.1. Every R € C is of the form kllx1,...,xnll/(f1,..., fm) by the Cohen structure theorem.
Then R € C if and only if and only if (fy,...,fm) contains (x1,... ,xn)N for some N.

Remark 1.0.2. In the paper, there is a more general setup, where A is a complete local Noetherian

ring with residue field k. Then € A, C are defined analogously, which will allow things like
N=2Zp.

The idea of deformation theory is to look at functors F: € — Set.

Example 1.0.3. Given R € @, we set hg: € — Set sending A — Homg (R, A). This is not necessarily
representable because R ¢ € in general, but it is pro-representable.

Definition 1.0.4. A functor F is pro-representable if F ~ hy for some R € e.

Example 1.0.5. Let M be a variety over k and m € M(k). Then define
Defp,m(A) = {SpecA AL M | mA\speCk = m}.

It is easy to see that Defpq m (A) is pro-representable by 6M,m.

Observe that hg (k) = {+} is a singleton. Also note that hg(A xg C) = hg(A) xp,(B) hr(C).
Here, A xp C is the fiber product of rings and not the tensor product.

Now consider the following conditions on F: let A — B < C be a diagram in € and consider
the morphism

()
F(A XB C) — F(A) XF(B) F(C)

(H1) The morphism (x) is surjective if C — B;

(Hz) The morphism (x) is bijective if C = k[e] —» k = B;

(H3) dimy (tf) < oo (later, we will see that we need H, for formulate this). Here, tf is the
tangent space to F;

(H4) The morphism (%) is bijective if C — B.
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Example 1.0.6. Fix a group G and a representation pg: G — GL (k). Now define
Defg?)ive(A) ={p:GAA®"|p (mod ma)=py}/=.
Better, we will define
Defp,(A) = {p: G~ A®™ [p (mod ma) = po}/ker(GLn(A) = GLn (k).

In general these functors fail (Hy) and Defgzive even fails (H,).

Namely, if H = Z and py is the trivial representation, then for Defgzive

subsets of

, we are looking at

GLn (A xp C)/conj — GL, (A)/conj X GLy (B)/conj GLn (C)/con;.

This morphism is always surjective, but in general it is not injective.

For example, if A = k[e1], B =k, C = klep], we can look at elements of the form 1+ ¢ Ty + ¢ T
and see that on the left we can only conjugate together, while on the right we can conjugate both
Ty, T, arbitrarily. Here A xp C =kle1, 2] = k[xl,xz]/(x%,xlxz,xg).

Definition 1.0.7. A natural transformation t: F — G of functors on C is smooth if for all surjections
B — A the map F(B) — F(A) xg(a) G(B) is surjective.

Note that this is equivalent to the existence of a lift in the diagram below:

SpecA —— M

A
\[ //// lf

SpecB —— N.

This definition is motivated by the following example: let f: M — N be a morphism of varieties
over k. Let m € M(k),n = f(m) € N(k). Then the following are equivalent:

1. Defpq,m — Defn n is smooth.
2. fis smooth at m.

Definition 1.0.8. We say F has a hull if and only if F(k) = {*} and there exists a smooth t: hg — F
for some R € C which induces an isomorphism tg = tr.

Now we will say a bit about tangent spaces.

1. When F(k) = {*}, then tr = F(kle]).

2. If F satisfies (Hy) and F(k) = {x}, then tf has a natural k-vector space structure. Here, Hp
gives F(k[eq, €2]) — F(k[el) x F(kle]) is a bijection, and then we take €1 — ¢, &2 — ¢, which
defines addition.

3. tp = Homk(mR/m%,k) = Homé(R,k[s}) = hgr(klel) = t(ng)-

Theorem 1.0.9 (Schlessinger). Asssume that F(k) = {x}. Then the conditions (H1), (Hz), (Hz) hold for F
if and only if F has a hull. In addition, (Hs) and (Hy) hold if and only if F is pro-representable.



Very rough idea of proof of = for the hull case. Let n = dimy (tf). Then (Hz) and n < oo imply the
following: Let S = k[[xy,...,xn]l and m = mg = (xq,...,xn). We can find &; € F(S/m?) such that

ts = Homg (S kle ]) tF

is an isomorphism.

Next, we will choose q 2 and consider palrs (], &) where m9%! ¢ J ¢ m? and & € F(S/])
such that & — & € F(S/m?). Say that (J,&) < (J/,&)if ] € ]’ and & ~ &’. Choose a minimal
pair (], &) for this ordering. We can choose ] so that md+l 4 Jq+1 =]Jq and &q1 maps to &q for
bookkeeping purposes.

Choose R =1im S/J 4, which is a quotient of S. Set t: hg — F given by sending ¢: R — A to

the following: choose q such that ¢ factors as R — S/]Jq 29, A and take Eq — Floq)(&q) € F(A).
Finally, we must show that t is smooth. Consider the diagram

s .
S = S/matl
$/ \\
» S/]q <A B s
//// PT1 l
R S/]q A

with B > E — &€ Aand S/ Jq 2 &q — &. First, choose @: S — B making the diagram commute.
We may increase q such that @(m9dt1h) =0, so we now have @: S/mc'Jr1 — B. Now consider the
fiber product S/Jq xa B and pri: S/Jq xA B — S/Jq, so we obtain ¢’: S/md+tl S/Jq XA B. By

(H1), we obtain some [ F(S/Jq x A B) mapping to £ and &q- We may now assume that B — A
is a small extension, which means that dimy ker(B — A) = 1, and thus pry is a small extension.
Therefore, either ¢’ is surjective or its image maps isomorphically via pry to S/Jq., so we have 1
which gives R — B lifting our given r — A.

The tricky part is to show that F(\)(hq) = £, and this step is deliberately omitted. O

A generalization of this is as follows. Consider a functor J: € — Grpd. We say that J satisfies
the Rim-Schlessinger condition (RS) if

F(A xg C) = F(A) x5(5) F(C)
is an equivalence whenever C — B. Let xg € F(k) and set
Fyp: € — Set A={xa)xeTFA),x: Xo—xhl/ =,
where (x, «) = (x/, «’) means that ¢: x — x’ such that the diagram

xhe —2—= x'Ix

commutes.



Theorem 1.0.10. If F has (RS) then Fx, has (Hy) and (Hp). Therefore, if dim by, <00 then Fy, has a
hull.

In this situation, ?XO has (Hy) if and only if Auta(x) - Autg(x|gp) whenever A — B and
x € Ty (A).

Example 1.0.11. Let F(A) be the category of representations G ~ A®™ with morphisms being
isomorphisms of representations. This has (RS).

Example 1.0.12. Let F(A) be the category of smooth projective families of curves of genus g over
A with morphisms being isomorphisms. This has (RS).

Returning to the example of representations, it turns out that tDef,, = HY(G, Mnxn(k)), where
G acts on My xn (k) via pg by conjugation.

Example 1.0.13. Consider G = Z @ Z and pg to be the trivial representation on k¥2. Then
tDefpo =HY(Z? My (k)) = My(k) @& My(k). Given two matrices A, B, we have the representation

7% — GLy(k[e])(1,0) — (1 1) + €A

(0,1) — (1 1> + ¢B.

We get a hull R with hg — Def,;. We know that R is a some quotient of k[[ayy, ..., az, by, ..., b2l

with p looking like
(1,0) — (1 1)+A 0,1) — (1 1>+B,

and of course R is the quotient of the power series ring by the ideal generated by the coefficients
of AB—BA.



Ivan and Cailan (Oct 1): Deformations of schemes

2.1 Deformations of affine schemes
We are looking for a Cartesian diagram of schemes

X—— X

Lk

Speck —— S

where 7t is flat and surjective and S is surjective. This is called an deformation of X over S. For the
beginning of this lecture (the part given by Ivan), we are interested in S = Spec A, where A € C*
(this category was defined in the previous lecture). This case is called a local deformation, and in
the face where A is Artinian, it is called an infinitesimal deformation.

For the ring theorists, we will make the following digression. Let A be a ring and I C A be
an ideal with I = 0. Suppose that B is an A/I-algebra, | is an B-module, and h: I — ] is an
A-module map. Then we are interested in a diagram

0 J ? B
S
0 I A A/l — 0,

which we will call a deformation of A. Here are some interesting questions:
1. Is such a deformation unique?
2. If B is flat over A/I, does that mean that B is flat over A?

Returning to the case of schemes, we will say that two deformations X, X’ of X over S are
isomorphic if there exists an S-isomorphism ¢: X’ — X commuting with the inclusions of the
central fibers X — X, X’.

Example 2.1.1. The most basic example of a family is the trivial deformation

X —— X xS

J |

Speck —— S.
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Definition 2.1.2. A scheme X is rigid if all deformations of X are isomorphic to the trivial
deformation.

Theorem 2.1.3. If X is a smooth affine k-scheme and S = Spec A for some local Artinian ring, then X is
rigid.

Definition 2.1.4. A closed immersion i: Sg < S of schemes is called a first (resp. nth) order
thickening if the ideal sheaf J = ker(i”: Og — Os,) satisfies 12 =0 (resp. "1 =0).

Definition 2.1.5. A morphism f: X — S is called formally smooth (resp. unfamified, resp. étale) if
for all first order thickenings i: Ty — T of affine schemes and diagrams

Ug
— X
~ =~
up
i lf
S

st

-

—

—

there exists a lift g (resp. there is at most one such up, resp. there exists a unique ).
Example 2.1.6.

1. Open immersions are formally étale. This is cleaer because Ty, T have the same underlying
topological space.

2. Closed immersions are formally unramified. This is clear because X — S induces an injection
on T-points.

3. Ag — S is formally smooth. To see this, assume S = SpecR is affine and then consider the
corresponding lifting problem in commutative algebra.

Proposition 2.1.7. The classes of formally smooth (resp. étale, resp. unramified) morphisms are closed
under base change, composition, and products and local on both source and target.

Definition 2.1.8. A f: X — S is smooth if it is formally smooth and locally of finite presentation.

We will now consider differentials. Let X = Spec A be an affine scheme over k and choose a
k-point and consider the diagram

Speck —— X

! |

Speckl[e] —— Speck.
If X is smooth, then there exists a lift Spec k[¢] — X. But this is given by a morphism
Ef):A—>k[e]/s:2 a— ¢(a)+d(a)e.
This motivates the following definition:

Definition 2.1.9. Let R — A be a morphism of rings and M be an A-module. A derivation
d: A — M is an A-linear map satisfying the Leibniz rule.



10

1 1
A/k A/k

among derivations from A. This means that all derivations d:A =M factor through d, and formally, we
have an identity

Proposition 2.1.10. There exists an A-module O equipped with a derivation d: Q that is universal

Derg (A, M) ~ HomA(O_}L\/k, M).

Definition 2.1.11. For an A-module M with derivation d: A — M, define the ring A[M] as the
module A & M with the multiplication

(a,m)-(a’,m’) = (aa’,am’ +a’m).
There is a sequence ¢: A — A[M] — A.

Proposition 2.1.12. Let S <— R — A — B be a diagram of rings. Then

1 ~ 1 .
1. Qjgs/s = QAR OR S,

2. The sequence QO ;p ©A B — Qp p — Qf » — 0is exact.

3. If B = A/I for some ideal 1, we have an exact sequence

I/T> - Q) g ®A B = Qf /p = 0.

