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Introduction

0.1. In this paper, we give generalizations of the explicit reciprocity law to p-adically
complete discrete valuation fields whose residue fields are not necessarily perfect. The
main theorems are 4.3.1, 4.3.4, and 6.1.9. In subsequent papers, we will apply our gen-
eralized explicit reciprocity laws to p-adic completions of the function fields of modular
curves, whose residue fields are function fields in one variable over finite fields and hence
imperfect, and will study the Iwasawa theory of modular forms.

I outline in 0.3 what is done in this paper in the case of p-adic completions of the function
fields of modular curves, comparing it with the case of classical explicit reciprocity law
outlined in 0.2. I then explain in 0.4 how the results of this paper will be applied in
the Iwasawa theory of modular forms, for these applications are the motivations of this
paper, comparing it with the role of the classical explicit reciprocity laws in the classical
Iwasawa theory and in related known theories.

0.2. The classical explicit reciprocity law established by Artin, Hasse, Iwasawa, and
many other people is the theory to give explicit descriptions of Hilbert symbols. One
formulation of the classical reciprocity law reviewed in §1.1 has the following form.

Let K be a finite unramified extension of Qp, let Kn = K(ζpn) (n ≥ 0) where ζN for
N ≥ 1 denotes a primitive N -th root of 1, and let lim

←−
n

(Kn)× be the inverse limit with

respect to the norm maps (Kn+1)× −→ (Kn)×. Then for m ≥ 0, a homomorphism

λm : lim
←−
n

(Kn)× −→ Km

(see §1.1) is defined by using the theory of Hilbert symbols. The classical explicit reci-
procity law reviewed in §1.1 is concerned with the explicit description of this homomor-
phism by using differential forms.
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0.3. The generalized explicit reciprocity laws Thm. 4.3.1 and Thm. 4.3.4 have the
following form when specialized to p-adic completions of modular function fields.

Let N ≥ 3, let Y (N) be the modular curve of level N , and let K be a p-adic completion
of the function field of Y (N). (See 3.1.4 and 4.1.4 for precise meaning of this.) For n ≥ 0,
let Yn = Y (Npn) ⊗Y (N) K. Instead of lim

←−
n

(Kn)× in 0.2, we consider the inverse limit

lim
←−
n

K2(Yn) with respect to the norm maps K2(Yn+1) −→ K2(Yn). For s = (s(i))i=1,2 ∈

N2 (N = {0, 1, 2, 3, . . .}) and m ≥ 0, we define a homomorphism

λs
m : lim

←−
n

K2(Yn) −→ O(Ym)⊗K coLie(E)⊗k (k = 2 + s(1) + s(2))

where O(Ym) is the affine ring of Ym, E is the universal elliptic curve over K (the pull
back of the universal elliptic curve over Y (N)), coLie(E) is the space of invariant dif-
ferential forms on E which is of dimension one over K, and ( )⊗k is the k-th tensor
power as a K-vector space. This homomorphism is defined by using the Galois cohomol-
ogy theory, crystalline cohomology theory, and the (k − 2)-th symmetric tensor power
Symk−2

Zp
(TpE) of the p-adic Tate module of E. The generalized explicit reciprocity laws

4.3.1 and 4.3.4 are, when specialized to this case, concerned with the explicit description
of this homomorphism λs

m by using differential forms.
Note that the target group of λs

m contains the space of modular forms of weight k of
level Npm.

0.4. The results of this paper is applied in the paper [Ka5] as follows. I recall some
known theories in 0.4.1 and 0.4.2, and then explain in 0.4.3 what will be done in the
paper [Ka5]. The parallelism with the theories in 0.4.1 and 0.4.2 is the guiding principle
throughout the paper [Ka5].

0.4.1. The numbers 1−α where α is a root of 1 and α ̸= 1, are called cyclotomic units
and very important.

(0.4.1.a) First, they are related to zeta functions via the analytic formula

log(|1− α|) = − lim
s→0

s−1(ζ≡a(N)(s) + ζ≡−a(N)(s))

where α = exp(2πia/N) ̸= 1 with a, N ∈ Z, N ≥ 1, and ζ≡a(N)(s) is the partial Riemann
zeta function defined by

ζ≡a(N)(s) =
∑

n≥1
n≡a mod N

n−s when Re(s) > 1

and extended by analytic continuation to a moromorphic function on C.
(0.4.1.b) Secondly, as is reviewed in §1.2, the elements 1−α are related to zeta functions

also in the following p-adic way. ([Iw1]):
Via the explicit reciprocity law of p-adic cyclotomic fields, the elements 1−α are related

to the values

lim
s→1

(ζ≡a(N)(s)− ζ≡−a(N)(s)).

(0.4.1.c) Thirdly the elements 1− α form an “Euler system” in the sense of Kolyvagin
[Ko]. Rubin [Ru1] obtained a new proof of Iwasawa main conjecture (which was originally
proved by Mazur and Wiles [MW]) by using cyclotomic units and the theory of Euler
systems.

2



0.4.2. Elliptic units ([Ro]) are important numbers, which are elements of abelian ex-
tensions of a quadratic imaginary field F .

(0.4.2.a) First, their log(| |) are related to partial Dedekind zeta functions of F via
analytic formulas similar to those in (0.4.1.a).

(0.4.2.b) Secondly, elliptic units are related to the value at s = 1 of the zeta function
L(E, s) of an elliptic curve E having complex multiplication by OF (= the integer ring
of F ), in the following p-adic way:

If we apply the explicit reciprocity law of Wiles [Wi] for Lubin-Tate groups to the
case where the base field is a p-adic completion of F and where the Lubin-Tate group is
the p-divisible group associated to E, then elliptic units are related to L(E, 1) via this
explicit reciprocity law ([CW2]). This fact was important in the works of Coates and
Wiles ([CW1]) on Birch and Swinnerton-Dyer conjectures. (Cf. [dS] for (0.4.2.a) and
(0.4.2.b).)

(0.4.2.c) Thirdly, elliptic units form an Euler system. Rubin ([Ru2]) proved the “main
conjecture” for F by using elliptic units and the theory of Euler systems.

0.4.3. In the Iwasawa theory of modular forms, we will use the elements of Beilinson in
K2 of modular curves ([Bei]) in place of cyclotomic units and elliptic units.

(0.4.3.a) As was shown by Beilinson [Bei], these elements are analytically related to
lim
s→0

s−1L(f, s) for elliptic cusp forms f of weight two, via regulator maps.

(0.4.3.b) We related these elements to zeta functions in the following p-adic way:
Our explicit reciprocity law 4.3.1 shows, as in the paper [Ka5], that the elements of

Beilinson are related via the homomorphisms λs
m in 0.3 to the values L(f, k − 1) of the

zeta functions of elliptic cusp forms f of weight k = 2 + s(1) + s(2). The role of the
Lubin-Tate group in (0.4.2.b) is played here by the p-divisible group associated to the
universal elliptic curve. (A rough explanation of this (0.4.3.b) is given in 4.3.7.)

(0.4.3.c) The elements of Beilinson form an Euler system as is shown in [Ka5]. In
subsequent papers, we will study the Iwasawa theory of elliptic cusp forms by using the p-
adic result described in (0.4.3.b) and the theory of Euler systems. The “main conjectures”
in (0.4.1.c) and (0.4.2.c) were equations between a characteristic polynomial related to
ideal class groups and a characteristic polynomial related to zeta functions. In [Ka4] [Ka5]
and subsequant papers, for an eigen elliptic cusp form f of weight k ≥ 2, under some
mild assumption on f , we will prove that the characteristic polynomial related to Selmer
groups divides the characteristic polynomial related to zeta functions (that is, we prove a
“half” of the “main conjecture” for f) together with finiteness results for Selmer groups.

0.5. The organization of this paper is as follows.
§1. Review on the classical explicit reciprocity law.
§2. Review on BdR.
§3. p-divisible groups and norm compatible sustems in K-groups.
§4. Generalized explicit reciprocity law.
§5. Proof of the generalized explicit reciprocity law.
§6. Another generalized explicit reciprocity law.
In §1, we review the classical explicit reciprocity law, and review the fact that cyclotomic

units are related p-adically to zeta functions via the explicit reciprocity law.
In §2, we review the theory of Tate, Fontaine, Messing, Faltings and other people about

the relationship between p-adic Galois representations and crystalline cohomology. The
ring BdR defined by Fontaine in [Fo1] in the perfect residue field case and generalized
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by Faltings [Fa] to the general case, plays a central role in this theory. We review in §2
neccesary things from this theory.

After a preliminary on norm compatible systems in K-groups in §3, we formulate in §4
our generalized explicit reciprocity laws 4.3.1 and 4.3.4, and prove them in §5. In §6, we
formulate and prove another generalized explicit reciprocity law Thm. 6.1.9.

0.6. The generalized explicit reciprocity laws in this paper is related to many known
explicit reciprocity laws. The explicit reciprocity law of Wiles for Lubin-Tate groups ([dS]
Chapter I) is related to the finite residue field case of Thm. 6.1.9 as is explained in 6.1.10.
The explicit reciprocity law in [BK] §1 and that in [Ka3] Chapter II, §2 are included in
the perfect residue field case of Thm. 4.3.1.

0.7. Some explicit reciprocity laws in the imperfect residue field case were already ob-
tained in Vostokov-Kirillov [VK], Vostokov [Vo], and [Ka2]. Masato Kurihara proved more
than ten years ago a similar result as Thm. 6.1.9 by a different method (unpublished).

0.8. In this paper, for an abelian group A and a non-zero integer n, nA denotes Ker(n :
A→ A), and A/n denotes the cokernel of n : A→ A.

1. Review on the classical explicit reciprocity law

We review the classical theory of the explicit reciprocity law and its relationship with
the values of partial Riemann zeta functions.

§1.1 The classical explicit reciprocity law.

The explicit reciprocity law has been studied by many people (Artin and Hasse [AH],
Iwasawa [Iw2], . . . , I am sorry that I do not list here the names of many people who
contributed to this subject). There are many forms of the explicit reciprocity law. I give
here one formulation 1.1.5.

1.1.1. Let K be a finite unramified extension of Qp. For n ≥ 0, let Kn = K(ζpn) where
ζpn is a primitive pn-th root of 1. We fix (ζpn)n≥0 satisfying (ζpn+1)p = ζpn for all n ≥ 0.
We define a canonical homomorphism

λm : lim
←−
n

(Kn)× −→ Km (m ≥ 0)

where lim
←−
n

is taken with respect to norm maps, which comes from the theory of Hilbert

symbols. The classical explicit reciprocity law introduced below says that this map λm is
related to the theory of differential forms, though the definition of Hilbert symbols has
no relationship with differential forms.

1.1.2. For n ≥ 0, we have the Hilbert symbol map

(Kn)× × (Kn)× −→ µpn(Kn) (1)

where µpn(Kn) is the group of pn-th roots of 1 in Kn ([We]). By composing (1) with the
isomorphism µpn(Kn) ∼= Z/pnZ ; ζpn )→ 1, we have a pairing

(Kn)× × (Kn)× −→ Z/pnZ. (2)

Fix m ≥ 0. The pairings (Km)× × (Kn)× −→ Z/pnZ for n ≥ m induced by (2) give a
pairing

(Km)× × lim
←−
n

(Kn)× −→ Zp (3)
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where the inverse limit is taken with respect to norm maps. Let

λm : lim
←−
n

(Kn)× −→ Km

be the homomorphism obtained from (3) as the composite

lim
←−
n

(Kn)× −−−−−→
by (3)

Homcont((Km)×,Zp)

−→
a

Homcont(Km,Qp)
∼=→
b

Km

where Homcont is the group of continuous homomorphisms, a is the composition with the
exponential map

exp : Km −→ (Km)× ⊗Q ; x −→ exp(pix)⊗ p−i (i >> 0)

and b is the isomorphism induced by the pairing

Km ×Km −→ Qp ; (x, y) −→ TrKm/Qp(xy)

with Tr the trace map.

1.1.3. Let OK be the valuation ring of K, and let A be the ring of formal power
series OK [[t − 1]] where t is an indeterminate. Let Np : A× −→ A× be the following
homomorphism. For the ring homomorphism A −→ A ; t )→ tp over OK , the latter A is
free of finite rank (in fact, of rank p) over the former A. Hence we have the norm map
from the latter A to the former A, which we denote by Np.

Proposition (1.1.4). Let θn(t) (n ≥ 1) be elements of A× satisfying Np(θn+1(t)) = θn(t)
for n ≥ 1, and let un = θn(ζpn) ∈ (Kn)×. Then (un)n≥1 belongs to lim

←−
n

(Kn)×.

Theorem (1.1.5). (the classical explicit reciprocity law). Let θn(t) (n ≥ 1) be elements
of A× satisfying Np(θn+1(t)) = θn(t) for n ≥ 1, and let u = (un)n≥1 ∈ lim

←−
n

(Kn)×

where un = θn(ζpn) (1.1.4). Let m ≥ 1. Then λm(u) coincides with value of p−m · t ·
(d/dt)(log(θm(t))) at t = ζpm.

(Here t · (d/dt)(log(f)) for f ∈ A× means t/f · df/dt. )

Remark (1.1.6). The work of Coleman [Co] shows the unique existence of (θn)n≥1 for a
given (un)n≥1 ∈ lim

←−
n

(OKn)×. Our generalized explicit reciprocity laws 4.3.1 and 4.3.4 do

not include a generalization of this work of Coleman.

§1.2 Relation with values of partial Riemann zeta functions.

1.2.1. We review the relationship between cyclotomic units and some values of partial
Riemann zeta functions ζ≡a(N)(s) (a, N ∈ Z, N ≥ 1) via the explicit reciprocity law
1.1.5. (Cf. (0.4.1.b) in Introduction.)

1.2.2. Let N be an integer > 1 which is prime to p, let αn (n ≥ 0) be a primitive Npn-
th root of 1 satisfying (αn+1)p = αn for n ≥ 0, and let K be a finite unramified extension
of Qp containing α0. (So, Kn in §1.1 is K(αn) for n ≥ 0 in the present situation.) Define
λm as in §1.1 by using ζpn = αN

n (n ≥ 0).
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Proposition (1.2.3). Let

u = ((1− αn)(1− α−1
n ))n≥1.

Then u ∈ lim
←−
n

(Kn)×. For m ≥ 1, λm(u) is an element of Q(αm) ⊂ Km characterized by the

following property : For any integer a which is prime to M = Npm, the homomorphism

Q(αm) −→ C ; αm )→ exp(2πiaM−1)

sends λm(u) ∈ Q(αm) to

2(2πi)−1 lim
s→1

(ζ≡a(M)(s)− ζ≡−a(M)(s)).

Remark (1.2.4). The partial Riemann zeta functions ζ≡a(M)(s) have simple poles with
residue M−1 at s = 1, and hence ζ≡a(M)(s)− ζ≡−a(M)(s) is holomorphic at s = 1.

Proof. (of 1.2.3.) Let

θn(t) = (1− βnt1/N)(1− β−1
n t−1/N) for n ≥ 1,

where βn is the unique N -th root of 1 such that (βn)pn
= α0 and t1/N is the inverse image

of t under OK-isomorphism A
∼=−→ A ; t )→ tN . Then θn(t) ∈ A×, Np(θn+1(t)) = θn(t), and

θn(ζpn) = (1− αn)(1− α−1
n )

for n ≥ 1. By the explicit reciprocity law 1.1.5, we have

λm(u) = p−m(t
d

dt
(log(θm)))(ζpm) = −M−1(1 + αm)(1− αm)−1.

But it is known that the last element is the element of Q(αm) whose images in C by
homomorphisms Q(αm) −→ C are described as in 1.2.3 (cf. for example, [Ka3] Chapter
I, §1).

2. Review on BdR

We review the ring BdR following [Fo1] [FM] [Fa2] [Ts].
Let K be a complete discrete valuation field with residue field k such that char(K) = 0

and char(k) = p > 0.
For simplicity, we assume [k : kp] <∞. Let [k : kp] = pe.
We fix an algebraic closure K̄ of K.

§2.1. The definition of BdR.

2.1.1. The ring BdR is a commutative ring over K endowed with an action of Gal(K̄/K),
a decreasing filtration (Bi

dR)i∈Z, and a connection d : BdR −→ Ω̂1
K⊗KBdR. Here Ω̂1

K is
the completed differential module of K whose definition is given in 2.1.8. The aim of this
§2.1 is to review the definition of BdR and the definitions of these structures on BdR.

2.1.2. Let K ′ be a subfield of K. (The case K ′ = K and the case K ′ = Qp will be the
most important.) Let OK′ be the discrete valuation ring K ′ ∩OK . For n ≥ 1, let

Bn,K̄/K′ = H0((Spec(OK̄/pnOK̄)/Spec(OK′/pnOK′))crys, Ocrys)

where ( )crys means the crystalline site and and Ocrys is the structure sheaf. Here the
PD-structure of the base OK′/pnOK′ is the standard PD-structure on the ideal (p). (For
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these notions concerning crystalline cohomology, see [Ber].) If K ′′ is another subfield of
K and if K ′ ⊂ K ′′, we have a canonical homomorphism Bn,K̄/K′ −→ Bn,K̄/K′′ . Let

Jn,K̄/K′ = Ker(Bn,K̄/K′ −→ OK̄/pnOK̄)

(this map is in fact a surjective map). For q ≥ 0, define the ideal J [q]
n,K̄/K′ of Bn,K̄/K′ to

be the q-th divided power of Jn,K̄/K′ . Define

B∞,K̄/K′ = lim
←−
n

Bn,K̄/K′ , J [q]
∞,K̄/K′ = lim

←−
n

J [q]
n,K̄/K′ .

