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Abstract. Langlands’ functoriality conjectures are a grand scheme of relations predicting
relationships between spectra of groups whenever the L-groups of them are related. I will go
over the functoriality conjectures giving a few examples and then discuss beyond endoscopy,
a suggestion of Langlands to attack the functoriality conjectures. I will try to keep things
self-contained as much as possible.

1. Introduction

I will talk about automorphic representations, functoriality and “beyond endoscopy”. Let
us start with the objects we are interested in, which can be algebraic objects like varieties
and their numbers of solutions, or more analytic objects like L2. I will start with a reductive
algebraic group G (all we care about is GL(N), if functoriality works) over F , which is either
a local or global field. We are interested in the space L2(G(F )\G(AF )), where AF is the
ring of adeles of F . As it stands this space does not make much sense. We may consider
instead L2(G(F )\G(Af ), ω) where ω is a central character. But for now, for simplicity, let
us assume G is either semisimple, or reductive with ω = 1.

We are interested in cusp forms in L2. There are also Eisenstein series but we will talk
about the decomposition in a second. G(AF ) acts on the space L2(G(F )\G(AF )) by the
right regular action R given by

g : f(x) 7→ f(xg).

We are interested in the decomposition of R. An automorphic representation is an irreducible
substituent of R.

Here is some historical perspective. People were interested in special functions because
of modular forms and elliptic curves. Maass and Selberg came in and introduced the L2

theory. In his 1962 ICM talk, Gelfand emphasized the Eisenstein series. This talk influenced
Langlands, who was then a postdoc at Princeton and trying to learn number theory.

The continuous part is spanned by Eisenstein series. Why am I talking about Eisenstein
series? Because the whole theory of functoriality came out of that!
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2. Functoriality

The principle of functoriality is as follows. Take as objects two groups H and G over F ,
where G is quasi-split.

As a quick digression, let me talk about L-groups. Given G, one can attach a complex
reductive dual group Ĝ. Here are some classical examples:

• G = GL(N), Ĝ = GL(N,C).

• G = SO(2N), Ĝ = SO(2N,C).

• G = SL(N), Ĝ = PGL(N).

• G = SO(2N + 1), Ĝ = Sp(2N,C).

The first example was done by Langlands, in Problems in the Theory of Automorphic Forms.
For SL(N), refer to Casselman. Springer did the other ones in his book Linear Algebraic
Groups.

From the dual group Ĝ, one can attach the group LG which depends on the field and is
essentially

LG = Ĝo Gal(F/F ).

Whenever the group splits, the Galois group acts trivially. As an example, let K/F be
Galois. If

G = ResK/F (GL(N,K)),

then

LG =

 ∏
σ∈Gal(K/F )

GL(N,C)

o Gal(K/F )

where the Galois group acts by permuting the factors.
What is the importance of this dual group? These groups are supposed to be target spaces

for certain homomorphisms parametrizing the objects of interest. I am being vague about
this statement, for the following reason.

We have a certain object − ϕ→ LG, which should give rise to πϕ on G. This object is
mysterious. It is like a Galois group. For example, we have an association(

Gal(F/F )→ LG
)

// π ∈ L2(G(F )\G(AF )).

We would like this correspondence to be onto, but the Galois group is too small to account
for all automorphic representations. We can fix the Weil group WF → LG, but this is still
insufficient.

Conjecture 1. There exists a group LF (pro-algebraic?) such that the maps LF
ϕ→ LG do

“classify” automorphic representations on G.

This is like an automorphic Galois group, which is the source of parameters which “classify”
automorphic representations. The essential feature is that the group LF is the last piece of
the puzzle. For GL(1), this LF is the Weil group, but in general we have no idea.

Let us go back to functoriality. We can forget about LF . But as an instructive picture,
suppose the group LF exists and we have ϕ : LF → LH and ψ : LH → LG. They give
automorphic representations πϕ and πψ◦ϕ, which should be related in some way.
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Conjecture 2 (Langlands). Let H and G be two groups, with G quasi-split, and LH =

Ĥ o Gal(F/F ) and LG = Ĝ o Gal(F/F ) where Ĥ and Ĝ are complex algebraic groups.

Assume we have LH
ψ→ LG and the diagram

LH
ψ

//

%%

LG

zz

Gal(F/F )

where ψ is complex analytic on Ĥ → Ĝ. Then there exists a correspondence of automorphic
forms

πH
“ψ”
// πG.

I have not explained what “correspondence” means, but we want

• L(s, πG, ρ) = L(s, πH , ρ ◦ ψ) for all ρ : LG→ GL(V ).

Let me do a quick digression on automorphic L-fucntions. Here is a fact: given π, there
exists a finite set S of primes such that

π =
⊗
v

′
πv,

where for all v /∈ S, πv has a fixed vector under the maximal compact. The upshot is that
outside of S, πv is understood (Satake parameters). Here “understood” means unramified,
which are classified. In particular, they are classified by semisimple conjugacy classes in LG.
To πv one attaches a semisimple conjugacy class A(πv) ⊆ LG. This language was due to
Langlands, and was a prominent passage from Satake parameters. Then one has

Lv(s, π, ρ) = det

(
id−ρ(A(πv))

N(v)s

)−1
where N(v) is the residue characteristic of v. We can then form the partial L-function

LS(s, π, ρ) =
∏
v/∈S

Lv(s, π, ρ).

which converges for Re(s)� 1.