4. Forall f € A, we havae Q}Mf,q/R ~ Q}L\/R @a Alf 1.

Remark 2.1.13. If ] = ker(A ®g A — A), then Qi\/R =17/

Theorem 2.1.14. Let f: X — S be locally of finite presentation. The following are equivalent:
1. fis smooth;
2. fis flat with smooth fibers;
3. fis flat and has smooth geometric fibers.

We will finally return to deformation theory.

Lemma 2.1.15. Let Zg be a closed subscheme of Z determined by a nilpotent ideal sheaf N. If Z is affine,
then so is Z.

Proof of this result can be found in EGA, Chapter 1.5.9.

Proof of Theorem 2.1.3. Recall that we have a diagram of the form

HBO

> — W

— k,

where A — B is flat and By >~ B ® 4 k is a smooth k-algebra. We need to prove that By >~ B ®a k.
The first step is to prove this result for first-order deformations. Suppose that A = k[e] is a
square-zero extension.

Lemma 2.1.16. For a ring R with M, N flat over R, nilpotent ideal I C R, and f: M. — N, then if f @ R/1
is an isomorphism, then so is f.
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To prove the lemma, note that the cokernel of f is preserved by I, so it must vanish. Returning
to our case, we know that B is a smooth k[e]-algebra. Now we obtain a square-zero extension
Byle] of By and a diagram

B—— B

I

k[e] —— Bole]
with a lift B — Bg[e]. But now by the lemma, we have B ®y ) k = Bole] ®x[¢] k. The rest of the
proof follows using an inductive argument that was verbalized but now written down. O
2.2 Deformations of schemes
The main theorem of this section is

Theorem 2.2.1. Assume X is a smooth R-scheme. Then there is a bijection
Defi" (k[I]) ~ H' (X, Ty /i ® 1).
Proof. Let X’ be a smooth deformation over k[I]. Then the diagram

X — X/

| l

Speck —— Speck[I]

is cartesian. Then if Uy = Spec By is an affine cover of X and U = Spec Dy is an affine cover of
X', we have a k[I]-linear ring isomorphism

Px: k1] Rk Bx — Dy (k,l)@b'—)s(b)‘i‘l

Modulo I, @y is the identity on By. Without loss of generality, we may assume that Uy; = Uy N U;
is a distinguished open for both Uy and Uj, so let Uy; = Spec By; and Uy; = Spec Dy;. Now note
that both

@k, @j: k[l @k Byj — Dy

induce the identity on By; modulo I. Now we have the commutative diagram

0 I Dyj Bij 0
lid l(p;lan lid
0 I Dy; Bij 0.

Lemma 2.2.2. The morphism g = cp;lcpk must be of the form
g(i+b)=i+b+5(b),

where &: By; — 1is a derivation.
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In particular, this means that (pj_l o @i (b,b’) = (b, ouej(b) + b’), where okj: Brj = L@k By is
a derivation.
By definition, we have

(Tx/x ®k I)(Byj) = Homg, (Q}gkj/k,Bkj) @x 1
= HOIanj (Q%kj/k’ Bkj D
= Derk(Bkj,Bkj R D).

Therefore, oy € HO(By;, Tx ®x 1). Note that
el opjon;lop !l =@t oy,

which implies that
(b, otje(b) + o (D) +b') = (b, otyee (b) +b")
and thus {o‘kj } ez! (U}, Tx @1 D).
If two deformations are the same, note that ¢y is defined using a ring section sy : By — Dy

of the canonical map my: Dy — By. If @ is defined using another section s;, then define
Bk = s — sk € Der(By, I ®y By). We now compute

((0)) ™" o o1 — @; " 0 @i) (b, b') = (0,81 (b) — 0;(b)),
and thus the two differ by the desired coboundaries. O

We will now consider some obstructions. We are looking for a diagram of the form

X/ X//

Ls l

SpecA’ —— SpecA”.
for each pair (j, k), we have a isomorphism )y : V)-’ — V| and a cocycle
Cjke = Yre ok o ll)]-_gl-

This induces Bjy¢ € Dera (Djie, ] ®a Do) = Z2(U, Ty /4 ®a J).
Now we will discuss some examples.

Theorem 2.2.3. Let C be a smooth projective curve, T = Tc, and K = QL. We have the following table:

Table 2.1: Cohomology

degree hY h! h?
K 2g—-2 g 1 o Wheree=0whereg>2,¢e¢=1ifg=1ande=3if g=0.
T 2-2g ¢ €43g—3 0
For g > 2, deg T < 0, and by Riemann-Roch and Serre duality, we have h(C,Tc) = 3g—3.

Theorem 2.2.4. P™ has no infinitesimal deformations.
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Proof. Consider the Euler sequence
0—0— 00" 5 Tpn =0

and use the long exact sequence in cohomology. Because positive degree line bundles have no
higher cohomology, we have H!(Tpn) = 0. O



Kevin (Oct 08): Deformations of coherent sheaves

There will be no mixed characteristic funny business during this lecture. Let X be a projective
k-scheme (proper might be fine, but this makes certain facts more true) and J be a coherent sheaf
on X. Consider the deformation functor

Dg: Arty — Set A = {Fa € Coh(Xa) | Falx = F,Fa flat over AL

We want to study the properties of this functor, which means we will check Schlessinger’s
conditions:! Let A — B < C be a diagram in € and consider the morphism

D(B xa C) & D(B) xp(a) D(C).

(H1) The morphism r is surjective if C — A;

(Hz) The morphism r is bijective if C =k[e] - k =A;

(H3) dimy (tp) < oo (later, we will see that we need H, for formulate this). Here, tp is the
tangent space to D;

(H4) The morphism r is bijective if C — A.

Recall from Johan's lecture that (H;), (Hz), (H3) are equivalent to the existence of a hull and
(Hs), (Hy) are equivalent to D being pro-representable.
We only need to check (H;) for small extensions, which are extensions by a k-vector spaace

0—-I—-C—-A—=0,
where I is killed by the maximal ideal of C.
Theorem 3.0.1. The functor D5 admits a hull.
Lemma 3.0.2. Let (A, m) be a local Artinian ring.
1. If mM =M, then M = 0.
2. If M — N induces an isomorphism M/mM = N/mN and N is flat over A, then M = N.
3. If MUis flat, then M is free.

INeither Kevin nor Johan knows why these conditions are called H
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Proof. We know that md =0, s0o mdM =0, and thus M = mM = mZM = --- = m4M = 0. Next,
suppose M — N induces an isomorphism after killing m. Then we know that the kernel and
cokernel vanish because they are killed by m, so M — N must be an isomorphism. The last part is
left as an exercise. O

Proof of theorem. We will simply prove (Hy), (Hz), (H3):

1. Suppose that C — A is a small extension and consider a pair (Ig,Fc) € D(B) xpa) D(C).
We know that we have isomorphisms Fglx, = Fa,Fclx, = Fa, and so we take the fiber
product

Fexprc =B xr, T

We only need to show that our sheaf is flat over B x o C because it clearly restricts to I
and F¢c. We can consider each sheaf as a module M, and so we know M3 is free over B by
the lemma. Choose a basis {e;}. Also consider the diagram

MB XMA MC E— MC

| [

Mg —% 5 Ma.

Then M A has A-basis u(e;). Because M¢ surjects onto M 5, we can lift the u(e;) to f; € C,
and these form a C-basis for M. This all implies that Mg xn, Mc is free with basis
(e, fi).

2. It suffices to prove injectivity. Suppose § € D(B xy kle]) maps to (I, Fy[e]) € D(B) x

D(kl[e]), and so we have morphisms

S — Fxe

!

Jg — .

We will prove that this diagram is Cartesian. By the lemma, the morphism § — Jg xg JFy [
is an isomorphism.

3. We will prove that Tp = Ext} (F,F). We will only prove this in the case where J is a vector
bundle € of rank . In this case, we have EX’& (&,&) =H!(X,End(&)). Now we will associate
cocycles to deformations. To each &y [,], we will associate an open cover (U;) and

hij € Aut(O%:m )(ui]’ ),

and we write gij + efyj, where gy5 € Autoir(uij) and fy; € End(O%T)(Uij). The cocycle
condition is that
gik + efix = (gij + efij)(gjr + efji),
which is the same as
fix = gijfjk + fij ik,
which is exactly the Cech 1-cocycle condition. Proving that equivalent cocycles give the same
deformation is easy. O

Theorem 3.0.3. The condition (Hy) holds when J is simple, which means that k ~ Endx (F).
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3.1 Tangent-obstruction theory

Suppose D is a deformation functor. Then a tangent-obstruction theory for D is given by finite-
dimensional k-vector spaces (T', T2). Suppose we have a small extension

0—-I—-B—>A—0.

Then we have another exact sequence

T' @y 1 — D(B) — D(A) < T2 @y I,
which means that
1. £Ea € D(A) lifts to D(B) if and only if ob(Ea) = 0;
2. T'®Tacts transitively on the fibers of D(B) — D(A);
3. If A =k, then the action of T! ® I acts simply transitively on D(B).

Note that because T acts simply transitively on D(k[e]), we must have T! = D(k[e]). On the other
hand, T2 is not canonical.

Theorem 3.1.1. The deformations Dy admits a tangent-obstruction theory with T' = Exty (F,F) and
T2 = Ext%(F,F).

Proof. We claim that if D satisfies (H1) and (Hy), then D(k[e]) ® I naturally acts on D(B) for small
extensions 0 — I — B — A — 0. To see this, note that D (k[e]) ® I = D(k[I]). We also note that by
(Hz), D(k[I]) x D(B) = D(k[I] xx B). Now define «: k[I] x B — B by «(1+1,b) =1+, and this
gives us an action of D(k[I]) x D(B) = D(k[I] xy B) X D(B). To prove transitivity, apply (H;) to
the diagram

kI xx B —<— B

o]

B— A.

Now we will consider obstructions. We will assume again that F is a rank r vector bundle,
which we will call €. Let
0—+1I-B—=A=0

be a small extension, so we will consider H2(X,End(&)). Consider an open cover (U;) and
gij € Aut(0F" @k A)(Uy;). We want to lift these to hyj € Aut(OF" @i B)(Uy;). If this is possible,
we have a cocycle

hf].lhi]-hjk € 1+ End(0F" @y I)(Uy;),

and the cocycle condition is satisfied when hi_jlhij hii = 1. If any other h{j = hy; + sij, then we
note that )

(hi;) hijhf = hidhighye + (=195 9k + i 515955 + I 945Sik)s
and this gives us a class in H?(X,End(€)) ® L. O

Remark 3.1.2. Let R be the hull of D, which means we have a morphism hg — D. Then we know
R =Xkl[lty, ..., tq,1)l/(f1,...,fa,). We also know that d; —dp < dimR < d;.
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Example 3.1.3 (Good example). Let X be a smooth projective curve and € be a rank r vector
bundle. Then we know that

T'=HY(X,End(€)),  T?=H?3(X,End(&)) =0,

so deformations of € are unobstructed. Now assume that € is simple. Then HO(X,End(&)) = k by
definition, and we also know that D is pro-represented by some ring R with

dimR = h!'(X,End(&)) =1%(g—1) +1

by Riemann-Roch.

