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Spectral Sequences

Our goal in this chapter will be to compute the homotopy groups of spheres, but we are not
algebraic topologists so we don't actually care about that. What we know from the basic theory is
that 71; (S™) = 0if i <n and 7 (S™) = Z, and this isomorphism is given by the degree. We also
know that 713(S?) = Z and is generated by the Hopf fibration S! < S* — S2. Note that this map
is the attaching map of the 4-cell of CIP2.

There is an analogous decomposition HIP? = ptUD*UD8. Then we obtain a fibration
f: $7 — S*, which is an S3-fibration. Using the long exact sequence of the fibration, we see that
m7(S%) 2 Z.

Next, we may consider OIP?, the octonionic projective plane. This has a cell decomposition
ptuU D8 U D! and from this we obtain a fibration $” < $1° — S8 and compute that m5(S8) D Z.
We should note, however, that OIP? is not the set of lines in O3 because the octonions do not form
an associative algebra. There is enough associativity to define some sort of OIP? but not OP™ for
n 2 3. In fact, we will prove that no space with the expected cohomology ring exists.

More generally, we can study f: S?*~! — S™ as follows: Consider the mapping cone S™ Uy
D?" = C¢. Then the cohomology is

Z 1i=0,n,2n
0 otherwise

HY(Cy) = {

Then choose generators o € H™, B € H2™. We then have o = H(f)p € H2™ for some integer H(f),
called the Hopf invariant.

Example 1.0.1. The attaching maps of CIP?, HP?,OIP? all have H(f) = 1. This implies that
H* = Z[od/ (o).

We know that if f, g are homotopic, then H(f) = H(g) because the mapping cones are homotopy

equivalent. Then we obtain a homomorphism H: 7y, _1(S™) — Z. Note that when n is odd, we

have o? = —o by graded commutativity, and so H(f) = 0.

Example 1.0.2. If n = 2k is even, there exists f: ST 5 §2K with H(f) = 2.

Now given a pointed space (X, e) define J>(X) = X x X/(x,e) ~ (e,x). This is somewhere
between the product and the smash product, and so J»(S?*) is a CW complex with a single cell in
dimensions 0, 2k, 4k.

Exercise 1.0.3. The attaching map of the 4k-cell has H(f) = 2.
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Corollary 1.0.4. 141 (S%%) admits a Z-summand. This is because H surjects onto either 27 or Z., and
so it splits.

We have the following results:

Theorem 1.0.5 (Serre). 7;(S™) is a finitely generated abelian group. It has rank 1ifi=nori=2n-1
and n is even.

Theorem 1.0.6 (Adams). If [f] € o1 (S™) with H(f) =1, thenn =2,4,8.

Remark 1.0.7. This is related to the following. Suppose R™ admits the structure of a division
algebra. This is a bilinear map *: R™ @ R™ — IR™ that is invertible for a # 0. Thenn =1,2,4,8.
We will prove this result using K-theory.

1.1 The Simplest Case

Here, we will consider 7,,41(S™) for n > 3. By the Freudenthal suspension theorem, we have
maps
2y ~ 3y ~ 4
m3(S7) = my(S°) = m5(S%) — - -

Therefore the group we need to compute is 714(S?). The key strategy is to exploit the interaction
between homotopy and homology. Here, we will consider the Hurewicz map

h: 7 (X) = Hn(X) [f] — f.[S™].
Theorem 1.1.1 (Hurewicz). Suppose n > 2 and X is (n — 1)-connected. Then ﬁO(X) =HX)=-.-=
Hn_1(X) =0and h: 7 (X) ~ Hp (X).
Remarks 1.1.2. When n = 1, Hy(X) is the abelianization of 711 (X). Also, there is a relative version

of the Hurewicz theorem.

Sketch of Proof. We can assume X is a CW complex with a single 0-cell and no cells in dimension
1,...,n—1. Then we can replace X with X"t 50 we can write

X = (\/ s:;) up DT
«
By homotopy excision, we have
70 (X) = coker(d: 7t 41 (X, X™) — 7, (X™))
and this is exactly Cy,+1(X) = Cn(X) — 0. O

Our strategy to compute 74(S%) will be to construct a space whose homology is 74(S%).
Recall that 73(K(Z, 3)) = Z by definition, and so consider f: $3 -5 K(Z,3) be a generator. Then
f.: m3(S3) = m3(K(Z,3)) is an isomorphism. Now we can turn f into a fibration F — S3 - K(Z,3).
Considering the long exact sequence of the fibration, we have

0 — 14 (F) = m4(S3) = 0 = m3(F) = m3(S%) = m3(K(Z,3)) — - - -

and therefore my(F) = 1 (F) = m(F) = m3(F) = 0. We also have mn (F) = 7, (S3) for n > 4. In
particular, we have 74(S3) = 74 (F) = Hy(F).If we can understand F in some reasonable way, then
we will be done.

If we turn F < S2 into a fibration, then the homotopy fiber is now a K(Z,2) = CIP*°. Now we
have a fibration and we know the homology of both $* and CIP*, so the question is to compute
H,4 from the information we have.



Question 1.1.3. Given F — E — B a fibration, is there a relationship between H.(B), H.(E), H.(F)?

Recall that in the case when E = F x B this relation is given by the Kiinneth formula. Here, we
see that C.(E) = C«(F) ® C«(B) as chain complexes, and so we reduce the problem to homological
algebra. This gives us

Theorem 1.1.4. Let R be a principal ideal domain. Then there is a natural short exact sequence
0 — EPHi(F,R) ® Hy—i(B,R) — Hn(F x B,R) — P Torg (Hi(F,R),Hn_1_i(B,R)) = 0

and this sequence splits (but not naturally).
Example 1.1.5. We can compute that H, (S! x $2) = Z in dimensions 0, 1,2, 3.

However, we note that the Kunneth theorem does not hold for fibrations in general. To see
this, consider the Hopf fibration.

Example 1.1.6. Consider the fibration K(Z,n —1) < * — K(Z,n). Both the base and fiber have
nontrivial homology, but clearly the total space is contractible, so it has trivial homology. In both
examples, H, (E) is smaller than what we would get from Kiinneth.

1.2 Spectral Sequences

Definition 1.2.1. A spectral sequence is a sequence (E', d,), where E' is an R-module and d,: E" —
ET is a differential. In addition, we require that E™tl = HL(E", d,).

Remark 1.2.2. Note that (E", d,) determines E™"1, but not d, in general.
Now assume that d, =0 for r > 0so that E" = E™ 1 = ... = E®,

Definition 1.2.3. We say that (E", d,) = G, or (E, d,) converges to G, if G admits a filtration
0=G_1CGyC G C---CGp=G

such that @ G;/G;_1 = E™.

Remark 1.2.4. This says that G is recovered by (E", d.) up to extension problems.

Example 1.2.5. Consider a short exact sequence 0 — A, — C,. — C,/A, — 0 of chain complexes.
Then we will see that there is a spectral sequence with E! = H,(A)® H4(C/A) and (E7, d;) =
H..(C).

First, consider the long exact sequence in homology. If we consider the boundary homomor-
phism 6;, we obtain a long exact sequence

0 — cokerd;,1 — H;i(C) — kerd; — 0.

Now define E! = H,(A) @ H,(C/A) with d; = @ &;. Then we have

L(EL,dy) = (@ ker 6; ) S3) (@ coker 61) = E?,

as desired. Then we let dy = 0.

This tells us that if Hi(A) = H4«(C/A) = 0, then H,(C) = 0. Also, if H.(C) = 0, then
H.(A) = H,(C/A) with a shift.



Theorem 1.2.6 (Serre). Let F — E — B be a fibration and let 11 (B) = 1. Then there is a spectral sequence
(ET, d,) such that

o E2 = H,(B;H.(F));
e (E",dy) = H.(E).

Note here that we need to define what it means to converge in this setting. Also, note that E?
is smaller than E2, so this formalizes the notion that H, (E) is smaller than what we naively expect.

Remark 1.2.7. We actually do not know what d, is, so it is impossible to compute the homology in
general.

Fortunately, there is more structure:

E{ . is bigraded.

d; has bidegree (—r,v—1).

E2 o = Hp(B;Hq(F)).

Ep q = Epq for r > 0 depending on p, q.

Hn (E) has a filtration with associated graded @ E{°,

in—i’

Example 1.2.8. Consider the example S < % — CIP®. Then we know that E%,q =Hp (B, Hq (S1)
and therefore the spectral sequence is

0 | Ho(B) Hy(B) Hz(B) Hs(B)
0 1 2 3 4

This gives us 6;: Hp11(B) — H;(B), and so d3 has degree (—3,2) and thus it has to be zero. By
degree reasons, we see that E* = E3 and d4 = 0, so E® = E3. Then, the total space is a point, and
so writing the E3-page

1 |cokerdy cokerd;  cokerd,

0 Hp(B) H;(B) ker dg ker &; ker &,

we see that Hp(B) = Z,H;(B) = 0 and that kerd; = cokerd; = 0. This recovers the usual
computation of the homology of CIP*°.

Example 1.2.9. We want to compute H..(QS?). Here, we will use the fiber sequence QS? < % — S2.
Here, we know that E%,q =Hy (S2, Hq(F)), so the Ez-page looks like



3 | Hs(F) Hs(F)
(\92
2 | Ha(F) Ha (F)
(\gl
1 | Hai(F) H (F)
(\go
0 | Ho(F) Ho (F)
0 1 2
Then the E3-page looks like
3 |cokergp ker g3
2 |cokerg; ker g
1 |coker gg ker gq
0 | Ho(F) ker go
0 1 2

and the differential has degree (—3,2), so d3 = 0. This implies that E*® = E3, and so the associated
graded pieces are Z,0,0,0. We see that Hy(F) = Z and each g; is an isomorphism. This tells us
that H;(QS2) = Z for all i.

Example 1.2.10. We can enhance this example to QS™ < % — S™. In this case, the first possible
nontrivial differential is d,,, which has degree (—m,n —1). This gives us Entl = E® for degree
reasons, SO we can compute

Z (n—1)|1
0 otherwise.

Hi(QS™) = {

because 6;: Hi(F) = Hi4n—1(F) is an isomorphism.

Recall that our goal was to study CIP* — F — S3. However, we cannot compute this yet, so
we will need to introduce even more structure. To do this, we will need to do some homological
algebra.

Considered a filtered chain complex, which is an abelian group C with a map d: C — C
such that d2 = 0. To this, we attach a filtration 0 = F_{C € FC C --- C F,,C = C such that
d(FiC) C KiC.

Remark 1.2.11. (F;C, D) is a subcomplex of C.

Now if X is a topological space with filtration X_1 =0 C X C --- C Xn = X. Then if C,(X),
we can choose F;C = C,(Xj), and this is a filtration.
Given (C, d) and a filtration, we can associate two objects:



1. Gr,.C = @FiC/F;_1C, the associated graded complex. Then we may consider the homology
of this complex, which is a graded object.

2. Given a subcomplex (F;C,d) — (C, d), we have a map H(F;C,d) — H(C, d). The image of
this is F;H(C, d), so we get a filtration on the homology H(C). So then we obtain a graded

Gr.H(C,d) = @D FiH(C)/Fi_1H(C).
Now we want to consider therelationship between the two. Note that the first one is bigger,
because x € Gr;C is a cycle if dx € F;_1C, while x € C is a cycle if dx = 0.
Theorem 1.2.12 (Leray). There exists a spectral sequence (E}, d.) such that
e El = H,(Gr.C,dp).
* The spectral sequence converges to H(C), or more precisely, E3° = Gr..H(C).
Proof. Consider the group

FpCNd~1(Fp_+C)

B = .
P (F,_1CNd—1Fp_+C) + (F,CNd(Fqyr_1C))

Notice that

0 _ FpC _ FpC
P F,1C+d(Fp1C)  FpC
; _FpCnd 'Ry C
P Fp_1C+ d(FpC)
oo _ FpCNnkerd _ FpH(C)
P (Fp_1Nkerd)+ (F,CNImd)  F,_1H(C)’

= Hp (GI}< C, do)

so all the groups are as expected. For the differential, we define dr: Ef — Ef and in fact d.: Ej, —
EL,_, and thus has degree —r. Choose « € E|, and choose a € F,CN d~!(Fp—+C) a representative.
Then d da = 0 implies that da € d—10) c dfl(Fp,ZTC) and therefore da € F,, .CN dfl(Fp,ZrC).
Therefore da defines an element in E},_,, so we set d"a = [da] € E}_,..

The things that need to be checked are that this is well-defined, (dr)2 =0, and that H,(E},dr) =
ET*! canonically. All of this is painful homological algebra and is omitted. O

However, we will need something even more painful. Now we will considered a filter graded
chain complex (C,, d), where d has degree —1. Now for a filtration, we can consider the bigraded

F, C
_ pLtm
Gr*r* - @ F —1Cm.
pm P

Also, we note that Hy, (C) is naturally filtered with FyH, (C) = Im(Hy (Fp C) — Hiy (C)).
Theorem 1.2.13 (Leray). There is a spectral sequence (E ,,dr) such that

e El, =H,.(GrC).

* The spectral sequence converges to H(C), where

fo _ Foleq(O
P Fp—1Hp1q(C)



Proof. We write

B FpCptqNd ™! (Fp—+Cpigq-1) .
P4 Fp1CpyqNd T (FpqCpiq-1))+ [FpCpiq Nd(Fpir1Cpiqqin)]

The differential has degree (—r, 7 —1). Note that it decreases the filtration by r and the total degree
by 1. For o € Ep q’ choose a representative a € F,Cp 4 q with da € F,+C,4 1. Then d2a =0
and therefore da € d—1(0) C dfl(Fp,2GC+q_1) sowesetd"o = [da] € Ep g1 O

Returning to topology, consider a filtration h=X_1CXygC -+ C Xpn =X, which givs a
filtration on C,(X). This now defines a spectral sequence by setting F, C, 1 q(X) = Cpq(Xp). The
EY page of this is simply

0 _ WCra _ CpialXp)
pa prlcerq Cerq (Xp—l)

= Cprq(Xp, Xp—1)

and d%,q is9: Cpi1 = Cpiqg-1-
The E!-page of the spectral sequence is

1
Ep,q = Hp+q (Xp/ prl)

and d!: Hp1(Xp, Xp—1) = Hp 1 g-1(Xp—_1,Xp—2) is the connecting homomorphism for the triple
(Xpr Xp—l/ X‘p72)~
The E*-page of the spectral sequence is

_ Im(Hpq(Xp) = Hp1q(X))
P4 Im(Hp 1 (Xp1) = Hp (X))’

[e¢]

which is the associated graded of Hp ¢(X) for the filtration X}, < X.

Example 1.2.14. Consider the cellular homology of X. Set X}, = XP, the p-skeleton. Then we note
that E]lD q is the homology Hy1(Xp, Xp—1), and now if €p (X) is the cellular complex, the E2-page
is precisely the cellular homology of X and is the same as the E*-page. This proves that cellular
homology is the same as singular homology.

Remark 1.2.15. This discussion works for infinite filtrations as long as X = |J X, and X has the
weak topology induced by the filtration.

If you are interested in working through the pain' of spectral sequences, the book A User’s
Guide to Spectral Sequences is a good resource. In this course, we will not open this Pandora’s box.

Proof of Serre Spectral Sequence. Consider F — E % B and assume m(B) = 1. For simplicity,
assume that B is a CW complex and 7 is a fiber bundle. Now B has a filtration by skeleta

¢=B_1CByC

and therefore E has a filtration induced by pulling back 7. Therefore there is a spectral sequence
converging to H.(E) with

Epq =Hpiqlm '(Bp),m ' (Bp_1)).

IFrancesco’s words
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We want to compute the E2-page, so by excision we have

Ebq= P Hpiqlm er),m *(des)).
p-cells

By contractibility of e;, so
Hptq(m " (e1), w1 (dei)) = Hpiq(DP x F,SP™1 x F) = Hp (F).

Unfortunately, this identification is not canonical, which is why we need the assumption that
B is simply-connected. In general, for a path vy, transport (homotopy lifting) gives us a map
Yt Hi(Fg) ~ Hy(F;) depending only on the relative homotopy class. For example, if we consider

st 2 S!, then the two paths between py, p1 give different identifications. Therefore, we have a
canonical identification
Ehq = €D Ha(F) =Cp(B,Hq(F).
p-cells

Finally, we note that d},,q: E%J,q — E%)—l, q is exactly the cellular boundary map 0 x 1Hq (F), SO

E%,q = Hp(B; Hq(F)), as desired. o

Remark 1.2.16. The theorem holds provided the action of 7t;(B) on H.(F) is trivial, which means
that the fibration is homologically simple.

Example 1.2.17. Consider a sphere bundle S™ — E — B. This is homologically simple if and only
if it is orientable.

Even more generally, we need to use homology with local coefficients. Here, we will take

E%mq - @ Hq(F)

p-cells

and d%), q Will have components given by composing & with transport. An alternative interpretation

is to consider the universal cover B — B. Now 711(B) acts on C,( §) and on H,(F), so we obtain
modules over the group ring Z[m; (B)]. Therefore we have

E = Cu(B) @z, (B)) He(F):

Now we will use groups on the edges of each page to compute H..(F) = H.(E).H.(E) = H.(B).

