FINE MODULI MEMES FOR 1-CATEGORICAL TEENS

PATRICK LEI

ABsTRACT. We will discuss the moduli space of stable curves of genus 0 with
n marked points and its intersection theory, following [1]. We will give a nice
presentation of its Chow ring in terms of boundary divisors.

1. THE MODULI SPACE

The space My, parameterizes curves that look like this:

FIGURE 1. A stable curve

More precisely, these are reduced connected curves that are a tree of IP's such
that each P! has at least three marked points or nodes. In addition, at most
two components meet at each node and we want H!(C, 0¢) = 0. If all of these
conditions are satisfied, we call our curve stable. More precisely, we want to
represent the functor

S s ¥ _ TS flat proper s1,...,5x disjoint sections
K » PTOP geometric fibers are stable curves

S1,.-+/5n

Theorem 1.1 (Knudsen). There exists a smooth complete variety My, and universal
curve Uy, — My, with universal sections sq, ..., sy that is a fine moduli space for this

functor. My, also contains the space Mo, = (P'\ {0,1, oo})n_3 \ A as a dense open
subset.

In fact, Knudsen also shows that Uy, = My,+1 and Ug,1 is a blowup of
Mo,n+1 X Mo, My,,+1 along some subscheme of the diagonal. In order to prove
this, Knudsen introduces two operations that we can perform, called contraction
and stabilization. Contraction happens when we delete a marked point and
stabilization happens when we add a marked point.
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Theorem 1.2 (Knudsen). Contraction and stabilization are functorial! Moreover, they
commute with base change.

Here are some pictorial depictions of our operations:

4 delete 5
AN —0—0—0—0—
123 g5 12 3 4

F1Gure 2. Contraction

3 4
3 add 5 at node o ——
ANNNNNANY ®5
1 2 4 o—o—
1 2

FIGURE 3. Stabilization (1)

add 5 at4 4
—0—0—00— "\
1 2 3 4 1 2 3 5

FIGURE 4. Stabilization (2)

2. KEEL CONSTRUCTION OF M ,

First, we will describe the boundary divisors of My ,. Let T C {1,...,n} =: [n]
satisfy |T|,|T¢| > 2. Then define

T TC
DT =

It is easy to see that DT = D(TY). Knudsen proves that DT is a smooth divisor and
that DT = M\T|+1 X Mch|+l'

Now consider the map 71: My, 11 — My, coming from the identification M 11 =
Uop,,- Now Keel proves that we can factor 7 as

T =(7,m123,1+1)

Mo 11 Mo x Mog — Mo,
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where 71235411 Moui1 — Mo, forgets all sections besides 1,2,3,1n + 1. Next,
Keel shows that 711 is a composition of blowups along smooth codimension 2
subvarieties using an inductive construction.

Set B = My, x Mps. Then the universal sections sq,...,8,: Mg, — Mg i1
induce sections posy,...,posy,. In fact, DT = pos;(DT) and this is independent
of i. We also have

Lemma 2.1 (Keel). The divisors DT C Mo, 11 with T C [n] are the exceptional divisors
of .

Now we set B to be the blowup of B; at U|TC|:2 DT. Inductively, we set By
to be the blowup of By at U|TC|:k “ DT. Now we summarize the main results as

follows:
Theorem 2.2 (Keel). The map 7ty factors through By and Mg, +1 = By_2.

3. INTERSECTION THEORY OF My ,

There are several major results about the intersection theory of M ,. In fact, once
we state these results, we will only be seven pages through Keel’s paper, and the
rest of the paper is dedicated to proving these results.

Theorem 3.1. We have an isomorphism A.(Mg,) — H«(Mqy). In particular, M ,,
has no odd homology and A (Mo ,+1) is a finitely generated free abelian group. In fact, if
a scheme Y satisfies A*(Y) = H*(Y), then so does Y X Mo,

Theorem 3.2. For any scheme S, there is an isomorphism A*(Mo, x S) = A*(Mon) ®
A*(S).

Theorem 3.3. For all k, we have an isomorphism

Ak(MO,nJrl) = Ak(MO,n) @ Akil (MO,n) @ @ Akil(DT)
TC|n
<

which is induced by the maps
AX(Mo,) ©= A*(Moni1)

U7 5 5041 (€1(0(1)))

Akil (MO,H) T[_> Akil (MO,nJrl) Ak (MO,nJrl)
AL (DT) £ AY(DTElH) Ly 4K (W 40),
where g, j are as in the diagram

pTch+1] ./ Mo ni1

I J»

DT <t s My,
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Theorem 3.4. The Chow groups A¥(My,,) are free abelian and the ranks a*(n) =
rk(AX(My,,,)) are given by the recursive formula
1

k k k-1 152 (n\ K 1t .
a“(n+1)=a"(n)+a (n)+2 <>Ea (j+1)a (n—j—1).

=2 N
In particular, we have the Picard rank a'(n) = - (3) -1
Theorem 3.5. The Chow ring A*(My,) is the quotient of Z[DT | T C [n],|T|, |T¢| >

2] by the relations
(1) DT = D(T%);
(2) For any distinct i,j,k, £ € [n], we have the equality

), D'=) p'=}) D"
ijeT i,keT ileT
kt¢T jlET jke¢T

(3) For Ty, T> C [n], DT'D™2 = 0 unless one of Ty C To, To C Ty, Ty C TZC,TZ C
TlC holds.

Remark 3.6. All of the relations encode geometric content:

(1) As divisors, we already know that DT = D(T%),

2 we consider the ma ni-kgzion—>704,t en the three sums are the
(2) If ider th P Tk, My, Mo, th he th h
pullbacks of the three boundary divisors Dii Dk Dit MOA =L

(3) The final relation encodes the fact that DTt N D'2 = @ unless one of the
four inclusions holds. Pictorially, this is encoded in the diagram below:

e

F1GURE 5. Degeneration to a common stable curve

4. INTERSECTION THEORY OF REGULAR BLOWUPS

Leti: X C Y be a regularly embedded subvariety, 77: Y — Y be the blowup along
X, and X be the exceptional divisor. Let g: X — X and j: X — Y.

Theorem 4.1. Suppose i* is surjective. Then
A*(W)[T]
(P(T), T - ker(i*))’
where P(T) has constant term [X] and i*P(T) = T + Td’lcl(N;SY) + -+ c4(NxY),
where d is the codimension of X in Y. This is induced by —T = [X].

A*(Y) =
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Theorem 4.2. A scheme X is HI if A.(X) = H.(X). If X, Y are both HI, then so is Y.

Theorem 4.3. The map

(",j+x8") v
Ar(Y) @ A1 (X) ——— Ap(Y)
is an isomorphism.
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