Example 3.1.4 (Bad example). Let X be a smoorh projective variety and € be a rank r vector bundle
on X. Let &, &, = Dg(klel). Then (&1, &2) € De(kleq, e2]/(€2, e1€2, €3)), and we would like to lift
to D¢ (kleq, 21/(€3, €3)).

We will compute the obstruction explicitly. We know &1, €, give us classes uy,up € H!(X,End(&)),
and after some magical computation, the obstruction to lifting is given by

U — Uz +uUp — uy,

where the cup product comes from the algebra structure on End(€&).

Now let X = C; x Cy be a product of curves. Then H1(X, Ox) = HL(C, Oc,) @ H(Cy, Oc,) and
H2(X, 0x) = H!(C,O¢,) ®; H*(Cy, Oc,). Suppose that o; € H}(Cy,O¢,) and o € H!(Cy, Oc,)
with nonzero cup product. Then we simply set £ = Ox ® Ox and

(0 oy (0 0 n S )
u; = 0 0 Uy = o 0 u Uy + U u; = 0 — o .

this gives us our obstructed deformation.



Patrick (Oct 15): Deformations of singularities

We begin by fixing some notation. Let k be a field and R = P/I, where P = k[xy,...,xn] and
I = (fy,...,fy) is an ideal. Throughout this lecture, we will denote local Artinian rings with
residue field k by A, B, C,... and rings by R,S, T, ... Finally, denote Z = SpecR.

4.1 Explicit criteria for flatness

We will study (embedded) deformations of singular affine schemes embedded in A™. The first
thing we want to understand is to explicitly understand flatness of some Ra over A, where
Ra @A k =R. We will write Ry = Pa/Ia, where P4 = A[xq,...,Xn] = A ®x P. Recall that over a
Noetherian local ring S with residue field k, a module M is flat if and only if it is free, and this is

equivalent to Tor§ (M, k) = 0 by standard results in commutative algebra.
Now consider the exact sequence

0—=Ian —=Pa—Ra—0.
After tensoring with k, we have
0 — Tori1(Ra,k) > Ia ®a k=P =R —=0.

Therefore, we know that R is flat over A if and only if I ®A k = I. We would like to understand
this statement.
Consider a presentation
PAL = PaA—=Ia—0

of I5. Then we know R is flat over A if and only if after tensoring with k, we obtain an exact
sequence
PSP - 1—0.

Note that to give this presentation P* — P" — I — 0 is the same as giving a complete set of
relations among the generators of I.

Proposition 4.1.1. Suppose that
(4.1) P* 5P P —>R—=0
is exact and

4.2) P4 = PA = Pa —>Ra =0

18
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is a complex such that P, — Ra — Ra — 0 is exact and tensoring (2) with k gives (1). Then Rx is flat
over A.

Proof. Note that the hypotheses are equivalent to the fact that all relations in I can be lifted to I 4.
Now given g1, ..., g, € Pa such that
N
D gif{ =0,
i=1

this clearly descends to a relation in I by killing the maximal ideal of A. But now if we choose a
complete set of relations for I 4, this descends to a complete set of relations in I, so we may in fact
assume that (2) is exact.

In this case, there exists some L4 such that the sequence splits as

P4 —La —0 0—=La =Py —>Ia—0 0—Ia —Pa—RaA—0.

By right exactness of the tensor product, we know P3 ® k — LA ® k — 0 is exact. We also know
that
LAa®k—>PRLok—Ip®k—0

is exact, again by right exactness. But this means that 4 ® k is the cokernel of P®* — PT, and
therefore [ o ® k = I. This means that R is flat. O

Corollary 4.1.2. Let R =P/Tand R =Pa/Ia, where I = (fy,..., ) and Ia = (f{,...,f}) such that
f] is 51 lift of f;. Then Ra is flat over A if and only if every relation among the f; lifts to a relation among
the f;.

Remark 4.1.3. This result essentially gives us that first-order embedded deformations of SpecR C
A™ are given by Hom(I, R). The first-order (not embedded) deformations of Z are given by the
cokernel of

0—Tx — TA“|X — NX/A“/

which arises from the exact sequence
/12 = Qhnlx — Q% =0,

and this is supported on the singular points of X, so when X has isolated singularities, this is
finite-dimensional.

Note that if SpecR C A™ is a complete intersection, then I is generated by a regular sequence,
so in particular the Koszul complex is a free resolution of R and therefore there are only trivial
relations among the f; (this means the relations are generated by f;f; — f;f; = 0). Clearly, because
we are only considering commutative rings (after all, this is normal algebraic geometry), this
means that all deformations of Spec R are unobstructed.

4.2 Hilbert schemes of smooth surfaces

We will prove that deformations of finite length closed subschemes of A? are unobstructed. In
particular, this will imply that the Hilbert scheme Hilb(A?,n) is smooth.

Let Z ¢ A2 be a closed subscheme of dimension 0. Then because P = k| ,y] has dimension 2,
there exists a free resolution

0P 9 pr p LR 0
of R. In this case it is possible to understand the matrix (gi;), and in fact this is the special case of
a more general result. First, when we study the local behavior, we have the following result.
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Theorem 4.2.1 (Hilbert, Burch). Let P be a regular local ring of dimension n and R = P/I be a Cohen-
Macaulay quotient of codimension 2. Then there exists an (v — 1) x v matrix G = (gi;) whose maximal
minors fy,. .., fr minimally generate 1, and there is a free resolution
r—1 (Qij) r (fi)
0—P — P —P—=R—=0.
Proof. Note that the fact that the free resolution has this length is a corollary of the Auslander-
Buchsbaum formula, which says that for a ring R and module M, we have

depth M + proj. dim M = depth R

and the fact that depth equals dimension for Cohen-Macaulay things. Thus we have a free
resolution
r—1 (94) _+ (ai)
0—P — P —P—=-R—=0,
where ay, ..., a, are a minimal set of generators for I. Let f; is (—1)i times the determinant of the
i-th minor of g;;. We will prove that the map (f;) is the same as the map (a;); clearly

(fi)

MPT—HJHRHO.

0— Pt
is a resolution. This is because at the generic point of P, we know (gi;) is injective, so at least one
fi is nonzero. But then we know coker(gy;) is torsion-free (because I is torsion-free), and so it in

fact must vanish by rank reasons. Thus (ay,...,a;) and (fy,..., f;) are isomorphic as P-modules.

At a codimension 1 point in Spec P, note that 0 — PT—1 — PT 9 p B 5 0is split exact

(because I has codimension 2). This implies that at least one f; is a unit, and thus (fy, ..., f+) has
codimension at least 2. But then the isomorphism I = (fy,...,f;) is given by multiplication by
some nonzero element of P which is a unit away from codimension 2. But this means it is a unit
everywhere. O

Considering the global picture in A™, we obtain the following result.

Theorem 4.2.2 (Hilbert, Schaps). Let Z = SpecR C A™ be a Cohen-Macaulay closed subscheme of
codimension 2. Then R = P/1 has a free resolution of the form

0 pr—1 98 pr (b p

where the fi are the maximal minors of the matrix (gy;).

This result in fact holds over any Artinian local ring A, which we will use later.
Next, we want to understand what happens if we choose some Artinian local ring with residue
field k and lift the gy; to g{j, where g{j € Pa.

Theorem 4.2.3 (Schaps). If A is a square zero extension of k, then the sequence

. (D)

(9%)
A—Pa—=Ra—=0

0— Pt —25
is exact. Moreover, any lifting of R over A arises by lifting the matrix (gy;).

Proof. We know that
Ly =Py ' = Ph = Pa
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is a complex. This is because composing the two maps amounts to evaluating determinants with
a repeated column. Because P4 is free (and therefore flat), we can tensor with the exact sequence

0—-ma—>A—->k—0
to obtain an exact sequence of complexes
0= Ly ®ama =Ly =Ly ®1k—0.

Note that
R r—1 (94) . (fi) .
LY A k=P — = PT —— P=1°

In particular, this term is exact by Hilbert-Schaps. In addition, clearly L ®A ma = L® @) ma
because A — k is a square zero extension, so the complex Ly ®a ma is exact. By the long exact
sequence in homology, we know that L% is exact. Note that L* extends to an exact sequence

0P ! 5P 5P R=0,
and L% extends to an exact sequence
0—PL! =Py —Pa—Ra—0.
However, by the homology long exact sequence, we have an exact sequence
0—>R®cma —Ra —>R—0.

But this implies that Ry ® A k = R. Finally, by the local criterion for flatness, we see that R is flat
over A.

Let Ry = Pa/IA be a lifting of R over A. Lift f; € [ to hy € 5. By Nakayama, these generate
I A, so we obtain a free resolution

(9%)

0— Pt —>= (ns)

PTA — PA — RA — 0,
where gi’j lift the gi;. However, we already have a lift

(9i;) ()

0— P!t —=Ph —=Pa—Ry—0,

and so we must show Ra = R/, . But we know that theideals Ia = (hy,...,hy)and I} = (f],...,f}])
are isomorphic as Pa-modules. But then if we restrict this isomorphism to A’y \ supp B, we
obtain a unit in H(A% \ supp B, 0 A1 ). Because functions extend over codimension 2, we have

HO(AR \supp B, 0 AR) = Pa, so this is a global unit. This gives the desired result. O

This result holds if we replace A — k with any square-zero extension of Artinian local rings
B — A and P, P with flat things, and so we see that (embedded) deformations of codimension
2 Cohen-Macaulay subschemes of A™ are unobstructed. In particular, any dimension 0 closed
subscheme Z C A? is automatically Cohen-Macaulay (because it is dimension 0), so its embed-
ded deformations are unobstructed. By some cohomological argument, the tangent space to
Hilb(AZ,n) is isomorphic to Hom(R, R) and has dimension 2n, so
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4.3 An obstructed deformation

Let R =kl[x,y,zl/ (zz,xy, xz,yz). Note that this scheme has an embedded point at the origin, so in
particular it is not Cohen-Macaulay.

Figure 4.1: Drawing of SpecR

We will study embedded deformations of Spec R and see that they are obstructed. In particular,
we will choose two deformations of R over k[e] that cannot be simultaneously lifted. We claim
that a complete set of relations (using the ordering (xy, xz,yz, z2) for the generators of I) is given
by the matrix

z —y 0 O

z 0 —x O
G= 0 z 0 —x

0 0 z —y

Now a first-order deformation of SpecR is given by lifting (xy, xz,yz, z%) over k[e], and the

first candidate is to consider I, = (xy + €1y, xz,yz, z2). Then we note that

Xy + €1y yz
Xz . yz

G yZ - 81 0 7
Z2 0

and we can lift G to kill this vector with the matrix

z —y —&1 0 0 0 —&1 0
lz 0 —x—¢& 0| _ 0 0 —g 0]
G =10 0 —x|=ST|oo0o o of=Ct6n
0 0 2y 00 0 0

Next consider the deformation given by I, = (xy,xz,yz + €3z, z2). We note that

xy 0
Xz |
yz+ez| 2 0 |

22
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and we can lift G to kill this vector with the matrix

z —y O 0 0 & 0 O
|z e —x 0 _ 0 0 0 0] .
Ge, 0 2 0 x =G+ 00 0 — = G+ Gy.
0 0 z —y—e 0 0 0 O

Now we consider Ie%,g_ 16

to kleq, 52]/(5%, £%). Note that

2 = (xy + €1y, xz,yz + €3z, z?) and attempt to lift this deformation

Xy + &1y z —y —€1 0 Xy + €1y
Xz lz g —x—g 0 Xz
(G+G1+Gy) yz+ez| |0 z 0 —x yz+ ez
22 0 0 z —y—e 22
—z
—z
=& o |-
0

and clearly z ¢ I, so in fact we cannot lift this deformation to kleq, €2/ (a%, e%). This proves
obstructedness.