Conjecture 3 (Sometimes). One can define

L(s, π, ρ) =
∏

Lv(s, π, ρ) =
∏
v∈S

Lv(s, π, ρ)× LS(s, π, ρ).

For beyond endoscopy, the partial L-function is enough.
If we have a map between L-groups, then we have a correspondence between automorphic

forms which respects L-functions. This is the general principle of functoriality.
Let me give a few motivations as to why this is useful.
Class field theory classifies extensions of F that are abelian. Can one do non-abelian? An

extension of Q is given by generators, or one can look at the following: a Galois extension
K/Q is determined by the primes that split completely in K. This is an application of the
Chebotarev theorem. A prime p splits if and only if Frobp = 1.
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Consider the trivial group H = {1}, and ψ a faithful map into GL(N). The map LH
ψ→

GL(N,C) is just Gal(F/F )
ψ→ GL(N,C), whose kernel encodes the primes that split. This

is in a sense extending class field theory to non-abelian extensions. Thus we can parametrize
Galois extensions by automorphic representations.

It is quite interesting to see how the story of these came out. The dual groups came out
from Langlands’ calculation of the constant terms of Eisenstein series. He had almost given
up on math at that point1. He had obtained the analytic continuation of Eisenstein series,
and while at Berkeley he was calculating the constant terms and saw L-functions. He did
some case-by-case computations and realized those L-functions come from not the group
itself but the dual group.

3. Partial results

In general, functoriality is wide open, but there are some results. Recall that we are

looking at LH
ψ→ LG.

(1) H = {1} and G = GL(1). This is just class field theory.
(2) (Base change) H = GL(N,F ) and G = ResK/F (GL(N,K)) for some extension K/F .

We have the diagonal embedding

GL(N,C)→
(∏

GL(N,C)
)
o Gal(K/F )

of L-groups.
• For N = 2 and K/F cyclic, this is due to Langlands, based on the trace formula.
• For N general and K/F solvable, this is due to Arthur–Clozel and reproved by

Labesse, again based on the trace formula.
(3) (Automorphic induction) H = ResK/F (GL(N,K)) and G = GL(Nk, F ) where k =

degK/F . The L-groups are(∏
GL(N,C)

)
o Gal(K/F )

and

GL(Nk,C)×Gal(K/F ),

and the map between them is defined by

(A1, · · · , Ak) o 1 7→


A1

A2

. . .
Ak

× 1

and

(1, · · · , 1) o σ 7→ wσ × σ.

For example, if H = Res GL(1) and G = GL(2), then wσ =

(
1

1

)
for the non-trivial

element σ of the Galois group.

1For more details, refer to this interview of Langlands: http://www.math.ubc.ca/Dept/Newsletters/

Robert_Langlands_interview_2010.pdf.
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• For N general and K/F solvable, this is due to Arthur–Clozel, with contributions
from Lapid–Rogawski.
• For N = 2 and K/F non-normal cubic, this is due to Jacquet–Piatetski-Shapiro–

Shalika using the converse theorem.
There are also local versions of these statements, with automorphic representations

replaced by admissible representations on the dual group.
(4) (Tensor products) H = GL(m) × GL(n) and G = GL(mn). The dual groups are

LH = GL(m,C)×GL(n,C) and LG = GL(mn,C).
• For GL(2)×GL(2), this is due to Ramakrishnan.
• For GL(2)×GL(3), this is due to Kim–Shahidi.

These are the only known cases, as far as my research went last night.
Once again the local statement is known, due to Harris–Taylor.

(5) (Exterior powers
∧k) H = GL(N) and G = GL(

(
N
k

)
).

• For k = N , this is the mapping π → ωπ to the central character.
• For k = 2, i.e.,

∧2 : GL(4)→ GL(6), this is due to Kim.
(6) (Symmetric powers Symk) H = GL(2) and G = GL(k + 1). The map LH =

GL(2,C)→ LG = GL(k + 1,C) is Symk.
• For k = 2, this is due to Jacquet–Gelbart, using the converse theorem on GL(3).
• For k = 3, 4, this is due to Kim–Shahidi, again using converse theorems.
• For k = 5, there are some partial results due to Kim–Shahidi.
These imply bounds towards the Ramanujan conjecture. If we knew all the sym-

metric powers, we have the Ramanujan conjecture for GL(2). Moreover, it is true
that the general form of functoriality implies the generalized Ramanujan conjecture.
For GL(2), if the local parameters are (α, β) where αβ = 1, then

(
α

β

)
Symk

→


αk

αk−1β
. . .

βk

 .

By the local bounds of Jacquet–Shalika, |α|k < N(v) and |β|k < N(v) for all k, so
|α| = |β| = 1. (In general, Jacquet–Shalika says that if the parameter of the local
component is the conjugacy class with parameters α1, · · · , αn, then |αj| ≤ N(v).)

As a bonus, for holomorphic modular forms (plus some extra conditions), this is
known for k = 5, 6, 7, 8 by p-adic methods.

So far these are low-dimensional case-by-case results, except for base change and
automorphic induction.

(7) (Functoriality for classical groups) H = SO(2N), Sp(2N), SO(2N + 1), and G =
GL(2N),GL(2N + 1),GL(2N) respectively. The map on dual groups is embedding.
• For the split case, this is due to Cogdell–Kim–Piatetski-Shapiro–Shahidi and

many others, using the converse theorem.
• For the general case, this is due to Arthur, using the trace formula.

Most of these things are sporadic. But the family examples mostly come out of the trace
formula approach. Next time I will describe another spectacular trace formula approach,
which is beyond endoscopy.
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