Then B∞,K̄/K′/pnB∞,K̄/K′

∼=−→ Bn,K̄/K′ , J [q]
∞,K̄/K′/pnJ [q]

∞,K̄/K′

∼=−→ J [q]
n,K̄/K′ . Let

B+
dR,K̄/K′ = lim

←−
i

(Q⊗ (B∞,K̄/K′/J [i]
∞,K̄/K′))

J [q]
dR,K̄/K′ = lim

←−
i

(Q⊗ (J [q]
∞,K̄/K′/J

[i]
∞,K̄/K′)).

Then B+
dR,K̄/K′ is an integral domain. Note

OK ⊂ B∞,K̄/K , K ⊂ B+
dR,K̄/K .

2.1.3. Let Z/pnZ(1) be the group of pn-th roots of 1 in K̄, let Zp(1) = lim
←−
n

Z/pnZ(1),

Qp(1) = Q ⊗ Zp(1), and let Zp(r) (resp. Qp(r)) for r ∈ Z be the r-th tensor power
of the invertible Zp (resp. Qp)-module Zp(1) (resp. Qp(1)). We have a canonoical
homomorphism

Zp(1) −→ J∞,K̄/Qp
(1)

as the inverse limit of the homomorphisms

Z/pnZ(1) −→ Jn,K̄/Qp
(2)

which are defined as follows. In general, for an element x of OK̄/pnOK̄ , the element ypn
,

where y ∈ Bn,K̄/Qp
is any lifting of x, depends only on x and is independent of the choice

of y. (The proof is straightforwards by using the PD-structure on Jn,K̄/Qp
.) In the case

x is the image in OK̄/pnOK̄ of a pn-th roof α of 1, ypn
belongs to Ker((Bn,K̄/Qp

)× −→
(OK̄/pnOK̄)×) = 1 + Jn,K̄/Qp

, and hence log(ypn
) ∈ Jn,K̄/Qp

is defined. The map (1) is
defined by α )→ log(ypn

).

2.1.4. Now we define BdR. Let

Qp(1) −→ J [1]
dR,K̄/K′ (1)

be the Qp-linear map induced by 2.1.3 (1). It is an injective map. We define

BdR,K̄/K′ = B+
dR,K̄/K′ [t

−1] (t ∈ Image(Qp(1) −→ B+
dR,K̄/K′), t ̸= 0)

which is independent of the choice of t.
We will denote B+

dR,K̄/K and BdR,K̄/K simply by B+
dR and BdR, respectively.

2.1.5. We discuss the Galois action and the filtration on BdR,K̄/K′ . The Galois group
Gal(K̄/K) acts on BdR,K̄/K′ in the natural way. Define the filtration (Bi

dR,K̄/K′)i∈Z on
BdR,K̄/K′ by

Bi
dR,K̄/K′ =

⋃

j≥0

t−jJ [i+j]
dR,K̄/K′
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where t is as in 2.1.4. This filtration is compatible with product structure; that is,
Bi

dR,K̄/K′ ·B
j
dR,K̄/K′ ⊂ Bi+j

dR,K̄/K′ in BdR,K̄/K′ . The action of Gal(K̄/K) on BdR,K̄/K′ respects

this filtration. Furthermore, the embedding Qp(1) ⊂ B1
dR,K̄/K′ and the product structure

give a bijection
Bi

dR,K̄/K′ ⊗Qp Qp(j)
∼=−→ Bi+j

dR,K̄/K′

and we sometimes identify Bi
dR,K̄/K′(j) = Bi

dR,K̄/K′ ⊗Qp Qp(j) with Bi+j
dR,K̄/K′ via this

bijection.
We denote Bi

dR,K̄/K simply by Bi
dR.

We give in 2.1.13 the proofs of the following 2.1.6 and 2.1.7.

2.1.6. We describe how BdR,K̄/Qp
looks like. B+

dR,K̄/Qp
is a complete discrete valuation

ring, and BdR,K̄/Qp
is the field of fractions of B+

dR,K̄/Qp
. The residue field of B+

dR,K̄/Qp
is

the completion Cp = Q⊗ lim
←−
n

OK̄/pn of K̄ (the canonical map B+
dR,K̄/Qp

−→ Cp is induced

by the canonical maps Bn,K̄/Qp
−→ OK̄/pnOK̄). Via the embedding Qp(1)

⊂
−→ B+

dR,K̄/Qp
,

any non-zero element t of Qp(1) becomes a prime element of B+
dR,K̄/Qp

. We have

Bi
dR,K̄/Qp

= tiB+
dR,K̄/Qp

for any i ∈ Z

(in particular B0
dR,K̄/Qp

= B+
dR,K̄/Qp

), and

Bi
dR,K̄/Qp

= J [i]
dR,K̄/Qp

for i ≥ 0.

2.1.7. We describe how BdR looks like. B+
dR is isomorphic to the ring of formal power

series over B+
dR,K̄/Qp

in e variables (recall that e is the integer such that [k : kp] = pe).

This isomorphism (not canonical) is given as follows: Let (bi)1≤i≤e be a lifting of a p-basis
of k to OK (this means simply that the images of bi in k (1 ≤ i ≤ e) generate k over kp),
and fix a pn-th root bi,n ∈ K̄ of bi for each 1 ≤ i ≤ e and n ≥ 0 satisfying (bi,n+1)p = bi,n

for any n and i. Take a lifting yi,n ∈ Bn,K̄/Qp
of bi,n mod pn ∈ OK̄/pnOK̄ and let

ci,n = (yi,n)pn
, ci = (ci,n)n ∈ lim

←−
n

Bn,K̄/Qp
= B∞,K̄/Qp

.

Then bi − ci ∈ J∞,K̄/K . We have

B+
dR,K̄/Qp

[[T1, ..., Te]]
∼=−→ B+

dR ; Ti )→ bi − ci.

From this, we see that B+
dR = B0

dR holds if and only if k is perfect. (If e ≥ 1, the image
of t−1T1 in BdR belongs to B0

dR but does not belong to B+
dR.)

2.1.8. Now we discuss the connection on BdR. Let

Ω̂q
OK

= lim
←−
n

Ωq
OK/Z/pnΩq

OK/Z, Ω̂q
K = Q⊗ Ω̂q

OK

for any q. Then, Ω̂1
OK

is a finitely generated OK-module, and the K-vector space Ω̂1
K has

the basis (dbi)1≤i≤e where bi (1 ≤ i ≤ e) are as in 2.1.7 ([Hy1] 4.2). We have

Ω̂q
OK

=
q

∧

OK

Ω̂1
OK

, Ω̂q
K =

q
∧

K

Ω̂1
K .

From the description of BdR given in 2.1.7, we see that there exists a unique map
d : BdR −→ Ω̂1

K ⊗K BdR satisfying the following conditions (i) – (iv).
8



(i) d(a + b) = da + db, d(ab) = da⊗ b + db⊗ a for any a, b ∈ BdR.
(ii) The restriction of d to K coincideds with K −→ Ω̂1

K ; a )→ da.
(iii) d is BdR,K̄/Qp

-linear.

(iv) d(J [q]
dR,K̄/K) ⊂ Ω̂1

K ⊗K J [q−1]
dR,K̄/K for any q ≥ 1.

2.1.9. The map d : BdR −→ Ω̂1
K ⊗K BdR in 2.1.8 is extended to the BdR,K̄/Qp

-linear

maps d : Ω̂q
K⊗K BdR −→ Ω̂q+1

K ⊗K BdR for q ≥ 0 by the rule d(x⊗y) = dx⊗y+(−1)qx∧dy.
The following 2.1.10 (1) is verified by using the description of BdR in 2.1.7, and 2.1.10

(2) follows from 2.1.10 (1).

Proposition (2.1.10). (1) For any i ∈ Z, we have an exact sequence

0 −→Bi
dR,K̄/Qp

−→Bi
dR

d
−→ Ω̂1

K ⊗Bi−1
dR

d
−→ Ω̂2

K ⊗Bi−2
dR −→ · · · ·

In particular, Ker(d : BdR −→ Ω̂1
K ⊗K BdR) = BdR,K̄/Qp

.
(2) For any i ∈ Z, we have an exact sequence

0 −→Cp(i) −→gri(BdR) −→Ω̂1
K ⊗ gri−1(BdR) −→Ω̂2

K ⊗ gri−2(BdR) −→ · · · ·

(gri denotes fili/fili+1).

2.1.11. Finally we discuss canonical isomorphisms

Jn,K̄/K′/J [2]
n,K̄/K′

∼= pn(lim
−→
L

Ω̂1
OL/OK′

) (1)

J∞,K̄/K′/J [2]
∞,K̄/K′

∼= Tp(lim−→
L

Ω̂1
OL/OK′

), (2)

where L ranges over all finite extensions of K in K̄, pn( ) denotes the kernel of pn, and
Tp( ) = lim

←−
n

Ker(pn).

We define the isomorphism (1). Let L be a finite extension of K in K̄, and let A be a
polynomial ring over OK′ in finitely or infinitely many variables endowed with a surjective
OK′-homomorphism ν : A −→ OL, and let I be the kernel of ν. Then

H0
crys((Spec(OL/pnOL)/Spec(OK′/pnOK′))crys, Jcrys/J

[2]
crys)

∼= Ker(d : (I/I2)/pn(I/I2) −→ (Ω1
A/OK′

/IΩ1
A/OK′

)/pn(Ω1
A/OK′

/IΩ1
A/OK′

)),
(3)

where Jcrys is the standard PD-ideal of Ocrys and J [2]
crys is the PD-square of Jcrys ([Ber]).

By the exact sequence

0 −→(I/I2)∧
d
−→ (Ω1

A/OK′
/IΩ1

A/OK′
)∧ −→ Ω̂1

OL/OK′
−→ 0

(( )∧ and (̂ ) denote p-adic completions lim
←−
n

( )/pn) and by the fact (Ω1
A/OK′

/IΩ1
A/OK′

)∧

is torsion free, we see that the latter group in (3) is isomorphic to pn(Ω̂1
OL/OK′

) via the

following map. For w ∈ pn(Ω̂1
OL/OK′

), take a lifting w̃ of w to (Ω1
A/OK′

/IΩ1
A/OK′

)∧, and

take an element f of (I/I2)∧ such that df ∈ (Ω1
A/OK′

/IΩ1
A/OK′

)∧ coincides with pnw̃. The
map is defined by w )→ f mod pn. The resulting isomorphism

H0
crys((Spec(OL/pnOL)/Spec(OK′/pnOK′))crys, Jcrys/J

[2]
crys) ∼= pn(Ω̂1

OL/OK′
) (4)
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is independent of the choices of A and ν. The isomorphism (1) is obtained as the inductive
limit of the isomorphisms (4) for varying L. The isomorphism (2) is obtained as the inverse
limit of (1).

The following lemma is proved easily.

Lemma (2.1.12). Let ζpn be a primitive pn-th root of 1, and let tn be the image of
ζpn under the canonical map (Z/pnZ)(1) −→ Jn,K̄/Qp

. Then the canonical isomorphism

pn(lim
−→
L

Ω̂1
OL

) ∼= Jn,K̄/Qp
/J [2]

n,K̄/Qp
sends d log(ζpn) to the class of tn.

2.1.13. Here we prove the statements in 2.1.6 – 2.1.7.
The properties of BdR,K̄/Qp

stated in 2.1.6 follow from the case where the residue field
is perfect considered in [Fo1][FM]. In fact, let (bi,n)1≤i≤e, n≥0 be as in 2.1.7, let K ′ =
⋃

i,n K(bi,n), let K ′′ be the completion of K ′, and let K̄ ′′ be the algebraic closure of K ′′

containing K̄. Then, K ′′ is a complete discrete valuation field with perfect residue field.
We show that BdR,K̄/Qp

coincides with BdR,K̄′′/Qp
. In fact, since K ′ is henselian, the

completion gives a bijection from the set of all finite extensions of K ′ in K̄ to the set
of all finite extensions of K ′′ in K̄ ′′. Hence OK̄/pn ∼=−→ OK̄′′/pn for all n ≥ 1, and hence
BdR,K̄/Qp

concides with BdR,K̄′′/Qp
.

Next we prove the properties of BdR stated in 2.1.7. By 2.1.11 and by [Fa1][Hy1], t and

bi − ci (1 ≤ i ≤ e) form a basis of the Cp-vector space Q ⊗ (J∞,K̄/K/J [2]
∞,K̄/K). By this,

the statements in 2.1.7 are deduced from the fact that the canonical surjection

Symi
Cp

(Q⊗ (J∞,K̄/K/J [2]
∞,K̄/K)) −→Q⊗ (J [i]

∞,K̄/K/J [i+1]
∞,K̄/K) (5)

is a bijection for all i ≥ 1, which we prove now. By Epp [Ep], there is a finite extension of
K having a prime element which belongs to a finite extension of Qp. Hence the injectivity
of (5) is reduced to the case K has a prime element which belongs to a finite extension
P ⊂ K of Qp. In this case, the injectivity of (5) follows from

(B∞,K̄/P /pn)⟨T1, . . . , Te⟩
∼=−→ B∞,K̄/K/pn ; Ti )→ bi − ci (6)

(⟨ ⟩ means the PD-polynomial ring). The isomorphism (6) follows from [Ka2] Lemma 1.8
and the fact Spec(B∞,K̄/K/pn) is the PD-envelope of Spec(OK̄/pn) in Spec(B∞,K̄/P /pn⊗OP /pn

OK/pn).

§2.2. Galois cohomology.

2.2.1. We review a result 2.2.6 on the Galois cohomology of the Gal(K̄/K)-module
Bi

dR/Bj
dR for i ≤ j ([Ta], [Fa1], [Fa2], [Hy1], [Hy2], [Ts]). The result is stated nicely when

we regard Bi
dR/Bj

dR as “ind-pro” objects as in 2.2.4, and so we first review the category
of pro-objects pro(C) and the category of ind-object ind(C) of a category C.

2.2.2. Let C be a category. Then pro(C) is the dual category of the category of covariant
functors (resp. ind(C) is the category of contravariant functors) F : C −→ (Sets) satisfying
the following condition: There exists a projective (resp. inductive) system (Xλ)λ∈Λ in C
with a directed ordered set Λ such that

F (T ) = lim
−→
λ

MorC(Xλ, T ) (resp. lim
−→
λ

MorC(T, Xλ))
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as a functor in T . The object of pro(C) (resp. ind(C)) corresponding to (Xλ)λ as above
is denoted by “ lim

←−
λ

”Xλ (resp. “ lim
−→
λ

”Xλ). The category C is naturally regarded as a full

subcategory of pro(C) (resp. ind(C)).
Any functor F : C −→ C′ of categories defines the functor pro(C) −→ pro(C′) (resp.

ind(C) −→ ind(C′)) which sends “ lim
←−
λ

”Xλ to “ lim
←−
λ

”F (Xλ) (resp. “ lim
−→
λ

”Xλ to “ lim
−→
λ

”F (Xλ)).

If C is an abelian category, then pro(C) and ind(C) are also abelian categories.

2.2.3. Let (Abp) be the category of abelian groups A satisfying the following condition
(i).

(i) A is killed by some power of p.
For a finitely generated OK-module M , we denote by [M ] the object “ lim

←−
n

”M/pnM of

pro(Abp). For a K-vector space N , we denote by [N ] the object “ lim
−→
M

”[M ] of ind(pro(Abp))

where M ranges over all finitely generated OK-submodules of N .

2.2.4. let (GalK,p) be the category of Gal(K̄/K)-modules A satisfying the above con-
dition (i) and the following condition (ii).

(ii) For any x ∈ A, the stabilizer of x in Gal(K̄/K) is open in Gal(K̄/K).
For a finitely generated Zp-module T endowed with a continuous action of Gal(K̄/K),

we denote by [T ] the object “ lim
←−
n

”T/pnT of pro(GalK,p). For a finite dimensional Qp vec-

tor space V endowed with a continuous action of Gal(K̄/K), we denote by [V ] the object
“ lim
−→
T

”[T ] of ind(pro(GalK,p)) where T ranges over all finitely generated Zp-submodules of

V which are stable under the action of Gal(K̄/K).
Next, let M be a finitely generated B∞,K̄/Qp

-module endowed with an action of Gal(K̄/K)
satisfying the following conditions (a) (b) (c).

(a) M is killed by J [q]
∞,K̄/Qp

for some q ≥ 0. (Then it can be shown that M
∼=−→

lim
←−
n

M/pnM .)

(b) σ(ax) = σ(a)σ(x) for any σ ∈ Gal(K̄/K), a ∈ B∞,K̄/Qp
, x ∈M .

(c) The action of Gal(K̄/K) is continuous with respect to the p-adic topology on M .
Then we denote by [M ] the object “ lim

←−
n

”M/pnM of pro(GalK,p).

Finally, let N be a B+
dR,K̄/Qp

-module endowed with an action of Gal(K̄/K) satisfying

the following condition (*).
(*) N is the union of all finitely generated B∞,K̄/Qp

-submodules M of N which are
stable under the action of Gal(K̄/K) and which satisfy the above conditions (a) (b) (c).

Then we denote by [N ] the object “ lim
−→
M

”[M ] of ind(pro(GalK,p)).