Degree reasons tell us that Hn (F) = €, - E} | — -+ — E§5, C Hn(E).

Proposition 1.2.18. EF C Hn (E) is the image of Hyn (F) — Hn (E).

Similarly, we can consider the groups Hy(B),..., Hn(B) on the bottom of the E2 page. This
tells us that H,, (B) = E%L,O 2.0 E%O’O, which is a quotient of Hy (E).

Proposition 1.2.19. E¥y C Hn(B) is the image of Hn (E) — Hn (B).

Returning to algebra, suppose we have a chain map f.: (C.,d) — (C,d) that preserves
filtration. This gives a morphism of spectral sequences f ,: (E] ,,d") — (E;,*,ET) such that f!, f*
are the maps on the associated graded objects and " is a chain map such that the induced map
on homology is f™+1.

Example 1.2.20. An example here is filtered spaces with f: X — X such that f (Xp) C ip.
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Note that the propositions follow by looking at the maps on spectral sequences induced by
E 7T
J/T[ s
B —

* ¢——
W +— m
W —

—

Now consider the map dm: Em,o — Eg%,_1- Note that % _; is a quotient of H,;, _1(F) and
Em,o is a subgroup of H(B), so we have dim: Hin(B) --» Hy—1(F), which is the analogue of

Ox
Ttm (B) = 7tm—1(F).
Definition 1.2.21. We call this the transgression map.
Proposition 1.2.22. The transgression is given by Hy (B) = Hi (B, pt) --+ Hm (E, F) = Hyp—1(F).

Example 1.2.23. Let X™ be a closed smooth oriented manifold. Then there is a fibration ST~ <
SX — X, where SX is the unit sphere bundle. This is homologically simple, and then we have
dn: Hn(X) = Hp—1(S™ 1), which is multiplication by x(X).

Remark 1.2.24. We can prove this result if we know the relationship between x and zeroes of vector
fields.

Example 1.2.25. Consider the fibration OX — % — X. If X is (n — 1)-connected, then QX is
(n —2)-connected. Then Hy (X), Hyy—1(QX) are the first possibly nonzero homology groups. Now
we consider the spectral sequence

3 | Hh1(QX)

2

1

0 Z Hn (X)
0 1 2 3 4

and thus the map d, = 7: H;(X) — H,_1(QX) is an isomorphism for r < 2n —2.

Remark 1.2.26. We can interpret this very explicitly as m: ZOX — X, and this is the inverse of

Hy 1(QX) S He (ZQX) 75 He(X).

1.3 Spectral Sequences in Cohomology

Theorem 1.3.1. Let F < E — B and n(B) = 1. Then there exists (E¥"*, d;) = H*(E) and E}"9 =
HP (B, H9(F)) and d. has degree (r,1 —r). Furthermore,

I i i !
1. There is a multiplication E?'Y @ ER /9" — EPFP 474
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2. dy: EX* — B is a derivation, which means

dr(o-B) = dr(e) - B+ (—1)P - dr(B).

3. The multiplication on 77, is induced by the one on Ey"™.

4. The multiplication on B is compatible with the one on H*(E). This means that Eo, is the associated
graded of the cohomology.

Example 1.3.2. Consider CIP® < F — S3. We want to compute Hy (F), which will compute 4 (S3).
Now the E,-page of the spectral sequence for cohomology looks like

6 Z.3 ngy
5

4| Ze Z,2,
3

2 | Zy Zxy
1

0 Z4 Zy

0 1 2 3

and now d3(x) =y because H?(F) = H3(F) = 0. But then
m—1

d3(x?) = (dzx)x 4+ x(d3x) = yx +xy = 2xy, dz(x™) = mx y.

This tells us that the E4-page is

4 Z3
3
2 V4
1
0 Z.

0 1 2 3
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and therefore H!(F) = - .. = H*(F) = 0 and H>(F) = Z,. By the universal coefficients theorem, we
see that Hy(F) = Z,.

Corollary 1.3.3. Forn > 3, we have 1t 1(S™) = Z /27 and the group is generated by the suspension of
the Hopf map.

Theorem 1.3.4. H*(SU(n),Z) = Ay[xs, ..., xon—1] and [x;| = 1.
Proof. Let n = 2. We know that SU(2) = S3. Now for general n, consider the fiber bundle

SU(n—1) < SU(n) — $2~1. Now assume that H*(SU(n—1)) = Az[x3,...,xon—3]. Then the
Exn—1-page of the spectral sequence is

6 H*(SU(n—1))

0 H*(SU(n—1))

and therefore we see that dyn_1(x3) = -+ = dpn—_1(x2n—3) = 0 by grading reasons. In particular,
we see that dyn_1(x3x5) = 0, and in general we see that dy,_; = 0. Therefore we see that
Eoo = H*(SU(M—1)) @ S*(S>™ 1) = Aylxs, ..., xan 1.

To conclude, we know that Eo, = GrH*(E), so for some x; € E, we can choose a lift in H*(E).
Because H* is torsion free and for degree reasons, the lifts satisfy the desired identities. O

Remark 1.3.5. The ring E* does not determine H*(E). There are 2 E—S%and 2 - E' — §2
with H*(E) = H*(E’). For example, we can consider P! x P! and Bl; IP? (the intersection forms
are different).

Example 1.3.6. Let chark = 0. Then H*(SO(2m +1),k) = H*(S3 x §7 x .- x §4m~1) and
H*(SO(2m), k) = H*(S3 x - -+ x §4m—5 x §2Zm—1) However, we have

H*(SO(n),Zs) = H*(S' x $2 x --- x S 1. Z,)

as groups, but not as rings.

To study this, we will consider the Stiefel manifold V(n, k) of k-orthonormal frames in R™. Note
that V(n.k) = SO(n)/SO(n —k). In the simplest case, V(n,1) = s 1and V(n,2) = S(S™ 1),
the unit sphere bundle of S™ 1. Now we have S"! — V(n,2) — S™1, so we have a spectral
sequence
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2 Z Z
1
0 Z Z

Observe that a finite CW complex might not have even finitely generated homotopy groups.
For example, we have 7,(S! V $?) = @, ., Z.

Theorem 1.3.7 (Serre). Let X be a 1-connected CW complex such that Hq (X, Z) is finitely generated for
all q. Then mq(X) is finitely generated for all q.

The key ingredients to the proof are:

1. Show that for K(G, n) with G finitely generated (resp. finite), then H. is finitely generated
(resp. finite).

2. Inductively, kill homotopy groups using fibrations. This generalizes F — S> — K(Z3).

Consider the Whitehead tower of X, which is a sequence - - - — X3 — X; — X1 — X, where X, is
n-connected and X;, — X is an isomorphism in 7t; for i > n + 1. Also, we require X,, 1 — X, to
be a fibration with fiber K(7,+1(X),n). For example, we had F = (S3); and S = (53) . We have
7Tn+1(x) = 7Tn+l(xn) = Hn+l(xn)

To construct the Whitehead tower, we work inductively. Suppose we have X,,. Then
Kot 11 (x)n+1 is obtained by attaching cells to Xn, so we have a map Xn — K(7tn1(X),n+1) that
is an isomorphism on 71, ;1. Turning this into a fibration, we take X;, 41 to be the homotopy fiber.

Lemma 1.3.8. Consider a fibration F — E — B such that 7 (B) = 1. Then if Hq(F), Hp (B) are finitely
generated, then Hy (E) is finitely generated for all n.

Proof. Consider the Serre spectral sequence. Then E% q 1s finitely generated for all p, q, so because
Z is Noetherian, then E°; must also be finitely generated. This implies that Hn (E) has a filtration
by finitely generated ob]ects so it must be finitely generated. O

We will apply this to K(7t,11(X)) = Xp41 — Xn.
Proposition 1.3.9. Hy, (K(G, 1)) is finitely generated for p > 0 whenever G is finitely generated.
Proof. Write G = @ Z" & @ Z/p'Z. Now up to homotopy, we have
K(G,n) =K(Zn)" x---xK(Z/p*Z,n).

By Kiinneth, we may assume that G is cyclic, so consider the fibration K(G,n —1) — * — K(G, n).
Note that K(Z,1) = S! and K(Z, 1) is an infinite lens space, so only the inductive step remains.

Consider F_2 =Hp (K(G,n),Hq(K(G,n—1))) and assume Hp, (K(G, 1)) is not finitely gener-
ated but H; (K (G n)) is finitely generated for i < M. But then E3; a0 is not finitely generated (it is
the kernel of a map to something that is finitely generated), so E",\j’l o is not finitely generated, a
contradiction. O

Remark 1.3.10. This holds more generally for classes for classes of groups called Serre classes, for
example finite abelian p-groups.
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1.4 Homotopy groups of spheres

We know that 71, (S™) is a finitely generated abelian group.
Theorem 1.4.1 (Serre). The rank of mq(S™) is 1is ¢ =n or q = 2n —1 for n even and 0 otherwise.
The key computation is the rational homology H*(K(Z,n); Q). This is given by

Ao, Ixl=n mnodd

H*(K(Z,n),Z) = {Q[XHX =T n even.

This is true for K(Z,1) = S1,K(Z,2) = CIP*®. We will do the case when n is even, and consider
K(Z,n—1) < x — K(Z,n). Then the Serre spectral sequence in cohomology is

3 Y

2

1

0 1 X
0 1 2 3 4

and then d, (xy) = dn (x) -y + xdn(y) = x2.

Lemma 1.4.2. Let X be 1-connected and suppose H4 (X, Z) is finitely generated for all q. Also, suppose
that H*(X, Q) = H*(S™, Q) for m odd. Then

rk g (X) = {0 q7m

1 g=m.
Proof. Note that H™(X,Q) = Q, so [X,K(Z, m)] = H™(X,Z) = Z & torsion. Then there exists
f: X = K(Z, m) such that f*(1,) = 1, where ,y generates H™(K(Z, m),Z) = Z. This tells us
that f*: H*(K(Z, m), Z) ~ H*(X, Q) is an isomorphism. Now if F is the homotopy fiber of f, then
H9(F,Q) = 0 for q > 0, so H9(F,Z) for all q > 0 (by finite generation), and therefore 74 (F) is
finite for all q. Now f,: 7q(X) — 7q(K(Z, m)) fits in the long exact sequence with 7t;(F), so f.
has finite kernel and cokernel, and thus rank 7t (X) = rank 7tq (K(Z, m)). O

Proof of Serre. We may assume that n is even. Consider K(Z,n —1) < (S™),, — S™. This is the
nth stage of the Whitehead tower. Consider the Serre spectral sequence
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3 | Q

2

1

0| Q Q
o 1 2 3 4

and note that d,, is an isomorphism because H,_1((S™),,) = 0. But then we see that H*((S™),,) =
H*(S2"—1 Q), so the desired result follows. O

An “easy” generalization is

Theorem 1.4.3 (Cartan-Serre). Let X be 1-connected with finitely generated homology groups such that

H*(X,Q) = A\x1,-.., xm] ® Qly1, ..., ynl.
Q

Then rank 7tq (X) is the number of generators xi,y; in degree q.
Example 1.4.4. Consider X = SU(n),SO(n).

Remark 1.4.5. In general, H*(X,Q) = H*(X’, Q) does not imply that rank 714 (X) = rank 7rq (X’).

Now the point of rational homotopy theory is to compute rank 74 (X) using H*(X, Q) and extra
information (for example Massey products).

We have computed the ranks of the homotopy groups of spheres, so now we will consider the
torsion. The tools we have developed are enough to show that

Theorem 1.4.6. Let n > 3. For any prime p, the group 7t;(S™) has no p-torsion for i < n+2p — 3 and
the p-primary part of Tt on—3(S™) is Z/pZ.

Corollary 1.4.7. In the stable range, v, 2(S™) is a 2-group and 1, 3(S™) is the direct sum of a 2-group
and Z./37..

The idea of the proof is induction on the Whitehead tower with the fibration K(m,_1(X),n) <
Xn+1 = Xn and Hp12(Xpn41) = ma42(X). We can study this group one prime at a time because
H.«(K(Z/p,1),Z/p’) vanishes if p # p’ and is very interesting if p = p’. Then there is a large gap in
cohomology depending on p. If we study the Z-cohomology of K(Z/p,2), then we may consider
the fibration K(Z/p,1) — % — K(Z/p,2). Then we know that H*(K(Z/p,1),Z) = ZI[x]/(px)
where [x| = 2, and so the Serre spectral sequence of the fibration is
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4 x2

3

2 X XY3

1

0 1 Y3
0 1 2 3

and then d(x™) = mx™ ly; and thus d(xP) = 0 and d(x!) # 0 for i < p. For more detail, see
Fuchs-Fomenko.

Now we will compute the 2-primary part of these homotopy groups. Consider the fibra-
tion K(Z,n—1) — (S"), — S™ and the next step k(Z/2,n) — (S"), .1 — (S™),. We
want to compute the 2-primary part of Hy,5((S™),,,1). This means we need to understand

H*(K(Z/2,n); Z/2). We can understand it as cohomology operations

H™Y(—,Z/2) — H™(—, Z).

1.5 Cohomolgy Operations

Definition 1.5.1. A cohomology operation @ between H™ (—, G) — H™(—, K) is a natural transforma-
tion between the two functors viewed as CW — Set.

Example 1.5.2. Let R be a ring. Then the cup product H™(—, R) — H?™(—,R) given by ot -+ o U o
is a cohomology operation. Note that this is not a homomorphism in general.

Now H"(—, G) = [, K(G,n)] and so natural transformations are just homotopy classes of
maps K(G,n) — K(K, m), which form the group H™(K(G, n), K).

Example 1.5.3 (Bockstein homomorphism). Consider a short exact sequence 0 -+ A — B — C — 0.
Then we get a short exact sequence

0— C*(X,A) = C"(X,B) - C*"(X,C) =0
of chain complexes, and this induces a long exact sequence in cohomology. Then the map
Brn: H™(X,C) = H™ (X, A)

is a cohomology operation, called the Bockstein homomorphism.
An interesting case of this is the exact sequence 0 — Z/p — Z/p?> — Z/p — 0. Therefore we
obtain an interesting map
Bn: HM (X, Z/p) = HY (X, Z/p),

so there is an interesting element in H"™1(K(Z/p,n),Z/p). This is actually useful in the homotopy
classification of 3-dimensional lens spaces L(p, q). In fact, we can show that L(p, q) ~ L(p,q’) if
and only if ¢ = +k?q (mod p) for some k. For example, L(5,1) # L(5,2).
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To show this, consider the map

Q:H'(L(p,q),Z/p) = Z/p  x+ (x — P1(x),[L(p,q)]).

This is well-defined up to a choice of sign. There is a standard generator « € H;(L(p, q)), which
is the image of the arc (1,0) — (e271/P (). Then Q(a*) = q, where o* is the Poincaré dual of «.

Then if we have a homotopy equivalence L(p, q) iR L(p,q’), we see that o g + ko, v and then
Q(otp,q) = +k2Q(exy o) by naturality.

Example 1.5.4 (Steenrod square). For all n, we will construct a cohomology operation SqiL :H™Y(—,Z/2) —
H""(—,Z/2). Some properties are

® Steenrod squares are additive.

¢ We have
x 1=0
Sqt(x) =¢{x? i=dimX
0 i>dimx.
o Sqi: H"(—,Z/2) — H™1(—, Z/2) is the Bockstein homomorphism for

0—~>2Z/2—>27/4— 7Z/2—0.

. Sqi(ocu B) = ZHk:i Sqi () U qu(B) (the Cartan relation).
We will take these to be axioms for the Steenrod squares.
Theorem 1.5.5. There exist unique cohomology operations with these properties.
Remark 1.5.6. Define the total squaring operation by

2|x|—1
Sq(x) = ZSqi(x) =x+ Z Sqi(x) +x2 e H (X, Z/2).

i=[x|+1
Here, the Cartan relation says that Sq is multiplicative.

Example 1.5.7. Let X = RIP®. Then H*(X,Z/2) = Z/2[«]. Then
Sq(x) = Sqo(oc) +Sq1(oc) = o+ o
This implies that Sq(o®) = Sq(x)? = «*(1 4 «)*. In particular, we see that Sq*(a*) = (‘f) okt

Proposition 1.5.8. The Steenrod squares Sq* commute with the suspension isomorphisms £: H™(X, Z,/2) —
HMH(£X,Z/2).

This is interesting because ZX has trivial cup products.

Example 1.5.9. Consider f: S° — S8 with H(f) = 1. Then I™f: S15*™ — S8+ is nontrivial.
Consider the mappinc cone C; = S8 U D'® where o = 8, where « is the 8-cell and p is the 16-cell.
Then we see that Cz¢+ = ZCy, so by dimension reasons, all cup products are trivial. However,
qu(}__.oc) = ZSqS(oc) = YB. Otherwise, if Xf is trivial, then Cy¢ = S? U SV7.
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Proof of Proposition 1.5.8. Note that ¥ is obtained by
H'(S1) @ H™(X) — HM (ST AX).