Avi (Oct 22): Local-global methods

5.1 Curves with isolated singularities

Here, we will consider the same lifting problems that we have consider before. Let X be a curve
over k and consider p: Defx — € be the deformations of X as a category cofibered over €.

Definition 5.1.1. A functor F: D; — Dj is smooth if given ¢: A’ — A and (Z,A’) — F(Y, Z) over
¢ over ¢ and (Y/,A’) — (Y, A) over ¢ in Dy, then there exists some F(Y’,A’) — (Z,A’) over the
identity in A’

There is an absolute notion, for D; to be smooth, where we set D, = Defy to be the category
of trivial deformations. In this case, we also called D unobstructed, and this corresponds to being
unobstructed in the tangent-obstruction theory.

Theorem 5.1.2 (Local-to-global). Let X/k be separated of dimension at most 1 and smooth away from
finitely many points. At each singularity pq, ..., pn, consider the inclusions

h ~
OX,p — OX,p — OX,p

into the henselizations and completions, respectively. Then the functors

P

(2) (3)
Defx — H Defox’p — HDefOQ,p — HDefﬁx,
i

are all smooth and (2), (3) induce isomorphisms on tangent spaces.

This means that we only have to check unobstructedness at the completions of the local rings
at each singular point.

Proof. First, we can reduce to the affine case.! If X is a curve, then X = U; U U, can be covered by
two affine opens such that U;, U; N U, are smooth. Because deformations of smooth affine schemes
are unobstructed, we can essentially ignore U;. To do this, we will prove that Defx — Defy, is
smooth.

Because smoothness (roughly) respects products, the functor

Defx — Defy, X Defy, u, Defy,

1 Avi says that Johan sketched this proof and then said not to give it.

24
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is smooth by formal reasons. Because Uy, U; N Uy are smooth, we can ignore Defy,, Defy,nu, (in
fact, the arrow is an equivalence) and project down to Defy,.

Now U, = SpecP is affine. Then each p; gives a maximal ideal m;, and so we set | = (); m;. If
we consider the completion ﬁ; with respect to ], this decomposes as

.
i
Applying Lemma 91.12.5 in the Stacks Project, the functor
Defp — Defﬁl ~ HDefﬁi = H Def@X,‘pi
1 1

is smooth and an isomorphism on tangent spaces. The henselization step is similar. O

Example 5.1.3. Let X = Speckl[x,yl/(xy). Then 6X,0 = kllx,yll/(xy). We will show that all
deformations look like k[x, y]/(xy —t) in some sense. Really, we will show that Defx has a hull,
which is given by k[[t]] with universal deformation

Xt = Speckl[tl][x,yl/(xy —t) — Speckl[t]].

We want T such that Hom(T,—) — Defx is smooth and induces an isomorphism on tangent
spaces. Given a morphism
frk[[t]] = A > f(t),

we obtain a deformation
Allx, yll/(xy — £(t))

of k[[x,yll/(xy). We can check that this is smooth, and so we need to check that we have an
isomorphism of tangent spaces.
We want to compute Defx (kle]). If S € Defx(kle]), set R = k[[x,yll/(x,y), and we have a
diagram
kle] ——

i

— =

~

_

If we consider the exact sequence
0—k—kle] =k—=0
and tensor with S, by flatness we have an exact sequence
0= k®ke]S =S = Kk®xS—0.

But because k ® [} S = R, we have a decomposition S = R @ ¢R. If we choose lifts X,y of x,y, the
product xy lifts xy = 0, so Xy = (f(x) + g(y))e. If we choose different lifts X’ =X+ ¢h,y’ =y +¢h,
we see that

X'y =xy+ (xj +yh)e.
But now xj +yh € (x,y), and so if we set t = f(0) 4+ g(0), then we can write Xy € te + (x,y)e, and
so there is a canonical choice of the element of (x,y)e, namely 0. Thus we can set

St = klelllx, yll/(xy — te),


https://stacks.math.columbia.edu/tag/0DZ5
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and now we have a diagram

0 R St R 0
0 R S R 0

By the five lemma, St ~ S, and so we are done.

5.2 Smooth curves with a finite group action

In this section, we will consider lifting from characteristic p > 0 to characteristic 0. This means
we will have to redefine what lifting. Here, we will suppose k = k with characteristic p. Let A
be a Noetherian complete local ring with residue field k. We define € be the category of local
Artinian A-algebras with residue field k.2

Forgetting about the requirement that k is algebraically closed, if k = [F},, then we can set
AN = Zy,. Let W = W(k) be the ring of Witt vectors in k. This is apparently some universal
Noetherian local ring lifting k, and for example, W(IF,) = Z,, and W(F},) = O‘Dp' We will
consider some extension O/W of rings and write K for the fraction field of O.

We are interested in deforming smooth proper curves X/k with the action of some finite group
G, conveniently denoted as a pair (X, G).

Definition 5.2.1. The pair (X, G) lifts to characteristic 0 if there exists O and X/O a projective smooth
curve with an action of G such that (X xgk, G) ~ (X, G).

Given the action of G on X, we can construct the quotient X/G. To remember the data of the
action, we remember the ramified Galois cover 7t: X — X/ G3
Consider the action of PGL, (IF4) on ]P]lc This includes in IP%(), which has an action of PGL,(0) C
PGL,(K). We want an embedding PGL,(IF4) € PGL,(K), but generally this is not possible. For
example, set ¢ = 9 and consider the matrices
a+1 a
< —a 1- a)’

0 -1

1 -1)
which generate a (Z/ 3)3. But then all finite subgroups of PGLy(K) are cyclic, dihedral, A4, As, or
S4, so this action clearly cannot lift.

Proposition 5.2.2. Suppose (X, G) is such that for all x € X, the stabilizer Gy has order |G| prime to p.
Then (X, G) lifts to characteristic 0.

Note that this is some local statement, so we need some kind of local-to-global method. Recall
that GX,X = k[[t]], and this has an action of Gy. Thus we define a local action as some action of a
finite group G on k[[t]], and this lifts if there exists O with an action of G on O[[t]] specializing to
the original action on k[[t]].

Theorem 5.2.3. For (X, G), suppose that the local action of Gx on 6X,X lifts to characteristic 0. Then
(X, G) lifts to characteristic 0.4

2 Apparently this is interesting in infinite-combinatories number theory.
3This is useful if you want to look at some of the omitted proofs.
4 Avi was lured in to a paper with French title and French body but English abstract, and in the end did not read this

paper.
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It is a fact that if G acts faithfully on k[[t]], then G = P x C, where P is P-Sylow and C is cyclic.

Proof of proposition. We will simply prove that if |G| is prime to p, then the local action lifts. Then
we know that Gx = G is cyclic of order n with generator o. If we write

o't = Z am,iti,

m2=0

then of course if ag ; # 0, then o't is a unit and hence t is a unit, so ap,i = 0. Our goal is to replace
t by some generator with a more explicit action of o. Let V be the vector space spanned by o't.
Then on our designated basis, we have

1

This has eigenvalues the n-th roots of 1, so we choose z € V such that 6z = (nz and replace
k[[z]] = k[[t]]. But now the action of ., clearly lifts to characteristic 0, so we are done. O

We have essentially proved that local actions of cyclic groups of order prime to p lift to
characteristic 0. Here is a mild generalization:

Conjecture 5.2.4 (Oort®). The local action on k([t]] by the action of any cyclic G lifts to characteristic 0.

This is now a theorem due to (among others?) Obus, Wewers, and Pop. Because of this, if the
stabilizers G are all cyclic, then (X, G) lifts. However, this is not a necessary condition for lifting.
If we consider an action of (Z/2)% on ]Plk, this does lift (because Dy = (Z/2)?).

5Fun fact: Qort was Johan'’s advisor.



Caleb and Morena (Oct 29): Lemma OE3X and applications
to contracting curves

6.1 One lemma in the Stacks Project

Lemma 6.1.1. In Example 0DY7 let f: X — Y be a morphism of schemes over k. If f.Ox = Oy and
RYf,.Ox = 0, then the morphism of deformation categories

DefX_>y — Defx

is an equivalence.

Let A be an Artinian local ring with residue field k. Remember that Defx(A) is the set of
isomorphism classes of diagrams

X —— Xa

(6.1) l |«

Speck —— Spec A

with o flat. Also, Defx_,y consists of diagrams of the form

x/ XVA
V4 I/’

Speck ————— SpecA

with «, B flat.

Lemma 6.1.2 (Lemma 063Y). Let (f,f'): (X,X") — (S,S’) be a morphism of first order thickenings such
that f is flat. Then the following are equivalent:

1. f"is flatand X = S x g/ X/;

2. The canonical map £*Cg ;51 — Cx /x is an isomorphism, where C is the conormal sheaf.

28
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Proof. In the affine case, write X = SpecB, X’ = SpecB’,S = SpecA,S’ = SpecA’. Then we are
looking for a diagram of the form

0 I A’ A 0
L
0 J B’ B 0.

The two conditions become
1. fisflatand B=B' @4/ A;
2. I/P@AB=]/]?and I®A B =7J.

To begin, note that B = B’ ®/, A is equivalent to B’/] = B/ ®/ A’/I, and this implies that ] = IB’
and thus that I®a B’ — ] is surjective. To prove injectivity, by flatness of B/, the map 0 — 1 — A’
remains injective after tensoring with B/, so I® 5, B’ — B’ is injective.

In the other direction, we may cite Lemma 051C. Alternatively, we give the following argument.
Assuming that I® B — ] is an isomorphism, we know | = IB’, and thus B = B’ ® 5 A. To prove
that B’ is flat over A’, we know that B//IB’ is flat over A because B/A is flat and | = IB’. We will
prove that if a C A’ is an ideal, then a® A+ B’ — B’ is injective.

By some inexplicable brilliancy, we simply need to fill in the diagram

? —— a®a B’ ? 0
| § I
0 1B’ B/ B//IB’ — 0.

By diagram chasing reasons, we will have exactness. Consider the exact sequence
0O—Ina—a— (I+a)/I—0.
After tensoring with B/, we obtain a right exact sequence
(INna)®aB’ - a®a/ B’ = (I+a)/I®a B’ — 0.

This gives us the desired items in the question marks.
Now we want to prove that (INa) ®5+ B’ — IB’ is injective. If we consider 0 — INa — I and
tensor with B’/IB’, we obtain

0— (INa)®a B'/IB’ — 1®a B'/IB,

but this is clearly actually
(INna)®a/B’ < I®A B’.