For example, for i ≤ j, Bi
dR,K̄/K′/B

j
dR,K̄/K′ satisfies the condition (*).

2.2.5. We regard an object of (GalK,p) as a sheaf on Spec(K)et in the natural way. For
an etale scheme Y over K, the etale cohomology functor Hq(Y, ) (which we denote by
Hq(L, ) if Y = Spec(L) for a finite extension L of K) induces

(GalK,p) −→ (Abp)
11



and hence

pro(GalK,p) −→ pro(Abp), ind(pro(GalK,p)) −→ ind(pro(Abp))

which we also denote by Hq(Y, ) (or by Hq(L, )).

Proposition (2.2.6). Let i, j ∈ Z, i ≤ j. Then

Hq(K, [Bi
dR/Bj

dR]) =

⎧

⎨

⎩

[K] if q = 0 or 1 and i ≤ 0, j ≥ 1,

0 otherwise.

Here, the meanings of [ ] are as in 2.2.3 and 2.2.4. For i ≤ 0 and j ≥ 1, the iso-
morphism [K] ∼= H0(K, [Bi

dR/Bj
dR]) is given by the inclusion map K −→ Bi

dR/Bj
dR, and

[K] ∼= H1(K, [Bi
dR/Bj

dR]) is given by the cup product of the isomorphism for H0 and
the following element log(χcyclo) of lim

←−
n

H1(K, Z/pnZ) ∼= Homcont(Gal(K̄/K), Zp). Let

χcyclo : Gal(K̄/K) −→ Z×p be the action of Gal(K̄/K) on Zp(1). Then log(χcyclo) is
defined to be the composite

Gal(K̄/K) −−−→
χcyclo

Z×p −→
log

Zp.

The proof of 2.2.6 is reduced to the case j = i + 1, and in this case, 2.2.6 is proved in
[Hy2] (in [Hy2], gri(BdR) is denoted by S∞(i)).

§2.3 De Rham representations.

2.3.1. Let V be a finite dimensional Qp-vector space endowed with a continuous action
of Gal(K̄/K). Let

DdR(V ) = H0(Gal(K̄/K), BdR ⊗Qp V ),

where σ ∈ Gal(K̄/K) acts on the tensor product by σ ⊗ σ. Then DdR(V ) is a K-vector
space endowed with a filtration (Di

dR(V ))i∈Z defined by

Di
dR(V ) = H0(Gal(K̄/K), Bi

dR ⊗Qp V ),

and with a connection
∇ : DdR(V ) −→ Ω̂1

K ⊗K DdR(V )

induced by d : BdR −→ Ω̂1
K ⊗K BdR and by the identity map of V .

2.3.2. We have always

dimK(DdR(V )) ≤ dimQp(V ) (1)

([Fo1], [Hy2]). As in [Fo1] and [Ts], we say V is a de Rham representation of Gal(K̄/K)
if the equality holds in (1). It can be shown that V is a de Rham representation if and
only if we have an isomorphism of BdR-modules

BdR ⊗K DdR(V )
∼=−→ BdR ⊗Qp V. (2)

It can be shown that if V is a de Rham representation, the map (2) is an isomorphism of
filtrations, that is, the image of

∑

i+j=n Bi
dR ⊗K Dj

dR(V ) under (2) is Bn
dR ⊗Qp V for any

n ∈ Z.
It can be shown that (a) de Rham representations are stable under (finite) direct sums

and tensor products, (b) any subrepresentations and quotient representations of a de
Rham representation are de Rham representations, (c) for de Rham representations, the
functor DdR preserve direct sums, tensor products, and exact sequences.
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These facts are proved in the same way as the perfect residue field case considered in
[Fo1].

Proposition (2.3.3). Let V be a de Rham representation of Gal(K̄/K). Let i, j ∈ Z
and i ≤ j. Then :

(1) Hq(K, [(Bi
dR/Bj

dR)⊗Qp V ]) = 0 for q ≥ 2, and

[Di
dR(V )/Dj

dR(V )] ∼= H0(K, [(Bi
dR/Bj

dR)⊗Qp V ])

∼= H1(K, [(Bi
dR/Bj

dR)⊗Qp V ])

where the last isomophism is defined by the cup product with log(χcyclo).

(2) He+1(K, [(Bi
dR,K̄/Qp

/Bj
dR,K̄/Qp

)⊗Qp V ]) ∼=

Coker(∇ : [Ω̂e−1
K ⊗K Di+1−e

dR (V )/Dj+1−e
dR (V )] −→ [Ω̂e

K ⊗K Di−e
dR (V )/Dj−e

dR (V )]).

(Recall that e is the integer such that [k : kp] = pe.)

Proof. (1) We are reduced to the case j = i + 1. In this case,

[(griBdR)⊗Qp V ] ∼=
⊕

m

[(grmBdR)⊗K gri−mDdR(V )]

in ind(pro(GalK,p)), and hence we are reduced to 2.2.6.
(2) By 2.1.10, we have an exact sequence in ind(pro(GalK,p))

0 −→ [(Bi
dR,K̄/Qp

/Bj
dR,K̄/Qp

)⊗Qp V ] −→ [(Bi
dR/Bj

dR)⊗Qp V ]

d
−→ [Ω̂1

K ⊗K (Bi−1
dR /Bj−1

dR )⊗Qp V ]
d
−→ · · · · ·

This gives a spectral sequence

Em,n
1 = Hn(K, [Ω̂m

K ⊗K Bi−m
dR /Bj−m

dR ⊗Qp V ])

=⇒ Hm+n(K, [Bi
dR,K̄/Qp

/Bj
dR,K̄/Qp

⊗Qp V ]).

By (1), the complex E·,n
1 is zero if n ≥ 2, and is isomorphic to the complex

Di
dR(V )/Dj

dR(V )
d
−→ Ω̂1

K ⊗K Di−1
dR (V )/Dj−1

dR (V )
d
−→ · · · · ·

if n = 0, 1. Hence

He+1(K, [Bi
dR,K̄/Qp

/Bj
dR,K̄/Qp

⊗Qp V ]) ∼= Coker(Ee−1,1
1 −→ Ee,1

1 )

and the last group is described as in 2.3.3 (2).

Lemma (2.3.4). Let V be a de Rham representation of Gal(K̄/K). Then, Cp⊗Qp V has

a decreasing filtration (fili)i∈Z by Cp[Gal(K̄/K)]-submodules such that

fili/fili+1 ∼= Cp(i)⊗K gr−iDdR(V ).

Proof. By taking ⊗QpV of the exact sequence

0 −→Cp −→gr0(BdR)
d
−→ Ω̂1

K ⊗K gr−1(BdR)
d
−→ Ω̂2

K ⊗K gr−2(BdR) −→ · · · ·
13



(2.1.10), we obtain a resolution of Cp ⊗Qp V by the complex

C = (Ω̂q
K ⊗K gr−q(BdR)⊗Qp V )q∈Z

= (Ω̂q
K ⊗K gr−q(BdR ⊗K DdR(V )))q∈Z

= (
⊕

i∈Z

Ω̂q
K ⊗K gr−q+i(BdR)⊗K gr−iDdR(V ))q∈Z.

Let F iC be the subcomplex of C whose degree q part is
⊕

j≥i

Ω̂q
K ⊗K gr−q+j(BdR) ⊗K

gr−jDdR(V ). Since the complex (Ω̂q
K ⊗K gr−q+j(BdR))q∈Z is a resolution of Cp(j) for any

j ∈ Z, F iC/F i+1C is a resolution of Cp(i)⊗K gr−iDdR(V ). This proves 2.3.4.

§2.4. p-divisible groups.

2.4.1. Let G be a p-divisible group ([Ta]) over OK . Let TpG be the Tate module
lim
←−
n

pnG(K̄) of G, and let VpG = Q ⊗ TpG. Then VpG is a de Rham representation of

Gal(K̄/K). The proof of this fact is given in [Fo1] in the perfect residue field case. The
general case is proved as follows.

We use the theory of Dieudonné modules ([BBM]). For n ≥ 1, for a scheme S over
OK/pn, and for an object S̃ of the crystalline site (S/Spec(OK/pn))crys, we have a locally
free OS̃-module D(G)S,S̃ on S̃ of height(G), called the (covariant) Dieudonné module of

G. In the case S̃ is an affine scheme Spec(R), we will identify the sheaf D(G)S,S̃ with the
corresponding R-module. Let

D(G) = lim
←−
n

D(G)Spec(OK/pn),Spec(OK/pn)

which is a free OK-module of rank height(G).
Now we prove that VpG is a de Rham representation. An element ξ of TpG defines a

homomorphism of p-divisible groups

Qp/Zp ×Spec(OK) Spec(OK̄)
ξ
−→G×Spec(OK) Spec(OK̄)

over OK̄ , and hence a homomorphism of Bn,K̄/K-modules

Bn,K̄/K = D(Qp/Zp)Spec(OK̄/pn),Spec(Bn,K̄/K)

ξ
−→D(G)Spec(OK̄/pn),Spec(Bn,K̄/K) = Bn,K̄/K ⊗OK D(G).

If G∗ denotes the dual p-divisible group of G, an element η of Hom(Tp, Zp(1)) = Tp(G∗)
defines a homomorphism of p-divisible groups

Qp/Zp ×Spec(OK) Spec(OK̄) −→G∗ ×Spec(OK) Spec(OK̄),

and hence
G×Spec(OK) Spec(OK̄) −→(Qp/Zp)(1)×Spec(OK) Spec(OK̄),

Bn,K̄/K ⊗OK D(G) = D(G)Spec(OK̄/pn),Spec(Bn,K̄/K)

η
−→D((Qp/Zp)(1))Spec(OK̄/pn),Spec(Bn,K̄/K) = Bn,K̄/K .

The composite

Bn,K̄/K
ξ
−→Bn,K̄/K ⊗OK D(G)

η
−→Bn,K̄/K
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coincides with the image of η(ξ) ∈ Zp(1) under Zp(1) −→Bn,K̄/K . Thus, we have

B∞,K̄/K ⊗ TpG −→B∞,K̄/K ⊗OK D(G)

B∞,K̄/K ⊗ Hom(TpG, Zp(1)) −→B∞,K̄/K ⊗OK HomOK (D(G), OK)

and the composite of the first map and the dual of the second map

B∞,K̄/K ⊗ TpG −→B∞,K̄/K ⊗OK D(G) −→B∞,K̄/K(−1)⊗ TpG

coincides with the map induced by the inclusion map

B∞,K̄/K −→B∞,K̄/K(−1) = t−1B∞,K̄/K .

Since rankZp(TpG) = rankOK (D(G)), this proves

BdR ⊗ VpG ∼= BdR ⊗OK D(G),

and hence
DdR(VpG) = K ⊗OK D(G).

Hence VpG is a de Rham representation.
By D(G) ⊂ B∞,K̄/K(−1)⊗ TpG and by duality, we have

D−1
dR(VpG) = DdR(VpG), D1

dR(VpG) = 0. (1)

We have a canonical isomorphism

gr−1DdR(VpG) ∼= Q⊗ Lie(G) (2)

where Lie(G) is the tangent space of G at the origin.
The isomorphism (2) is defined as follows. (Cf. [Fo2].) Let

coLie(G) = HomOK (Lie(G), OK)

(then Lie(G) and coLie(G) are free OK-modules of rank dim(G)). There exists a canonical
pairing of OK-modules

TpG⊗Zp coLie(G) −→ J [1]
∞,K̄/K/J [2]

∞,K̄/K (3)

described in 2.4.3, 2.4.4 below. This map induces

TpG⊗Zp coLie(G) −→ B1
dR/B2

dR, i.e., TpG −→ B1
dR/B2

dR ⊗OK Lie(G)

and hence a B0
dR/B1

dR-homomorphism

B−1
dR/B0

dR ⊗Zp TpG −→ B0
dR/B1

dR ⊗OK Lie(G),

whose H0(Gal(K̄/K), ) induces the isomorphism (2).

2.4.2. We fix some notations concerning p-divisible groups. Let

O(G) = lim
←−
n

O(pnG),

where O(pnG) is the affine ring of the scheme pnG, and where the transition maps are the

pull backs by the inclusion maps pnG
⊂
−→ pn+1G. Let

Ωq(G/OK) = lim
←−
n

Ωq
O(G)/OK

/pnΩq
O(G)/OK

.

Then, coLie(G) is identified with the OK-submodule of Ω1(G/OK) consisting of invariant
differential forms,

O(G)⊗OK coLie(G)
∼=−→ Ω1(G/OK),
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and Ωq(G/OK) coincides with the q-th exterior power of Ω1(G/OK) as an O(G)-module.

2.4.3. The pairing 2.4.1 (3) is defined as follows. For α ∈ pnG(OK̄), the pull back by α

coLie(G) ⊂ Ω1(G/OK) −→ Ω1
OK̄/OK

; ω )→ ω(α)

satisfies pnω(α) = ω(pnα) = 0 for ω ∈ coLie(G), and hence induces

coLie(G) −→ pn(Ω1
OK̄/OK

) ∼= Jn,K̄/K/J [2]
n,K̄/K

(2.1.11). By taking lim
←−
n

, we obtain the pairing 2.4.1 (3).

2.4.4. The pairing 2.4.1 (3) is described also in the following way. Let Lm,n be the
ring over O(G)/pnO(G) such that Spec(Lm,n) is the PD-envelope of Spec(O(pmG)/pn) in
Spec(O(G)/pn). Let Lm = lim

←−
n

Lm,n. Then, for ω ∈ coLie(G), we have a unique element

lω ∈ L0 of G such that dlω = ω in L0 ⊗O(G) Ω1(G/OK). (This lω is the logarithm of G
corresponding to ω.) The pull back [pn]∗lω ∈ Ln satisfies d([pn]∗lω) ≡ 0 mod pn in Ln⊗O(G)

Ω1(G/OK), and hence defines an element of H0(Spec(O(pnG)/pn)/Spec(OK/pn)crys, Jcrys).
The pull backs of this element by elements of pnG(OK̄) give elements of Jn,K̄/K . Thus we
have a pairing

pnG(OK̄)⊗ coLie(G) −→ Jn,K̄/K

and 2.4.1 (3) is induced from this.

3. p-divisible groups and norm compatible systems in K-groups

In this §3, we give a remark on norm compatible systems in higher K-groups related
to p-divisible groups.

This §3 is theoretically independent from §1 and §2.

§3.1. Level structures.

3.1.1. Let the situation be as follows: Let S be scheme, p a prime number which is
invertible on S, and let Γ be a p-divisible group over S. Let Λ be ring over Zp which
is free of finite rank as a Zp-module and assume we are given a ring homomorphism
Λ −→ End(Γ) over Zp. Let h ≥ 0 be an integer and assume that the fiber of Γ at any
geometric point of S is isomorphic to Λ⊗Zp (Qp/Zp)⊕h as a Λ-module.

3.1.2. For n ≥ 0, we denote by

YΛ(Γ/S, pn) or simply by Yn

the S-scheme which represents the functor

T )→ (the set of Λ-isomorphisms (Λ/pn)⊕h
T

∼=−→ (pnΓ)×S T

of group schemes over T ).

(Here (Λ/pn)T denotes the constant group scheme over T with value Λ/pn.)
This scheme Yn is finite etale over S.
Let

ei,n : Yn −→ pnΓ (1 ≤ i ≤ h)

be the morphisms which form the canonical Λ/pn-basis of pnΓ ×S Yn. Then we have a
closed and open immersion

(e1,n, . . . , eh,n) : Yn
⊂
−→ (pnΓ)⊕h.
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The action of GLh(Λ/pn) on (pnΓ)⊕h defined by
⎛

⎜

⎜

⎜

⎝

x1

·
·

xh

⎞

⎟

⎟

⎟

⎠

)→ σ ·

⎛

⎜

⎜

⎜

⎝

x1

·
·

xh

⎞

⎟

⎟

⎟

⎠

(σ ∈ GLh(Λ/pn))

(x1, . . . , xn are rational points of pnΓ) preserves the subscheme Yn of pnΓ, and Yn is a
principal GLh(Λ/pn)-homogeneous space over S for this action.

For n ≥ 0, we have a canonical morphism Yn+1 −→ Yn.

Example (3.1.3). Let K be a finite unramified extension of Qp, let Γ be the p-divisible
group (Qp/Zp)(1) over S = Spec(K), and let Λ = Zp. Then the condition in 3.1.1 is
satisfied with h = 1. We have

Yn = Spec(Kn) with Kn as in §1.1.

Example (3.1.4). For N ≥ 3, let Y (N) be the scheme over Z[1/N ] (called the modular
curve of level N) which represents the functor

T )→ (the set of isomorphism classes of pairs (E, ι)

where E is an elliptic curve over T and ι is an

isomorphism (Z/NZ)⊕2
T

∼=−→ NE of group schemes over T )

([DR]). Let p be a prime number which does not divide N , let S = Y (N) ⊗ Z[1/p], let
Γ be the p-divisible group over S associated to the universal elliptic curve over S, and let
Λ = Zp. Then the condition in 3.1.1 is satisfied with h = 2. We have

Yn = Y (Npn) for n ≥ 1

in this case.

§3.2. Norm compatible systems in K-groups.