This implies that ' . . _
Sq'(Zo) =SqtH(t® o) =t ®Sqt () = £Sq* (). O

Now we will consider the following question. How many pointwise linearly independent
vector fields vq, ..., vk_1 can there be on S™ 1. When are there n —1?
Some basic obervations are the following:

e Ifn—1is even, then x(S* 1) =2, so any vector field has a zero.
* By Gram-Schmidt, we can assume that vy, ...,Vvi_1 is orthonormal at each point.

Theorem 1.5.10 (Steenrod-Whitehead). If n = 27(2s + 1), then S™~! has at most 2" — 1 linearly
independent vector fields.

Example 1.5.11. If n —1 is even, then r = 0, so there are no linearly independent vector fields.
Corollary 1.5.12. If S™ 1 is parallelizable, then n is a power of 2.

Remark 1.5.13. Adams gave a complete solution. We will see using K-theory that if ST~! is
parallelizable, thenn =1,2,4,8.

Sketch of Proof. Let Vi, i be the Stiefel manifold of orthonormal k-frames in R™. Then we have the
natural map

p: Vo — gn—1 Vi, Vi) > Vi

Now if v (x), ..., vk_1(x) are orthonormal vector fields on S™ 1, then we get a section f of p given
by

f(X) = (Vl (X)/ e/ Vk—1 (X)/ X)'
Now the question is reduced to that of the existence of a section of p. We will discuss obstructions
using Sq". Recall that V;, x = SO(n)/SO(n — k). Now consider

RP™! < SO(n) {— reﬂ<el>L orefl, ..

This induces a map RP™ 1/RP™ %1 < SO(n)/SO(n—k) = Vi k- Now if 2k —1 < n, there is
a cell decomposition of V;, i for which RP™1/RP" %1 is the (n — 1)-skeleton. Now suppose
there is a section f of p: V, 1« — S™=L. Then f*p*: H*1(S™ 1) ~ H* (S 1) is an isomorphism.
After homotopy, we can make f a cellular map, so f: sn—1 (Vn,k)TH1 — RP™ 1 /RPM—k-1,
Therefore f* factors through H*(RIP™~!/RIP™~%~1) and induces an isomorphism in degree n —1

(using Z/2Z-coefficients). In degree n —k, f* induces a map Z/2 — 0. But now we have a
commutative diagram

anl (]Rl[Jnfl/lR]Pnfkfl) fj anl (Snfl)

qu71T qu71T

ank(]R]l:mfl/]R]Pnfkfl) f~ ank(snfl ),

and now we see that Sq*~! cannot be an isomorphism. Computing Sq*~! using naturality, we
see that k = 2" + 1 works. O
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1.5.1 Construction of Steenrod Squares Here, we are following Chapter 4.L in Hatcher.
The idea is that the cup product is commutative on H*(—, Z/2). However, this is not commutative
on the chain level, so Sq* will measure this failure. We work at the level of spaces.

Let X be a pointed space and consider X A X with the swap map T: X AX — XA X. Now we
consider the homotopy quotient of T. For example, we know that Z/27Z acts freely on S with
quotient RIP*°. Then we define '**X = §*° x (XA X)/(Z/2Z). This has a projection to IRIP*® with
fiber X A X. Then the inclusion s: RIP*® — I'*X of RIP* at the basepoint of X /A X is a section, so
set A X =TI'*°X/s(RP*) (doing this kills many unnecessary cells in low dimension).

Now given &« € H"(X, Z;), we can associate A(x) € H2" (A X; Z) such that

AMe) —a®@ae H™(XAX, Zs).
XAX

Then S x X — S* x (XA X) induces a map
RP™ x X — X — \”"X.
But now given such A(«), this maps to a sum of the form

Z wnfi ® Sanri((X).

Remark 1.5.14. The assignments \*°(—), '*°(—) are functorial.

Now because H™(—, Z;) = [—, K(Z3,n)], we only need to construct A(t) for the nontrivial
L€ HY(K(Z/2,n); Z5) = Z5.

Here, we will set Ky, := K(Z, 1), and therefore we need to construct the map A™ Ky, — Koy, step
by step. Consider the map
LR Kp AKpy — Koy

Then if we consider Ky A Ky, I Kn A Kn LN Kon, this must be homotopic to t ® 1 by some

homotopy h¢. Now we can use hy to define
D¢ (Kn AKn)/(0,%) ~ (1, T()) = MK =5 Ko,

Because this is basepoint preserving, it descends to A Kn = Kon. But now A® Ky, is obtained

from A\ Ky, by attaching cells of dimension stricly larger than 2n 4 1, so we can extend and obtain
amap A1): A®Kn = Kon.
Remark 1.5.15. Note that A(1) is uniquely determined because the map

H2™ (A Kn ) = H2 (K AKy)

is injective.

There is an alternative easier way. Consider « € H™(X,Z) and & x « € HZY (X x X, Z>).
This gives us a classifying map X x X iR Kon, and again let T be the swap map on X x X.
Now we see that f ~ f o T with homotopy ft, so now we have a map S! x X x X — Kp,, such
that (s,x1,%2), (—s,x2,%1) map to the same point. This map extends to D2 and therefore to S2.
This now gives us a map S x X x X — Ky, which is Zj-invariant, and precomposing with
SP XX = §% x X x X gives us a map RIP*® x X — Koy,

Theorem 1.5.16 (Cartan). For any o, 3, we have A(ocU ) = A(ax) UA(B).
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1.5.2 Stable Cohomology Operations

Definition 1.5.17. A stable cohomology operation (SCO) of degree r is a map
@:H™(— G) = H™(—,H)

for all n that commutes with suspension maps, i.e. the diagram

H™(X,G) —%— H™T(X,H)

= =

Hn+1 (X, G) i) Hn+r+1 (X, H]

Example 1.5.18. The Steenrod squares and compositions of Steenrod squares are all stable coho-
mology operations.

Lemma 1.5.19. Let ¢ be a stable cohomology operation. Then the diagram

HM(X,A,G) —— H™(A,G) —> & HM1(X,A,G) — H™(X,G)

e Lo Je e

HMT(X, A, G) —— HMT(A,G) — HM™T+1(X, A, G) —— HM (X, G)

commuites.

Proof. The left and right squares are clear because they come from maps of spaces. At 6*, we
consider
§*: H™(A) — H™1(X, A) = HMTH(X/A).

Because A C X is a cofibration, then XU CA = X/A. Then we may collapse the X to obtain ZA,

and then we see that 6* is given by H™(A) x, HMH1(ZA) £> H"*1(X/A), and both arrows in the
composition commute with @. O

This gives us the following slogan:
Stable cohomology operations commute with transgression.

Proposition 1.5.20. Let @ be a stable cohomology operation of degree e. If « € H™(F) is transgressive,
then so is @(o) € H™*T (which means that dy@(at) = -+ = dmsr@(a) = 0). Ift(a) € ENT0 =
H™+1(B)/ ~ is represented by B € H™1(B), then t(@(a)) € HMHT+1(B)/ ~.

Proof. The transgression map is given by

(Pﬂil m-+1 m+1
s H™HL(B, pt) = H™(B).

H™(F) 255 H™ L (E, F)
Then ¢ commutes with 6* and p*. O

Remark 1.5.21. If G = H, then we can compose stable cohomology operations. This is a noncom-
mutative algebra!
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Theorem 1.5.22. The Steenrod algebra

Ay = {stable cohomology operations on Zy-cohomology}

is generated as an algebra by {Sqi}leN,
1

This is a very complicated algebra. For example, if a < 2b, we have the Adem relations

b—j—1 I
Sqaosqbzz< a2 )Sqa+b 1059’
j

For a proof of this, see Hatcher.

Example 1.5.23. For any b, we have Sq' Sq° = (b—1)Sq®*?. For example, Sq' Sq* = Sq°. We say
that Sq® is decomposable. This means it can be written in terms of elements of lower degree.

Example 1.5.24. The elements of the form SqZk are indecomposable. Consider the action on
H*(IRIP*°). Then we see that

2
quk((xzk) _ (“2k) _ (sz+l # 0

but Sqi(oczk) =0 for 0 < i < 2¥. The idea is that (Zlk) =0 mod 2 for all i.

We want to interpret stable cohomology operations using K(G,n). Then if ¢ = {pn}, we see
that

Pn € [K(ZZI Tl), K(Zz,n + 1)] = Hn+T(K(ZZI n)/ZZJ-

But then stability tells us that H™(XK(Zy,n —1),Z,) = Z,, and if we consider the nontrivial
t: XK(Zy,m—1) — K(Z/2,1), then we obtain a map

H™M T (K(Zo, 1), Zo) S HY T (EK(Zg,n— 1), Zp) — HM TN (K(Zo,m — 1), Zs).

Then stability is equivalent to the fact that ¢, — @,_1. Alternatively, we may use the suspension-
loop adjunction to see that

Q
[K(Zz,m), K(Zyyn+71)] = [K(Z2,n—1),K(Zzn+7-1)]  @n = @n_1.
Proposition 1.5.25. For any r, we have

A} = lim H™ " (K(Z,m); Z).
ek

We will now compute H* (K(Z3,n), Z,). We will use the fibration K(Z,n+1) — * — K(Zy,n)
and hope to proceed by induction.

Example 1.5.26. Let n = 2. Then we know K(Z,,1) = RIP®. Then the spectral sequence is given
by
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4 | o2

3 | ol

2 | o2

1 .

0 1\e Sq'e
o 1 2 3

Then we see that dy(a?) = 2ady(x) = 0. But then ds3(«?) # 0, so we see that dg,(Sq1 o) =
Sq1 dr(ax) = Sq1 e. Inductively, we see that ds(o?) = Sq2 Sq1 e and dy(xe) = dy(a) - e = €2. In the
end, we will see that

H*(K(Z,2); Z>) = Z»e, Sq1 e, qu Sq1 e, Sq4 qu Sq1 e...].

Definition 1.5.27. A set I = (iy,...,1y) (possibly empty) is admissible if i; > 2ip,1ip > 2i3,.... Then
we will write Sq' = Sq'1 0Sq*2 o ---0Sq'*.

Note that if I is not admissible, then Sq' can be simplified using Adem relations.

Definition 1.5.28. Define the excess of an admissible I to be
exc(I) = (i1 —2ip) + (ig — 2i3) + - - - + (ik—1 — 20 ) +ixk =1 — (2 + - - - + k).

For example, if exc(I) =1, then I = (Zk,Zk_l,...,4,2,1). If exc(I) =0, then I = 0.

Theorem 1.5.29 (Serre). We have
H*(K(Zy,n)) = Zz[SqI(en) | 1, admissible, exc(I) < n].
Example 1.5.30. We have H*(K(Z;,1)) = Z;[e1]. When n = 3, the generators are
e3,Sq1 es, qu e3,Sq3 Sq1 €3, ....

When n increases, the description becomes more and more complicated.

k
Theorem 1.5.31 (Borel). The set {T((SqI en,l)2 ) lexc(l) <n— 1} are generators of H*(K(Zy,n)).
Now t(en—_1) = en.
2
)

Example 1.5.32. When n = 2, we have (Sq” e;)” = es = Sq? e and has excess 2. Similarly, we see

that (Sqo 62)4 = Sq4 qu e, and has excess 2. We can also see that (Sq2 Sq1 62)2 = Sq5 qu Sql(ez),
and this also has excess 2.

Theorem 1.5.33 (Borel). Let F < E — B be a fibration with my(B) =1 and H* (E) = 0. Assume that

1. H*(F, Z;) is generated as an algebra by elements a; € H™i, my < my < - - - which are transgressive.
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2. Theset {ai, -+ ay, | i1 <ip <--- < iy} is an additive basis for H*(F, Z5).

Then H* (B, Z,) is a polynomial algebra generated by {t(a;)}.

Proof. Let EX"9 be the Serre spectral sequence. We will construct an algebraic model EP9 for it.
Set

E3* = H*(F, Zs) @z, Z[1,b,.. ],
where |bi| = |ai| + 1. Then define ar to satisfy
~ 0 <my ~
dTai = ' mi dTbl - O
by r=my+1

To do this, we set

s . pS1...pSe =m; i j
dr(anay g, @b - b = ST G @ bbb T =my LG S
152 k2 Y je 0 otherwise.

This tells us that Hr o as = 0 for all 7, s and thus all differentials are well-defined on Er. Of course,
we observe that Ej;* = Z,. Now there is a natural map ®: E}"4 — E}'9 given by

H*(F,Z5) ® Zslby,...] — H*(F, Z,) @ H*(B,Z;)  bi — by.

This induces a map @+ of spectral sequences, so @, is an isomorphism. But now if Z[by,...] —
H*(B, Z,) is not surjective, then Ey"* cannot kill anything not in the image. On the other hand,
if it is not injective, then Ei* cannot kill anything in the kernel. Therefore the map is an
isomorphism. O

Now we will compute H*(K(Z,n), Z;). We know that K(Z,2) — = — K(Z, 3) is a fibration, so
consider the Serre spectral sequence

6 x3

5

4 x2

3

2 X xe

1

0 1 e 2
0 1 2 3 4 5 6
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Then we know that x? = Sq*x,x* = Sq* %2, so we find generators Sq°(e), Sq* Sq?e, .. .. In addition,
we note that dz(xe) = e2. Also note that Sq1 (e) is not there!

Theorem 1.5.34 (Serre). We have the identity

H*(K(Z,m); Z2) = Z5[Sq  (en) | T admissible, exc(I) < n, iy > 2].

1.6 Computation of Homotopy Groups

We will compute 7,42(S™) for n large (the stable homotopy group). If we consider the fi-
bration K(Z,n—1) < (S™), — S™ and K(Z,n) < (§™),, ;1 — (S™),,, we want to compute
Hn2((S™) 15 Z) = Ttni2(S™). First, we will consider cohomology with Z, coefficients. The
Serre spectral sequence is given by

9 [Sq’e

8 |Sqte

7 |Sq’e

6 |Sq’e

5

4 e es

3

2

1

0 1 s
0 1 2 3 4 5

If we write qu e=1, Sq3 e = v, we can compute HI((S™), ;Z,) to be

Table 1.1: HA((S™),,; Z2)

q n+1l1 n+2 n+3 n+4
generator u Sq' u b Sq'v

This now gives us the Serre spectral sequence for the next fibration
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8 |Sq’e

7 |Sq’e

6 |Sq'e

5 e

4

3

2

1

0 u Sq'u v Sq'v
0 1 2 3 4 5 6 7 8 9

But this implies that HT‘”((ST‘)n 1, 22) = Zy = (w) and 'Sq1 w # 0. By the universal coefficients
theorem, this implies that H™+2((SM) Z) = Z/2%Z. To obtain k = 1, we will consider the
Bockstein exact sequence

n+1/s

1
0 — H“"2(—,Zy) — H" 2 (—,Z4) — H"2(—, Z,) 5, HY3(—, Zy).

This implies that H"*2(—,Z,) = Z5, so H"*%(—, Z) = Z, by the universal coefficients theorem.
In the next case, we want to compute 7, 3(S™). We can consider K(Zp, n+1) < (S™),, , =
(S™) 41 and we want Hy, 1 3((S™),, 2, Z) = 7 43(S™). In the Serre spectral sequence, we need to

compute Sq1 w, qu w, where w has degree n + 2. But this will tell us that H“”((S“)ﬂ 1) =
Z,, so by the universal coefficients theorem, we have

Hit3((S™) 0 Z) = Z/2% & Z/3Z.

To compute the order, we will have to redo all computations with coefficients in Z modulo odd
torsion. We should be able to obtain

Theorem 1.6.1 (Rokhlin). We have the identity 1, 3(S™) = Z/247Z.

For example, we can compute H*(K(Z;,2); Z;). We have

Table 1.2: H*(K(Z,,2);Z5)

0 1 2 3 4 5
» e-Sqle

1 - e Sqle e SqZSqle
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By Cartan, we can compute Sq'(e?) = eUSq' e +Sq' eUe = 0. By Bockstein, we see that
H*(K(Z,,2); Z) = Z/AZ & odd stuff.

Remark 1.6.2. We used Whitehead towers, but there is a dual approach using Postnikov towers.
The Postnikov tower looks like

IN

Zy Zy Z3 Z,

and satisfies the properties
e Mi(Zn)=0fori>n+1;
¢ X — Z, is an isomorphism in 7t; for i > n;
¢ We have a fibration K(7tn (X),n) — Zn, = Z_1.

Hatcher uses Postnikov towers to compute 7, 3(S™), and if you are particularly masochistic,
Mosher-Tanpora compute the stable homotopy groups up to 7n47(S™). Unfortunately, this
approach will get stuck eventually, so we cannot compute all of the stable homotopy groups of
spheres.



Characteristic Classes and K-theory

2.1 Obstruction Theory

Here is a very basic question: Can we extend maps?

Question 2.1.1 (Extension Problem). Comnsider f: A — Y and A C X. Does there exist a map X — Y
extending f?

