
Intersection theory

Elmo learns 
motivic cohomology!



Some motivation
➜ k

➜ Want to continue this?

➜ You need higher Chow groups!
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Spencer Bloch
to the rescue!
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Recall this definition of 
rational equivalence 

Idea: there is a homotopy between rationally equivalent cycles!



Defining higher Chow groups
➜ Define algebraic simplex

➜ Let 𝑧𝑖 𝑋, 𝑛 be the subgroup of 𝑍𝑖(𝑋 × Δ𝑛) that meets

all faces properly.

➜ This gives a simplicial abelian group 𝑧𝑖(𝑋,∙) and a chain

complex 𝑧𝑖(𝑋,∗).

➜ Define
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By Dold-Kan



Properties of higher Chow groups
➜ Homotopy invariance

➜ Long exact sequence

➜ Isomorphism with rational (algebraic) K-theory
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Cool! But how are these 
Chow groups related to 

motivic cohomology?



Correspondences
➜ “Multi-valued functions”

➜ eg Γ𝑓 ⊂ 𝑋 × 𝑌
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The category of correspondences 𝑪𝒐𝒓𝒌
➜ Objects: same as 𝑆𝑚𝑘: smooth separated schemes of 

finite type over 𝑘

○ Given 𝑍 ⊂ 𝑋 × 𝑌 finite and surjective over 𝑋, we set

𝑍 = ∑𝑙𝑒𝑛 𝑂𝑍,𝑊𝑖
[𝑊𝑖]

➜ Morphisms: 𝐶𝑜𝑟(𝑋, 𝑌)
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Serre’s
Tor 

formula



The category of correspondences 𝑪𝒐𝒓𝒌
➜ 𝑆𝑚𝑘 embeds into 𝐶𝑜𝑟𝑘 as a subcategory!

○ 𝑓: 𝑋 → 𝑌 ↦ Γ𝑓 ⊂ 𝑋 × 𝑌.

➜ 𝐶𝑜𝑟𝑘 is a symmetric monoidal category

○ 𝑋 ⊗ 𝑌 = 𝑋 × 𝑌

○ 𝑉 ×𝑊 ∈ 𝐶𝑜𝑟𝑘(𝑋 ⊗ 𝑌, 𝑋′ ⊗𝑌′)
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Examples
➜

➜

➜
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Next, we will discuss 
presheaves with transfers!

Interesting!



Presheaves with transfers
➜ Definition

➜ Additivity means that 𝐹 𝑥 ⊕ 𝑦 = 𝐹 𝑥 ⊕ 𝐹(𝑦).

○ We obtain a map 𝐶𝑜𝑟𝑘 𝑋, 𝑌 ⊗ 𝐹 𝑌 → 𝐹(𝑋).

➜ Extra “transfer maps” 𝐹 𝑌 → 𝐹(𝑋) coming from 𝐶𝑜𝑟𝑘(𝑋, 𝑌)

➜ 𝑷𝑺𝑻(𝑘) is an abelian category with enough injectives  

and projectives. 
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Examples
➜ Constant presheaf 𝐴 on 𝑆𝑚𝑘.  Extend to Cor𝑘 by

multiplication by the degree of 𝑊 over 𝑋.

➜ 𝑂∗(−) and 𝑂(−), at least for 𝑋 normal…

➜ 𝐶𝐻𝑖(−), the Chow groups.
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Representable functors
➜ All representable functors of 𝐶𝑜𝑟𝑘 are presheaves with

transfers.

➜ Denote 

➜ By Yoneda, 𝑍𝑡𝑟(𝑋) is a projective object.

➜ Let (𝑋, 𝑥) be a pointed scheme and define
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⇒



More definitions
➜

➜

➜ We will be interested in 
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Simplicial objects
➜ A simplicial object of 𝐶 is a functor 𝐹: Δ𝑜𝑝 → 𝐶.

➜ Let 𝐹 be a presheaf of abelian groups on 𝑆𝑚𝑘.  Then

is a simplicial presheaf with transfers.

➜ Similarly, 𝐶∗𝐹(𝑈) gives the complex of abelian groups
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Dold-Kan
again



Homotopy invariant presheaves
➜ F is homotopy invariant if 𝑝∗: 𝐹 𝑋 → 𝐹(𝑋 × 𝐴1) is an 

isomorphism.

➜ These homology presheaves are homotopy invariant.

➜
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Now we can define 
motivic cohomology!

Yay!



The motivic complex
➜ Define the motivic complex (tensor with 𝐴 to get 𝐴(𝑞))

➜ These are actually sheaves.  

➜ 𝑞 = 0

➜ 𝑞 = 1
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Motivic cohomology groups
➜

➜ This satisfies many usual properties of cohomology… 

21



Weight 1
➜ There is a quasi-isomorphism 

➜
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5 comparison results
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Now let’s discuss 
relations to other fields!

Cool!



Algebraic K-theory
➜ In topology: the Atiyah-Hirzebruch spectral sequence  

➜ Algebraic setting: Friedlander and Suslin (2002), 

building on work by Bloch and Lichtenbaum
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Motives
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In order to express this intuition, of the kinship of these 
different cohomological theories, I formulated the notion of 
“motive” associated to an algebraic variety. By this term, I 
want to suggest that it is the “common motive” (or “common 
reason”) behind this multitude of cohomological invariants 
attached to an algebraic variety, or indeed, behind all 
cohomological invariants that are a priori possible. 



Chow motives
➜ Replace morphisms with correspondences

➜ Augment objects to make it like an abelian category

➜ Take the opposite category

Then cohomology theories factor through this, but the 

standard conjectures which would realize the power of 

this approach have been open for > 50 years! 
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Voevodsky’s derived category
➜ Using motivic cohomology, 

Voevodsky constructs a 

triangulated category 

𝐷𝑀(𝑘; 𝑅) which for all intents 

and purposes acts as the 

derived category of the 

desired category of motives!  
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Mixed motives
➜ Mixed motives apply to all varieties

➜ Their category is not semisimple: work with 𝐸𝑥𝑡’s.

➜ Motivic cohomology ‘morally’ studies these, and leads to 

Voevodsky’s derived category 

29



Norm residue isomorphism theorem

➜ Proven by Voevodsky (completed ~ 2009)

○ Develops motivic cohomology, motivic homotopy

theory, motivic Steenrod algebra, …
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(wikipedia!)



Special values of L-functions
➜ Another Bloch-Kato conjecture…

➜ Implies BSD!
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A special case, https://math.mit.edu/~phaine/files/Motivic_Overview.pdf



Any questions?
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References
Almost everything is from 
“Lectures on motivic cohomology”, a book 

written by Mazza and Weibel based off of 
lectures of  Voevodsky.
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