TCC (SPRING 2021): p-ADIC MODULAR FORMS

PROBLEM SHEET 1

INSTRUCTOR: PAK-HIN LEE

This problem sheet is due at 11:59 PM on Monday 22nd February 2021 (note the extended
deadline). Please submit your work as a single PDF file (either typeset in IXTEX or a scan of legible
handwriting) by email.

Problem 1. For this problem, you may use without proof the fact that the Z-algebra of modular
forms with Fourier coefficients in Z is generated by @), R and A:

@ Mk,Z = Z[Qv Rv A]

k>4
(so the same statement holds over Z).
Let p € {2,3}.
(a) Show that the Fp-algebra of mod p modular forms is generated by &, ie.
M =TF,[A].
(b) In [Antwerp, P.197] it is claimed that when p is 2 or 3,
On a Mk_g C Mk et méme Mk_Q = Mk st k n’est pas divisible par 12.

However this is not quite right, e.g. MO = M4 =F, but MQ = 0. Prove that:
(1) If £ # 2 (mod 12), then My_o C Mj.
(2) If £ # 0,4 (mod 12), then Mj,_o D M.

(¢c) (NOT FOR SUBMISSION) Complete the proof of théoreme 1 [P.198] in the case when
p is 2 or 3. The key point [P.200] is to show

A= > opi(n)g" (mod p)
(n,p)=1

for any integer (resp. even integer) h when p = 2 (resp. p = 3).

Problem 2. Recall that the normalized Eisenstein series of weight 2
o0
P(z)=1- 242 o1(n)q", q=e™"
n=1
satisfies the transformation law

1 12z
P(—=)=2%P ——
( z) PG+ 50
(a) Show that if f is a modular form of weight &, then 120 f — kP f is a modular form of weight

k4 2.
(b) Show that 120P — P? is a modular form of weight 4.
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(c) Deduce that

_ Ll
OP = (P~ Q).

0Q = :(PQ - R)

1
OR = 5 (PR~ Q%)
OA = PA.

oo
Problem 3. Denote A(z) = Z 7(n)q". Using the fact that © : M}, — M}, 41, prove the following

n=1
congruences:

(a) 7(n) = nos(n) (mod 5).
(b) 7(n) = nog(n) (mod 7).

Problem 4. Recall that the subspace Z,[[q]] @z, Q, C Qpl[q]] of formal power series with bounded
coefficients is a p-adic Banach space under the norm

o
fl=swladl, f=3 an",
n20 n=0

where | - | : Q, — R is the usual p-adic absolute value normalized such that |p| = p~1.

Denote by Q,(T') the Tate algebra

Q,(T) = {f =30, € Q)IT]) ¢ lim ay| = o}
n=0

consisting of convergent power series on the closed unit disk.

1 A
Let p = 5. We have seen that — = @ € MT, i.e. is a 5-adic modular form of weight 0.
J

1 = 0" 1
(a) Prove that Qs <> - Mg, and the norm of f = Z by, <> € Qs <> is given by
j =\ j
| f| = sup [bn|.
n>0
1 f
(b) Prove that Qs 7 = M,.

In particular, Mg is infinite-dimensional.