Question 2.1.2 (Homotopy problem). Let fy, f1: X — Y such that f(, f1 are homotopic on A. Can we
extend this homotopy to a homotopy on Y?

Note that this is a special case of an extension problem

Xx{0JUX x{1JUA x I — Y

XxTI

Remark 2.1.3. This is different from the homotopy extension property, which is given by X x {0} U
A x I C X xTand is the definition of a cofibration.

Question 2.1.4 (Lifting problem). Let p: E — B be a fiber bundle. If we have f: X — B can we lift f to
X —E?

For the extension problem, we will assume that the action of m(Y) on 7, (Y) is trivial. A
special case of this is if we have f: X™ — Y, can we extend it to X" *1? If we attach a single cell
X™ U, e™*!, then we may consider the map fo @y: de™*! — Y. This extends to e"*! = D™*1 if
and only if [fo @] =0 in 7t (Y). This gives us a map et — ce(e™t) € M (Y), so we obtain the
obstruction cocycle c¢ € et (X, ma (Y)).

Lemma 2.1.5. f: X™ — Y extends to X" if and only if c¢ = 0.

Lemma 2.1.6. We have c; € C™H(X; 0 (Y)) is a cocycle, which means dcy = 0.

28
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Proof. Assume n > 0. By taking the universal cover, assume 711 (X) = 1. We need to show that
cf00 =0, where 0: C 42 — Cy41. But this is given by the commutative diagram

—1
Crpa(X) s 7y (X2, XM

la

0 Tn+1 (Xn+l )

|

eTL+1 (X) L> Ttn+1 (XnJrl, Xn)

la

T (X™)

Ir

m(Y). O

cf

Definition 2.1.7. Let f: X™ — Y. Then define the obstruction class O¢ := [c¢] € HM (X, (Y)).

Theorem 2.1.8 (Fundamental theorem of obstruction theory). Let f: X™ — Y. Then O¢ = 0 if and
only if f ‘X“71 can be extended to X™ 1,

Here, we allow ourselves to change f on X™ \ X™~1. Now suppose f,g: X™ — Y agree on X" 1.
Then given an n-cell e™ C X™, we can consider S™ = D™ U D™, and performing f on the top and g
on the bottom gives an element in 7, (Y). This gives us df,q € C™(X, tn (Y)), the difference cochain.

Remark 2.1.9. Observe that df g = 0 if and only if f is homotopic to g with a homotopy fixing
xn—1

Lemma 2.1.10. Given f: X™ — Yand d € C™(C, mn (Y)), there exists g: X™ — Y such that g|xn,1 =
flyn-1 and dg,g = d.

Proof. In the center of the disk, simply attach a new disk with the desired d(e) € 7, (Y). O

Lemma 2.1.11. Consider d¢ g € C™(X, o (Y)) and the obstruction classes c¢,cq € entl(X, ma (Y)).
Then

6df,g = Cg —Cy.

n+1 we want to show that

Proof. For simplicity, suppose f, g only differ on o™. Given e
cgle) —cgle) = [e: oldf,g(0).

Up to homotopy, we may assume that in the picture
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Figure 2.1: Diagram of the morphism

that the shaded part is @ ~!(c™) and ¢ is a homeomorphism on the shaded component. In
particular, f o @, g o @ only differ on the shaded part, so the number of components of the shaded
part is [e : o]. O

Proof of fundamental theorem of obstruction theory. Let O¢ = [cf] = 0. Then ¢y = dd for some d €
€™ (X, 7tn(Y)). But then there exists g: X™ — Y such that g|yn 1 = f|yn1 With d¢g = —d. But
then

Cqg :Cf"—édf,g =6d—-06d =0,

so g extends to X1,
In the other direction, assume g: Xt 5 Y with g‘xn_l =f ‘X“—l‘ Therefore cg =0, and

Cf=Cf—Cg = —5df’g,

so [c¢] = 0. O

Now we will consider the relative case. Suppose (X, A) is a CW-pair and we have f: X" UA — Y.
Can we extend this to X™*1 U A? Here, we obtain an obstruction class O¢ € H*1(X, A; 7t (Y)).
We have a relative version of the fundamental theorem in this case.

Returning to the homotopy problem, consider f, g: X — Y such that f| xn-1~ Glyn-1- Can we
extend this homotopy to X™? We are considering the extension problem for

Xx{0JUX" I x TUX x {1} c X x {0}UX™ x TUX x {1}

We are considering (n + 1)-cells of the form e™ x I, where e™ is an n-cell in X. Assume for
simplicity that f ‘X“71 = g’XH,l. Then the obstruction is exactly df,g € C™(X,7n(Y)). Also, if
cf =cg =0, then 6ds g = cg —cf =0.

Theorem 2.1.12. Let f,g: X — Y agree on X1 Then HM(X, tn (Y)) o [df,g] = 0if and only if f, g are
homotopic on X™, with the homotopy fixing X™ 2.

Example 2.1.13 (Cohomology of K(G,n)). Consider [X,K(G,n)] — H™(X,G) by f — [df,const]-
Here, we can homotope f such that f‘xnfl is constant because 7;(K(G,n)) = 0 for i < n.
Surjectivity is obvious from the previous discussion, so we will prove injectivity.

If [df const) =0 € H™(X, G), then f |X“ is nullhomotopic. Because 71; (K(G,n)) =0 fori >n, f is
nullhomotopic.
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2.2 Primary obstruction class

We will change our notation. Denote the fiber bundle by F — E — B. In this new notation, we
want to extend a section s: B™ — E to BM*1. If et is a cell, then E]enH =~ e+l % F. We have
s: 9e™t! 5 F and we want to extend this to e™ 1. Now we have the map entl 5 (et
7tn (F). We know that ¢ € C"*1(B, 7, (F)). Now we know s extends to B™*! if and only if
cs =0, 6cs =0, and the obstruction class O € HM (B, . (F)) is zero if and only if s’Bn,l can be
extended to B"*1.

Now we assume that F is (n — 1)-connected. Therefore there exists a section s: B™ — E with
obstruction class Os € H™1(B, 7t,, (F)).

Theorem 2.2.1. Given s, s’: B™ — E, we have Og = Og.. In particular, this is an invariant of the bundle!

Definition 2.2.2. Consider a fiber bundle &: F — E — B with F being (n — 1)-connected. Then the
primary obstruction class is defined by be O(&) € H" (B, 7t (F)).

Theorem 2.2.3. The fiber bundle & always admits a section over B™ and it admits a section over B™*1 if
and only if O(&) = 0.

Proof of Theorem 2.2.1. First we note that a homotopy of s does not change Cs € C™"1(B, 7y, (F)).
The homotopy extension property holds for sections where (X, A) is a CW pair with s: X — E and
s¢: A x I — E a homotopy of sections. Here, we can extend to sy: X x I — E.

Now suppose s,s’: B — E. Of course, s ~ s’ on B’. We now show that if s ~ s’ on B¥, then
s ~s’ on B**! for 0 < k < n—1. To see this, the homotopy extension property tells us that we
may assume s = s’ on Bk after extending the homotopy. Then, we have d, o/ € k1B, m 1 (F)).
But we see that dg i+ = 0, s0 s ~ s’ on B¥*1. We now obtain s, s’: B™ — E such that s ~ s’ on B L.
We may assume that s = s’ on B™ 1. Then we note that dgs/ € (B, (F)), s0 cg/ —Cs = dds g
and thus Og = Oy O

The key property is that if we have f: B’ — B and consider the pullback bundle f*£, then
O(f*¢) = *O(&). This tells us that O(&) is a characteristic class, or in other words, a natural
cohomological invariant. Consider the basic example: Suppose &: S*~! <5 E — B is an oriented
bundle. Then S™ 1 is (n — 2)-connected, so we have an obstruction class O(&) € H™(B, Z).

Definition 2.2.4. This obstruction class is called the Euler class e(&) of &. Then e(&) = 0 if and only
if & has a section over B™.

Here we have a special case. If n: R™ < E — B is an oriented vector bundle and ¢ is the
associated sphere bundle S"—1 5 S(E) — B. Then e(E) is the Euler class of the associated sphere
bundle. Therefore e(E) = 0 if and only if there exists a nonvanishing section of n over B™.

Theorem 2.2.5. Let M™ be a smooth oriented compact manifold. Then e(Tpm) € HY(M,Z) = Z is
x(M).

Corollary 2.2.6 (Poincare-Hopf). M admits a nowhere vanishing vector field if and only if x(M) = 0.

Proof. Note that M™~! = M \ {finite number of points} (one for each top-cell). To compute O(&)
we can use a vector field v with only isolated zeroes. Now we may define the local degree at x to
be the degree of the map S, — S™ ! defined by y ~ v(y). The local degree behaves like
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X} £, N 4_/4(\5-"
_,f-?;,_"‘“ /¥H~, : -\':\)[\/

L SNELTE,

B e

Figure 2.2: Example of local degrees

and therefore Z > O(&) = ) local degrees by definition. Now we simply need to construct
an explicit nice vector field. Because M is smooth, it admits a smooth triangulation.! The vector
field is constructed by placing a zero at the center of every face and then for the center of a given
positive dimensional face, the vector field points outward towards the vertices of that face. But
then we have

Z local degrees = Z #{i-cells} = x(M). O
i

Remark 2.2.7. Let EX — M™ be a smooth vector bundle with M compact. Then e(E) can be
interpreted as follows. Choose a generic section s: M — E. Then s~1(0) is a smooth manifold of
dimension n — k, and so we can write e(E) = PD(s~1(0)).

We will now relate the primary obstruction class and transgression. We will consider the Serre
spectral sequence with coefficients in 7t (F) = Hy, (F). We know we have the transgression map
T HM(F, 7t (F)) — H™M(B, 71, (F)) and the fundamental class « € H™(F, 7t (F)). This is defined
by for all x € 7, (F), (1, h(x)) = x.

Theorem 2.2.8. The primary obstruction class is given by t(1) = 0(&) € H" (B, 7t (F)).

Proof of this is given in a series of exercises in Fuchs-Fomenko 23.5.

Now we will consider the Thom isomorphism. If E — B is a rank n vector bundle. Then we may
associate the disk bundle D(E) and the sphere bundle S(E). Now we define the Thom space to be
T(E) = D(E)/S(E) (equivalently, the one-point compactification of E).

Theorem 2.2.9 (Thom isomorphism). Suppose E is an oriented vector bundle. Then there exists a
unique U € H™(T(E); Z) = H™(D(E), S(E)) such that U‘f is the generator of H™(F,Z) = Z (given by
orientation). We call U the Thom class. Furthermore, we have

H*(B,Z) = H*(D(E); Z) = H* ™(D(E),S(E),Z) x—xul
is an isomorphism for all k. Finally, the map
H™(D(E),S(E)) — H™(D(E)) = H™(B)
sends the Thom class U to the Euler class e(E).

Proof. Consider the Serre spectral sequence for (D™, s"—1) < (D(E),S(E)) — B. Then the Euler
class is the Thom class by the prior discussion about transgression. Alternatively, we may construct
the Thom class locally and patch, and this can be found in Chapter 10 of Milnor-Stasheff. O

1 Apparently there is also a proof using the Atiyah-Singer index theorem, but that is way more advanced than using
this result. Francesco says this is a result everyone uses without knowing the proof.
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2.3 Vector Bundles
We may consider the functor

Vectg: CWOP — Set X — {rank k complex vector bundles}.

We may also consider the functors Vec’c]lkz,VectHJg’k of real vector bundles and oriented real vector
bundles. This functor is representable!

Theorem 2.3.1 (Brown representability). Let h: hCWS¥ — Set be a functor. If
1. For X =\ X with iq: Xo = X, then [[i%: h(X) ~ [[h(X«) is an isomorphism;

2. If X = AUB is a union of subcomplexes and a € h(A),b € h(B) retrict to the same element in
h(A N B), then there exists x € h(X) restricting to a, b,

then there exists a CW complex K and u € h(k) such that
X, k] = h(X) f— *(U)
is a bijection.

Note that for Vectg, the condition of being homotopy invariant is nontrivial to decide. We
want fi: X x I — Y such that fjn ~ fin. The idea is that for & = fin — X x I, we need

E”XXO = fon, ‘i‘xm = fin.

Proposition 2.3.2. Let X be a CW complex (or in general X is paracompact). Then if & is a vector bundle
over X x 1, we have &!Xxo ~ £|XX1.

Recall that X is paracompact if X is Hausdorff and any open cover {U«} admits a locally finite
refinement {Vp }. This is equivalent to every open cover admitting a partition of unity subordinate
to it.

Remark 2.3.3. We may also assume the indices (3 are countable.

Example 2.3.4. Any 1 — X paracompact admits a Hermitian metric. To see this, simply trivialize
over the charts Uy and then glue using our partition of unity.

Now we note that if E — X x [a, b] is trivial over [a, c] and [c, b], then E is trivial. This implies
that any n — DX is trivial. Fix trivializations h;: X x [a,¢c] x C* — Eq, hy: X x [¢,b] x CK — E,.
These do not necessarily agree on X x {c} x C¥, but we simply consider @ = hjh, ! and change h,
by ¢ to get the desired trivialization.

The second observation is that if 1 — X x I then there exists an open cover {Uy} such
that n’uaxl is trivial. To see this, we simply trivialize over Ux ; x [t;_1, ti] and then glue the
trivializations.

Now we return to the proof that Vectg is homotopy invariant. Given a partition of unity @;
subordinate to U, (with eta‘umxI trivial), we write Ym: @1+ -+ @m: X — [0,1]. Then define
Xm to be the graph of . We know supp @1 C Uy for some o, so p: Xymp1 — Xin lifts to
hm: n]XmH — n]Xm. We know 1 is trivial on U, x I, so we have

hm (X/ lpm+l (X),V) = (X/ LI)ﬂl(x)/ V)

Then we know X is X x {0}, so using local finiteness of the partition of unity, we obtain the desired
result.
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We now want to find a concrete space that represents this functor. Define the Grassmannian
Gﬁlk = {k-planes in C"}

of k-planes in C™. This has a tautological bundle Ck < yﬁlk — Gg,k given by y ={(V,v) |v € VL
Of course, if m < n, we know G%k — G;Cl,k' so we define GE = Ggo,k =Un ng. Because the
tautological bundles are well behaved under this, we obtain a tautological bundle vy} — GE.

Theorem 2.3.5. The bundle v, — GE is a universal bundle. This means that [X, GE] ~ Vect}é(X), where
f— f*yk.

Remark 2.3.6. We can also write GE = BU(k) as the classifying space of U(k).

Proof of Theorem. Letn — X. Then n = f*yy if and only if there exists g: 1 — C* which is linear
injective on each fiber ny. Given p: 1 — X, choose a countable cover with p~1(Uy) trivial and @;
a partition of unity subordinate to U;. Then define

gi: p’l(ui) =U; x ct—-Ccn

and consider the map (@i op)-gi: n — C™. This defines g: n — (C™)> = C*.
Now we need to show that if gg, gi: 1 — C* that are injective on fibers, then there exist
gi: M x I = C* linear injective on fibers at each time. We define

Li: C*° - C™ (x1,%2,...) =~ (1 —1t)(x1,%2...) +t(x1,0,%2,...).

This is injective at each t and moves gg to the odd entries. Similarly, we can move g; to the even
entries, so we can write g = (1 —t)go + tgs. L]

A characteristic class is a natural transformation Vect}é (X) S H*(X, Z). By the Yoneda lemma,
characteristic classes are in bijection with the cohomology of G$. We now study basic facts of the
Grassmannians:

¢ There is a transitive action of U(n) on GE - The stabilizer of Ck c C™is U(k) x U(n—Kk).
¢ Clearly we have G, 1 = cpn1,

¢ The Grassmannian G$ , has a nice cell decomposition generalizing CP™ = ptUD? U D*U
DéU---.

Example 2.3.7. Consider the Grassmannian Gy, of 2-planes in C*. Then the interior of cells is
described by dimensions of intersections with C! ¢ C? ¢ C* ¢ C*. The cells are given by:

0-cell: This is just {C?} corresponding to (1,2,2).

2-cell: This is the set {C! C V C C3} corresponding to (1,1,2).

4-cells: These are {Cl C V} corresponding to (1,1,1) and {V C C3} corresponding to (0, 1,2).
6-cell: This is given by {dim VN C? > 0} corresponding to (0,1,1).

8-cell: This is everything else, which corresponds to (0,0,1).

For an alternative description, a 2 plane corresponds to the row reduced echelon form of a
2 x 4 matrix. Then we have the following correspondence:
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0-cell: This is the matrix {8

o o
(e
— O
- =

o
o

2-cell: This is the matrix {8 Lo ﬂ

4-cells: These are the matrices [1 o O} {0 10 :]

0 00 11”|0 0 1
.. 1o« 0 %
6-cell: This is the matrix {0 01 *} .
8-cell: This is the matrix F 0 x 1 .
0 1 x =«

These cells are called Schubert cells. These behave nicely with the inclusions and Gy,  has (L‘) cells.
The number of 2i-cells is given by the number of partitions of i into at most k integers that are
each at most n — k. The cells are of even dimension, so we can compute the group structure on
the cohomology, but not the ring structure.