3.2.1. For a scheme X, let Kn(X) (n ≥ 0) be Quillen’s K-group [Qu]. Then, O(X)×

is embedded in K1(X). Since
⊕

n≥0 Kn(X) has a structure of a graded ring, we have the
symbol map

O(X)× ⊗ · · ·⊗O(X)×−→ K1(X)⊗ · · ·⊗K1(X) −→ Kn(X)

(n times) (n times)

which we denote by a1 ⊗ · · ·⊗ an )→ {a1, . . . , an}.
A morphism of schemes X −→ Y induces a homomorphism of graded rings

⊕

n≥0 Kn(Y )
−→

⊕

n≥0 Kn(X). If X −→ Y is a finite locally free morphism, we have the norm map
⊕

n≥0 Kn(X) −→
⊕

n≥0 Kn(Y ) which is a homomorphism of graded
⊕

n≥0 Kn(Y )-modules
and which coincides on O(X)× ⊂ K1(X) with the usual norm map O(X)× −→ O(Y )×.

3.2.2. We review Milnor’s K-groups. For a field F , let KM
n (F ) (n ≥ 0) be Milnor’s

K-groups of F [Mi]. They are defined by : KM
0 (F ) = Z, KM

1 (F ) = F×, and

KM
n (F ) = (F× ⊗ · · ·⊗ F×)/N for n ≥ 2

(n times)

where N is the subgroup of the tensor product generated by elements of the form a1⊗ · ·
·⊗ an satisfying ai + aj = 1 for some i ̸= j.
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For a1, . . . , an ∈ F×, the element a1 ⊗ · · · ⊗ an mod N of KM
n (F ) is denoted

by {a1, . . . , an}. There exists a canonical homomorphism from KM
n (F ) to Quillen’s

K-group Kn(F ) = Kn(Spec(F )) which sends {a1, . . . , an} in KM
n (F ) to {a1, . . . , an}

in Kn(F ) for a1, . . . , an ∈ F×. This homomorphism is bijective when n ≤ 2.
If F −→ F ′ is a homomorphism of fields, we have a homomorphism of graded rings

⊕

n≥0 KM
n (F ) −→

⊕

n≥0 KM
n (F ′) which sends {a1, . . . , an} in KM

n (F ) to {a1, . . . , an}
in KM

n (F ′) for a1, . . . , an ∈ F×. If F ′ is a finite extension of F , there exists a norm
map

⊕

n≥0 KM
n (F ′) −→

⊕

n≥0 KM
n (F ) which is a homomorphism of graded

⊕

n≥0 KM
n (F )-

modules and which coincides on KM
1 (F ′) with the usual norm map (F ′)× −→ F× ([Ka1]

§1.7).
If X is a scheme which is a finite disjoint union of Spec(Fi) for fields Fi, we define

KM
n (X) =

⊕

n≥0 KM
n (Fi). For a finite morphism X −→ Y between schemes of this type,

we define the norm map KM
n (X) −→ KM

n (Y ) as the direct sum of the norm maps of
Milnor’s K-groups of fields.

3.2.3. For a p-divisible group Γ over a scheme S, let O(Γ) = lim
←−
n

O(pnΓ). Let Np :

O(Γ)× −→ O(Γ)× be the norm map corresponding to the multiplication by p on Γ (cf.
1.2.2).

Proposition (3.2.4). Let S, p, Γ, Λ, h be as in 3.1.1, and let θi,n ∈ O(Γ)× (1 ≤ i ≤
h, n ≥ 1) be elements such that

Np(θi,n+1) = θi,n for any 1 ≤ i ≤ h and n ≥ 1.

Then, the elements

{θ1,n(e1,n), . . . , θh,n(eh,n)} ∈ Kh(Yn)

for n ≥ 1 form an element of lim
←−
n

Kh(Yn), where the inverse system is defined with respect

to the norm maps. If S is the Spec of a field, the elements {θ1,n(e1,n), . . . , θh,n(eh,n)} ∈
KM

h (Yn) for n ≥ 1 form an element of lim
←−
n

KM
h (Yn).

Proof. We consider the case of Quillen’s K-group (the proof for Milnor’s K-group is the
same, and is omitted). We prove that if n ≥ 1, the norm map Kh(Yn+1) −→ Kh(Yn) sends
{θ1,n+1(e1,n+1), . . . , θh,n+1(eh,n+1)} to {θ1,n(e1,n), . . . , θh,n(eh,n)}. For 1 ≤ i ≤ h, let
Hi be the subgroup of Ker(GLh(Λ/pn+1) −→ GLh(Λ/pn)) consisting of elements whose
actions on Yn+1 fix ej,n+1 for j > i. Then

{1} = H0 ⊂ H1 ⊂ · · · ⊂ Hh = Ker(GLh(Λ/pn+1) −→ GLh(Λ/pn)).

For 1 ≤ i ≤ h, let Yi,n be the quotient Hi\Yn+1. We have finite etale morphisms Yn+1 =
Y0,n −→ Y1,n −→ · · · −→ Yh,n = Yn, and the norm map Kh(Yn+1) −→ Kh(Yn) is
the composition of norm maps associated to these morphisms. We prove by induction
on i, that the image of {θ1,n+1(e1,n+1), . . . , θh,n+1(eh,n+1)} in Kh(Yi,n) is equal to
{θ1,n(e1,n), . . . , θi,n(ei,n), θi+1,n+1(ei+1,n+1), . . . , θh,n+1(eh,n+1)}. (The case i =
h proves the proposition.) The norm map

⊕

m≥0 Km(Yi−1,n) −→
⊕

m≥0 Km(Yi,n) is a
homomorphism of graded

⊕

m≥0 Km(Yi,n)-modules. Since θj,n+1(ej,n+1) for j > i as well
as θj,n(ej,n) for all j are fixed by Hi and belong to O(Yi,n)×, we are reduced by induction on
i to showing that the norm map O(Yi−1,n)× −→ O(Yi,n)× sends θi,n+1(ei,n+1) to θi,n(ei,n).
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But the last thing follows from the fact that the commutative diagram

Yi−1,n
ei,n+1
−−−→ pn+1Γ

⏐

⏐

⏐

2

⏐

⏐

⏐

2

p

Yi,n
ei,n
−−−→ pnΓ

is cartesian for n ≥ 1.

4. Generalized explicit reciprocity law

We state our generalized explicit reciprocity law in §4.3.

§4.1. The situation.

4.1.1. In our generalized explicit reciprocity law, we consider a triple (K, G, Λ) such
that;

—K is a complete discrete valuation field with residue field k such that char(K) = 0,
char(k) = p > 0, and [k : kp] <∞,

—G is a p-divisible group over OK ,
—Λ is an integral domain over Zp which is free of finite rank as a Zp-module, endowed

with an injective homomorphism Λ −→ End(G).
We assume that the triple (K, G, Λ) satisfies the following conditions (i) – (iii).
(i) dim(G) = 1.
(ii) The Tate module TpG of G is a free Λ-module.
We denote rankΛ(TpG) by h.
We denote the field of fractions of Λ by F . The condition (ii) is automatically satisfied

if Λ = OF , since a finitely generated torsion free module over a discrete valiation ring is
free.

Via Λ
⊂
−→ End(G)

⊂
−→ EndOK (Lie(G)), Λ is regarded as a subring of OK and hence F is

regarded as a subfield of K.
For an F ⊗Qp F -module M , we denote

M♯ = M ⊗(F⊗QpF ) F

where F ⊗Qp F −→ F is the map a ⊗ b )→ ab. (If F = Qp, ( )♯ is just the identity
functor.) Note that Di

dR(VpG) (i ∈ Z) are naturally regarded as a K ⊗Qp F -module, and
hence as an F ⊗Qp F -module. We have

(DdR(VpG)/D0
dR(VpG))♯ = DdR(VpG)/D0

dR(VpG) = Q⊗ Lie(G).

The condition (iii) is as follows.
(iii) The K-linear map

D0
dR(VpG)♯ −→ Ω̂1

K ⊗K (DdR(VpG)/D0
dR(VpG))

induced by ∇ : DdR(VpG) −→ Ω̂1
K ⊗K DdR(VpG) (2.3.1) is bijective.

Remark (4.1.2). The isomorphism

BdR ⊗K DdR(VpG)
∼=−→ BdR ⊗Qp VpG

induces

BdR ⊗K DdR(VpG)♯
∼=−→ BdR ⊗F VpG
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on the quotients. Hence dimK(DdR(VpG)♯) = h, dimK(D0
dR(VpG)♯) = h − 1, and the

condition (iii) shows
[k : kp] = ph−1.

Example (4.1.3). Let F be a finite extension of Qp and let G′ be a p-divisible group
over OF such that dim(G′) = 1 and such that the canonical homomorphism End(G′) −→
EndOF (Lie(G′)) = OF is an isomophism. Such G′ is called a Lubin-Tate group ([LT]).
Let K be a finite extension of F , let G be the p-divisible group over OK obtained from
G′ by the base extension OF −→ OK. Let Λ = OF = End(G′) and let Λ −→ End(G) be
the canonical map. Then, the conditions (i) (ii) (iii) are satisfied. ((iii) is satisfied since

D0
dR(VpG)♯ = 0 and Ω̂1

K = 0.) In this case, h = 1.

Example (4.1.4). (In the paper [Ka5] in Introduction, we apply our generalized explicit
reciprocity law to this example.) Let N ≥ 3, (N, p) = 1, and let Y (N) the modular
curve over Z[1/N ] of level N in 3.1.4. We define K, G, Λ as follows. Let p be any point

of Y (N) of codimension one lying over p, let ÔY (N),p be the completion of the discrete

valuation ring OY (N),p, and let K be the field of fractions of ÔY (N),p. Finally, let G′ be
the p-divisible group over Y (N) associated to the universal elliptic curve over Y (N) and
let G be the pull back of G′ over OK. Let Λ = Zp. Then the conditions (i) (ii) (iii) are
satisfied with h = 2.

§4.2. The homomorphism λs
m.

Let (K, Λ, G) be a triple satisfying the conditions (i) – (iii) in 4.1.1.

4.2.1. In our generalized explicit reciprocity law, we replace lim
←−
n

(Kn)× in §1 by the

inverse limit lim
←−
n

KM
h (Yn) with respect to norm maps where

Yn = YΛ(Γ/Spec(K), pn) (3.1.2) with Γ = G⊗OK K.

We generalize the homomorphism λm in §1.1 to certain homomorphisms

λs
m : lim

←−
n

KM
h (Yn) −→ O(Ym)⊗OK coLie(G)⊗(h+r)

where s = (s(i))1≤i≤h ∈ Nh, m ≥ 0, r =
∑h

i=1 s(i), and coLie(G)⊗m for m ∈ Z means the
m-th tensor power of the invertible OK-module coLie(G). These maps λs

m are defined by
using BdR and Galois cohomology theory. Our generalized explicit reciprocity law is a
statement concerning the explicit description of λs

m in terms of differential forms.
In the situation considered in §1 (G was the (Qp/Zp)(1) over OK , Λ = Zp and h = 1),

the map λm in §1 coincides with the map λ0
m here.

4.2.2. The definition of λs
m is as follows. It is the composition

lim
←−
n

KM
h (Yn)

−→ lim
←−
n

Hh(Ym, (Z/pnZ)(h)⊗ Symr
Λ{(TpG)∗}⊗Λ detΛ{(TpG)∗})

−→ O(Ym)⊗OK coLie(G)⊗(h+r).

(1)

Here Symr
Λ is the r-th symmetric power over Λ, (TpG)∗ = HomΛ(TpG, Λ), and the first

(resp. second) arrow is as in 4.2.3 (resp. 4.2.4).
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4.2.3. For a field L and an integer d which is invertible in L, the Galois symbol map

hq
d : KM

q (L) −→ Hq(L, (Z/dZ)(q)) (q ≥ 0)

is defined by
{a1, . . . , aq} )→ h1

d(a1) ∪ · · · ∪ h1
d(aq)

(∪ is the cup product) where h1
d : KM

1 (L) = L× = H0(L, Gm) −→ H1(L, (Z/dZ)(1)) is
the connecting map of the Kummer sequence

0 −→(Z/dZ)(1) −→Gm
d
−→Gm −→0.

For a scheme X which is a finite disjoint sum of Spec of fields, and for an integer d
which is invertible on X, the Galois symbol map

hq
d : KM

q (X) −→ Hq
et(X, (Z/dZ)(q))

is defined to be the direct sum of hq
d for the fields.

Now let n ≥ 0, let (ei,n)1≤i≤h be the canonical Λ/pn-basis of the sheaf (TpG)/pn on
(Yn)et as in 3.1.2, and let (e∗i,n)1≤i≤h be the dual basis of (TpG)∗/pn. We have elements

h
∏

i=1

(e∗i,n)s(i) ∈ H0
et(Yn, Symr

Λ{(TpG)∗}/pn) (1)

e∗1,n ∧ · · · ∧ e∗h,n ∈ H0
et(Yn, detΛ{(TpG)∗}/pn) (2)

By composing the Galois symbol map and the cup product with the elements (1) and
(2), we obtain a map

KM
h (Yn) −→ Hh(Yn, (Z/pnZ)(h)⊗ Symr

Λ{(TpG)∗}⊗Λ detΛ{(TpG)∗}). (3)

By composing (3) with the trace map Hh
et(Yn, ) −→ Hh

et(Ym, ) for n ≥ m, and by taking
lim
←−
n

, we obtain the first arrow of 4.2.2 (1).

The above method to obtain an element in Galois cohomology from a norm compatible
system in K-groups is a modification of that in Soulé [So].

4.2.4. Let (VpG)∗ = HomF (VpG, F ). The second arrow of 4.2.2 (1) is induced by

Hh(Ym, [Zp(h)⊗ Symr
Λ{(TpG)∗}⊗Λ detΛ{(TpG)∗}])

−→ Hh(Ym, [(Bh
dR,K̄/Qp

/Bh+r+1
dR,K̄/Qp

)⊗F Symr
F{(VpG)∗}⊗F detF{(VpG)∗}])

∼= [O(Ym)⊗OK coLie(G)⊗(h+r)]

where the last isomorphism is given by 4.2.5 below.

Lemma (4.2.5). For any m ≥ 0 and j ≥ r + 1, we have a canonical isomorphism in
ind(pro(Abp))

Hh(Ym, [(Bh
dR,K̄/Qp

/Bh+j
dR,K̄/Qp

)⊗F Symr
F{(VpG)∗}⊗F detF{(VpG)∗}])

∼= [O(Ym)⊗OK coLie(G)⊗(h+r)].

In fact, we define in 4.2.7 (3) the morphism from [O(Ym)⊗OK coLie(G)⊗(h+r)] to Hh(Ym,
[(Bh

dR,K̄/Qp
/Bh+r+1

dR,K̄/Qp
)⊗F Symr

F{(VpG)∗}⊗F detF{(VpG)∗}]). We will prove in 4.4.5 that
this morphism is an isomorphism.

As a preliminary, we show first
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Lemma (4.2.6). We have a canonical isomorphism

coLie(G)⊗h ∼= Ω̂h−1
K ⊗K DdR(detF{(VpG)∗})♯.

Proof. Indeed, the exact sequence

0 −→ D0
dR(VpG)♯ −→ DdR(VpG)♯ −→ Q⊗ Lie(G) −→ 0

induces an isomorphism

detK(D0
dR(VpG)♯)⊗OK Lie(G) ∼= detK(DdR(VpG)♯)

which sends (x1 ∧ · · · ∧ xh−1) ⊗ y (x1, . . . , xh−1 ∈ D0
dR(VpG)♯, y ∈ Lie(G)) to

x1∧ · · · ∧xh−1∧ ỹ where ỹ denotes any element of DdR(VpG)♯ whose image in Q⊗Lie(G)
coincides with y. By the K-isomorphism

D0
dR(VpG)♯

∼=−→ Ω̂1
K ⊗OK Lie(G)

induced by ∇, we obtain

DdR(detF{(VpG)∗})♯
∼= detK(DdR(VpG)♯)
∼= detK(D0

dR(VpG)♯)⊗OK Lie(G)
∼= Ω̂h−1

K ⊗OK Lie(G)⊗h.

This induces the isomophism in 4.2.6.

4.2.7. Let U = Symr
F{(VpG)∗}⊗F detF{(VpG)∗}. For j ≥ 0, let

Υj = Hh(Ym, [(Bh
dR,K̄/Qp

/Bh+j
dR,K̄/Qp

)⊗F U ]).

Then by applying ( )♯ to the isomophism 2.3.3 (2), we see that Υj is isomophic to the
cokernel of

∇ : [O(Ym)⊗K Ω̂h−2
K ⊗K (D2

dR(U)/Dj+2
dR (U))♯]

−→ [O(Ym)⊗K Ω̂h−1
K ⊗K (D1

dR(U)/Dj+1
dR (U))♯].

By Q⊗ coLie(G)
∼=−→ D1

dR((VpG)∗) = D1
dR((VpG)∗)♯, we have a homomorphism

Q⊗ coLie(G)⊗r −→ Dr
dR(Symr

F{(VpG)∗})♯. (1)

On the other hand, we have

griDdR(detF{(VpG)∗})♯ = 0 unless i = 1. (2)

Indeed, by DdR(detF (VpG))♯
∼= detK(DdR(VpG)♯) and by the fact that gri(DdR(VpG)♯) has

K-dimension 1 if i = −1 and is 0 if i ̸= −1, 0, we have griDdR(detF (VpG))♯ = 0 unless
i = −1. This proves (2).

The first arrow of the following (3) is by 4.2.6, and the second arrow is induced by (1)
by virtue of (2).