For the other part, we simply take
0= I+a)/I—=A

and tensor with B’/IB’. O


https://stacks.math.columbia.edu/tag/051C
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Proof of Lemma OE3X. We need to prove that 3: (Y, f.Ox,) — SpecA is flat. We can compose any
thickening as a sequence

X Xo Xn—l — XA
l“l J(Xz l‘xnfl Join
Speck — SpecA/m% — --- — Specm’ ' —— SpecA.

Now we apply Lemma 063Y to each square and obtain
Ox @k my /mit ! = of (my /mi) = mh O, /mi O,
Now if we consider the exact sequence
0 — mh Ox, /my10x, = Ox, /miOx, — O0x,/mhOx, — 0.
Applying f. and the assumption that R'f,Ox = 0, we obtain an exact sequence
0 — f.Ox @ miy /my — £, (Ox, /ma T Ox, ) = f4(Ox, /maOx,) — 0.

Now if we consider the diagram

Y Y, Yh1 —— Ya
JB lﬁ lﬁn 1 JB
Speck — SpecA/m3 —— .-+ —— Specm} 1 5 SpecA,

we want to prove that 3 is flat starting with (3; being flat. But here, we know
OYA = 1:‘>l<(9X A7

and therefore we have

Bi (mpa/mi™) = Oy, @p s, Ma/my!
= Oy @K my /mit?
= mAOyA/mA 1OYA
Now we may apply Lemma 063Y repeatedly to obtain flatness of (3. O

6.2 Application to moduli of curves

In this part of the lecture, we wish to define a contraction map Mg/n+1 — Mg,n that deletes a
marked point. This was used by Knudsen to prove that Mg n, is a smooth and proper stack over
Spec Z. Other applications include relations between Mg and My, 1 and their Chow groups. The
roadmap for this section is:

1. We will discuss stable curves over an algebraically closed field k and define Mg n.
2. We will define Mg 1 — Mg,n in the wrong way.

3. We will define contraction of rational tails and bridges over an algebraically closed field
correctly.

4. Finally, we will use Lemma 0E3X to define contraction over any scheme.
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6.2.1 Stable curves We will define n-marked genus g stable curves C over k = k. Here, we
will take C to be a connected 1-dimensional scheme of finite type over k. We will work only with
nodal curves, which are curves where for every x € C(k) either x is smooth and Oc y is a regular
local ring and thus a UFD by Auslander-Buchsbaum or x is a node and

Ocx = kb, yll/(xy).

Remark 6.2.1. In fact, 0) X,x is reduced and thus Ox  is reduced, so every nodal curve is reduced.
Now let o
Uc=c3c={Ja
i

be the normalization. We know that v—!(node) = Speck U Speck. To check this, recall that the
normalization of a reduced scheme is constructed by gluing the local maps

Z—Q (Ared))

Spec(Areq — Spec Aeq.

But now we know that

QArd) = ] QArea/ni)-

pi minimal

However, we know that

Q(kllx,yll/ (xy))=k((x)) xk((y))

kllx, yll/(xy) = k[[x]] x k[[y]l.

Q(O¢,p)

This implies that O¢ ;, is not local because k[[x]] x k[[y]] is not local.

Proposition 6.2.2. The arithmetic genus is given by

g= Z g(éi) + #(nodes) — #(components) + 1.
i

Proof. Recall that v—!(node) = Speck LI Spec k. Then we have the exact sequence

0= 0c = v.0z = P Ky —0.
p node

Taking the long exact sequence in cohomology, we obtain

0 — H(C,0¢) = H(C,v,0z) — KFnodes) — HI(C,0¢) — H(C,v.0).

Because v is finite, the Leray spectral sequence computing H!(C, © ¢) degenerates at the Ex-page,
and thus B
HP(C,v,0z) = HY(C,05).

But then we know Hl(C,v*Oé) =& Hl((f)é_) =3 g((N?i). By connectedness of C, we know that
HO(C,0¢) =k and HO(C, v, 0z) = Kflcomponents), m
We now need to add marked points.

Definition 6.2.3. A n-marked, genus g nodal curve C over k is a nodal curve of genus g with n
smooth points x1,...,xn € C(k).
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This definition allows too many curves, so we want to define a notion of stability.

Definition 6.2.4. A genus g nodal curve C with n marked points is stable if for all irreducible
components C;, we have
2g — 2 + #(special points) > 0,

where a special point is a node or a marked point.

Example 6.2.5. Over C, consider a genus 2 curve with two marked points x, y, an elliptic curve
with marked point z, and a nodal cubic with no marked points all intersecting in a triangle. Here,
we have three marked points and four nodes.! By observation, this curve is stable.

Remark 6.2.6. All of the 61 are stable if and only if g(éi) =2, g(éi) =1 and 61 has at least one

special point, or if g(C;) = 0 and there are at least three special points.

6.2.2 Contraction done wrong We will denote by Mg be the fibered category whose
objects over a scheme S are given by the following data:

e A map f: € — S proper and flat with sections o1,...,0n: S — € and for any geometric point
s € S, the map fs: Cs — k(s) and sections oy, ..., 0n,s form a stable curve of genus g.

® Morphisms are given by cartesian diagrams

¢ —— ¢

RO

S ——'S
that respect the sections.

Clearly the forgetful functor simply forgets the last section. Unfortunately, this does not
actually respect the stability condition. The problem is when the component containing oy, 1(s)
satisfies 2g; — 2 + #(special) = 1, because when we delete 0,1 we lose stability. This only

happens when g(C;) = 1 and there is exactly one marked point (which is actually smooth and
integral, so is an elliptic curve) or when g(Ci) = 0 and there are exactly three special points. In the
second case, we may have P! with three marked points, two marked points and a node (rational
tail), or one node and two marked points (rational bridge). Also, we may have a nodal cubic with

one marked point.

6.2.3 Contraction done right In this part, we construct from a prestable curve Cy ) a
stable curve ék(s). In the rational tail case, we are contracting the entire P! to the node and

in the rational bridge case we identify the two nodes and collapse the P! to that point, leaving
the two other components intersecting at a node (locally; globally this can be either one or two

components). Of course, we need to check that f*(‘)ck(s) = Oék(x) and le*ock(sj = 0. Next,

we need to check that contraction can be extended to a neighborhood in a canonical way when
S =SpecO% .

! Anna commented that Morena’s drawing had the curves tangent to each other, but we can just pretend that they are
nodes.



Morena (Nov 05): Contraction morphisms between moduli
stacks of curves

7.1 Recap of last time

Recall that for f: X — Y, if f.Ox = Oy and R!f.Ox = 0, then we have an equivalence of categories
Defx_,y ~ Defx.

We also attempted to construct a morphism Mg n1 — Mg n using the forgetful functor, but this

does not work. Remember the bad cases were called the rational tail and rational bridge. Also

recall that the stability condition for every component was 2g — 2 + #(special points) > 0, where
special points are nodes and marked points.

7.2 Contraction of rational tails and bridges

In the rational tail case, our stable curve should be the scheme-theoretic closure (so just topological
closure) C/C;, where C; is the rational tail. Because C is reduced, we see that C is the pushout

Speck —— C;

l

C\Ci — C.

Of course, this gives us a map C — C\ C;j by contracting C;. Now we need to check that C\ Cj is
a prestable curve of genus g which is actually stable and thatif c: C — C\ Cj, then c.O¢ =~ Ocer

and Rlc,O¢ = 0.
To check the sheafy conditions, we have an exact sequence

0— 0O¢c — j*om@ji*f)ci — ixxk = 0.
This gives us a longer exact sequence
0= cx0c = c4js O, @ i Oc, = Cubuk = Rlex0c = RlejuOae @ R einOc,
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To see that Rlc,O¢ = 0, we only need to check that Rlc*j*OW = 0 because Rlc*ji*oc,l =
H(Cy, Oc,) = 0. But here we have c*j*OW = 0 because c.j« = 0, and so we need to prove

surjectivity of the direct sum onto the skyscraper sheaf. This is clear.
Considering

Speck —— C\ Gy

|

Speck —— C\ Cy,

we see that ¢,O¢c ~ Oz and
Oave; = ed+0ae; Xk ClinOc;-

To check stability of C\ C;, we simply note that stability condition of the component C;
attached to Cj is unchanged, and everything else was untouched, so we have a stable curve.
We now check the rational bridge case. Here we consider the pushout

patufel — e\ Gy

J |

{y — C.

This exists and has nice properties. What this really means is that we contract C; and introduce a
new self-intersection at x; = x2. Now the contraction morphism is given by considering the total
pushout of

Patufxel —— e\ Gy

| |

Ci —— C

!

{y} — C.

Restricting to an affine piece, where C = Spec A and C \ C; = Spec A/, we obtain a fiber product
diagram of rings
A——k

L

Al —— kxk

We can now tensor with Ay, and we need to show that that 7\9 = kllx,yll/(xy). Because
completions are exact, we can consider the fiber product diagram

Ry — sk

l |

A'®p Ay — kxk
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Because A/ ®a 7‘\9 = Al x }A\,’Q = k([t1]] x k[[t5]], we see that

X1

Ay ={l+t1p(t1) + tap(t2)} = kllts, )]/ (t1ta),

and thus y is a node.

7.3 Contraction over any base scheme

Theorem 7.3.1. Let (S,f: € — S,09,...,0n41) € ﬁglnH(S). Then there exists a contraction such that
—e5eds
and the following conditions hold:
1. (S,g:C—=S,co00q,...,coon) € ﬁg,n(S).

2. ¢,0¢ ~ Og and R'c,O¢ = 0, and this is stable under base change. In addition, for all geometric
points’s — S, cg is either an isomorphism or a contraction of a rational tail or rational bridge.

Moreover, c: C — € is unique up to unique isomorphism.

Corollary 7.3.2. The morphism Mg w1 — Mg n is defined over Z.

Proof. We know what happens to objects. We know that morphisms are cartesian diagrams

S ——'S

ki o

(LAY

I

s 258,

But now we have two candidate contractions of ¢/, namely ©’ and € xg S’. But these have a
unique isomorphism. These fit into the diagram

e x S S’ ¢
L SRR » Cxg S’ [
S/ / S
This gives us compatibility with morphisms. O

To prove the theorem, we want to work étale locally over S, with a cover (S; — S). Then there

exists a factorization C; = €; — S;, and then we need to check that the cocycle condition works
on the overlaps. The existence of a global factorization means that our data is effective, and this is
the same as Mg r, is a stack.

To prove existence of a factorization étale locally, over 5 € S;, we have a contraction cs: Cs —
Cs. We want to prove that there exists an étale neighborhood (U, 1) — (S, s) such that there exists
a factorization Cyy — Cy extending cs. In order to do this, we need to do some reduction. If
S = Spec A is affine is of finite type over Z, we want A; C A such that A = lii>nAi, and thus
S = SpecA = lim Spec A;.



36

Theorem 7.3.3 (0E6U, 0E6V, 0DSS, 0CMYV). The fibered category Cu rves’gesmme is limit-preserving.