Theorem 2.3.8. The ring struction on cohomology of the Grassmannian is given by H*(G$,Z) =
Zlcq,...,cyl, where degci = 2i.

Definition 2.3.9. The characteristic classes of E — B associated to the c; are the Chern classes ci(E).
By convention, ¢;(E) = 0 for j > dim E.

Proof. We need many fibrations. Consider the spaces G, k of k-planes in C™ and F,, . of k-flags
in C™. It is clear that F,, \ also parameterizes ordered k-tuples of orthogonal complex lines. Of
course there is a fibration Fy i < F x — Gq k. We can also understand H*(GE) inductively as
well.

Now we will show that H*(Foo i) = Z[x1, ..., xi], where degx; = 2. Each x; is the pullback of
the generator of H2(CIP*) under the maps ({1,..., ) — ;. We will use the fibration CP"k —
Fnk = Fn k—1. By induction, we have a fibration

CP*® — Foo,k — Foo,k—l

and H* (Foo, k —1) = Z[x3, ..., xx—1]. Now we use the Leray-Hirsch theorem, but first we need to
show that H*(E) — H*(F). This is because we have the map F, i — CIP* given by ({,...,{x) —
{y and this restricts to the generator of CIP*® udner CIP>® — F, . Therefore, H*(Fy, 1) is a free
Z[x1,...,xx—1]-module with additive basis 1, xy, xi, .... Now we observe that

Foo i < (CIP®)*

is a homotopy equivalence by Hurewicz.

Now we need to consider the fibration Fy x < Foo x LN Goo k- This induces a surjective map in
cohomology, so by Leray-Hirsch, H*(Fu, k) is a free H* (G, k)-module with basis 1, ... and thus
Pp*: H*(Goo k) = H*(Feo,k) is injective. The map Foo ik — Gook sends a k-tuple of lines to their
sum. We also know that p is Sy-invariant, so on cohomology, we have an injection

H*(Goo, k) = H* (Foo 1)°% = Zlxy, ..., x1 )% = Zloy, ..., 0y,

where o; is the ith elementary symmetric polynomial. But then by a dimension count, this
injection is surjective. O
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Theorem 2.3.10 (Splitting principle). Let E™ — X be a line bundle. Then there exists X 5 X such that
f*E is a direct sum of line bundles and £*: H*(X,Z) — H* (X, Z) is injective.

This gives us the following slogan:

When working with Chern classes, we can assume E is a direct sum of line bundles
ExzL1 - DLy

Proof. Set X = Fy(E) — X. Then the fiber over x € X is the space of k-flags in Ex. Therefore
we have a fibration Fy  — X — X. Now X has a tautological splitting, where over the point

(€1,..., ) we have the vector space {; @ - -- @ {y = Ex. This pulls back E as a direct sum of line
bundles. O

Now here are some properties of Chern classes:
1. For any E, we have co(E) =1.
2. If v is the tautological bundle over CPP}, then ¢;(CPP!) = —x and thus y = O(—1).

3. For vector bundles E, F, we have C (E ® F) Z ck(E) U Cx_i(F). Equivalently, if we define
the Chern class ¢(E) =1+ c1(E) +c2(E)+ - - -, then c(E @ F) =c(E)c(F).

Proof. We prove this for the universal bundles. We have the bundle vy x y¢ over Gy x Gy, and
this is given by a classifying map Gy x Gy = Gy4¢. Now under the map (CP>)* x (CIPOO)E —
Gk x Gy, we know vy x v pulls back to a direct sum of tautological bundles, and the same is
true for yy ¢ pulled back to (C]P‘X’)k”. Therefore, we have

clvkre) = (T +x1) - (T+x)(T+y1) - (T+ye) = clyv)elve)- O

In fact, the three properties determine the {c;} uniquely.
Remark 2.3.11. e If C is the trivial bundle, then ¢;(E® C) = ¢ (E).

e If E is the complex conjugate bundle of E, then ¢;(E) = (—1)ici(E). Note that this is also the
dual bundle.

Example 2.3.12. We have ¢(TCP™) = (1+x)™" =1+ nx + (5)x? € Z[x]/x™*1. To describe
this, we consider the tautological bundle y — cpml, Clearly TLC]P“ Homc (L, L), where the
perp is taken in C™*1, Therefore, TCIP™ = Homc(y,y*) and y @ y+ = C™*1. This gives us
TCP™ & C = Hom(y,y") ® Hom(y,v)
= Hom(y,C™*1)
— Hom(,ylc)‘n+1 _ o(l)n+1
and therefore

¢(TCP™) = ¢(TCP" & C) = c(0(1)" ! = (14 %)™

We will now consider Chern classes as obstructions. Let C™* < E — B be a rank n bundle.
Then we can take orthonormal frames to obtain Vg,k — Vi (E) — B. Then sections of Vi (E) — B
are k-tuples of sections of E which are orthonomal at each point.

Lemma 2.3.13. We have
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Therefore, the first obstruction to finding a section of Vi (E) over the 2(n — k) + 2 skeleton
lives in H2(W—*)+2(B, Z). In fact, this is the Chern class. The Chern class ¢j(E) € H? (B, Z) is the
obstruction to finding k = (n + 1 —j) linearly independent sections over the 2(n + 1 — j)-skeleton.
Now observe that V;, 1 = §2n—1_ Therefore, if dimc E = n, we have ¢, (E) = e(E).

2.4 Real Vector Bundles
Now consider a vector bundle R™ — E — B.
Lemma 2.4.1. For i < n —k, we have nn(VPf’k) = 0. In addition,

Z k=1orn—Kkeven.
Z, otherwise.

ﬂnfk(vﬁlk) - {

Therefore we obtain obstruction classes O; € H(B, Z) or O; € HY(B, Z,). This is an obstruction
to finding n + 1 — i linearly independent sections on the i-skeleton. Reducing everything modulo
2, we have

Definition 2.4.2. The Stiefel-Whitney classes of E are defined by w; :== O; mod 2.
Here are some facts about the Stiefel-Whitney classes:
e If y — RIP! is the tautological class, then wi(y) =1 € HY(RPP!, Z,).

¢ These correspond to H*(Gﬂé ;o) = Zowq,...,wi], where |lw;| = i. Note that it is harder to
compute the cohomology in this case than in the complex case.

We have wq(E) = 0 if and only if E is orientable.

If dim E = n and E is orientable, then w,, (E) = e(E) mod 2.
¢ They are related to Sq* on T(E) (and in fact this is the definition given in Milnor-Stasheff).

Now we will assume that our real vector bundles are oriented. Recall that GHQ = BO(k) is the
space of k-planes in R®. Then we set G = BSO(k) to be the space of oriented k-planes in R*.
There is a double cover G,” — GR. Recall that every oriented bundle has an Euler class!

Remark 2.4.3. Suppose E — B is an oriented odd-dimensional vector undle. Then the map
(b,v) — (b, —v) reverses orientation on the sphere bundle, so e(E) = —e(E) and thus 2e(E) = 0.

Recall that H*(SO(n), Q) varies greatly depending on the parity of n. We should obtain the
same thing for the classifying spaces.

Theorem 2.4.4. Over Q, we have H* (G5,

H*(G3,) = Qlp1,.-., pm, el/ (€2 = pm).

We are mostly interested in even-dimensional manifolds, so we will mostly work in the second
case.

)QIlp1, - .., Pml, where |p;i| = 4i. In the even case, we have

Definition 2.4.5. The characteristic classes corresponding to p1, ..., pm are called the Pontryagin
classes of E.

Concretely, we can define the Pontryagin classes in terms of the Chern classes. If E — B is a
real vector bundle, we may take E ® C — B the corresponding complex vector bundle. Then we
have ) .

pi(E) = (-1)'c2i(E® C) € HY(B, Z).
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Remark 2.4.6. Recall that E ® C is always isomorphic to its dual. Complex conjugation gives an
antilinear involution, so cp; 1 is 2-torsion.

Example 2.4.7. We will compute the Pontryagin classes of TCIP™.

Lemma 2.4.8. If E is already a complex vector bundle, then E ® C = E & E* as complex vector bundles.

Proof. Define by i the complex structure on E. Then the map (v,0) — (v, —iv), (0,w) — (w,iw) is
a C-linear isomorphism. O

In particular, if E is complex, then the total Pontryagin class p(E) =1+ p1(E) +p2(E) +--- can
be computed using

1=p1(B) +p2(B) =pa(B) ++-- =14+ c2(E®C) + c4(E®@ C) +c4(E=C)
=c(E®C)
=c(EQE")
=c(E)-c(E")
=(T+c1(B) +c2(BE) +--)(1 —c1(E) +ca(E) —c3(E) +---).

For TCIP™, we have

1—pr+pa—p3t-=1+x)"1—x)"

(1 7X2)n+1

so we obtain

Py (CP™) = (“f) a2,

Now we will consider Pontryagin roots. The splitting principle for E>™ — B says that E can
always be thought of as a direct sum of oriented 2-plane bundles analogously to Chern classes.
Note that an oriented 2-plane bundle is the same as a complex line bundle (because i rotates by 7
counterclockwise). In the case where we actually have E =L; @ L, @ - - - & Ly, we obtain

ExC=LaelieLaelid -aLlnaLl,.

These have Chern roots +x4, x5, ..., £xm, so we have
P1(E) = —c2(E®C) :x%-|—x% X2

p2(E) = 02(xd, ..., x%,)

pm(E) = x%x% . ~x$n = Gm(x%,...,xfn).

This tells us that the x% are the Pontryagin roots. Also, e(E) =xq -+ -Xm, so e =pm.

Remark 2.4.9. This is related to the fact that det: so(2m) — R has an SO(2m)-invariant square
root, called the Pfaffian.
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2.4.1 Relation to Steenrod problem and oriented bordism Let X™ be a closed smooth
manifold and « € Hy (X, Z).

Question 2.4.10. Is there an oriented smooth manifold M* and continuous f: M — X such that f.[M] =
?

Definition 2.4.11. A pair (M, f) is singular manifold representing ox.

Now define
{(Mk, f) singular manifold in X}

Qr(X) =
k(X) {(M, ) | there exists OW = M, f extends to W}

with addition given by disjoint union. In addition, we set —[M, f] = [M, f]. This is well-defined,
and in fact there is a map

On(X) > Ha(X,Z) (M, f)] = £ [M].

The group Qy(X) is called the k-th bordism group. Clearly Qy is functorial by postcomposition.

Remark 2.4.12. The functors Q. give a generalized homology theory. Note that Qy (pt) is very
complicated. These are given by

{M¥ oriented k-manifolds}

Qk(pt) = {M _ awarl}

Theorem 2.4.13. If M** = dW*kHL then the signature of M is 0.
Example 2.4.14. In Qg (pt), [CP?¥] # 0.

Lemma 2.4.15. If B: V®V — R is symmetric and nondegenerate and W C V is isotropic and dim W =
3 dim 'V, then the signature of B is 0.

Remark 2.4.16. Actually, it is easy to see that B = ((1) V(}/)@ dim W

Lemma 2.4.17. Let ©: M < W be the inclusion onto the boundary. Then (*(c),[MI) = 0 for all
c € H¥ (W),

Proof. This is given by (i*(c), [M]) = (c, 1+[M]) = 0 because in the exact sequence
Hage1 (W, M) 2 Hage(M) < Ha (W),
we have W.M] — [M], so [M] = 0. O

Proof of Theorem. Consider the commutative diagram

HZk (W) v HZk ( M) H2k+1 (W, M)

Ho11(W, M) —— Hap (M) —— Hy (W).

We know that W = Im(t*: HZ*(W) — HZ¥(M)) is isotropic in V = HZ*(M), so we need to show
that it is half-dimensional. But then Im(t*) = ker(t,) under identification. But then (* is dual to
Ly, SO dimIm(t*) = dimIm(it,) = dim V — dim ker(t,) and thus W is half-dimensional. O
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Recall that a spectrum E is a sequence (En,jn: ZEn — E;41). Then we have the associated
homology theory
Hn(X/ IE) = hg'l Tl +¢ (XJr AN E@)/

where the colimit is over the sequence of maps given by suspension followed by j,.

Example 2.4.18. Consider E;, = K(Z,n) and let j,, be adjoint to QK(Z,n+ 1) = K(Z,n). Then
the associated homology theory is Hn (—, Z).

Thom described the spectrum representing ),,. Nowadays we call this the Thom spectrum
MSO. Here, we write MSO(k) = T(yy — BSO(k)), where BSO(k) is the oriented Grassmannian.
Then there is a natural map

tk: BSO(k) 5 BSO(k+1) R®>SVisRaVeRaR® =R

In particular, we have 1} yi 11 = R ®vyk. Then we have a map T(R ®vx) — T(yk41), but in the
homework we prove that T(R @ E) = ZT(E).

Theorem 2.4.19 (Thom 1954). The spectrum MSO represents the homology theory Q).

As a consequence, we have Q, (pt) = lim 7w, 1 ¢(MSO({)). In particular, this is finitely gener-
ated. Tensoring with Q, we may use techniques of Serre to prove that

Qn(pt) ©Q = lim 4 ((MSO(0), Q) = limy Hn (BSO(0), Q).

{—o0

Therefore Qn (pt) is finitely generated with rank 0 when 4 t n and the number of partitions of i
when n = 4i.

Remark 2.4.20. The generators of (4 (pt) ® Q are CIP%4 x ... x CP?', where I = (iy,...,1x) is a
partition of i. Alternatively, we may define

PO = Z Mo (py, (MU py, (M), M)
This is called the I-Pontryagin number. Then the map
Q4i(pt) N Z#partitions M — {pI(M)}

is an isomorphism after tensoring with Q.

Recall that the signature gives a homomorphism Qg;(pt) — Z. Therefore it is a linear
combination of Pontryagin numbers. We may compute exactly which combination using the
Hirzebruch signature theorem. Later, we will prove this as a consequence of the Atiyah-Singer
index theorem. We have

1. sign(M4) = %pl.

2. sign(M8) = £ (7p2 —p?).

3. sign(M!2) = = (62p3 — 13p1p2 +2p3).
4. sign(M1€) = o L-(...).

An application of this formula is in Milnor’s 1956 paper On manifolds homeomorphic to the
7-sphere.

Theorem 2.4.21 (Milnor 1956). There exist M” which are homeomorphic but not diffeomorphic to S7.
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The idea to distinguish smooth structures is this. We know H*(M7,Z) = H.(S7,Z). Then
because Q7 = 0 there exists W8 such that M7 = dW?. Then we have an intersection form on
H*(W, M, Z)/torsion = H*(W) /torsion. In particular, the signature of W is an integer and have a
number q(W) = (p3(W), W, M]).

Lemma 2.4.22. The number A = 2q(W) —sign(W) mod 7 is is independent of the choice of W. Therefore
A is an invariant of M.

Proof. Consider two bounding manifolds Wj, W,. Then we can glue W;, W, to obtain a closed
manifold X. Then sign(X) = sign(W;) —sign(W,) and <p%(X), [X]> = q(Wyp) — q(W,). Then the
Hirzebruch formla gives us

45 sign +p% =7p2

and now basic arithmetic gives us the desired result. O

Remark 2.4.23. This is a diffeomorphism invariant of M. Then A(S”) = 0 because S” bounds S8
and gluing them together gives S°.

Examples 2.4.24. We will give examples of M7 homeomorphic to S” but not diffeomorphic to
it. We will construct these as sphere bundles of oriented rank 4 bundles over S*. Consider
R* < E — S*. These can be described using clutching functions. If we take $* = D4 UD* , and we
know E|Di = D1 x R%. Therefore it suffices to describe the gluing along the equator, which gives
us a map $% — SO(4). Now oriented vector bundles are described by m3(SO(4)) =Z ® Z.

Very explicitly, we can identify S* with the unit quaternions and R* = H. Then fg;: $° —
SO(4) is defined by

fhj(u) -x = ulxu.

For example, the trivial map fop is given by $* x R*. The unit sphere is $* x S3. Similarly, f; o
gives y — HIP! and gives us the unit sphere S”. Now for k odd, we will choose h,j such that
h+j=1,h—j = k. Then define My to be the unit sphere bundle for fy;.

We will see that My, is homeomorphic to S7 but A(My) = k% — 1. Thus Mj is homeomorphic
but not diffeomorphic to S7. First, we will write an explicit f: My — R with exactly one maximum
and minimum. Then using gradient flow, we have My = D’ U, D’ via some ¢: 3D’ — 9D’.
Because ¢ extends radially to D7, we have a homeomorphism My = S7. To compute A(My), note
that M” bounds the unit disk bundle of E — S*.

2.5 Topological K-theory
Let X be a finite CW complex (more generally a compact Hausdorff space). Then let Vect(X)
denote the set of isomorphism classes of (complex) vector bundles on X.
Remark 2.5.1. The rank may vary on each component of X.