[O(Ym)⊗OK coLie(G)⊗(h+r)]
∼=−→ [O(Ym)⊗K Ω̂h−1

K ⊗K DdR(detF{(VpG)∗})♯ ⊗OK coLie(G)⊗r]

−→ [O(Ym)⊗K Ω̂h−1
K ⊗K Dr+1

dR (U)♯]

−→ [O(Ym)⊗K Ω̂h−1
K ⊗K (D1

dR(U)/Dj+1
dR (U))♯] −→ Υj.

(3)
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§4.3. Statements of the main results.

Our generalized explicit reciprocity law is the following

Theorem (4.3.1). Let (K, G, Λ) be a triple satisfying the conditions (i) – (iii) in 4.1.1
and let h be as in 4.1.1. Let θi,n (1 ≤ i ≤ h, n ≥ 1) be elements of O(G)× satisfying

Np(θi,n+1) = θi,n for any 1 ≤ i ≤ h and any n ≥ 1.

Let
un = {θ1,n(e1,n), . . . , θh,n(eh,n)} ∈ KM

h (Yn),

u = (un)n≥1 ∈ lim
←−
n

KM
h (Yn) (3.2.4).

Then for s ∈ Nh and m ≥ 1, we have

λs
m(u) = (−1)h−1 · p−m(h+r) ·

1

r!
·

h
∏

i=1

{((
d

ω
)s(i)+1 log(θi,m))(ei,m)}⊗ ω⊗(h+r)

where r =
h

∑

i=1

s(i) and ω is any OK-basis of coLie(G).

Here (d/ω)m+1(log(f)) for f ∈ O(G)× and m ≥ 0 means (d/ω)m(df/fω) with (d/ω)m

the m-fold iteration of d/ω : O(G) −→ O(G) (defined by dh = (d/ω)(h) ·ω in Ω1(G/OK)
for h ∈ O(G))

Iterated derivatives followed by evaluations at division points as in 4.3.1 appeared in
Coates-Wiles [CW2] in the case h = 1.

4.3.2. We give a slightly generalized form 4.3.4 of 4.3.1. We give some preliminaries in
4.3.2, 4.3.3. In this 4.3.2, we define maps

∂s
m : Ωh(G⊕h/OK) −→ O(Ym)⊗OK coLie(G)⊗(h+r)

(s ∈ Nh, r =
∑h

i=1 s(i), m ≥ 0) by using differential forms. Our generalized explicit
reciprocity law 4.3.4 will relate λs

m and ∂s
m.

Take an OK-basis ω of coLie(G). For 1 ≤ i ≤ h, let ∂(i) : O(G⊕h) −→ O(G⊕h) be the
derivation defined by

df =
h

∑

i=1

∂(i)(f) · pr∗i (ω) in Ω1(G⊕h/OK)

where pr∗i is the pull back by the i-th projection pri : G⊕h −→ G. Then ∂(i)∂(j) = ∂(j)∂(i).
Let ∂s be the composition

∏h
i=1(∂(i))s(i). We define ∂s

m to be the composite

Ωh(G⊕h/OK)
∼=−→ O(G⊕h)

∂s

−→ O(G⊕h)

−→ O(Ym) −→ O(Ym)⊗OK coLie(G)⊗(h+r)

where the first arrow is the isomorphism

f · pr∗1(ω) ∧ · · · ∧ pr∗h(ω) )→ f,

the second arrow is ∂s, the third arrow is the pull back by the canonical morphism
Ym −→ pm(G⊕h) (3.1.2), and the last arrow is f )→ f ⊗ ω⊗(h+r). Then ∂s

m is independent
of the choice of ω as is easily seen.

4.3.3. We need a preliminary for trace maps. Let L be a complete discrete valuation
field of mixed characteristics (0, p), and let H be a p-divisible group over OL of dimension
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d. Let Trp : O(H) −→ O(H) be the trace map corresponding to the multiplication by p
on H. (In the pull back [p]∗ : O(H) −→ O(H), denote the former O(H) by A and the
latter O(H) by B. Then B is free and of finite rank as an A-module, and Trp is the trace
map B −→ A.) The following fact is known concerning Trp ([Ta] §2.2): We have

B
∼=−→ HomA(B, A) ; x )→ (y )→ p−dTrB/A(xy)).

(This in particular implies Trp(O(H)) = pdO(H).)
For 0 ≤ q ≤ d, let Trp : Ωq(H/OL) −→ Ωq(H/OL) be the unique additive map satisfying

Trp(fw) = p−qTrp(f) · w for f ∈ O(H) and w ∈
q

∧

OK

coLie(H).

It is a unique additive map which satisfies

Trp(f · [p]∗ω) = Trp(f) · ω for f ∈ O(H) and w ∈ Ωq(H/OL)

where [p]∗ is the pull back by the multiplication by p : H −→ H.

Theorem (4.3.4). Let (K, G, Λ) be a triple satisfying the conditions (i) – (iii) in 4.1.1
and let h be as in 4.1.1. Let lim

←−
Tr

Ωh(G⊕h/OK) be the inverse limit of the system whose

degree q part is Ωh(G⊕h/OK) for any q and whose transition map from the degree q + 1
part to the degree q part is Trp for any q. Let

u = (un)n≥1 ∈ lim
←−
n

KM
h (Yn), w = (wn)n≥1 ∈ lim

←−
Tr

Ωh(G⊕h/OK),

and assume that for any n ≥ 1, there exists an element of {O(G⊕h)×}⊗h (( )⊗h means
the h-th tensor power as a Z-module) whose image in KM

h (Yn) under the canonical map
{O(G⊕h)×}⊗h −→ {O(Yn)×}⊗h −→ KM

h (Yn) coincides with un and whose image in
Ωh(G⊕h/OK) under

{O(G⊕h)×}⊗h −→ Ωh(G⊕h/OK) ; a1 ⊗ · · · ⊗ ah )→ d log(a1) ∧ · · · ∧ d log(ah)

coincides with wn. Then for s ∈ Nh, and m ≥ 1, we have

λs
m(u) = (−1)h−1 · p−m(h+r) ·

1

r!
· ∂s

m(wm)

where r =
h

∑

i=1

s(i).

4.3.5. We see that 4.3.4 implies 4.3.1. Let θi,n and un be as in 4.3.1, and let wn =
d log(pr∗1(θ1,n))∧ · · · ∧d log(pr∗h(θh,n)). Then the assumption of 4.3.4 is satisfied (we can
take

pr∗1(θ1,n)⊗ · · · ⊗ pr∗h(θh,n)

as the element of {O(G⊕h)×}⊗h in 4.3.4).

Example (4.3.6). Let K be a finite unramified extension of Qp, let G be the (Qp/Zp)(1)
over OK and let Λ = Zp. In this case, λ0

m coincides with the map λm in §1.1, and Thm.
4.3.1 coincides with Thm. 1.1.5.

For the relationship between Thm 4.3.1 and the explicit reciprocity law of Lubin-Tate
groups ([Wi], [dS] Chapter I), see 6.1.10, 6.1.11.
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Example (4.3.7). The explicit reciprocity law 4.3.1 is applied in the paper [Ka5] in In-
troduction, in the following way. Let (K, G, Λ) be as in Example 4.1.4. Then as is
shown in [Ka5], if we take suitable functions θ1,n, θ2,n (n ≥ 0) on the universal elliptic
curve, {θ1,n(e1,n), θ2,n(e2,n)} ∈ K2(Yn) become the elements of Beilinson in K2 of modular
curves, and

((
d

ω
)s(1)+1(log(θ1,n)) ∧ (

d

ω
)s(2)+1(log(θ2,n))⊗ ω⊗(r+2)

become modular forms of weight r+2 found by Shimura [Sh] whose various period integrals
are related to L(f, r+1) for cusp forms f of weight r+2. This is the p-adic relationship of
the elements of Beilinson to values of zeta functions of cusp forms described in (0.4.3.b).

§4.4. Computation of some Galois cohomology.

Let (K, G, Λ) and F as in §4.1.
Let T = TpG, V = VpG, D = DdR(V )♯. Let T ∗ = HomΛ(T, Λ), V ∗ = HomF (V, F )

with the natural dual action of Gal(K̄/K). The aim of §4.4 is to prove the following 4.4.1
and complete the proof of 4.2.5 by using it. 4.4.1 will be useful in §5 in the proof of our
explicit reciprocity law.

Proposition (4.4.1). (1) Let r ≥ 0, i ≥ 0. Then for q ≥ 0, the object Hq(K, [Cp(−i)⊗F

Symr
F (V )]) of ind(pro(Abp)) is canonically isomorphic to [Q⊗ Lie(G)⊗r] if the condition

(∗) q is 0 or 1, and i = r
is satisfied, and is zero if (∗) is not satisfied.

(2) Let r ≥ 0, i ≥ 0. Then for q ≥ 0, the object Hq(K, [Cp(h− 1 + i)⊗F Symr
F (V ∗)])

of ind(pro(Abp)) is canonically isomorphic to [Ω̂h−1
K ⊗OK coLie(G)⊗r] if the condition

(∗∗) q is h or h− 1, and i = r
is satisfied, and is zero if (∗∗) is not satisfied.

(3) Let 0 ≤ i ≤ r. Then for q ≥ 0, the object Hq(K, [Cp ⊗F Symi
F (V ∗)⊗F Symr

F (V )])
of ind(pro(Abp)) is canonically isomorphic to [Q ⊗ Lie(G)⊗r] if the condition (∗) in (1)
is satisfied, and is zero if (∗) is not satisfied.

(4) Let 0 ≤ i ≤ r. Then for q ≥ 0, the object Hq(K, [Cp(h − 1) ⊗F Symi
F (V ) ⊗

Symr
F (V ∗)]) of ind(pro(Abp)) is canonically isomorphic to [Ω̂h−1

K ⊗OK coLie(G)⊗r] if the
condition (∗∗) in (2) is satisfied, and is zero if (∗∗) is not satisfied.

(5) Let i ≥ 0 (resp. 0 ≤ i ≤ r) and assume i ̸= r. Then there exists a non-zero integer
c such that the multiplication by c kills

Hq(K, (OK̄/pn)(−i)⊗Λ Symr
Λ(T )) and Hq(K, (OK̄/pn)(h− 1 + i)⊗Λ Symr

Λ(T ∗))

(resp. Hq(K, OK̄/pn ⊗Λ Symi
Λ(T ∗)⊗Λ Symr

Λ(T )) and

Hq(K, OK̄/pn(h− 1)⊗Λ Symi
Λ(T )/pn ⊗Λ Symr

Λ(T ∗)))

for any q ≥ 0 and any n ≥ 0.

Proof of 4.4.1 (1). By the exact sequence

0 −→ Cp(−i)⊗F Symr
F (V ) −→ gr−i(BdR)⊗F Symr

F (V ) −→

Ω̂1
K ⊗K gr−i−1(BdR)⊗F Symr

F (V ) −→ · · · · · ·
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we have a spectral sequence

Ea,b
1 = Ha(K, Ω̂b

K ⊗K [gr−i−b(BdR)⊗F Symr
F (V )])

=⇒ Ec
∞ = Hc(K, [Cp(−i)⊗F Symr

F (V )]).

By
BdR ⊗F Symr

F (V ) ∼= BdR ⊗K Symr
K(D)

gr−j(Symr
K(D)) ∼= (gr−1D)⊗j ⊗K Symr−j

K (gr0D) for j ≥ 0,

and by the results 2.2.6 on the Galois cohomology of [gr·(BdR)], we have that Ea,b
1 is

isomorphic to
[Ω̂b

K ⊗K (gr−1D)⊗(b+i) ⊗K Symr−b−i
K (gr0D)]

if a = 0 or 1, and is zero otherwise. Hence, if a = 0 or 1, the complex Ea,·
1 is isomorphic to

(gr−1D)⊗i⊗K of the sequence in 4.4.2 below with q = r − i, M = gr0D ∼=
∇

Ω̂1
K ⊗K gr−1D,

and A = K. From this, we see that the complex Ea,·
1 is a resolution of [(gr−1D)⊗r] if

a = 0 or 1 and i = r, and is zero otherwise. 4.4.1 (1) follows from this fact. (Note
gr−1D = Q⊗ Lie(G).)

Proof of 4.4.1 (2). Consider the same spectral sequence as above with V replaced by V ∗

and i replaced by h− 1− i. Then Ea,b
1 is isomorphic to

[Ω̂b
K ⊗K ((gr−1D)∗)⊗(i+h−1−b) ⊗K Symr−i−h+1+b

K ((gr0D)∗)]

(( )∗ denote the dual K-vector spaces) if a = 0 or 1, and is zero otherwise. Hence, if a = 0
or 1, the complex Ea,·

1 is isomorphic to ((gr−1D)∗)⊗i ⊗K HomK( , Ω̂h−1
K )[1 − h] of the

sequence in 4.4.2 below with q = r − i, M = gr0D ∼=
∇

Ω̂1
K ⊗K gr−1D, and A = K. ([1− h]

denotes the translation by 1− h.) From this, we see that the complex Ea,·
1 is a resolution

of [Ω̂h−1
K ⊗ ((gr−1D)∗)⊗r][1 − h] if a = 0 or 1 and i = r, and is zero otherwise. 4.4.1 (2)

follows from this fact.

Lemma (4.4.2). Let M be a free module over a commutative ring A which contains Q,
and let q ∈ Z. Then the sequence

0 −→ Symq
A(M) −→ Symq−1

A (M)⊗A M −→ Symq−2
A (M)⊗A

2
∧

M −→ · · · ·

with the differentials

Symi
A(M)⊗A

j
∧

M −→ Symi−1
A (M)⊗A

j+1
∧

M ;

x1 · · · xi ⊗ y )→
i

∑

r=1

x1 · · · xr−1xr+1 · · · xi ⊗ (xr ∧ y)

(x1, . . . , xi ∈M, y ∈
∧j M) is exact unless q = 0.

Proof of 4.4.1 (3)(4). By 4.4.3 (2) (resp. (1)) below, 4.4.1 (3) (resp. (4)) follows from (1)
(resp. (2)).

Lemma (4.4.3). (1) For i ≥ 0, Cp ⊗F Symi
F (V ) has a decreasing filtration (filj)j∈Z by

Cp[Gal(K̄/K)]-submodules such that filj/filj+1 is isomorphic to

Cp(j)⊗K Symi−j
K (gr0D)⊗K (gr−1D)⊗j if 0 ≤ j ≤ i,

and is zero otherwise.
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(2) For i ≥ 0, Cp ⊗F Symi
F (V ∗) has a decreasing filtration (filj)j∈Z by Cp[Gal(K̄/K)]-

submodules such that filj/filj+1 is isomorphic to

Cp(j)⊗K Symi+j
K ((gr0D)∗)⊗K ((gr−1D)∗)⊗(−j) if − i ≤ j ≤ 0,

and is zero otherwise.

Proof. This follows by applying ( )♯ to 2.3.4.

Proof of 4.4.1 (5). By 4.4.4 below, 4.4.1 (5) follows from (1)–(4) of 4.4.1.

Lemma (4.4.4). Let M be a finitely generated Zp-module endowed with a continuous
action of Gal(K̄/K). Let q ∈ Z, and assume that the object Hq(K, [Q ⊗ M ]) and
Hq+1(K, [Q ⊗ M ]) of ind(pro(Abp)) are zero. Then there exists a non-zero integer c
which kills Hq(K, M/pn) for all n ≥ 0.

Proof. By the definition of ind(pro(Abp)), the assumptions on Hq(K, [Q ⊗ M ]) and
Hq+1(K, [Q⊗M ]) imply that there exists m ≥ 0 such that the multiplication by pm on
Hq(K, [M ]) and that on Hq+1(K, [M ]) are zero. The exact sequence

Hq(K, [M ])
pn

−→ Hq(K, [M ]) −→Hq(K, M/pn) −→Hq+1(K, [M ])

in pro(Abp) shows that Hq(K, M/pn) is killed by p2m.

4.4.5. Here, we prove Lemma 4.2.5 by using 4.4.1 (2). By 4.2.7, it is sufficient to prove
that the homomorphism

[Ω̂h−1
K ⊗K DdR(detF (V ∗))♯ ⊗OK coLie(G)⊗r]

−→Υj = Hh(K, [Bh
dR,K̄/Qp

/Bh+j
dR,K̄/Qp

⊗F Symr
F (V ∗)⊗F detF (V ∗)])

(1)

(see 4.2.7) is an isomorphism for j ≥ r+1. Note that Bh
dR,K̄/Qp

/Bh+j
dR,K̄/Qp

has a filtration by

B+
dR,K̄/Qp

[Gal(K̄/K)]-submodules whose graded quotients are Cp(h+i) with 0 ≤ i ≤ j−1.

By taking detF (V ∗) as V in 2.3.4 and by applying ( )♯ to 2.3.4, we have

Cp ⊗F detF (V ∗) ∼= Cp(−1)⊗K DdR(detF (V ∗))♯.

Hence for any q, i ∈ Z,

Hq(K, [Cp(h + i)⊗F Symr
F (V ∗)⊗F detF (V ∗)])

∼= Hq(K, [Cp(h− 1 + i)⊗F Symr
F (V ∗)]⊗K [DdR(detF (V ∗))♯]).

Hence by 4.4.1 (2), Hq(K, [Cp(h + i)⊗F Symr
F (V ∗)⊗F detF (V ∗)]) for q, i ≥ 0 is 0 unless

i = r, and is isomorphic to [Ω̂h−1
K ⊗OK coLie(G)⊗r⊗OK DdR(detF (V ∗))♯] if q = h and i = r.