Lemma 7.3.4. The category of schemes of finite presentation over S is the colimit of the categories of
schemes of finite presentation over S;.

Now if S = SpecA, then Og"s = colim(y ) (s,s) Ou(U). Thus we may consider S =

Spec(@?/s). Write A for this henselization. Then if we consider A — A/m"™A, we have fiber
product diagrams

Cs Cu C

! | |

Speck —— Spec A/m"A —— S.

~

This gives us a formal object of Defc_(A). But now we know that
Defcs—fs ~ Defc_,

and thus we actually have deformations of Cs — Cs over A/m™A. But this gives us a formal
element of

~

Def._ & (A).
Now using 01W0, we have Cy, € Curveg.
Theorem 7.3.5. The data Curveg is effective.

For a sketch of this, note that the first stability condition is an open condition. If py,...,pn
are the marked points, then write D = pq + --- +pn. Stability is equivalent to wc (D) being
ample, and so over Cs we have an ample line bundle w¢ (D). We can lift this to (Cn, L) because
obstructions live in

H? (@1, (1+m)" 0+ ) =0.

Using the Grothendieck algebraization theorem, we see that if X; — S; is proper and £; is ample,
there exists a proper morphism X — S and £ an ample line bundle such that base change to S,
recovers (Xn,Ln).

Here, we know that € — Spec A is finite type and separated while € — Spec Ais proper, and
so there exists a unique € — €. We now need to return back to Spec A. But now we know that A

is the direct limit of its finitely-generated (over A) subalgebras. This gives us A C Al C A. We
know that R
A=08%,— Ogs

is regular, it is flat, and thus A/mA is noetherian and geometrically regular over k(m) by Popescu.
We have the diagram

/\sm — /\ét

A

AT A/mA.

Because A is henselian, we have a section Ag — /A, and thus we have a base change to A.


https://stacks.math.columbia.edu/tag/0E6U
https://stacks.math.columbia.edu/tag/0E6V
https://stacks.math.columbia.edu/tag/0DSS
https://stacks.math.columbia.edu/tag/0CMV
https://stacks.math.columbia.edu/tag/01W0

Baiqing (Nov 12): Deformations of group schemes

8.1 Deformations of abelian schemes

Definition 8.1.1. An abelian scheme p: X — S is a proper smooth group scheme over a connected
scheme S with geometrically connected fibers.

If S = Speck is a field, then X is projective. However, this is not true in general.

Definition 8.1.2. The deformation functor Defy’: Ay, — Set is defined for an abelian variety X
over k and Ay the category of local Artinian W-algebras with residue field k. It is given by

A = {(X', ) | X" = SpecA abelian scheme, ¢: Xj ~ X}/

where (X7, @1) ~ (X3, @3) if there exists an isomorphism : X{ — X; of abelian schemes such that
P20 = @1.

Theorem 8.1.3. Let X be an abelian variety of dimension g over k. Then the deformation functor DefﬁS is

pro-representable by W (k)[[tq, tp, ..., tgzﬂ.

Recall Schlessinger’s criterion from Johan’s lecture.! Note that if F is formally smooth and
F(R’) — F(R) is surjective for all R’ — R, then F is pro-representable by a power series ring
WI([ty,...,tql], where d = dimy F(k[e]).

We will prove the conditions (Hs), (H4) and then prove that the deformation functor is formally
smooth. Before this, we will consider the geometry of abelian schemes.

Lemma 8.1.4 (Rigidity lemma). Given a diagram

suppose that S is connected, p is flat and proper, and H0(Xs, Ox_) ~ k(s) for all s € S. If for some point
s € S, f(Xs) is set-theoretically a single point, then there exists a section j: S — Y such that f =nop.

Corollary 8.1.5. Let X,Y be abelian schemes over S and f: X — Y. If foex = ey, then fisa
homomorphism. Here, ex refers to the identity section.

1Baiging wrote them all down on the board, but I am too lazy to type them yet again.
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This result holds in general if we replace Y be an arbitrary group scheme.

Sketch of proof. Consider the diagram

XxgX ———— Gy
X.

Consider the morphisms X xs X — G xgs X given by 1 (x1,x2) = (f(x1x2),x2) and Pa(x1,x2) =
(f(x1),%2). Now we argue that f(g192) = f(g1)f(g2). O

Also, it is clear that abelian schemes are commutative because inversion takes the identity to
itself and thus is a homomorphism. If ¢1, $2: X — Y are two homomorphisms and (d1)s = (d2)2
for some s € S, then ¢1 = ¢y. Next, if f: X — Y is a morphism of schemes between abelian
schemes, then f — f(0) = f —f o € o p is a homomorphism.

We will now prove (Hy) for Defﬁs. For a small extension R” — R, we show that

Defy®(R” xg R') — Defy®(R") x

DeflS(R) DefQS(R/)

is a bijection. This is equivalent to proving that in the diagram

Def3®(R” xg R’) —— Defs®(R")

¥ I

DefyS(R') ——— Deff°(R),

if (X, @’) = (X, @) along the bottom arrow, then t/~1((X’, ")) = n~1((X, 9)).

Proposition 8.1.6. w1 ((X, @)) is the set of isomorphism classes of (X", @) such that X" is flat over
R” and X{ — X is an isomorphism as schemes over R.

Choose (X", ") € m1((X, ¢)). Then there exists an isomorphism ¢: X4 — X of abelian
schemes. Now we will send (X", ¢”") — (X", ). Checking uniqueness is easy with the diagram

P

N

Now we check that if (X{’, 1") ~ (X, ¢J'), then they are sent to the same thing. This was erased
from the board by Baiqing before I could process it.

Now we prove injectivity. If (X{, ¢{'), (X5, ;') map to equivalent (X{, $1), (X}, d2), then
there exists \: X{' ~ X}’ such that ¢ opg = 1. This implies that ¢} o Py = @{’. Unfortunately,
1 is not an isomorphism of abelian schemes, so we can replace it by 1T) =19 —Y(0).

Finally, we prove surjectivity, which is the difficult part of the argument.

Proposition 8.1.7. Let S = Spec A, where A is an Artinian local ring, m C A be the maximal ideal, and
I C Asuch that m-1=0. Let t: X — S be proper and smooth, e: S — X be a section of t, Sg = Spec A/I,
and Xo = X xs So. Then if X is an abelian scheme with identity ¢|s,, then X is an abelian scheme with
identity e.
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Theorem 8.1.8. Let X, Y/R are smooth schemes. Suppose that 7: R” — R is a small extension. Let
X" € Defx(R’) and Y' € Defy(R’). For any f: X — Y over R, there is a canonically associated class
o(f) € H(Xy, i Ty, /x) @k ker . If o(f) = 0, then HO (X4, i Ty, /x) @k ker .

Proof of proposition. Given (m, ¢, 1), we want (i, ¢), where p(x,y) = x —y. We have p on Xy, and
so we want to deform this to u’ on X. We know that

o(w) € H Xy x1c Xi, i T, /) @k kerm,

but because Xy is an abelian variety, we have

T sk = HO(Xie, Qx, i)™ @k Ox, -

We want to show that o(n) = 0. Consider g = A: Xg — Xg x SoXo and g = (id, ep): Xg —
Xo x5, Xo. Then pwo gy = ggom, and thus o(pno gy) = 0. Also, pogp = 1x, and o(po g) = 0. We
know that
o(pogr) =(g1)xo(n) =0,  ofnogz) =(g2)xo(n) =0.

Consider the morphisms (g1);: HY (Xy x X, we Tx k) — H (X4, (e o7)*Tx ) and (g2)%: H2 (X4 x
Xi, i (Tx /) — HY(Xy, (g0 71)*Tx /). But now we see that they are given by (g1)%: (x,y)®@v
(x+y)®vand (x,y)®v—x®v, and so o(n) = 0.

Now consider H?(Xy Xk Xk, e Tx, /1) @k ker = t®y [ and let i’ be a deformation of u. Then

s o9 X e x M x

is a deformation of ¢p. Under the identification
HO(Spec k, (0)k Tx, /) @k kerm ~ t @y 1

and using what we have done previously, we have p’ o (¢, ¢) = € and therefore an abelian scheme
structure. O

Finally we prove that Def?S(R’ ) — DefQS(R) is surjective for R” — R. Let (X, @) € DefQS(R).
Then o(X) € H2(X, Tx /1) @k ker T = t @y (t* At*). We want to prove that (X, )) is nonempty.
We know that 1* induces —1 on t,t*, and so o(X) = —o(X), and if we are working not in
characteristic 2, o(X) = 0.

To compute the dimension of the tangent space, we want to compute Defy’ (k[e]), but this is
H(X, Tx i) ~ t® t*, which has dimension g°.

8.2 Deformations of smooth affine group schemes

We will now discuss deformations of G, and G4. Let G/k be an affine smooth algebraic group
scheme. We will consider the deformation problem

Defg(R) = {(G’,cb) | G’/R group scheme, G 2, ~G}/iso.
For example, for G, we know that Spec k[el[t, t1] is a deformation of G,. We want to deform
the multiplication, and so we have m’: T — Ty T(1 + ¢A(Ty, Tp)). To check associativity, we obtain
ATy, T2) + A(TiTp, T2) = A(Ty, ToT3) + AT, Ts).

We will also consider A, A’ equivalent if there exists f such that A’(Ty, T;) = A(Ty, Tp) + f(T1 Tp) —
f(Ty) — f(T,). Therefore we have

{A | associative}

Defen (Ke) = (T — () — (1))
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Proposition 8.2.1. In fact, we have Defg_ (k[e]) = 0.
Proof. let f(T) = Y a;T'. Then f(TyT2) — f(T1) — f(T2) = 3 ai(TiTH — T} — T1). If we set
ATy, ) = Ay TiT,

adjust A by f such that Ajg = 0. Now we have the equation
Y AT =Y U - (X ATEE+ Y AT,
i

and thus Aj; = 0. O

For the additive group, our deformed multiplication is given by T — T; + Tp + ¢A(Ty Tp).
Associativity is equivalent to the condition

A(Ty, T2) + A(Ty + T2, T3) = AT, T3) + A(Ty, T2 + T3).
The trivial deformations are given by f(T; + T,) — f(T;) — f(T2), and thus we have

A | associative

Defea (el = fi ) —rr) — )

This deformation space vanishes in characteristic 0 and is infinite-dimensional in positive charac-
teristic. If we apply ain to the associativity relation, we obtain

M (T +Tp, T3) = 8o(To, T3) + Ao(Ty, To + T3),
and if we apply aiTl, we obtain
Ap(Ti 4+ T, T3) = Ap(Ty, T +T3),

and therefore Aq5(Ty, T2) = f(Ty + Tp). In characteristic 0, f has a primitive, and so taking the
primitive twice we obtain a desired F. Primitives do not exist in positive characteristic, so this
proof does not work. However, it is possible to work out the following;:

Proposition 8.2.2. In positive characteristic p, A is a linear combination of By, (Ty, T,)P" for n > 0 and

n m i
TP TP form >n+1, where B, (Ty, Tp) = W € ZIT, Ty,



Haodong (Nov 19): Artin’s axioms

9.1 Prestacks and stacks
First, we will generalize the Zariski topology a little bit.
Definition 9.1.1. Let S be a category. Then a Grothendieck topology on S is given by a set Cov(X) for
each x € X, where each element in Cov(X) is a collection of morphisms {x; — x}; in S. We require
that

1. All isomorphisms x” — x are in Cov(x).

2. If {x; = x}; € Cov(X) and y — x, then x; X y exist and {x; xxy — y}; € Cov(y).

3. If {x; = x}; is a covering of X and {x;; — xi}]_ is a covering of x; for all i, then {xi; — x}
is a covering of X.

A site is a category with a Grothendieck topology.
Example 9.1.2. Let S be a scheme and let € = Sch/S. For every T — S, we say that {fi: T; — T}is

a covering if all f; are open immersions and the f; are jointly surjective. This gives the big Zariski
site of S. If we replace open immersion with étale morphism, then we obtain the big étale site.