Then Vect(X) is a unital semiring with operations @, ® and unit the trivial line bundle C.
Remark 2.5.2. Unlike IN, Vect(X) is not cancellative. This means thatif a+b =c+Db, then a # ¢ in
general.

Example 2.5.3. Consider TS?2 @ R = R3. However, TS? # R

We may define Z = {(a, b) € N2 } /(a+1b" = a’+b). This only works because IN is cancellative,
but if we modify the condition to be (a,b) ~ (a’,b’) if a+b’+e = a’ + b+ e for some e, then
this defines the Grothendieck ring.
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Definition 2.5.4. Define the K-theory ring K(X) to be the Grothendieck ring of Vect(X).
This defines a functor from finCW° — Ring.

Example 2.5.5. We know that Vect(pt) = N, so K(pt) = Z. This is because vector bundles on a
point are the same as vector spaces.

Thus if we consider the inclusion pt — X, we obtain the (virtual) rank map K(X) — K(pt) = Z.
This is locally constant. Note that if X is finite, then given E — X, there is E’ — X such that
E®E’ = C" for some n. Here are some consequences:

1. If « € K(X), then we can write x = a —CN for some a, N. Here, if « = E —F, then we choose
FOF =CN, and thus we get « = E+F/ —CN.

2.Ifx = a+CN and B = b—CM, then o« = B if and only if they have the same rank
everywhere and a, b are stably equivalent (which means that a & C* = b+ CB for some
A, B).

To see this, we have a + CM + & = b+ CN + € for some €. Then we simply add £’ such that
&+ & =CL. Now we have a + CM*L = b+ CN*+L 5o we are done.

Now we would like to throw away the information about stably equivalent bundles. If (X, xg) is

a pointed space, we define the reduced K-theory IZ(X, xg) = ker(K(X) = K(xp)) = Z. This depends
only on the component of xg and is a non-unital ring.

Proposition 2.5.6. We can identify K(X, xg) with vector bundles on X up to stable equivalence.

Now stabilization corresponds to the inclusion BU(k) — BU(k + 1), so a bundle up to
stabilization has classifying space BU := BU(oo) = |J BU(k). Therefore, we have

Corollary 2.5.7. E(X) = [X,BUl.

Remark 2.5.8. This is false for noncompact spaces in general.

We may also take the maps

U(k) — U(k+1) A (é 2)

Now we define U = U(co) = [Jy U(k). Then we have a fibration U < EU — BU, where
EU = V€ (00, c0). We also have fibrations

U(K) <= Ve (oo, k) — BU(K).
Because 7t (Ve (1, k)) =0 for r < 2(n— k), we see that V¢ (oo, 00) is contractible.
Example 2.5.9. It is easy to see that
K(sY) = [S!, BU] = m; (BU) = mp(U) = 0.
Similarly, we have
K($?) = 5% BU = m(BU) = m (W) = m (U(1) = Z.

If v is the tautological class (here, take S> = CIP!), then this is generated by y — 1. This is because
¢1(y) = —1. Therefore K(S?) = E(Sz) ®Z = Z @ Z is generated by y,1. The map is given by
a — (c1(a),dim(a)). Now that (y®vy)®1 = v &vy. In particular, (y — 1)2 = 0. Thus we have
K(8%) = ZIy)/(y - 1%
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Now we would like to extend this to a generalized cohomology theory.

Lemma 2.5.10. Let (X, A) be a finite CW pair. Then K(X/A) — IZ(X) — K(A) is exact (because A C X
is a cofibration).

Because A C X is a cofibration, we know that X/A ~ X U CA. Now the exact sequence extends
to
A—>X—=>X/A—ZA 5 IX > IX/A— -

by our discussion of cofiber sequences from last semester. This gives us a long exact sequence
= K(ZX/A) = K(ZX) = K(ZA) = K(X/A) = K(X) — K(A).
Now we can manually define a cohomology theory as follows:

Definition 2.5.11. For q > 0, define K~9(X) := K(Z£9X). Analogously there is an unreduced theory
K™9(X,A) = K(X9(X/A)). This gives K~9(X) :=K~9(X,0) = K(Z9(X U pt)).

Example 2.5.12. We have K~ 9(pt) = K(Z9(S%)) = K(S9) = 74 (BU).
The K-groups satisfy a miraculous identity:
Theorem 2.5.13 (Bott periodicity, version B). For all spaces X, E(Z2X) = 12(X).

Therefore K9 is 2-periodic and we will consider K%, K! as the interesting cases. The original
statement of Bott periodicity is

Theorem 2.5.14 (Bott periodicity, version C). The homotopy groups lZ(Sq) =7q(BU) = mq_1(U) are
2-periodic. Therefore my (U) = Z is k is odd and 0 if k is even.

The most useful form of this result is

Theorem 2.5.15 (Bott periodicity, version A). For all spaces X, we have K(X x S2) =K(X)yl/(y — 1)2.

Here, v is the pullback of the tautological bundle y — CP! = S2.
Concretely, we have a map
KX)@K(X) 5 K(Xx 8 (a1, 02) = (01 ©C) @ (0 @ ).
Francesco says that proving this result is difficult online, so we only give a sketch.

Sketch of proof. We will use generalized clutching functions. Choose a bundle E — X. This gives a
bundle E — X x D?.. But of course D? is contractible, so we can glue them together using some

f: X x S — Aut(E). Thus f(x,z) € GL(E(x,z)), so we obtain a class [E, f].
The key point is that stably, any bundle on X x S? has the form [E, 1] & [E’, z]. O

Example 2.5.16. We can represent y — S? as [pt, f(x,z) = zl.
Proof of version B. Consider the long exact sequence
S KX % $2) 2L KXV S2) = K(X x SE XV S?2) 5 K(X x S2) 2 K(XV/S2) — -

Therefore ¢ is surjective because K(XV §?) = K(XV SHeZ= E(X) &) K(Sz) @ Z. This argument
also works for ¢_1, and thus

K(£2X) = ker(K(X x S2) 25 K(X \V/ $2)).
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By version A, wesee that x = 1 C+ o @y = a®@ (y—1)+ B ®y. If if x € ker ¢, , then its
restrictions to both X, $? are trivial. Restricting to X, we require that 0 = a dim(y — 1) + p dimy =

B. Restricting to S?, we see that 0 = dim - (y —1),s0 & € K(X). Therefore the map K(X) = K(£2X)
given by « — «® (y —1) is an isomorphism. O

Corollary 2.5.17. The group K(S?™) = Z. is generated by (y —1)®™ and K($?™+1) = 0.
Now we want to consider K(X) in the noncompact case. The options are
1. The Grothendieck ring of Vect(X);
2. The set of maps [X, BUJ;
3. The limit @1 K(Y) for compact Y.

Unfortunately these are not the same. We are interested in the case where X is Hausdorff
and locally compact. For example, if X is a CW complex such that every point is contained in
only finitely many cells or if E — X is a vector bundle to a compact Hausdorff space, then E is
Hausdorff and locally compact. In our case, the one-point-compactification X* is Hausdorff.

Definition 2.5.18. If X is locally compact and Hausdorff, define K(X) = IZ(X+, o).

This is a (unital) ring and is functorial under proper maps. Also, if U C X is open and relatively
compact with U™ = X/X\ U = X* /X" \ U, we obtain a map X — U™. In particular, we obtain a
map K(U) — K(X). Then we have

K(X) = lim K(U),

where U ranges over the relatively compact subsets of X. Of course, if X is compact, we recover
the original K-theory.
There is an alternative point of view in terms of complexes. Let

0—-E—=E —---—Eqx—0

be a complex of bundles over X. We define the support supp E to be the locus where the sequence
is not exact.

Example 2.5.19. If we consider the bundle 0 — C = C — 0, then the support of this complex is
{0}.

Define C(X) to be the homotopy classes of complexes with compact support, where Eg ~ E; if
there exists G — X x I with compact support and G|, ., (1) = Ei. Now this contains the set Cyp(X)

of complexes with empty support.

Proposition 2.5.20 (Segal). If X is Hausdorff and locally compact, then K(X) = C(X)/C¢ (X) as rings.

The basic idea is that if E—F € K(X) = K(X, c0), then the dimensions of E, F are equal at oo,

so we can consider the complex 0 — E % F — 0 where  is a chosen isomorphism near co and
extended arbitrarily with compact support to the entire X.

Remark 2.5.21. We have the inclusion supp(E ® E’) C supp(E) Nsupp(E’). Therefore, the multi-
plication is well-defined.

Remark 2.5.22. The sequence 0 — C 5 C—-0inK(R?) = E(SZ) corresponds to y — 1.
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Example 2.5.23. We have K(R?™) = ﬁ(SZ“) = Z and this is generated by (y — 1)®™. The idea is
to tensor multiple copies of 0 — C 24 C = 0, and the generator is the Koszul complex

0 \'Cm 25 Alem 25 A'er o ATer o

Now recall the Thom isomorphism in cohomology. If R™ < E — B is oriented, then
H¥(B,Z) £> HK+Y(TE, Z) = H‘C‘*“(E,Z) is an isomorphism. The Thom class ug restricts to the
generator of HZ (F, Z) for each fiber. In K-theory, if we have C™ — E L, B, then we can use define
the Koszul complex of f*E. Restricting to a fiber F, we obtain the Koszul complex of F = C™. In
particular, the support is the zero section of E — B, which is B. Thus if [F is a compactly supported

complex on B, f*IF ® A(E) is a compactly supported complex on E. Therefore we obtain a map
K(B) ~ K(E).

Theorem 2.5.24. This is the K-theoretic Thom isomorphism.

Proof. We can prove this locally using Bott periodicity and then patch to obtain the global
result. O

Remark 2.5.25. The Thom isomorphism holds under weaker assumptions. This is when E admits a
spin® structure by Atiyah-Bott-Shapiro.

Now suppose X is a finite CW complex with only even-dimensional cells. Now we have an
exact sequence

KO(in, X2n—2) KO(xZn) KO(xZn—Z)

| l

Kl (XZn—Z) Kl (XZn) Kl (in, X2n—2) .

By induction, we can obtain K(X) = Z#(cells) Here, we note that K!(X2") = K1(X2"~2) = 0 and
KI(X2™, X21=2) s just Z#(2ncells) 5o this is very easy. In particular, we have K(CP") = Z™*1.
This can also be done using the Leray-Hirsch theorem, and in fact the splitting principle holds.

For all E — X, there exists Y T X such that *: K(X) — K(Y) is injective and f*E is a direct sum of
line bundles.

2.6 K-theory and cohomology

Now we will discuss the relationship between K-theory and cohomology. For a space X, we
have the two rings K(X), H*(X). Can we find a morphism between them? The natural idea is
to consider characteristic classes. We can attempt to use the total Chern class, but this is not a
homomorphism!

Definition 2.6.1. Given a vector bundle E — B, where B is a finite CW complex, define the Chern
character by
3

2
ch(E)=) e=>) <1+xi+xzi+’;}+---> € H* (X, Q).

1
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Here x; are the Chern roots of E. We can actually rewrite this as

2 2
R
Ch(E):dimE+(X1+-~-+xn)+%

E)? —2¢y(E
ZdimE+Cl(E)+M+'“
If we write x'l‘ + -+ xK = s (0,...,0n), where sy is the Newton polynomial and o; are the
elementary symmetric polynomials, we obtain

ch(E) = dimE +¢;(E) + 202y 802 @) oo @)

Proposition 2.6.2. The Chern character defines a homomorphism ch: K(X) — H?*(X,Z).
Proof. This is obvious for line bundles because eXeY = e**Y, and now we are done by splitting. [

Theorem 2.6.3. The Chern character chg: K(X) ® Q — H?* (X, Q) is an isomorphism for any finite CW
complex X.

Note that this result is false over the integers. In addition, the map

~ h, ~ ~
KIX) @ Q = K(ZX) ® Q =% A2*(£X, Q) = H¥*+1(X, Q)
is an isomorphism.

Proof. We induct on the skeleta. This is obvious for the case of a point. So now consider the long
exact sequences

qul(xnfl) Kq(Xn/anl) Kq(Xn) Kq(anl) Kq+1(Xn,Xn71)

5 ! | I |

qul(xnfl) Hq(Xn,anl) Hq(Xn) Hq(anl) Hq+l(Xn’Xn71)

Now we need to show that the maps on the relative groups are isomorphisms by the five lemma.
Because X" /X"~ ! =\/S™, we need to show this for spheres. In general, this is because

~ 1 ~
Ko 20 R

lch lch
(X, Q) = P (£2X;Q)
commutes. Returning to the case of a sphere, we have
ch(x® (y —1)) = ch(x) Uch(y —1),

and also
ch(y —1) =ch(y) —ch(1) = 1+c1(y) — 1 = ¢1(y) € H*(S?,2)

is the generator. Now we simply need to show that chg are isomorphisms for S!, S2. O
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Remark 2.6.4. The torsion of K(X) and H?*(X,Z) can be very different. For example, we have
K(RP™ 1) = Z & Z/2m1Z, while H*(RP™ 1) = Z & (Z/22)™ .

In general, K-theory is very hard to compute. One can compute it using equivariant K-theory,
or we may use the Atiyah-Hirzebruch spectral sequence. Here, if X is a finite CW complex, then we
have a spectral sequence with

E}'9 = HP(X,K9(pt)) = KPTI(X).
In fact, this is true for any generalized cohomology theory.

Corollary 2.6.5. The Chern character ch: K(§%™) — HZ*(S™™,Q) actually restricts to ch: K(SZ“) —
H2™(S2™; Q) which is an isomorphism onto H2(S$2", 7).

An application of this? is the following: If x € H>™(S*™,Z) is given by x = cn(E), then

(n—1)!| x. This is because ¢1(E) =--- =¢_1(E) =0, so ch(E) = dimE + (CT?_“;), e H*(S?™, 7).

Theorem 2.6.6 (Borel-Serre). If TS*™ admits a complex structure J, then n = 1,3,

Proof. Suppose we have a complex structure. Then cn (TSP, ]) = ¢(TS?™) = x(S*™) = 2, so
(n—1)!|2 and thus n = 1,2, 3. We know TS* has no complex structure by Wu's theorem. O

Remark 2.6.7. When n = 1, then S2 = CP! is a complex manifold, so we have holomorphic
charts. When n = 3, we can construct ] using the octonions (viewing S° in the purely imaginary
octonions), and the problem of whether S admits a complex structure is open.

Here is an important point. For E — X a vector bundle on a finite CW complex, we have a
diagram which does not commute:

K(X) — 2 K(E)

B B

HZ*(X,Q) —% HZ*(E,Q).

On one hand, we have ch(x - Ag) = ch(x) ch(Ag) and on the other hand we have ug - ch(x). In
general, ch(Ag) # ug! Assume there exists t € H2*(X, Q) such that t - ch(Ag) = ug. Formally, we
uE‘X
ch(Ae )y
other hand, Ag|y =1—E+A’E—A’E+--- = (1—x1)(1—x2) - (1 —xn). Applying the Chern

character, we have ch(Ag |X) =(1—e*1)(1—e*2).--(1—e*n), and thus

tzHl_Xin'

Definition 2.6.8. The Todd class td(E) is defined by

obtain t =

. If E has Chern roots x1, ..., Xn, then we have ug |X =¢e(E) =% xn. On the

2
_ Xi _ c1 cit+c2  ciep
td(E)_Hil_efxi—lJerr 5T T

Later, when we do index theory, this will be very important.

2 Allegedly this is cool.
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Remark 2.6.9. We have the identity & = }_ Bk’%, so this is the exponential generating function
for the Bernoulli numbers.

Theorem 2.6.10 (Adams). If there exists f: Sl 2 with H(f) = 1, thenn = 1,2, 4.

We will interpret H(f) using K-theory. Consider the mapping cone C¢ = $2™ Ur D™, then we
have an exact sequence

0 — K(S*™) = K(Cy) — K(S2™) — 0,

and here we have (y — 1)2TL — o, B — (y—1)™. Then because B2 — 0, we can write f% = H(f)«.

The tool we will use to study this are Adams operations. These are natural transformations
Pk: K(X) — K(X) satisfying the following properties:

1. For L a line bundle, {p¥(L) = L®k,
2. For any k, £, X ot = k¢,
3. If p is prime, then PP () = P (mod p). This means that PP (x) — «P = pf for some f3.

The way we will define these is by guessing a formula using splitting and then write it in an
invariant way. We know thatif E=1; & - - ® L, we want

W(E) =v(y) & ob(ly) = e @ LK.

Introducing a formal variable t;, this becomes t¥ + - - - + tX. Then we obtain

/\j (@Li) = 0j(ty, ..., tn),

so we have

-t =50y, 00) = sk</\l (@Li>,...,/\k(@Li)>,
and thus we may define
PE(E) = sx (AlE,...,/\kE).

The properties are easily checked using the splitting principle! For example, the third property is
Fermat’s little theorem. Now this induces ¥ : K(X) — K(X).

Proposition 2.6.11. The map p¥: K(S2") — K($2™) is multiplication by k™.