This proves that (1) is an isomorphism if j ≥ r + 1.

5. Proof of the generalized explicit reciprocity law

The aim of §5 is to prove the generalized explicit reciprocity law 4.3.4.

§5.1 A relation between differential forms and Galois cohomology.

Let K be a complete discrete valuation field with residue field k such that char(K) = 0,
char(k) = p > 0, and [k : kp] < ∞. Let K ′ be a subfield of K. Let OK′ be the discrete
valuation ring K ′ ∩OK , and let k′ be the residue field of OK′ .
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The aim of §5.1 is to define canonical homomorphisms

δq
n = δq

n,K/K′ : Ωq
OK/OK′

/pn −→ Hq(K, J [q]
n,K̄/K′/J

[q+1]
n,K̄/K′) (q, n ≥ 0)

and related homomorphisms

δ̃q
n = δ̃q

n,K/K′ : (Ωq
A/OK′

/pn)d=0 −→ Hq(K, J [q]
n,K̄/K′) (q, n ≥ 0)

for A as in §5.1.1 below. ((Ωq
A/OK′

/pn)d=0 means the kernel of d : Ωq
A/OK′

/pn −→

Ωq+1
A/OK′

/pn.) The definitions are given in 5.1.8 and 5.1.9, respectively. Important relations
with the Galois symbol maps are proved in 5.1.12, 5.1.13.

5.1.1. (Condition on A.) Let A be a flat ring over OK′ endowed with an OK′-
homomorphism ν : A −→ OK , such that A ⊗OK′ k′ has a p-basis over k′. (The last
condition means that there exists a family (bi)i∈I of elements of A⊗OK′ k′ such that the
diagram

k′[Ti ; i ∈ I] −−−→ A⊗OK′ k′

ϕ

⏐

⏐

⏐

2

⏐

⏐

⏐

2

ϕ

k′[Ti ; i ∈ I] −−−→ A⊗OK′ k′

(ϕ(x) = xp) is a push out.

5.1.2. In 5.1.2 – 5.1.8, let A be as in 5.1.1.
Let n ≥ 1, and let b̃i (i ∈ I) be a lifting of bi ∈ A⊗OK′ k′ (5.1.1) to A/pn. Then:

(1) For any n ≥ 1, Ω1
A/OK′

/pn is a free A/pn-module with basis (db̃i)i∈I .
(2) The OK′-homomorphism (OK′/pn)[Ti]i∈I −→ A/pn ; Ti )→ bi is formally etale.
See [Ka2] §1 for the proof.

5.1.3. Let n ≥ 1. Let

Rn = H0((Spec(OK̄/pn)/Spec(A/pn))crys, Ocrys).

Then Spec(Rn) is the PD envelope ([Ber]) of Spec(OK̄/pn) in Spec(A⊗OK′ Bn,K̄/K′) with
respect to the PD-structure of Bn,K̄/K′ .

Lemma (5.1.4). There exists an isomorphism of PD-rings over Bn,K̄/K′

Rn
∼= Bn,K̄/K′⟨Si⟩i∈I .

(Here, ⟨Si⟩i∈I means the PD polynomial ring in variables Si.) More precisely, if (b̃i)i∈I is

as in 5.1.2 and ci (i ∈ I) is a lifting of ν(b̃i) mod p to Bn,K̄/K′, we have such isomorphism

by sending Si to 1⊗ b̃i − ci ⊗ 1.

See [Ka2] for the proof.

5.1.5. Let JRn = Ker(Rn −→ OK̄/pn) and let J [i]
Rn

be the i-th divided power of JRn .

5.1.6. Let Ci
n = Ci

n,K̄/K′,A be the complex of Gal(K̄/K)-modules

J [i]
Rn

d
−→Ω1

A/OK′
⊗A J [i−1]

Rn

d
−→ · · ·

where d are induced by d : A −→ Ω1
A/OK′

and by the identity map on Bn,K̄/K′ , and the

action of Gal(K̄/K) is induced by the canonical action on Bn,K̄/K′ and the trivial action
on A.
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Lemma (5.1.7). Ci
n is a resolution of J [i]

n,K̄/K′.

This is proved easily by using 5.1.4.

5.1.8. We define

δ̃q
n = δ̃q

n,K/K′,A : (Ωq
A/OK′

/pn)d=0 −→ Hq(K, J [q]
n,K̄/K′).

Consider the canonical map of complexes of Gal(K̄/K)-modules Ω·≥q
A/OK′

/pn −→ Cq
n where

Ω·≥q
A/OK′

is the degree ≥ q part of Ω·
A/OK′

and is endowed with the trivial action of

Gal(K̄/Kn). We have homomorphisms

(Ωq
A/OK′

/pn)d=0 = H0(K, (Ωq
A/OK′

/pn)d=0) −→ Hq(K, Ω·≥q
A/OK′

/pn)

−→ Hq(K, Cq
n) ∼= Hq(K, J [q]

n,K̄/K′)

where H· denote the hyper-cohomology and the last isomorphism is by 5.1.7. We define
δ̃q
n to be the composite map.

5.1.9. We define

δq
n = δq

n,K/K′ : Ωq
OK/OK′

/pn −→ Hq(K, J [q]
n,K̄/K′/J

[q+1]
n,K̄/K′).

Take any A as above such that ν : A −→ OK is surjective. Let I = Ker(ν : A −→ OK).
For q ≥ 0, let grq−·

I (A)⊗A Ω·
A/OK′

/pn be the complex whose degree i part is Iq−i/Iq−i+1⊗A

Ωi
A/OK′

/pn. Consider the canonical map of complexes of Gal(K̄/K)-modules grq−·
I (A)⊗A

Ω·
A/OK′

/pn −→ Cq
n/C

q+1
n . We have homomorphisms

Ωq
OK/OK′

/pn ∼= Hq of the complex grq−·
I (A)⊗A Ω·

A/OK′
/pn

−→ Hq(K, grq−·
I (A)⊗A Ω·

A/OK′
/pn)

−→ Hq(K, Cq
n/C

q+1
n ) ∼= Hq(K, J [q]

n,K̄/K′/J
[q+1]
n,K̄/K′)

where the first isomorphism is by the exact sequence

I/I2 ⊗A Ωq−1
A/OK′

d
−→Ωq

A/OK′
−→Ωq

OK/OK′
−→0

and the last isomorphism is by the quasi-isomorphism J [q]
n,K̄/K′/J

[q+1]
n,K̄/K′ −→ Cq

n/C
q+1
n

(5.1.7). We define δq
n to be the composite map.

This map δq
n is independent of the choice of A: The coincidence of δq

n for A as in 5.1.9
and that for a ring A′ satisfying the same conditions as A, is seen by using the coincidence
with the δq

n for A⊗OK′ A′.

In the rest of §5.1, we give some properties of δ̃q
n and δq

n.
The following 5.1.10 and 5.1.11 are checked easily.

Lemma (5.1.10). For A as in 5.1.1, the following diagram is commutative.

(Ωq
A/OK′

/pn)d=0
δ̃q
n−−−→ Hq(K, J [q]

n,K̄/K′)
⏐

⏐

⏐

2

⏐

⏐

⏐

2

Ωq
OK/OK′

/pn δq
n−−−→ Hq(K, J [q]

n,K̄/K′/J
[q+1]
n,K̄/K′)
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Lemma (5.1.11). Via δq
n (resp. δ̃q

n), the exterior product of the differential forms is
compatible with the cup product in Galois cohomology.

The following 5.1.12 and 5.1.13 are important relations of the maps δ̃q
n and δq

n with the
Galois symbol maps (4.2.3).

Lemma (5.1.12). Let a1, . . . , aq ∈ A×, and let b be the image of a1⊗ · · · ⊗aq ∈ (A×)⊗q

under

(A×)⊗q −→ {(OK)×}⊗q −→ Hq(K, (Z/pnZ)(q)) −→ Hq(K, J [q]
n,K/K′),

where the second map is the Galois symbol map. Then we have

b = (−1)q · δ̃q
n(d log(a1) ∧ · · · ∧ d log(aq)).

Lemma (5.1.13). Let a1, . . . , aq−1 ∈ (OK)× and aq ∈ OK \{0}, and let b be the image
of a1 ⊗ · · · ⊗ aq under

(K×)⊗q −→ Hq(K, (Z/pnZ)(q)) −→ Hq(K, J [q]
n,K̄/Qp

/J [q+1]
n,K̄/Qp

),

where the first map is the Galois symbol map. Then we have

aq · b = (−1)q · δq
n(d log(a1) ∧ · · · ∧ d log(aq−1) ∧ daq).

Proof. (of 5.1.12.) By 5.1.11, we may assume q = 1. Let a = a1 ∈ A×. Let α ∈ K̄× be
a pn-th root of the image of a in (OK)×. Then the image of a in H1(K, (Z/pnZ)(1)) is
represented by the cocycle σ )→ σ(α)α−1 (σ ∈ Gal(K̄/K)). Let β be a lifting of α mod
pnOK̄ to (Bn,K̄/K′)×. Then b is represented by the cocycle σ )→ log((σ(β)β−1)pn

). Let
γ = βpn

a−1 ∈ (Rn)×. Since the image of γ in OK̄/pn is 1, we can take the logarithm
log(γ) ∈ JRn . Since

d log(γ) = −d log(a) in Rn ⊗A Ω1
A/OK′

,

−δ̃1
n(d log(a)) ∈ H1(K, Jn,K̄/K′) is represented by the cocycle

σ )→ σ(log(γ))− log(γ) = log((σ(β)β−1)pn
).

Proof. (of 5.1.13.) By 5.1.11 and 5.1.12, we may assume q = 1. Let a = a1 ∈ OK \ {0},
and let ã be a lifting of a to A. Let α ∈ K̄× be a pn-th root of a, and let β be a lifting of
α mod pnOK̄ to (Bn,K̄/Qp

)×. Then b is represented by the cocycle

σ )→ log((σ(β)β−1)pn
) ≡ (σ(β)β−1)pn

− 1 mod J [2]
n,K̄/Qp

.

Hence a · b is represented by

σ )→ a · ((σ(β)β−1)pn
− 1) = βpn

· ((σ(β)β−1)pn
− 1)

= σ(β)pn
− βpn

where the equations hold in Jn,K̄/Qp
/J [2]

n,K̄/Qp
. Let γ = βpn

− ã ∈ JR. Then, since

dγ = −dã in Ω1
A/OK′

⊗Rn,

−δ1
n(da) is represented by the cocycle

σ )→ σ(γ)− γ = σ(β)pn
− βpn

.
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The following lemmas 5.1.14 and 5.1.16 concerning δ1
n will be used later.

Lemma (5.1.14). Let η ∈ pn(Ω̂1
OK/OK′

) and let η̄ ∈ H0(K, Jn,K̄/K′/J [2]
n,K̄/K′) be the image

of η (2.1.11). Then the connecting map

H0(K, Jn,K̄/K′/J [2]
n,K̄/K′) −→ H1(K, Jn,K̄/K′/J [2]

n,K̄/K′)

of the exact sequence

0 −→ Jn,K̄/K′/J [2]
n,K̄/K′

pn

−→ J2n,K̄/K′/J [2]
2n,K̄/K′ −→ Jn,K̄/K′/J [2]

n,K̄/K′ −→ 0

sends η̄ to −δ1
n(η).

Proof. Take a ring A over Zp endowed with a surjective homomorphism ν : A −→ OK

satisfying the condition 5.1.1, and let I be the kernel of ν. Let η̃ ∈ Ω̂1
A/OK′

be a lifting

of η. Then pnη̃ ≡ dx mod IΩ1
A/OK′

for some x ∈ I. By definition, η̄ = x mod pn. Let

R2n be as in 5.1.3, and let y be an element of JR2n whose image under d : JR2n/J [2]
R2n
−→

Ω1
A/OK′

⊗A R2n/JR2n coincides with that of η̃. Then d(x−pny) = 0 in Ω1
A/OK′

⊗A R2n/JR2n

and hence x − pny mod p2n is regarded as an element of J2n,K̄/K′/J [2]
2n,K̄/K′ , whose mod

pn coincides with x mod pn = η̄. Hence the image of η̄ under the connecting map is
represented by the cocycle

σ )→ p−n(σ(x− pny)− (x− pny)) mod pn ∈ Jn,K̄/K′/J [2]
n,K̄/K′

(σ ∈ Gal(K̄/K)). But

p−n(σ(x− pny)− (x− pny)) = −(σ(y)− y).

On the other hand, by definition, δ1
n(η) is represented by the cocycle σ )→ σ(y)− y mod

pn.

5.1.15. By applying the snake lemma to the commutative diagram of exact sequences

0 −−−→ OK̄ ⊗OK Ω̂1
OK/OK′

−−−→ lim
−→
L

Ω̂1
OL/OK′

−−−→ Ω1
OK̄/OK

−−−→ 0

pn

⏐

⏐

⏐

2

pn

⏐

⏐

⏐

2

pn

⏐

⏐

⏐

2

0 −−−→ OK̄ ⊗OK Ω̂1
OK/OK′

−−−→ lim
−→
L

Ω̂1
OL/OK′

−−−→ Ω1
OK̄/OK

−−−→ 0

where L ranges over all finite extensions of K in K̄, we obtain the exact sequence

0 −→ Tp(lim−→
L

Ω̂1
OL/OK′

) −→ Tp(Ω
1
OK̄/OK

) −→ OCp ⊗OK Ω̂1
OK/OK′

−→ 0. (1)

Lemma (5.1.16). The connecting map of the exact sequence 5.1.15 (1)

Ω̂1
OK/OK′

−→ H1(K, lim
−→
L

pn(Ω̂1
OL/OK′

)) ∼= H1(K, Jn,K̄/K′/J [2]
n,K̄/K′)

coincides with −δ1
n.

Proof. Since Ω̂1
OK/OK′

is generated by d log(a) (a ∈ O×K), it suffices to show that the above

connecting map sends d log(a) to −δ1
n(d log(a)). Take a ring A over Zp endowed with a
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surjective homomorphism A −→ OK satisfying the condition 5.1.1. Let b be a pn-th root
of a in K̄. Then the image of d log(a) coincides with the class of the 1-cocycle

Gal(K̄/K) −→ pn(lim
−→
L

Ω̂1
OL/OK′

) ;

σ )→ σ(d log(b))− d log(b) = d log(σ(b)b−1).

By 2.1.1, this class coincides with h1
n(a). By 5.1.10 and 5.1.12, it coincides with−δ1

n(d log(a)).

§5.2. A reduction step (I).

5.2.1. The aim of §5.2 is to reduce Thm. 4.3.4 to Prop. 5.2.9 which is a statement
about differential forms and involves neither Milnor K-groups nor Galois symbol maps.

For the proof of Thm. 4.3.4, we may replace K by a finite extension of K. By a
theorem of Epp [Ep], there exists a finite extension P of Qp embedded in K̄ such that the
composite field L = K · P in K̄ has a prime element which belongs to P . We replace K
by L. Hence, in the rest of §5, we assume that K contains a complete subfield P whose
residue field is perfect and whose prime element is a prime element in K.

In the rest of §5, let (K, G, Λ, F ) be as in §4.1, and let

T = TpG, V = VpG, T ∗ = HomΛ(T, Λ), V ∗ = HomF (V, F ), D = DdR(V )♯.

5.2.2. In general, let H be a p-divisible group over OK . Then O(H) is flat over OP and
O(H)/mPO(H) has a p-basis over OP /mP (mP denotes the maximal ideal of OP ).

Let Ωq(H/OP ) = Ω̂q
O(H)/OP

. (Recall we have already the notation Ωq(H/OK) =

Ω̂q
O(H)/OK

.) Recall that we have defined (4.3.3) the trace map

Trp : Ωq(H/OK) −→ Ωq(H/OK).

We define a similar trace map Ωq(H/OP ) −→ Ωq(H/OP ) which we denote by the same
letter Trp.

Lemma (5.2.3). There exists a unique additive map

Trp : Ωq(H/OP ) −→ Ωq(H/OP )

satisfying

Trp(f · [p]∗(ω)) = Trp(f)ω for f ∈ O(H), ω ∈ Ωq(H/OP ) (*)

where [p]∗ denotes the pull back by p : H −→ H.

Proof. The map

µ : O(H)⊗O(H) Ωq(H/OP ) (O(H) −→ O(H) is [p]∗)

−→ Ωq(H/OP ) ; f ⊗ ω )→ f · [p]∗(ω)

is injective and its cokernel is killed by pd with d = dim(H). This follows from the fact
that in the case q = 1, µ is injective and its cokernel is killed by p. From the exact
sequence

0 −→ O(H)⊗OK Ω̂1
OK/OP

−→ Ω1(H/OP ) −→ O(H)⊗OK coLie(G) −→ 0,
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we see that the cokernel of µ is isomorphic to O(H)/p ⊗OK coLie(G) in the case q = 1.
Consider the composite map

Ωq(H/OP )
pd

−→ Image(µ) ∼= O(H)⊗O(H) Ωq(H/OP ) −→ Ωq(H/OP )

where the last map is f ⊗ ω )→ (p−dTrp(f))ω (note Trp(O(H)) = pdO(H) (4.3.3)). This
composite map is the unique map satisfying (*) in 5.2.3.