9.1.1 Prestacks

Definition 9.1.3. Let 8 be a category and p: X — 8 be a functor. We will denote objects of X by
a,b,...and objects in § by S, T,.... We will denote morphisms in X, § by «, f respectively. We say
that p is a prestack if the following conditions are satisfied:

1. If p(b) =T and S — T is a morphism, there exists a and a morphism a — b such that
p(a) = S filling the diagram

w0
A

—_
_f
41
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2. If we have

/_\

—

o

i

— T,

A0
W —

S
there exists a unique morphism a — b filling in the above arrow.

Exercise 9.1.4. For every s € §, the category X(s) over s has morphisms those lying over the
identity and is thus a groupoid.

Example 9.1.5. Let F: § — Set be a functor. We will define Xr to have objects (a,s), where s € §
and a € F(s). Then morphisms (a,s) — (a’,s’) are morphisms f: s — s’ such that F(f)(a’) = a.
We will define p: (a,s) — s, and this defines a prestack, which we will simply call F.

Example 9.1.6. Let S be a scheme and € = Sch/S. If T — S is an S-scheme, then Hom(—, T) is a
presheaf on € and by the previous example defines a prestack over €, which we will call T.

Example 9.1.7. Consider the functor My — Sch/C where the objects are morphisms € — S, where
S is a scheme over C and € — S is smooth and proper with all geometric fibers connected curves
of genus g. Morphisms are simply pairs a: € — €/, f: S — S’ such that € = ¢’ ®g: S.

Definitions 9.1.8. Let 8 be a site.
1. A morphism of prestacks X — Y is a functor f such that for all a € X, pyx(a) = py(f(a)).

2. If f,g: X — Y are morphisms of prestacks, then a 2-morphism «: f — g is a natural transfor-
mation such that for all a € X, aq: f(a) — g(a) lies over the identity in 8. In particular, o is
an isomorphism.

3. A diagram

is a 2-commutative diagram if there exists a 2-morphism o: fg’ — gf’.

4. f: X — Y is called an equivalence if there exists g: Y — X such that fog — id and go f — id.

Lemma 9.1.9 (2-Yoneda lemma). Let X — 8 be a prestack and s € 8. Then Homg(—, s) is a prestack on
8 and the functor Hom(s, X) — X(s) given by f — f(ids) is an equivalence of categories.

Now we want a fiber product of prestacks for X — Y,Y’ — Y, which is simply the final object
in all 2-commutative diagrams

8C — 2
KR

Fortuantely, these do exist.

Example 9.1.10. The product X x X exists and is a prestack. We also have a diagonal A: X — X x X.
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Example 9.1.11. Let X be a prestack and a: Y — X,b: Y’ — X be morphisms. Then there exists a
2-cartesian diagram

YxxY —— Yxy

[ e

X —2 L xxX.

9.1.2 Stacks

Definition 9.1.12. A prestack X over a site 8 is called a stack if for every {U; — U} € Cov(U), we
have

1. (morphisms glue) There exists a unique a — b filling in the diagram

aly;; / a ----- > b
0 /
lying over
U
Uy / u
u;.

Precisely, this means that given a,b € X(U) and ¢;: aly, — b such that ¢i|uij = ¢j|uij/
then there exists a unique ¢: a — b such that ¢[y, = ¢; for all i.

2. (objects glue) Given aj, a; and isomorphisms o ailu,; — ajlu,; satisfying the cocycle
condition on Uj;, there exists a € X(U) and isomorphisms ¢;: aly, — a; such that «y; o
diluy = djluy-

Example 9.1.13. Consider the prestack Sheaves over Sch with objects (S, F), where F is a sheaf
on S. Then (S,F) — (S/,F/) is a pair f: S — S’ and «: F/ — f.F such that the adjoint of « is an
isomorphism F ~ f~1F/. We know that sheaves and their morphisms can be glued in the Zariski
topology, so the prestack Sheaves is a stack over Schyz,,.

Example 9.1.14. Consider the prestack Schemes over Sch with objects (T — S) and morphisms
(T—S)—= (T —>S)isapairf: T— T and g: S — S’ such that the two compositions T — S’
agree. Of course schemes can be glued in the Zariski topology, so Sch is a stack in Schz,,.

Proposition 9.1.15. Mg is a stack over Schg; for g > 2.

Remark 9.1.16. The stackiness conditions mainly come from descent theory.
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9.2 Algebraic stacks and Artin’s axioms

From now on, we will work in the category Sch/S of schemes over S.

9.2.1 Algebraic stacks

Definition 9.2.1. A morphism X — Y of prestacks is representable by schemes if for all schemes
T — Y, the fiber product X xy T is also a scheme. A representable X — Y is surjective, smooth, etc
if for all schemes T — Y, the morphism X xy T — T is surjective, smooth, etc.

Definition 9.2.2. An algebraic space is a sheaf F on (Sch/S)¢: such that there exists a scheme U and
a surjective étale UL — F which is representable by schemes.

Definition 9.2.3. A morphism X — Y is called representable if for all schemes T — Y, X xy T
is an algebraic space. Moreover, a representable f: X — Y is called surjective, smooth, etc if
U — X xy T — T is surjective, smooth, etc.

Definition 9.2.4. A algebraic stack over (Sch/S)¢; is a stack such that there exists a scheme U with
a morphism U — X that is smooth, surjective, and representable.

This is equivalent to the following conditions (taken together):

1. The diagonal X 2 X x X is representable.
2. There exists a scheme U and a smooth surjective morphism U — X.

A useful fact that the product and fiber products of algebraic stacks exist (in the category of
algebraic stacks), and this is the same as their fiber products as prestacks.

Definition 9.2.5. We say that f: X — Y of algebraic stacks is locally of finite type if for all (for some)
smooth presentations V — Y and U — X xy V, the composition

U—=>XxyV -V

is locally of finite type.

9.3 Artin’s Axioms

Definition 9.3.1. Let X be a stack over (Sch/S)s. Then X is limit-preserving if
lim X(SpecB{) — X(Spec(lim B;))

is an equivalence of categories. Explicitly, this means:

1. Every object on the right hand side comes from ailspecg for some i and some a; €
X(SpecBy).

2. For a,b € X(SpecB;), we have

HomRHS(a|SpecB/ b|SpecB) = lim Homf)C(SpecBi/)(a|Bi/rb|i’)~
>

=
pat

This should be viewed as a finiteness condition because if f: X — S is a scheme, then Hom(—, X)
is limit-preserving if and only if f is locally of finite presentation.
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Definitions 9.3.2. Let X be a prestack over Sch/k. A formal object of X is (R,{&n},{fn}), where R is
a complete local Noetherian k-algebra, &,: SpecR/my — X, and fy,: &n — &1 are morphisms
in X lying over Spec R/mI* < Spec R/mp 1.

A morphism of formal objects (R,{&n},{fn}) — (T,{Mn}{gn}) is a collection of morphisms
n: &n — Mn such that

EnLﬂn

b T

Xn41
Endl — Nntl

commutes. These define morphisms SpecR/my — Spec T/mY that are compatible, and hence a
morphism SpecR — SpecT.

There is a functor from X(Spec R) to the category of formal objects (R, ...). We say that a formal
object is effective if it is in the essential image of this functor.

Definition 9.3.3. Let R be a complete local Noetherian k-algebra and & € X(SpecR). We say that &
is versal if for any diagram

Speck —— SpecB —— Spec C

| Js

’

SpecB’ — 11— X

such that B’ — B is a surjection of local Artinian k-algebras and o: & SpecB — n'Ispec is an
isomorphism, then there exists Spec B’ — SpecR such that o’ = &[spec g = 1' extending .

A formal object (R,{&n}, {fn}) is versal if in the same diagram, if we replace & wuth &;,, and R
with R/m™, we can find a lift to Spec R/m™ for some m > n.

Theorem 9.3.4 (Artin’s axioms). Let X be a stack over (Sch/S)g. Then X is an algebraic stack locally of
finite type over k if and only if

0. X is limit-preserving.
1. The diagonal A: X — X x X is representable.

2. (formal deformations) for every x: Speck — X, there exists a complete local Noetherian k-algebra
(R, m) and a versal formal object (R, {&n}, {fn}) such that & = x.

3. Every formal object is effective.

4. (openness of versality) Let &y : U — X, where U is a scheme of finite type over k, and u € U be a
k-point such that Eu\spec o is versal. Then &y is versal at all k-points in an open neighborhood of
U. *

Remark 9.3.5. Suppose we want to prove that Artin’s axioms imply that X is an algebraic stack
locally of finite type over k. Given a formal object (R,{&n),{fn}), we have an actual object
& € X(SpecR). By approximation and algebraization, we have U — X finite type and versal at
X =U. Now U — X is smooth, so we have | |U — X smooth, surjective, and representable.
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Remark 9.3.6. In many modular problems, the condition about formal deformations follows from
the Rim-Schlessinger condition that for a diagram

A Xp cC—~C
A—»B
of Artinian local k-algebras, the map

X(Spec A xg C) — X(A) xx(g) X(C)

is an equivalence of categories. Here, if xg € X(Speck), define Fe¢, by A — x € X(SpecA)
such that xp — x lies over Speck — Spec A. Then TFey, = Fex,(klel) is a k-vector space. If
dimy TFe(y,) < oo, then we have the condition on formal deformations. Then smoothness of
U — Fe x, gives versality.

Remark 9.3.7. The third condition follows from Grothendieck’s existence theorem, and a deformation-
obstruction theory gives openness of versality.
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Che (Dec 03): Stack of coherent sheaves

Let k be an algebraically closed field of characteristic 0, (Sch/k)st be the étale site of schemes over
k, and X be a projective scheme over k.

Definition 10.0.1. Let Cohx be the category defined as follows:

* Objects are tuples (T,JF) of a scheme T and JF is a quasicoherent sheaf on X x T of finite
presentation flat over T.

* Morphisms from (T,J) to (T/,J’) are pairs (h, ¢), where h: T — T’ is a morphism of
schemes and ¢: (h')*F’ — F is an isomorphism of Ox,-modules. Here, h': X1 — Xy is
the morphism induced from h.

There is a functor p: Cohx — (Sch/k)g given by (T,F) — T, and we want to prove that
X := Cohy is an algebraic stack. Also, we will abuse notation and write h for h’. We will prove
that X satisfies Artin’s axioms. Recall that these are

(0) X is a stack. This means that X is a prestack and objects and morphisms glue.
(1) A: X — X x X is representable by algebraic spaces.