Proof. Observe that *: K(X) @ K(Y) = K(XAY) is given by a ®  — px(«) - py(B). Now Pk
commutes with multiplication, so we simply need to compute this for K(S?). But now we have

Py =1 =) — (D) =y 1= 1+ o) —1=T+ka—1=ke
where « =y — 1. Now assume the result is true for S22, Then IZ(SZ) ® 12(52“_2) — 12(52") is

the Bott periodicity map, so because ¥ commutes with multiplication, we obtain the desired
result. O
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Proof of Adams’ theorem. Let f: gin—1 _, gn satisfy H(f) = 1. Write Cy = $2" Ur D4, Now we
have an exact sequence
0 — K($*™) = K(Cg) = K(S™) — 0,

and this is given by (y — 1)2n — a, p — (y—1)™. Then we know B2 = H(f)«. For every k € IN,
we have Pp*(«) = k¥ o and P¥(B) = k"B + ur« for uy € Z. Because multiplication of Adams
operations is commutative, we have PRPpt = Pphp*. Therefore, for all k, £, we have

(2™ — kMg = (2™ — M) uy.
Because H(f) =1, we know
2" +upoap?(B) = B2 = H(fJa = o (mod 2),
and thus uy is odd. Setting k = 3,{ = 2, we have
(3" —3Mup = (22" —2M)u,
and thus 2™ | 3™ — 1, which impliesn =1, 2, 4. O

Corollary 2.6.12. If S™~! is parallelizable, then n —1 = 0,1,3,7. This is equivalent to R™ being a
division algebra. This means that there exists p: R™ — R™ that is continuous and linear in each variable
such that u(x,y) = 0 implies that one of x,y =0. Thusn =1,2,4,8.

Sketch of proof. If R™ is a division algebra, then it is a division algebra with unit. Next, it is clear
that S*~! is a unital H-space. But now this implies n = 2m and then there exists S¥™~1 — §2m

with Hopf invariant 1. O
To go from R™ being a divison algebra to S™~! being an H-space, let it be the multiplication
on R™. Then the multiplication on S™~! is simply (x,y) ”ﬁ&’y;”. To go from S™~! being

parallelizable to being an H-space, choose an orthonormal frame vy, ...,v, 1 of TS* 1. Then
for all x, (x,v1(x),...,vn_1(x)) is an orthonormal basis of R™. We may assume that at ej, this
is (e1,...,en), sO we obtain a matrix ax € SO(n) with xe, = id. Now the H-space structure is
x %Y = oy (y) and this is clearly unital with unit e;.

Remark 2.6.13. Adams used similar techniques to provide sharp upper bounds on the number
of linearly independent vector fields on S™~!. To construct the vector fields, we need to use the
theory of modules over Clifford algebras. The Clifford algebras are all associative, and the first
few examples are R, C, IH. The category of modules over these are periodic, and this is some sort
of algebraic Bott periodicity.



The Atiyah-Singer Index Theorem

This is a result that relates analysis and topology. First, we will discuss the relation between
analysis and K-theory.

3.1 Fredholm Operators

Let L: R™ — R™ be a linear map. Then define the index ind(L) := dim ker(L) — dim coker(L). In
finite dimensions, this is just

ind(L) =dimkerL — (m —dimImL) =n—m
by rank-nullity. In infinite dimensions, things are more interesting.

Definition 3.1.1. Let X,Y be Hilbert spaces and L: X — Y be a bounded operator. Then L is
Fredholm if dimker L < oo, ImL is closed, and dim coker L < co. Now we may define the index
ind(L) .= dimker L — dim coker L € Z.

Remark 3.1.2. For X,Y Hilbert spaces, the condition that ImL is closed is automatic. This is a
consequence of the open mapping theorem.

Example 3.1.3. Consider L: {?(N) — (*(IN) be the left shift (xq,x2,...) — (x2,X3,...). Then
ind(L) = dimkerL —dimcokerL = 1—0 = 1. Similarly, we may consider the right shift
R: 2(N) — 2(IN) given by (x1,%2,...) = (0,%1,%2,...),and ind(R) =0 -1 =—1.

Theorem 3.1.4. The space Fred(X,Y) C B(X,Y) is open and the index ind: Fred(X,Y) — Z is locally
constant.

Remark 3.1.5. If {Lt} <[] is a family of operators, then the index is constant, but of course the
dimensions of the kernel and cokernel can vary wildly. Thus, index should be a topological
quantity in some sense.

Lemma 3.1.6. Let T: X — Y be invertible. Then if p: X — Y has small enough norm, T + p is invertible.
Thus being invertible is an open condition!

Proof. Write (T+p) =T(1+ T~ !p). Then T~ !p has small norm, so we can write
_ —1 _
1+T ) =) (™1 ',

50
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and this sum converges. Therefore we have

T+p) = (X o)) T O

Proof of Theorem 3.1.4. Let T: X — Y be Fredholm. Then we know X =C&@kerTand Y =ImT+D,
where dimker T < co and dim D < co. Now we can write T in the block matrix form

T_<0 0) T:C—ImT.

Now suppose p = (¢ ) has small norm. Then we have

and T’ + a is invertible. Then by Gaussian elimination using

(1 (~T'+a) b _ I 0
o (3 ) (Ll )

T +a 0
0 —(T+a) b+d)

we see that
H(T+a)G = <

so we have
ind(T+ a) =ind(H(T + a)G) = ind(—c(T + a)flb +d) =dimkerT—dimD =ind(T). O

Theorem 3.1.7 (Atiyah-Janich). Let H be a separable complex Hilbert space. Then there is a natural
bijection

[X,Fred(H)] — K(X)
for all finite CW complexes X.

Remark 3.1.8. Let S, T: H — H be Fredholm. Then S o T is also Fredholm. In particular, [X, Fred(H)]
is naturally a semigroup and the map [X, Fred(H)] — K(X) is a map of semigroups.

Corollary 3.1.9. There is a weak homotopy equivalence Fred(H) ~ BU x Z.

Remark 3.1.10. The map dim: K(X) — Z corresponds to the index.

To construct the map [X, Fred(H)] — K(X), note that an element of [X, Fred(H)] is a family
{Tx}xex, where Ty : H — H. Then because X is compact, there exists a finite dimensional V C H
such that Im(Ty) +V = H for all x. Therefore T_!(V) € H, so |J T (V) — X is a vector bundle.
Now we set

T} — {T;l(V)} —cdimV ¢ K(X).

Note that the vector bundle has dimension ind T,

The key point in the proof of Atiyah-Janich is the fact that the space GL(H) of bounded
invertible operators on H is weakly contractible. This is called Kuiper’s theorem. Note that this is in
contrast to GL(oco) ~ U(co), which is not contractible.

Definition 3.1.11. A bounded operator K: X — Y between Hilbert spaaces is compact if it sends
bounded sets to precompact sets.



52

Example 3.1.12. Any finite rank K is compact. Also, the operator

EIN) = BIN) b= (a0, )

?, ?’ e
is compact.

Theorem 3.1.13. Let T,K: X — Y. Then if T is Fredholm and K is compact, then T + K is Fredholm and
ind(T) = ind(T + K).

Sketch of proof. We want to show that dim ker(I + K) < oo, and this is the same as the unit sphere
being compact. Here, if ||xn| = 1 and (I+K)(xn) = 0, then the sequence yn = {—Kxn} has a
convergent subsequence, and thus the unit sphere is compact.

To show that the cokernel is finite dimensional, we use Schauder’s theorem. Here, if K: X — Y is
compact, then K*: Y* — X* is also compact. O

3.2 Index and topological invariants

The goal of this section is to prove that if M is a closed oriented smooth manifold, then
X(M),sign(M) are naturally interpreted as indices of differential operators. Recall the de Rham
complex of C*-forms

05 0°M) % ol M) ... 4 anm) —o.

This has cohomology HP (M, R). Note from this point of view that a cohomology class does not
have a preferred representative.

A goal of Hodge theory is to find a preferred representative when M is equipped with a
Riemannian metric g. Intuitively, each Q' has an L? inner product

(o, B2 = JM ((p), B(p)) dvol,

so we obtain an L2 norm. Now a good candidate for the preferred representative of a cohomology
class is the shortest element! It is not obvious that this even exists.
Now let (V, (—,—)) be an oriented real Euclidean vector space of dimension n. Then we define

the Hodge star
i n—i
AV Vv
to satisfy the property that for any oriented orthonormal basis ey, ..., en, we have
er/\---Neg—ei1/\---Nen.

In a more invariant manner, we have vol(W) — VOI(WL). Now if «, § € /\iL V, then o /\ % is the
inner product (, 3) dvol. On a manifold, if «, 3 € Q%, we obtain

(B2 = [ (alp), Bl dvol = | acnsp.

M

Returning to the de Rham complex, we would like to write an adjoint d*: QP — QP~1. We set

d* = ()" s QP QNP 5 QP P L
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Proposition 3.2.1. The morphism d* is the 12 adjoint of d, so if y € QP~!, x € QP, then
<d‘Y ’ O‘>L2 = <Y/ d* 0(> .
Proof. Consider y Ao € Q™. Then we have

d(y Asa) = dy Asa+ (—1)P 'y Ad(*a)
= (dy, ) — ({y,d"«) .

Then the resired result follows from Stokes, which gives us [ d(y /\ xx) = 0. O

Now suppose that o minimizes ||—||;2 in [x] € HP. Then any other element differs by an exact
formn € QP~1, so we have

d
0= —

2
A CRRE

t=0

d
= 2| Ol + 2t o, dm) + €]
t=0

=2 (o, dn)
=2(d"m),

so we must impose d* o« = 0. In particular, we must have (d +d*)o = 0.

Definition 3.2.2. The Hodge Laplacian is the operator Q = (d+d*)*: Q' — Q. Note that
(d+d*)* = dd* +d*d.

This satisfies the following properties:

dZ
dx?’

1. A: Q% — QU is the negative of the usual Laplacian —V - Vf = — 3
2. The operator A is self-adjoint. Here, note that d + d* is self-adjoint.
3. Ais nonnegative. Here, note that (x, Ac) = ||(d + d*)a|? > 0.

4. We have ker A = ker(d +d*) on Q.

Theorem 3.2.3 (Hodge). There is an orthogonal decomposition
QP (M) =dQP g HP ¢ d*QPH.

Here, H = ker(A) = ker(d + d*) is the space of Harmonic forms. In addition, we have HP = HP (M, R),
and in particular, each cohomology class admits a unique harmonic representative.

Remark 3.2.4. Note that d + d* preserves the natural Z /27 grading on Q*. Therefore, we may
consdier d +d*: Q" — Q°dd, 50 we may consider its index. Therefore we have

kerd+d* =P H*,  cokerd+d* =ker(d+d*) = P H*.
i i

Assuming the Hodge theorem, we therefore obtain ind(d + d*) = x(M). In general, the Atiyah-
Singer index theorem tells us that this is e(TM).
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Now let M#* be oriented. We have an intersection form Qp;: H**(M,R) ® HZ*(M,R) —
H** = R. For de Rham cohomology, we may write

Qun (o, B) =JMch B.

Now we will realize the signature as the index of d + d* with respect to a different splitting of
Q*(M). Set ¢2 = i?k+P(P=1x: QP — Q% ~P. Then it is easy to see that ¢2 = 1, so we write
Q* =0, dQ_. Also ¢ = * on Q?¥ and ¢ anticommutes with d + d*. Therefore, we can consider

d+d*ZQ+ — 0O_.

This has kernel containing 3 + ¢(f3) for H', where £ < 2k as well as p € H?¥ such that f = .
On the other hand, the cokernel consists of forms of the form p —¢(B) for f € H* with £ < 2k
and B € H?* such that = — * . Therefore, we may consider only the forms in 3%, and we see
that ind(d + d*) = dim K" — dim 3, where H" is the space of self-dual forms and H ™ is the
space of anti-self-dual forms. But now we see that

Qum(B, B) =JMBAB =JMBA*B= 18I

when B € 3+, and similarly we see that Q. is negative definite on 3{~. Because }?* = H*+ @},
we see that ind(d 4+ d*) = sign(M). The Atiyah-Singer index theorem will express this index in
terms of Pontryagin classes, and this will give us the Hirzebruch signature formula.

3.3 Elliptic Operators

Let M™ be a smooth manifold and E™, F¢ be vector bundles over M.

Definition 3.3.1. A differential operator (with C* coefficients) of order r is an operator
L: C*(E) — C*®(F)

that looks in charts U € M, where E = U x R™,F = U x R¢, like an operator of the form

L= Z aa(X)D“,

[l <

where « is a multi-index and aq(x): R™ — R¢ is a matrix smooth in x. Here, we write
pe_ (0T (2T
0x1 0Xn

Definition 3.3.2. A differential operator L of order r is elliptic if for all x € U and & € R™ \ {0} and
we substitute D% ~s £ = E,f‘ L. g2, the polynomial

and |« is the L1-norm.

PLx(E) = )  aa(x)E*:R™— R

lo|=1

is an isomorphism.
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Example 3.3.3. The Laplacian A = faa—jz — = % of order 2 is elliptic. Here, we have
1 n
PLy=—8——&:R-R
and thus A is elliptic.
Example 3.3.4. The wave operator aa—xzz — aa—; is not elliptic. Here, note that
1 2

PLx(E) = &1 - &,
and this vanishes for & = (1,1).

Example 3.3.5. Consider 0 = % + i% acting on C-valued functions. Then we have

PLx(&) =& +i&: C = C,
and this is an isomorphism for & # 0.

More intrisically, consider L: I'(E) — I'(F). Then L is elliptic at x if and only if for all uw € T'(E)
with u(x) # 0, and ¢ € C®(M) with @(x) = 0 such that do(x) = & € T;M\ {0}, we have
L(@™u) # 0. Here, we can compute L(¢™u) = Pp (&)u.

The key point is that if L is elliptic, then solutions to Lu = 0 are very nice. For example, if
u e Cland ou = 0, then u € C™. Similarly, if u € C2 and Au = 0, then u € C®. On the other
hand, this is false for the wave equation. The correct functional analysis setup for this is Sobolev
spaces. Now consider E —+ M a Euclidean vector bundle on a Riemannian manifold. Then fix a
compatible connection V on E and k € IN. For u € I'(E), we will define

Definition 3.3.6. The L2 -norm of u is defined by
2
lulifz = J <u|2 FIVUP e Vo) ) dvol.
M

The completion of I'(E) with respect to this norm is the Hilbert space L% (E).

Example 3.3.7. The space L}(IR) contains functions that are continuous and are well-behaved.
On the other hand, 1%(R) contains discontinuous functions. Also, functions in L%(IRz) are not
necessarily continuous.

Remark 3.3.8. If M is compact, then the space L2 (E) is independent of the choices made as a
topological vector space.

Lemma 3.3.9. Let M be commpact and L: T'(E) — T'(F) be a linear differential operator of order v. Then
for all k there exists Cy > 0 such that

Itz < Celullz

In particular, this means we can take L: Li i Li(F), and this is bounded. There is another

estimate, which is only true for elliptic operators.

Theorem 3.3.10 (Elliptic estimate). If L is elliptic, then there exists Dy such that

hullip < Dilliulz + lul)
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Remark 3.3.11. The |u||;2 is there to take care of ker L. Also, this estimate is false for C¥ norms.

We will simply give the idea of the proof in the simplest case A: C*(T™,C) — C*(T™,C).
Recall the Fourier transform

F 2T = 22N e {an = Jf(x)e*inx dvol}.

This is an isometry up to factors of 2. Under this correspondence, the differential operator

f dixj corresponds to {an} — {—injan}. Now the Sobolev norm ||f HzLi corresponds to the

norm .
”{‘h}HzLi = Z |aﬂ|2(1 +nf)".

Finally, f — Af corresponds to {aE } > {Inl2aE } Therefore, we see that

18113, =3 inflan/*(1+ A",

)k )k+

2
and thus if n # 0, we see that |n|2(1 + )" > Dy (1+ n/? . This gives us the result

Af|? 12, > DL|If|%, .
1Afl[ L2 + 1]l Kl IILi+2

In general, Py (&) is a degree r polynomial in £ that only vanishes at 0. This gives us an
estimate of the form
PL,X(E») = CX|E»‘T-

Here are some nice results about Sobolev spaces:

Sobolev embedding theorem: If p >n/2, we have L 4p < ck.

Rellich compactness: If k; < kp, then L12<2 — L12<1 is a compact operator if M is compact. This is
an analog of Arzela-Ascoli for Sobolev spaces.

Theorem 3.3.12. If L is an elliptic operator of order v for a compact manifold M, then for all k € C,
L: 15, (E) = I3(F)

is Fredholm. In addition, ker L and coker L = ker L* consist of smooth configurations. Therefore ind L is
independent of k.

Corollary 3.3.13. Let {Li}icjoq7: T'(E) — T(F) be a family of elliptic operators of order v. Then ind(Ly) €
Z is constant.

Therefore if an operator depends on some choice from a connected space (for example metrics),
then its index is independent of the choice. Therefore, one hopes that the index depends only on

topology.