5.2.4. Let lim
←−
Tr

Ωq(H/OP ) be the inverse limit of

· · · −−→
Trp

Ωq(H/OP ) −−→
Trp

Ωq(H/OP )

The map Trp commutes with d : Ωq(H/OP ) −→ Ωq+1(H/OP ). Let lim
←−
Tr

Ωq(H/OP )d=0 be

the kernel of d : lim
←−
Tr

Ωq(H/OP ) −→ lim
←−
Tr

Ωq+1(H/OP ).

5.2.5. For s ∈ Nh and for m ≥ 0, we define a homomorphism

λ̄s
m : lim

←−
Tr

Ωh(G⊕h/OP )d=0 −→ O(Ym)⊗OK coLie(G)⊗(h+r),

where r =
∑h

i=1 s(i).
For each n ≥ m, let

Ωh(G⊕h/OP )d=0 −→ Hh(Yn, J [h]
n,K̄/P ) (*)

be the following homomorphism. Write Yn in the form of a finite disjoint union
∐

Spec(Li)
with Li fields. In 5.1.1, consider the case where K ′, A, K (in 5.1.1) are P , O(G⊕h), Li,
respectively, and ν is the composite of the canonical maps O(G⊕h) −→ O(Yn) −→ Li.
We obtain the map

δ̃h
n : Ωh(G⊕h/OP )d=0 −→ Hh(Li, J [h]

n,K̄/P )

for each i. The map (*) is obtained as the sum of these maps for all i.
Now consider the maps

Ωh(G⊕h/OP )d=0 −→ Hh(Yn, J [h]
n,K̄/P )

−→ Hh(Yn, J [h]
n,K̄/P ⊗Λ Symr

Λ(T ∗)⊗Λ detΛ(T ∗))

−→ Hh(Ym, J [h]
n,K̄/P ⊗Λ Symr

Λ(T ∗)⊗Λ detΛ(T ∗))

where the first is the above map (*), the second is the cup product with
∏h

i=1(e
∗
i,n)s(i) ⊗

(e∗1,n ∧ · · · ∧ e∗h,n) (cf. 4.2.3), and the third is the trace map. The homomorphism λ̄s
m

is obtained from this as

lim
←−
Tr

Ωh(G⊕h/OP )d=0 −→

Q⊗ lim
←−
n

Hh(Ym, J [h]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

∼= O(Ym)⊗OK coLie(G)⊗(h+r) (4.2.5).
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Lemma (5.2.6). Let H be a p-divisible group over OK of dimension d. Then :

(1) Ω̂q−d
OK/OP

⊗OK lim
←−
Tr

Ωd(H/OP )
∼=−→ lim
←−
Tr

Ωq(H/OP ) for any q. (In particular, lim
←−
Tr

Ωq(H/OP ) =

0 if q < d.)

(2) lim
←−
Tr

Ωd(H/OP )
∼=−→ lim
←−
Tr

Ωd(H/OK).

Proof. For q, i ∈ Z, let FiliΩq(H/OP ) be the image of

Ω̂q−i
OK/OP

⊗OK Ωi(H/OP ) −→ Ωq(H/OP ) ; ω1 ⊗ ω2 )→ ω1 ∧ ω2

in the case 0 ≤ i ≤ q, and be Ωq(H/OP ) in the case i ≥ q. Then

griΩ
q(H/OP ) ∼= Ω̂q−i

OK/OP
⊗OK Ωi(H/OK).

Since Trp(Fild−1) ⊂ pFild−1 by 5.2.7 below, we have (Trp)n(Fild−1) ⊂ pnFild−1 for any
n ≥ 0. Hence

lim
←−
Tr

Ωq(H/OP )/pn ∼= lim
←−
Tr

(grdΩ
q(H/OP ))/pn

∼= lim
←−
Tr

(Ω̂q−d
OK/OP

⊗OK Ωd(H/OK))/pn.

By taking lim
←−
n

, we obtain 5.2.6.

Lemma (5.2.7). Let H be a p-divisible group over OK of dimension d. Let q ≥ 0 and let
Fili = FiliΩq(H/OP ) be as in the proof of 5.2.6. Then, if 0 ≤ i ≤ d, Trp : Ωq(H/OP ) −→
Ωq(H/OP ) sends Fili into pd−iFili.

Proof. We use the induction on i. The case i = 0 follows from 4.3.3. Let i ≥ 1. Then Fili
is generated additively by Fili−1 and elements of the form

fω1 ∧ · · · ∧ ωi ∧ η

(f ∈ O(H), ω1, . . . ωi ∈ Ω1(H/OP ), η ∈ Ω̂q−i
OK/OP

)

such that the images of ωi in Ω1(H/OK) is contained in coLie(G). We have [p]∗(ωi) =
pωi + νi for some νi ∈ O(H)⊗OK Ω̂1

OK/OP
. Hence

pifω1 ∧ · · · ∧ ωi ∧ η ≡ f · [p]∗(ω1 ∧ · · · ∧ ωi ∧ η) mod
∑

0≤j<i

pjFilj.

Take the Trp of the both sides. By

Trp(f · [p]∗(ω1 ∧ · · · ∧ ωi ∧ η)) = Trp(f)(ω1 ∧ · · · ∧ ωi ∧ η) ∈ pdFili,

and by induction on i, we have

piTrp(fω1 ∧ · · · ∧ ωi ∧ η) ∈ pdFili.

This proves 5.2.7.

Proposition (5.2.8). Let u and w be as in Thm. 4.3.4. Regard w as an element of
lim
←−
Tr

Ωh(G⊕h/OP ) by 5.2.6 (2). Then we have

λs
m(u) = (−1)h · λ̄s

m(w)

for any s ∈ Nh and m ≥ 0.
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Proof. This follows from 5.1.12.

By 5.2.8, Thm. 4.3.4 is reduced to

Proposition (5.2.9). Let w = (wn)n ∈ lim
←−
Tr

Ωh(G⊕h/OP )d=0. Then for any s ∈ Nh and

m ≥ 1, we have

λ̄s
m(w) = −p−m(h+r) ·

1

r!
· ∂s

m(wm).

§5.3. A reduction step (II).

The aim of this §5.3 is to extend the homomorphism

λ̄s
m : lim

←−
Tr

Ωh(G⊕h/OP )d=0 −→ O(Ym)⊗OK coLie(G)⊗(h+r)

(s ∈ Nh, m ≥ 0, r =
∑h

i=1 s(i)), which was defined in 5.2.5, to a homomorphism

λ̄s
m : lim

←−
Tr

Ωh(G⊕h/OP ) −→ O(Ym)⊗OK coLie(G)⊗(h+r)

without ( )d=0. The following proposition 5.3.1 includes Prop. 5.2.9 to which Thm. 4.3.4
was reduced. §5.4 and §5.5 will be devoted to the proof of 5.3.1. (Why we attack 5.3.1
instead of 5.2.9 is that the lack of ( )d=0 in 5.3.1 makes the proof easier.)

Proposition (5.3.1). Let w = (wn) ∈ lim
←−
Tr

Ωh(G⊕h/OP ). Then

λ̄s
m(w) = −p−m(h+r) ·

1

r!
· ∂s

m(wm) for any s ∈ Nh and m ≥ 1.

The definition of λ̄s
m without ( )d=0 is given in 5.3.4 after preliminaries 5.3.2 and 5.3.3.

5.3.2. We define a connection

γ : lim
←−
Tr

Ωd(H/OP ) −→ Ω̂1
OK/OP

⊗OK lim
←−
Tr

Ωd(H/OP )

on lim
←−
Tr

Ωd(H/OP ) to be the composite map

lim
←−
Tr

Ωd(H/OP )
d
−→ lim
←−
Tr

Ωd+1(H/OP ) ∼= Ω̂1
OK/OP

⊗OK lim
←−
Tr

Ωd(H/OP )

where the last isomorphism is by 5.2.6 (1).

5.3.3. For n ≥ 0 and j ≥ 0, let

αn,j : lim
←−
Tr

Ωh(G⊕h/OP ) −→

Hh(Yn, Bn,K̄/K/J [j]
n,K̄/K ⊗Bn,K̄/P /J

[j]

n,K̄/P

J [h]
n,K̄/P /J [h+j]

n,K̄/P )

be the following homomorphism. Write Yn in the form of a finite disjoint union
∐

µ Spec(Lµ)
with Lµ fields. We define the µ-th component

αn,j,µ : lim
←−
Tr

Ωh(G⊕h/OP ) −→

Hh(Lµ, Bn,K̄/K/J [j]
n,K̄/K ⊗Bn,K̄/P /J

[j]

n,K̄/P

J [h]
n,K̄/P /J [h+j]

n,K̄/P )
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of αn,j as follows. In 5.1.1, consider the case where K ′, A, K (in 5.1.1) are P , O(G⊕h), Lµ,
respectively, and ν is the composite of the canonical maps O(G⊕h) −→ O(Yn) −→ OLµ .

Let Cq
n be the complexes defined in 5.1.6. Choose an embedding Lµ

⊂
−→ K̄ over K. Then

by using 5.1.4, we can see that

Bn,K̄/K/J [j]
n,K̄/K ⊗Bn,K̄/P /J

[j]

n,K̄/P

J [h]
n,K̄/P /J [h+j]

n,K̄/P

−→ Ch,j
n

def=Bn,K̄/K/J [j]
n,K̄/K ⊗Bn,K̄/P /J

[j]

n,K̄/P

Ch
n/Ch+j

n

is a quasi-isomorphism where the last complex has the differential

(identity)⊗ (d of Ch
n/Ch+j

n ).

We define a Gal(K̄/Lλ)-homomorphism

f : lim
←−
Tr

Ωh(G⊕h/OP ) −→ (the degree h part of Ch,j
n )

= Bn,K̄/K/J [j]
n,K̄/K ⊗Bn,K̄/P /J

[j]

n,K̄/P

{Ωh(G⊕h/OP )⊗O(G⊕h) Rn/J [j]
Rn

}

such that d ◦ f = 0. (Rn is as in 5.1.3. The action of Gal(K̄/Lµ) on lim
←−
Tr

Ωh(G⊕h/OP ) is

defined to be the trivial one.) This map will induce

lim
←−
Tr

Ωh(G⊕h/OP ) −→

Hh(Lµ, Ch,j
n ) ∼= Hh(Lµ, Bn,K̄/K/J [j]

n,K̄/K ⊗Bn,K̄/P /J
[j]

n,K̄/P

J [h]
n,K̄/P /J [h+j]

n,K̄/P )

and this will be the definition of αn,j,µ.
Now we define the above map f . Take a lifting (bi)1≤i≤h−1 of a p-basis of k to OK .

Define the derivations

γi : lim
←−
Tr

Ωh(G⊕h/OP ) −→ lim
←−
Tr

Ωh(G⊕h/OP )

(1 ≤ i ≤ h− 1) by

γ(x) =
h−1
∑

i=1

dbi ⊗ γi(x)

where γ is as in 5.3.2. We define f by

f(x) =
∑

a∈Nh−1

h−1
∏

i=1

(bi ⊗ 1⊗ 1− 1⊗ 1⊗ bi)
[a(i)] ⊗ πn{(

h−1
∏

i=1

γa(i)
i )(x)}

where πn denotes the n-th projection lim
←−
Tr

Ωh(G⊕h/OP ) −→ Ωh(G⊕h/OP ). This sum is

in fact a finite sum. Indeed, if ci denotes an element of Bn,K̄/P whose image in OK̄/pn

coincides with the image of bi,

(bi ⊗ 1⊗ 1− 1⊗ 1⊗ bi)
[e] =

e
∑

d=0

(bi − ci)
[d] ⊗ 1⊗ (ci − bi)

[e−d],

and this is zero if e > 2j. The fact d◦f = 0 is checked easily. This map f is independent of
the choice of (bi)i. The map αn,j,µ is independent of the choice of the embedding Lµ

⊂
−→ K̄.
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5.3.4. Let s ∈ Nh, r =
∑h

i=1 s(i), m ≥ 0. The definition of λ̄s
m without ( )d=0 is as

follows. Consider the maps

lim
←−
Tr

Ωh(G⊕h/OP )

−→ Hh(Yn, Bn,K̄/K/J [r+1]
n,K̄/K ⊗Bn,K̄/P /J

[r+1]

n,K̄/P

J [h]
n,K̄/P /J [h+r+1]

n,K̄/P )

−→ Hh(Yn, Bn,K̄/K/J [r+1]
n,K̄/K ⊗Bn,K̄/P /J

[r+1]

n,K̄/P

J [h]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

−→ Hh(Ym, Bn,K̄/K/J [r+1]
n,K̄/K ⊗Bn,K̄/P /J

[r+1]

n,K̄/P

J [h]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

where the first is αn,r+1 (5.3.3), the second is the cup product with
∏h

i=1(e
∗
i,h)

s(i)⊗ (e∗1,n ∧
· · · ∧ e∗h,n) (cf. 4.2.3), and the third is the trace map. The homomorphism λ̄s

m is
obtained from this as

lim
←−
Tr

Ωh(G⊕h/OP ) −→

Q⊗ lim
←−
n

Hh(Ym, Bn,K̄/K/J [r+1]
n,K̄/K ⊗Bn,K̄/P /J

[r+1]

n,K̄/P

J [h]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

∼= O(Ym)⊗OK coLie(G)⊗(h+r) (4.2.5 and 5.3.5 below).

Lemma (5.3.5). The canonical map

Hh(Ym, [J [h]
dR,K̄/P /J [h+r+1]

dR,K̄/P ⊗F Symr
F (V ∗)⊗F detF (V ∗)]) −→

Hh(Ym, [B+
dR/J [r+1]

dR ⊗
B+

dR,K̄/P
/J

[r+1]

dR,K̄/P

J [h]
dR,K̄/P /J [h+r+1]

dR,K̄/P ⊗F Symr
F (V ∗)⊗F detF (V ∗)])

is an isomorphism.

Proof. The map B+
dR,K̄/P /J [r+1]

dR,K̄/P −→ B+
dR/J [r+1]

dR is injective and the cokernel has a fil-

traion by B+
dR,K̄/P [Gal(K̄/K)]-submodules whose graded quotients are isomorphic to Cp(i)

with 0 ≤ i < r (2.1.6, 2.1.7, note B+
dR,K̄/Qp

∼=−→ B+
dR,K̄/P ). Hence it is enough to prove that

Hq(Ym, [Cp(h + i)⊗F Symr
F (V ∗)⊗F detF (V ∗)]) = 0 if 0 ≤ i < r

for any q ∈ Z. Since Cp ⊗F detF (V ∗) ∼= Cp(−1) as Cp[Gal(K̄/K)]-modules (this is
obtained by applying ( )♯ to 2.3.4), we are reduced to

Hq(Ym, [Cp(h− 1 + i)⊗F Symr
F (V ∗)]) = 0 for 0 ≤ i < r

for any q ∈ Z which follows from 4.4.1 (2).

§5.4. A reduction step (III).

5.4.1. We define objects Φr (r ≥ 0) of pro(Abp), objects Ψ r
m (r, m ≥ 0) of ind(pro(Abp)),

and two morphisms
λ̄r

m, ∂r
m : Φr −→ Ψ r

m

in ind(pro(Abp)) as follows.
For n ≥ 0, let

I(n) = Ker(O(G⊕h) −→ O(Yn)).

Then Trp(I i
(n+1)Ω

h(G⊕h/OK)) ⊂ I i
(n)Ω

h(G⊕h/OK) for any n, i ≥ 0.
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For n, n′ ≥ 0, let

Φr
n,n′ = {Ωh(G⊕h/OK)/Ir+1

(n) Ωh(G⊕h/OK)}/pn′

⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i )⊗Λ detΛ(
h

⊕

i=1

Λe∗i ).

where
e∗i = (e∗i,n)n ∈ lim

←−
n

lim
−→
j

Γ(Yj, (TpG)∗/pn) (1 ≤ i ≤ h)

with (e∗i,n)1≤i≤h the canonical Λ-basis of the sheaf T/pn on Yn. For r ≥ 0, let

Φr = “ lim
←−
n,n′

”Φr
n,n′ .

(The transition maps in “ lim
←−

” are Trp for (n + 1, n′) −→ (n, n′), and the projections for

(n, n′ + 1) −→(n, n′). These transition maps are surjective.)
On the other hand, for r, m ≥ 0, let

Ψ r
m = [O(Ym)⊗OK coLie(G)⊗(h+r)].

In general, for a projective system (Xi)i∈I of abelian groups with a countable directed
index set I such that the transition maps Xj −→Xi (i, j ∈ I, j ≥ i) are surjective, and
for a finite dimensional K-vector space N , the following two sets (a) (b) are identified in
the natural way.

(a) The set of morphisms “ lim
←−

i

”Xi −→ [N ] in ind(pro(Abp)).

(b) The set of homomorphisms of abelian groups f : lim
←−

i

Xi −→N satisfying the following

condition: There exists a finitely generated OK-submodule M of N which contains the
image of f such that for any n ≥ 0, the map lim

←−
i

Xi −→ M/pnM induced by f factors

through Xj for some j ∈ I.
Consider the case

I = N2, Xn,n′ = Φr
n,n′ for (n, n′) ∈ N2, N = O(Ym)⊗OK coLie(G)⊗(h+r). (1)

From the definitions of λ̄s
m and ∂s

m, we see that there exist unique homomorphisms

λ̄r
m, ∂r

m : Φr −→ Ψ r
m

(given in the above form (b)) satisfying

λ̄r
m(x⊗

h
∏

i=1

(e∗i )
s(i) ⊗ (e∗i ∧ · · · ∧ e∗h)) = λ̄s

m(x),

∂r
m(x⊗

h
∏

i=1

(e∗i )
s(i) ⊗ (e∗i ∧ · · · ∧ e∗h)) = ∂s

m(xm),

for any x ∈ lim
←−
Tr

Ωh(G⊕h/OK) ∼= lim
←−
Tr

Ωh(G⊕h/OP ) and for any s ∈ Nh such that
∑h

i=1 s(i) =

r.
Prop. 5.3.1, to which Thm. 4.3.4 was reduced, is rewritten as

λ̄r
m = p−m(h+r) ·

1

r!
· ∂r

m for any r ≥ 0 and m ≥ 1.