(2) X is limit-preserving.

(3) X satisfies the Rim-Schlessinger condition.

(4) The tangent spaces TFx x, and Inf(JFy x,) are finite-dimensional.

(5) Every formal object is effective.

(6) X satisfies openness of versality.

These will imply that there is a smooth surjective covering of X by a scheme.

10.1 X is a stack

First, we will prove that X is a prestack. We note that X(T) has objects finitely presented J on
X7 flat over T and morphisms (idt, ¢), where ¢: F' — F is an isomorphism. Thus X(T) is a
groupoid. We now want to prove that pullbacks exist, which is clear because given h: T — T’ and
an object (T’,F’), our pullback is simply (T, h*F’). To show that pullbacks are universal, consider
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hi: Ty LN T ﬁ) T. Now suppose that we have morphisms (Ty, F1) — (T, F) and (T, F2) — (T, F).
Now we want to prove that there exists an isomorphism F; ~ h*JF,. But we know that

h*F) ~ WhF ~ hF ~ F,

and so we are done.

Now we want to check that objects glue. Given T and a covering {a;: T; — T}, suppose we
have J; on Xy, flat over T;. Suppose that the J; are isomorphic on intersections and satisfy the
cocycle condition. We want to construct a § on Xt of finite presentation, flat over T. This follows
from étale descent, so we are done.

We now want to prove that morphisms glue. To do this, we need to introduce some new
notions.

Definition 10.1.1. Given X = (T,F) and Y = (T, §), define the Isom presheaf Isomx (X, Y) sending a
scheme S — T to the set Hom(F|s, G|s) in X(S).

It is easy to see that morphisms glue if and only if this is a sheaf, and we will omit the proof.

10.2 Representability of the diagonal

We want to prove that for all schemes S over k, the stack Y given by pullback in the diagram
S
X

is an algebraic space. By the 2-Yoneda lemma, a map S — X x Xis givenby & = (S,J),n = (S, 9) in
X(S). If we compute the fiber product S xx xx X, we actually obtain the Isom presheaf Isomx (&, 1).
We will use without proof the fact that Isomy (&,1) is a closed subfunctor of Hom(&, §) (defined
by T — Hom(JF7, 97)).

We will only prove that Hom(J, §) is representable by an algebraic space when , G are locally
free (and X is a point apparently).! In this case,

_—

R

AL xxX

Hom(7, §)(T) = Hom(F, 1) = HO((FY ® 9)1).

But now this is clearly represented by the total space Spec Sym(JF ® GV') because?

Homs (T, SpecSym(F ® §Y)) = Homg, (Sym(F @ §Y), f,07)
=Home, (F® 5, f.07)
= Homg, (f*(F®5"),07)
= H((FY ® 9)1).

10.3 Preservation of limits

Given T = lim T;, we want to prove that X(T) is the colimit of the X(T;). Given F on X x T of finite
presentation and flat over T, we want to show that there exist T;, F; such that F = (X — X;)*J;.

Here, Johan intervened and came to the board to talk about cohomology and base change things.
2 Apparently the following is wrong, but is preserved here for recordkeeping.
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Proposition 10.3.1. Let R, Ry be rings such that R is the colimit of the Ri. Let M be an R-module of finite
presentation. Then there exists i and a finitely-presented Ri-module My such that M = M; ®g, R.

Proof. We know that M is finitely presented, so we have an exact sequence

gem 4 pen v g

Because R is the colimit of the R, there exists i such that a;y lift to R;. If we define M; by

Rom 19, pon v g,
this is clearly the desired M. O

Checking flatness is too hard, so we will not do it.

10.4 Rim-Schlessinger

We will not prove this, but we will see that this is a natural condition to satisfy. Given a pushout
diagram

u——u’

|

V —V/

where U, U’,V, V' are spectra of local Artinian rings of finite type over k and U — U’ is a closed
embedding, we want the functor

X(V") = X(V) xxcuy X(U)

to be an equivalence of categories.

10.5 Finiteness

We want to prove that the tangent space Ty x, and the infinitesimal automorphisms Inf(Fx x,)
are finite-dimensional. Given Xj: Speck — X (which is just a finitely presented sheaf F on X), the
tangent space is

TFx x, = {F’'/X x kle] finitely-presented, flat over k[e], '|x = F}/ ~= Ext'(F, F).
In addition, we know that
Inf(Fx x,) = ker(Aut(F @ kle] /X x kle]) — Aut(F/X)) = Ext'(F, ).

Because X is projective, these Ext groups are finite-dimensional.

10.6 Formal objects are effective

We will now prove that formal objects are effective. Let R € Cbea complete Noetherian local ring.
Recall that a formal object is {{,,}, where & € X(SpecR/my) along with fi,: &y — &1 living over
the natural inclusions. A formal object is effective if it comes from an actual object over R.

In our case, a formal object is given by F, on X x Spec R/my flat and finitely presented and
frn: i Fny1 = Fn. We want to show that there exists I over Spec R restricting to each F7,.
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Theorem 10.6.1 (Grothendieck existence theorem). Let A be a Noetherian ring which is complete with
respect to some ideal 1. Let f: X — Spec A be a proper morphism. Let J = 10x. Then the functor

Coh(X) — {900  Fe oo | F\ coherent, annihilated by T*, Fpy 41 /I Fp 11 ~ :fn}

is an equivalence.

In our case, take A = R and I = m, and now we are done.
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Johan (Dec 10): Openness of versality

Let k be an algebraically closed field. In this lecture, all schemes live over k for simplicity.

11.1 Moduli of curves

Recall that Mg is a stack such that a morphism U — Mg is a family C — U of stable curves of
genus g. Assume that U is of finite type over k and let uy € U(k).

Definition 11.1.1. We say that U — ﬁg is versal at ug if Bu,uo and the map

h@ Ung — Defcuo

given by CISpec By, ATE hull.
Lemma 11.1.2. U — Mg is versal if and only if U is smooth at uy and Ty, U — TDefc,,  is surjective.

Proof. Earlier, we discussed that deformations of C,,, are unobstructed. Therefore any hull is
a power series ring over k. Thus U must be smooth at uy. If U is smooth at ug, then look at

Ou,y, < R, where R is the deformation ring of Cy,,. But now this is a map of power series rings,
and therefore defines a smooth transformation of functors if and only if the map on tangent spaces
is surjective. O

Lemma 11.1.3. We have openness of versality for Mg and Mg.

Proof for Mg. By the previous lemma, we may assume that U is smooth. Call f: C — U and
consider the exact sequence
0—Tcu— Tc — " Tu — 0.

This gives Ty = f.f*Ty — R, T su- Taking fibers aat 1, we obtain
TuoU = Tu @ k(ug) — R T u @ k(ug) = H! (Cuy, Ty, ) = TuyDefe,, -

Also, R'f, T su is a vector bundle of rank 3g — 3 over U. By the lemma and the assumption of
versality at 1y, we see this is surjective. Thus this is surjective in an open neighborhood. O
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Proof for Mg!. Consider the exact sequence
O%f*Qu/k —)Qc/k —)Qc/u — 0.

We think of this as Q¢ ,y — f*Qyy /«[1] in the derived category, and now if we tensor with the
relative dualizing sheaf, we have

Qcu@weu = Oy ®@we,yll = (Qu ),
where f' is the right adjoint to Rf, in this case. This gives
Rf*(QC/U 29 (DC) — QU/k'

By positivity properties, Rf.(Qc,uy ® we, u) = f(Qc/u ® we u). Taking the fiber at uy, we
have

HO(QCuO/k X Wey, )\/ = Ext! (cho /k® WCy, wCuO/k) = EthCuO (QCUO’ Ocuo) = TUODefCuO .

By the same argument as before, we are done. O

11.2 Properties of cotangent complexes

Suppose that U is of finite type over k. Then there is a complex Ly € Dfo(})l((‘)u) such that
HO(Ly /1) = Quy /x called the cotangent complex. Suppose we write

Ot = klixt, oo, xnll/(F1, ..., i) = KX/

with n, m minimal. This implies that f,...,fm € (X1,...,xn)? Then HO(Lu/k ® k(ug)) is the
cotangent space of U at 1y and thus has dimension n. Next we note that

H’lLu/k ® k(ug)] = I/ml,

and this has dimension m.
Now let g: U — V be a morphism of schemes of finite type over k. Write ug — vo. Then if we
consider the distinguished triangle

Lg"Lyx = Lu/x — Luyv,

we see that g is smooth at vy if and only if HO(Lu/k ® k(ug)) < HO(L\//]< ® k(vp)) is injective and
H™ Ly ® k(ug)) < HH(Ly /i ® k(vp)) is surjective.

Remark 11.2.1. Suppose that f: X — U is a proper flat morphism corresponding to U — X, where X
is the prestack pramaterizing families of of flat proper schemes. Then we have Lx i — Lf*Ly /i [1],
and tensoring with the dualizing complex, we have

Lx,u ® Wy — L Ly @ w10 = £ (Ly ) (1.
We should consinder instead
cany Rf, (LX/U X w;</u)[—1] — LU/k'

Versality is then related to properties of H(cany /u @l k(ug)) for i =0, —1.
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11.3 Coherent sheaves

Let X — Speck be proper. Then Cohy /i is a stack such that for all U/k of finite type, a morphism
U — Cohy /i is a coherent sheaf I on X x U which is flat over U.

Lemma 11.3.1. We have openness of versality for U — Cohx /y.

Easy case. We will assume that J,,; is a vector bundle and Exti (Fug, Tug) = 0. As before, we may
assume that U is smooth and ¥ is a vector bundle. We then have the Atiyah extension

0-F20%k,yu—PIF) =T -0

and a map ¥ ® ‘Q%(XU/k — F®@p*Qy k- Then we have the Atiyah class

F = (F@®Fyq )0l
Dually, we have f*Tyy /. — Hom(F, F)[1],
Tu/k — RfLF Ty i — Rf.(Hom(F, 3))(1],
etc. By similar arguments as before, we obtain the desired result. O
General case (terrible). We have an Atiyah class
: ]

EI/

This yields
!

g F@RHom(J, q"w ) = P Lusk © 4w i [1] = p'(Luji)-
The adjunction gives us
Rp.«(F ® RHom(F, q* w1 ))[=1] — Ly -
We need to show that formation of the left hand side commutes with base change and that
HY (X, Fup @ Fuy, 0 1) = Bxti(Fug, Fuy ),

and then we can use cohomology and base change. O

11.4 A trick

Sometimes we can get openness of versality for a prestack X. Here, openness of versality holds
for the prestack X if

1. X — X x X is representable by algebraic spaces.

2. We have the condition (RS, ), which is a version of RS where the rings do not need to be
Artinian.

3. X is limit-preserving.



54

4. The following effectiveness holds: If A = lim A, where
A= =2 A3 2> A > Aq
where each A, — A —1 is surjective with square zero kernel, then X(A) = lim X(An).

In the example on Cohy /i, we have F;, on X ® Ay, and then we can attempt to take the limit
F of the F,,. This fails because the limit is not quasicoherent, but we can fix it.
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