Lemma 3.3.14. Consider L: X — Y and K: X — Z such that X is compact and ||x||x < C(||Lx||y +
|[Kx|| 7). Then dimker L < oo and Im L is closed.

Now Fredholmness of elliptic operators follows from taking K to be the embedding of L% T

inside L2. The second part of Theorem 3.3.12 follows from elliptic reqularity. Here, we know that if

ue L]2( L thenlue le(. Now if Lu € sz 1 then u € Li g1 In particular, Lu = 0 implies that

ue I_,z< for all k, and therefore u € C* by Sobolev embedding.
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We observe that ind L depends only on the family of principal symbols Py 4 (&). Thus all lower
order terms do not matter. Here, the lower order terms give an operator L% o L2 11 L2, and
this is compact. Now we see that the index only depends on M, E, F,{P «}. This leads us to the

following problem.

Question 3.3.15 (Gelfand). Write a formula for ind L in terms of topological data (for example character-
istic classes).

Example 3.3.16. The operators d +d*: Q®Ve" — Q°dd d 4+ d*: QF — Q™ are elliptic. We simply
need to show that the symbols are injective, so let x € X, ¢(x) =0, and do(x) = & € TyM\ {0}
Then if « € QP, we have

=&EN .

X

dlex)| =de A«

X

+ o ANda

X

Similarly, we obtain d*(@«) = ig(«)(x), the contraction. Therefore we have
Payarx(E)a = ENa+1ig(a),

and this is nonzero whenever &, x are nonzero. Therefore d + d* is elliptic.

Remark 3.3.17. The Hodge theorem requires some extra work.

1. First one needs to show that a generalized solution in L2 exists (this is by general nonsense
such as Hahn-Banach and Riesz representation).

2. Now use elliptic regularity to get that the solution is smooth.

3.4 The index theorem

First, we will discuss symbols and K-theory. We will always denote our elliptic differential
operator by D. Now for all x € X and & # 0 € T{X, we know Pp (&): Ex — Fy is an isomorphism.
Now we can put everything together to obtain a bundle map o(D): 7m*E — 7*F, where 7t: TX — X
is the projection. Now we know o(D) is an isomorphism outside of the zero section of TX — X,
which is compact. This gives us a well-defined element o(D) € K(TX).

Remark 3.4.1. The inclusion of X as the zero section of TX gives us a map K(TX) — K(X), and we
have o(D) — E—F.

Remark 3.4.2. An orientation of X gives an orientation of TX. Here, locally we have TU = U x R™,
and if by,..., by is an oriented basis of R™, then we obtain an oriented basis {(by,0), (0,bq),...}.

We are finally ready to state
Theorem 3.4.3 (Atiyah-Singer index theorem). Let X, D be as above. Then we have
ind(D) = (—1)"ch(o(D))td(TX @ C)[TX].

Here, ch(o(D)) € HX(TX, Q) and td(TX® C) € H*(X,Q). Then we can multiply them together to
obtain an element of H: (TX, Q), and then evaluate it on [TX].

Note that this form of the theorem is somewhat inconvenient because o(D) may be very
complicated. In some special cases, we may be able to simplify. First, let {: HP (X) — HE™(TX)
be the Thom isomorphism. Then for b € H2™(TX), we have

b(TX] = (—1)™ 12y (b)[X].
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Here, the sign comes from our weird orientation convention. Note that if P~ 1(b) = a, then
b = a — U, where U is the Thom class. Thus b‘x = a — e(TX). Formally, we may write

b|,

a = - Assuming that this is actually possible, we obtain ch(o(D)) ’X = ch(E —F), so we
obtain ) )
ind(D) = (—1)M(n—1/2¢ (E-Pd(TXaC)
e(TX)

Remark 3.4.4. This does not depend on o(D). In fact, it depends only on E, F, X.

For example, this makes sense when e(TX) is not a zero-divisor. This also makes sense if
we can interpret everything in terms of classifying spaces (for example if e(TX) comes from
H™(BSO(n)) where n is even). Thus if b is the pullback of a class on BSO(n), then we are still
fine, and here we call D a universal operator.

Example 3.4.5. Consider d + d* on the co g)leleled tangent bundles. Also assume n = 2{ is
even. We need to compute ch(Q¢¥e" — Q°4d) and td(TX ® C). Now TX ® C has Chern roots
X1, —X1,--.,%Xg, —X¢. Therefore, we have

ch(Qeven — 00dd) — ch (Z A TX® C))

{
:Ch<H(1—xi)(1+xi)>
i=1
¢

=JJa—ev)a—e™).

i=1
On the other hand, we have

¢

d(TXeC) =[] (

i=1

xXi —Xi
1—e X)) (1—eXi)’

Finishing the computation, we obtain
ind(d+d*) = (=)D (1) %% - xp = %1+ - - x¢ = e(TX).

Corollary 3.4.6. This proves that x(X) = e(TX) in even dimension. In fact, this is the most complicated
proof of this fact that Francesco knows.

Remark 3.4.7. Our machinery is also good to work directly with complexes of differential operators

0 — T(Eg) 2% T(Ey) 25 - - — T(Ey) — 0.

For example, we want to consider the de Rham complex. Here, we need that the associated symbol
complex is exact for all & # 0. Here, we need to replace the index of D with the alternating sum
of dimensions of cohomologies and the Chern character of the alternating sum of the bundles.

Example 3.4.8. Consider d+d*: QT — Q. If V= V& C, where V is oriented of dimension 2m,
then A\*V=AT V&A™ V. Here, we have AT (Ve W) = (/\+ VaATW)e (A~ Ve A~ W) and
AN (Vow) = (ATVeaA~W)a (A~ Ve A" W). This implies that A™ — A~ behaves nicely
under direct sums. Now we use the splitting principle, so we may assume TX=P; ®--- @ Pyisa
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sum of oriented plane bundles. If P = L with Chern root x, then A™ Pc =1+ Tand A~ Pc =1+L.
Therefore

Ch(/\ PC_/\ PC) (1+e X)—(1+e¥)=e X—e*.
Now we see that e
Ch((/\+ — /\_>TXC) — H(efxi _ exi)'
i=1
Finally, we see that

cch((AT = A7) TXe)td(TXe)

ind(d+d*) = (-1) (X

(X]

¢

_ (-1 e Mi—eM (xi)(—x4)
H 1—exi)(l—e—’<i)[x]

4

Xi
- H tanh(x;) X

1i=1

Now note that % is a power series in the even powers of x;, so we obtain
1

tanh

4

L5
H tanh (x1) jZO Lip

i1
If we actually compute the L;, then we obtain the Hirzebruch signature formula.

Corollary 3.4.9 (Hirzebruch signature formula). Let X** be an oriented manifold. Then sign(X) =
Li(p1(TX), ..., p(TX)X].

Now let X be a complex compact manifold. Now we know TX¢c = TX® C = TX & TX, so we
have TXE = A" @ A", Therefore, we have A" = A9 (/\0’1). Now if we set Q¥4 = C*® (/\O’q),
we obtain the Dolbeaut complex

0- Q02 0l 02,
where 3 = 0 because we have a complex manifold. Now it is easy to see that 3 is elliptic. This
will imply that the complex has finite-dimensional cohomology, but in fact we have

Theorem 3.4.10 (Dolbeaut). We have kerd,/Imd,,_1 = HO(X, Ox) and has dimension h*.

Therefore the index is ind(d) = }_ (—1)iho'i = X(X,0x). Using the index theorem, we can
compute the index as

(T (DA - (TXe)

1 \n(2n+1
=1 e(TX)

(X].

If TX has roots x1,...,xn, we obtain that /\0'1 = T*X, so it has the same Chern roots. Therefore,
ch(z (—1)} /\O’i) = [1(1—e*i). Next, it is easy to see that

i
) (1—ext)’

td(TXc) =td(TX) - TX =] | 176 —
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Finally, we have e(TX) = cn (TX) =X - - - xn. In particular, we obtain
ind(9) = td(TX)[X].

As a corollary, we obtain

Theorem 3.4.11 (Hirzebruch-Riemann-Roch). Let X be a compact complex manifold. Then
X(X, 0x) = td(X)[X].

More generally, if V. — X is a vector bundle, then x(X, Oy) = (ch(V)td(X))[X].

Remark 3.4.12. The original proof of Hirzebruch is for projective varieties.

Example 3.4.13. If S® has a complex structure with structure sheaf Oge, then we obtain

C1C2

6] _
o [S°1=0,

hOO _ p01 | 02 03 _

so some of h01 h02 103 > 1,

Remark 3.4.14. The remaining interesting case of a “universal operator” is the Dirac operator. If
you would like to know more, contact Alex Xu at axu@math.columbia.edu.

3.5 Sketch of proof of the index theorem

First, we will give a short history of the proof. The original proof announcement and sketch
was in 1963 using cobordism theory. This was inspired by Hirzebruch’s proof of the Hirzebruch-
Riemann-Roch theorem in 1956. The drawback is that this does not generalize to the equivariant
setting. The published proof in 1968 was heavily inspired by Grothendieck’s 1957 proof of the
Grothendieck-Riemann-Roch theorem.

First, if X is a point, then ellipticity is a vacuous assumption, so the index theorem is always
true. Now the difficult part is to build the machinery to deal with functoriality. The first thing is
to define the topological index t-ind(D) of D (in contrast with the analytic index ind(D)). Here, we
have a commutative diagram

{elliptic operators on X} —>— K(TX)

ind l

Z =K(Tpt).

First, suppose that S C M is an embedded compact submanifold with normal bundle N — S. We
can identify this with an open neighborhood of S in M. If N is a complex vector bundle, then
K(S) = K(N) by the Thom isomorphism. Now we will call the map

iy K(S) ? K(N) — K(M),

where the second arrow is induced by the open inclusion. Now we have functoriality for
embeddings with complex normal bundle.

Now suppose that : E — X is a real vector bundle. Then TE = n*TX @ n*E. If E = TX, then
T(TX) = m*TX @ n*TX, and this is naturally a complex vector bundle TX = *TX ® C. Therefore
any inclusion i: X < Y induces an inclusion di : TX < TY. Now the normal bundle N to TX < TY
is complex. As before, we obtain a map i;: K(TX) — K(TY).

One needs to check that
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e This construction is well-defined.

e X = X induces the identity.

¢ If we have X tl> Y c]—> Z, then (j o i), = j o iy (functoriality).

Example 3.5.1. Consider j: pt — R™. In this case, T(pt) = pt, so N = R™. Then j;: K(pt) —
K(TR™) = K(R?") is the Thom isomorphism.

Definition 3.5.2. The map B: K(TX) — Z is the composition

K(TX) & K(TR™) L K(pt) = Z

for any inclusion i: X C R™.

Remark 3.5.3. This does not depend on i: X C R™.

Here are some obvious properties.

1. If X is a point, then B(a) = dim a.

2. Ifi: X C Yis an inclusion of compact smooth manifolds, then B(ija) = B(a) for all a € K(TX).
Proposition 3.5.4.

* There exists a unique homomorphism B: K(TX) — Z satisfying the above properties.

e Furthermore, for all a € K(TX), B(a) = (—1)"ch(a)td(TX ® C)[TX].

Given this, all that is left is to prove that the diagram

{elliptic operators} —— K(TX)

commutes. This is the hard part of the proof. The basic strategy is to find t: K(TX) —

{elliptic operators} which is the inverse of o to index, where ind(toD) = ind(D). Then we
indot

need to check that K(TX) —— Z satisfies the two axioms for B. The problem with this strategy
is that such a T does not exist because o is not surjective.

Proof of proposition. Suppose B’ is another map satisfying the properties. Consider X ¢ R* c S*

Then the diagram
K(TR¥)

K(TX) *>KTSk <—Kpt)
o~ lB/

commutes. Then the desired result follows from staring at the diagram.
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For the second part, consider X™ C N C Rk. Here, N — X is a rank r = k — n-bundle. Thus
TN — TX s a rank r complex bundle. Now we have a chain of morphisms

KTX) 2 K(TN) & K(TRF) % K(pt) = Z.

Now we have b := B(a) = (¢') ' (h(d(a))), and thus h(d(a)) = ¢’/(b) = b - Ay. If we take the
Chern character of everything, we obtain the commutative diagram

KTX) — 5 K(TN) — K(TR¥) 5 K(pY

/

Jo Jo Jo Jo

H*(TX) —— H*(TN) —— H*(TR¥) «—— H*(pt)

Now on the right, we have ch(bAy) = (—1)kb0'k, and therefore

by the commutativity of the middle square. Now

(—1)"td(TN)ch(d(a)) = (ch(a))

where 1 is the Thom isomorphism in cohomology. Notice that TX &N = R¥, so T(TX) © TN — TX
is trivial. Therefore td(TN) - td(7*(TX ® C)) = 1, and thus we have

ch(d(a)) = (=) td (7" (TX) @ C) - P(ch(a)).
Substituting this in b = (—1)*ch(¢(a))[TN], we obtain the desired result. O

Now we will see why o is not surjective and how to fix this. There are topological obstructions.
For example, consider X = S! = R/2nZ. Then TX = S! x R is a cylinder. We will choose

coordinates x on S! and & on R. Now choose a € K(TS!). We obtain E, M) E; with supp «

compact. Now if we fixe trivializations Ey = E; = C™, then for & > 0, the map «(—,&): st —
GLn(C). Then det «(—,&): S' — C*. This only depends (up to homotopy) on the sign of & Now
S! — C* has a well-defined degree, so we have

deg(a) = deg(x(—, &), &> 0) —deg(x(—, &), & <0) € Z.

Now if a = ¢(D), then «(x, &) = Z|[3|=r ag (x)&P, and thus o(x, —&) = +a(x, &), so dega =0. On
the other hand, we note that if

o BxE) _JEer 20
a=C —>C B(X,E){ £<0,
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then deg(a) = 1, so it cannot come from a differential operator. This tells us that elliptic differential
operators are not the right framework to implement our strategy because they are too rigid. Recall
that a differential operator on R™ of order r is a linear map

L: C°(R™) = CX(R™)  ur Y  aq(x)D*w

[o| <

o . a «“ . a on X1 X
PP=1") [ Tox,) TProoben
mn

To define a pseudodifferential operator, we will create a much more complicated definition. Recall
the Fourier transform

Here we will set

=~ _ 1 —ix-&
ué) = oo J]Rn u(x)e dx.

Then recall that lji\u(é) = &iU(E), soif weset p(x, &) = ax(x)E%, then we have

Lu(&) = plx, &) - U(E).

Using Fourier inversion, we obtain

Lu(x) = J e%Ep(x, E)T(E) dE.

n

Definition 3.5.5. An operator P: CX(R™) — C*(R™) is called a pseudodifferential operator of order
1 if there exists some p(x, &) such that ’DEDg‘p(x, E,)‘ < Copll+ |E'|)r—|oc| uniformly in compact
subsets in R™ such that

Pulx) = J e Ep(x, £)T(E) dE.

n

Also, for all x and all & # 0, the principal symbol

op(x, &) = lim PxAL)

A—00 AT

exists.

Definition 3.5.6. A pseudodifferential operator P is elliptic if op(x, &) is an isomorphism for all

£#0.

Warning 3.5.7. Pseudodifferential operators are not local. This means that (Pu)(x) is not deter-
mined by u in a neighborhood of x. Thus it takes some work to define pseudodifferential operators
on manifolds.

However, once we have such a definition, we have the following properties:

2

ir L2 is Fredholm.

e If P is an elliptic pseudodifferential operator of order r, then P: L

¢ The index of P only depends on op(x, &) restricted to the unit tangent bundle. This means
the index does not depend on the order.
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Example 3.5.8. Consider [%(S!) = (3(Z). Now consider the operator P given by

o0 o0
P Z anelnx _ Z an einx
n=—oo n=0

is a pseudodifferential operator of order 0. Here, op(x,&) =1if £ > 0and op(x, &) =0if & < 0.
For the order 1 version of this, choose

& £20
Example 3.5.9. Set
(x,£) = e £20
PRE e exo

This defines an order 1 elliptic pseudodifferential operator. The order 0 version of this is given by
) i(n+1) >0
P(elnx) _ {einx X nz
e n <0.
Here, ind P = —1.

Now if we consider the diagram

{pseudodifferential operators} —7— K(TX)

we have now defined t: K(TX) — {pseudodifferential operators}. Now we want to show that
ind(t(a)) = B(a). We need to show that ind ot satisfies the two axioms. For X = pt, clearly ind ot
gives the dimension, but the hard part is functoriality. The complication is that we need to work in
an equivariant setting. Historically, what Atiyah and Singer did was prove an equivariant version
of the index theorem directly.

Some interesting consequences of the equivariant version of the index theorem are fixed point
formulas. For example, we obtain the following statement:

Proposition 3.5.10. Suppose X is a compact complex manifold and G acts on X holomorphically. Then
g € G gives an operator on H'(X, Ox ), and consider the quantity

Lsl9) Y (—1)ftr(g ~ HH(X, ox)),

called the holomorphic Lefschetz number. Then if all fixed points of g are isolated,

g =Y L

b det(l —dg (p)’l) ,

where p ranges over the fixed points of g.
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