The aim of §5.4 is to prove the following Prop. 5.4.2. As is easily seen, the above two
morphisms λ̄r

m and ∂r
m satisfy the conditions (i) (ii) in 5.4.2. Hence 5.4.2 shows λ̄r

m = c·∂r
m

for some c ∈ K. We will determine this c in §5.5.
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Proposition (5.4.2). Let r, m ≥ 0. Then the K-vector space of all morphisms

h : Φr −→ Ψ r
m

in ind(pro(Abp)) satisfying the following conditions (i) (ii) is one dimensional.
(i) h is compatible with the action of GLh(Λ).
(ii) The map induced by h

Q⊗ lim
←−

n≥m

Ir
(n)Ω

h(G⊕h/OK)/Ir+1
(n) Ωh(G⊕h/OK) −→O(Ym)⊗OK coLie(G)⊗(h+r)

is a homomorphism of O(Ym)-modules.

Here the action of GLh(Λ) on Φr and Ψ r
m comes from the action of GLh(Λ) on G⊕h

and on Yn (n ≥ 0) (3.1.2). (The action of GLh(Λ) on coLie(G)⊗(h+r) is defined to be the
trivial one.)

The following Prop. 5.4.3 will be a key for the proof of 5.4.2.

Proposition (5.4.3). Fix integers i and m such that 0 ≤ i < r and m ≥ 0. Then there
exists an integer c ̸= 0 such that the multiplication by c kills

H0(GLh(Λ, pm), I i
(n)Φ

r
n,n′/I i+1

(n) Φ
r
n,n′)

for any n ≥ m and any n′ ≥ 0. Here GLh(Λ, pm) denotes the kernel of GLh(Λ) −→
GLh(Λ/pm), and Φr

n,n′ is as in 5.4.1 (1).

(For a group G and a G-module M , H0(G, M) means as usual M/M ′ where M ′ is the
G-submodule generated by σx− x for σ ∈ G and x ∈M .)

We first prove preliminary propositions 5.4.4 and 5.4.6.

Proposition (5.4.4). The canonical map (§2.4)

(Cp ⊗F V )⊗OK coLie(G) −→ Q⊗ J∞,K̄/K/J [2]
∞,K̄/K

is bijective.

Proof. Let ω be an OK-basis of Lie(G). Then we have a commutative diagram of exact
sequences

0 −−−→ Cp(1)⊗OK Lie(G) −−−→ Cp ⊗F V −−−→ Cp ⊗K D0 −−−→ 0
⏐

⏐

⏐

2

ω

⏐

⏐

⏐

2

ω

⏐

⏐

⏐

2

−ω·∇

0 −−−→ Q⊗ J∞,K/P /J∞,K̄/P −−−→ Q⊗ J∞,K̄/K/J [2]
∞,K̄/K

d
−−−→ Cp ⊗OK Ω̂1

OK/OP
−−−→ 0

where the upper horizontal row is by 2.3.4, and the right vertical arrow is y )→ −ω ·∇(y)
(y ∈ D0). (See below for the proof.) Since the left and the right vertical arrows are
bijective, the middle vertical arrow is also bijective. This proves 5.4.4.

The commutativity of the above diagram is proved as follows. Let x ∈ Cp ⊗F V and
let (y, z) be the image of x under the composite map

Cp ⊗F V −→ gr0(BdR)⊗F V ∼= gr0(BdR)⊗K D0 ⊕ gr1(BdR)⊗OK Lie(G).

Since the map d : gr0(BdR) ⊗F V −→ Ω̂1
K ⊗K gr−1(BdR) ⊗K V kills the image of x, we

have
(1⊗∇)(y) + (d⊗ 1)(z) = 0 in Ω̂1

K ⊗K gr0(BdR)⊗OK Lie(G).
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On the other hand, the image of x in Cp ⊗F D0 coincides with y, its image in Cp ⊗K Ω̂1
K

under −ω · ∇ coincides with −ω · (1 ⊗ ∇)(y), the image of x in Q ⊗ J∞,K̄/K/J [2]
∞,K̄/K

coincides with ω · z ∈ gr1(BdR), and its image in Cp ⊗K Ω̂1
K coincides with ω · (1⊗ d)(z).

This proves the commutativity of the diagram.

5.4.5. We introduce some notations Yn, Ỹn, Kn (n ≥ 0).
For n ≥ 0, let Yn be the topological closure of Yn in pn(G⊕h) endowed with the reduced

scheme structure. Hence O(Yn) = O(G⊕h)/I(n). Let Ỹn be the normalization of Yn.
Let Kn be the finite Galois extension of K corresponding to the kernel of Gal(K̄/K) −→
AutΛ(T/pn). Then Ỹn is isomorphic to a disjoint sum of finite copies of Spec(OKn).

Proposition (5.4.6). There exists an integer c ̸= 0 which kills O(Ỹn)/O(Yn) for all
n ≥ 0.

Let tn : O(Yn) −→ K be the trace map. Since Yn is finite etale over K, we have

O(Yn)
∼=−→ HomK(O(Yn), K) ; x )→ (y )→ tn(xy)).

We denote this isomorphism by t̄n. We will prove

Lemma (5.4.7). (1) There exists an integer c ≥ 0 such that

t̄n(O(Yn)) ⊃ phn+cHomOK (O(Yn), OK)

for all n ≥ 0.
(2) There exists an integer d ≥ 0 such that

pd · t̄n(O(Ỹn)) ⊂ phnHomOK ((O(Ỹn), OK)

for all n ≥ 0.
(3) There exists a non-zero integer which kills the kernels and the cokernels of

(OKn/pn ⊗Λ T/pn)⊗OK coLie(G) −→ Ω1
OKn/OK

; a⊗ v ⊗ ω )→ a · ω(v)

for all n ≥ 0.

(The right hand sides of the formulas in (1) and (2) are regarded as OK-submodules of
HomK(O(Yn), K).)

We prove 5.4.6 by using 5.4.7 (1) (2). Consider the inclusion maps

O(Yn) ⊂ O(Ỹn) ⊂ HomOK (O(Ỹn), OK) ⊂ HomOK (O(Yn), OK)

where the second inclusion map is by t̄n. Let x ∈ O(Ỹn). Let the integers c, d be as in
5.4.7. We prove pc+dx ∈ O(Yn). In fact,

pdx ∈ phnHomOK (O(Ỹn), OK) ⊂ phnHomOK (O(Yn), OK)

by 5.4.7 (2), and hence

pc+dx ∈ phn+cHomOK (O(Yn), OK) ⊂ O(Yn)

by 5.4.7 (1).

5.4.8. We prove 5.4.7 (1).
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For n ≥ 1, the diagram

Yn
⊂
−−−→ pn(G⊕h)⊗OK K

⏐

⏐

⏐

2

⏐

⏐

⏐

2

pn−1

Y1
⊂
−−−→ pn(G⊕h)⊗OK K

(1)

is cartesian. From this and from the fact that pn−1 : pnG −→ pG is flat, we see that the
following diagram is cartesian.

Yn
⊂
−−−→ pnG⊕h

⏐

⏐

⏐

2

⏐

⏐

⏐

2

pn−1

Y1
⊂
−−−→ pG⊕h.

(2)

By this fact and by 4.3.3, we see that

O(Yn)
∼=−→ HomO(Y1)(O(Yn), O(Y1)) ; x )→ (y )→ p−h(n−1)tn,1(xy))

where tn,1 is the trace map O(Yn) −→ O(Y1). Let a ≥ 0 be an integer such that
t̄1(O(Y1)) ⊃ paHomOK (O(Y1), OK). Then we have

t̄n(O(Yn)) ⊃ ph(n−1)+aHomOK (O(Yn), OK).

5.4.9. We prove 5.4.7 (2) (3).
First, we prove the modification of 5.4.7 (3) by replacing Ω1

OKn/OK
by pn(Ω1

OKn/OK
).

This modification is deduced from 5.4.4 by using the inclusions OK̄ ⊗OK pn(Ω1
OKn/OK

)
⊂
−→

pn(Ω1
OKn/OK

).

Next we prove 5.4.7 (2). Since Ỹn is a disjoint sum of finite copies of Spec(OKn) and
t̄n is identified with the direct sum of the map

t̄Kn : OKn −→ HomOK (OKn , OK) ; x )→ (y )→ TrKn/K(xy)),

it is sufficient to prove that there exists an integer d ≥ 0 such that pd · t̄Kn(OKn) ⊂
phnHomOK (OKn , OK) for any n ≥ 0.

Let b ≥ 0 be an integer such that pd kills the kernel of

(OKn/pn ⊗Λ T )⊗OK coLie(G) −→ pn(Ω1
OKn/OK

)

for all n ≥ 0. By the property of b, we see that for any n ≥ b,

lengthOKn
(Ω1

OKn/OK
) ≥ lengthOKn

(OKn ⊗Λ T/pn−bT )

= h(n− b) · lengthOKn
(OKn/pOKn).

For any finite extension L of K,

lengthOL
(Ω1

OL/OK
) = lengthOL

(Coker(t̄L : OL −→ HomOK (OL, OK))). (*)

and HomOK (OL, OK) is a free OL-module of rank 1. By applying these facts to L = Kn,
we have t̄Kn(OKn) ⊂ ph(n−b)HomOK (OKn , OK) for any n ≥ b. This proves 5.4.7 (2).

Finally 5.4.7 (3) follows from the above modification of it and from 5.4.7 (1) (2) and
the above (*).
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(The proof of (*) is reduced to the case L/K is a tame extension and to the case [L : K]
is a prime number. In both cases, there exists α ∈ OL such that OL = OK [α]. If f(T )
denotes the irreducible monic polynomial over OK satisfying f(α) = 0, the both sides of
(*) are equal to lengthOL

(OL/(f ′(α))) where f ′ denotes the derivative of f .)

5.4.10. We need another preliminary 5.4.11 for the proof of 5.4.3. Let 0 ≤ i ≤ r,
0 ≤ n′ ≤ n, and let Φr

n,n′ be as in 5.4.1. We define a homomorphism of O(Yn)[GLh(Λ)]-
modules

(O(Yn)/pn′

⊗Λ Symi
Λ(

h
⊕

j=1

Λej)⊗Λ Symr
Λ(

h
⊕

j=1

Λe∗j)⊗OK coLie(G)⊗(i+h)

−→ I i
(n)Φ

r
n,n′/I i+1

(n) Φ
r
n,n′

(1)

as follows. Let γ : coLie(G)
∼=−→ I(0)/I2

(0) be the canonical isomorphism, and let [pn]∗ :

I(0)/I2
(0) −→ I(n)/I2

(n) be the pull back by the multiplication pn : G⊕h −→ G⊕h. We obtain
the homomorphism (1) as

f ⊗
h

∏

j=1

es(j)
j ⊗ x⊗ ω⊗(i+h)

)→ f · (
h

∏

j=1

[pn]∗γ(pr∗j (ω))s(j))(pr∗1(ω) ∧ · · · ∧ pr∗h(ω))⊗ x⊗ e∗1 ∧ · · · ∧ e∗h

(f ∈ O(Yn), s is an element of Nh such that
∑h

j=1 s(j) = i, x ∈ Symr(
⊕h

j=1 Λe∗j), ω is an
OK-basis of coLie(G), and prj denotes the j-th projection G⊕h −→ G.

Lemma (5.4.11). For a fixed r, there exists a non-zero integer which kills the kernel and
the cokernel of the map (1) for any i, n, n′ such that 0 ≤ i ≤ r and 0 ≤ n′ ≤ n.

Proof. The map (1) is bijective if n = 0 as is easily seen. Hence it is sufficient to show
that there exists a non-zero integer which kills the kernel and the cokernel of the O(Yn)-
homomorphism

O(Yn)⊗OK I i
(0)/I

i+1
(0) −→ {I i

(n)/I
i+1
(n) } ; 1⊗ x )→ [pn]∗(x)

for any i such that 0 ≤ i ≤ r and for any n ≥ 1. By the cartesian property of the diagram
(2) in 5.4.8, it is sufficient to show that there exists a non-zero integer which kills the
kernel and the cokernel of the O(Y1)-homomorphism

O(Y1)⊗OK I i
(0)/I

i+1
(0) −→ I i

(1)/I
i+1
(1) ; 1⊗ x )→ [p]∗(x)

for any i such that 0 ≤ i ≤ r. Hence it is sufficient to show

O(Y1)⊗OK I i
(0)/I

i+1
(0)

∼=−→ Q⊗ I i
(1)/I

i+1
(1) .

This is reduced to the case i = 1, for I i
(0)/I

i+1
(0) (resp. Q⊗ I i

(1)/I
i+1
(1) ) is the i-th symmetric

power of I1
(0)/I

2
(0) (resp. Q⊗ I1

(1)/I
2
(1)) over OK (resp. O(Y1)). In the case i = 1, the exact

sequence

0 −→I1
(1)/I

2
(1)

d
−→Ω1(G⊕h/OK)/I(1)Ω

1(G⊕h/OK) −→Ω1
O(Y1)/OK

−→0
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shows Q⊗ I1
(1)/I

2
(1)
∼= Q⊗ Ω1(G⊕h/OK)/I(1)Ω1(G⊕h/OK), and the composite map

O(Y1)⊗OK coLie(G⊕h) ∼= O(Y1)⊗OK I1
(0)/I

2
(0)

−→ Q⊗ I1
(1)/I

2
(1)

∼= Q⊗ Ω1(G⊕h/OK)/I(1)Ω
1(G⊕h/OK)

∼= O(Y1)⊗OK coLie(G⊕h)

coincides with the multiplication by p.

5.4.12. Now we prove Prop. 5.4.3. Let 0 ≤ i < r.
By taking HomOK ( , OK/pn′

) of the homomorphism in 5.4.10, and by 5.4.11 and the
fact there exists a non-zero integer which kills the kernels and the cokernels of

O(Yn)/pn′

−→ HomOK (O(Yn)/pn′

, OK/pn′

) ;

x mod pn′

)→ (y mod pn′

)→ p−h(n−1)tn(xy) mod pn′

)

for all n, n′ ≥ 0 (cf. 5.4.8), we are reduced to proving the following statement: There
exists a non-zero integer which kills

H0(GLh(Λ, pm), O(Yn)/pn′

⊗Λ Symi
Λ(

h
⊕

j=1

Λe∗j)⊗Λ Symr
Λ(

h
⊕

j=1

Λej)) (1)

for all n ≥ m and all n′ ≥ 0. By 5.4.6, we may replace O(Yn) in (1) by O(Ỹn).
Now choose a Λ-basis (e′j)1≤j≤h of T = H0(K̄, T ). Then the action of Gal(K̄/K)

on T is regarded as a homomorphism Gal(K̄/K) −→ GLh(Λ). Furthermore this choice
gives a compatible system of morphisms Spec(K̄) −→ Yn which induces a Λ[Gal(K̄/K)]-
isomorphism

h
⊕

j=1

Λej
∼=−→ T ; ej )→ e′j.

(Gal(K̄/K) acts on
⊕h

j=1 Λej via the above homomorphism Gal(K̄/K) −→ GLh(Λ)). We
also obtain an identification of Spec(Kn) with a connected component of Yn, and we have

O(Ỹn) ∼= Z[Gal(Λ/pn)]⊗Z[Gal(Kn/K)] OKn

as a Gal(Λ/pn)-module. Hence, (1) with O(Yn) replaced by O(Ỹn) is isomorphic to

Z[GLh(Λ/pm)]⊗Z[Gal(Km/K)] H
0(Gal(Kn/Km), Ξn,n′)

where

Ξn,n′ = OKn/pn′

⊗Λ Symi
Λ(T ∗)⊗Λ Symr

Λ(T ).

Hence it is enough to show that there exists a non-zero integer which kills

H0(Km, OK̄/pn′

⊗Λ Symi
Λ(T ∗)⊗Λ Symr

Λ(T ))

for all n′ ≥ 0. But this fact is already shown in 4.4.1 (5).

5.4.13. We prove Prop. 5.4.2. By 5.4.3, it is enough to show that the K-vector space
of O(Ym)[GLh(Λ)]-homomorphisms from “ lim

←−
n,n′

”Ir
(n)Φ

r
n,n′ to Ψ r

m in ind(pro(Abp)) is one
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dimensional. To show this, by considering the OK/pn′

-dual as in the above proof of 5.4.3
in 5.4.12, and by using 5.4.6 and 5.4.11 as in 5.4.12, we are reduced to showing that

Q⊗ lim
←−
n′

H0(K, OK̄/pn′

⊗Λ Symr
Λ(T ∗)⊗Λ Symr

Λ(T ))

is one dimensional over K. But this fact is already shown in 4.4.1 (3).

§5.5. The completion of the proof of Thm. 4.3.4.

We complete the proof of Prop. 5.3.1 and hence the proof of Thm. 4.3.4. For this,
replacing K by the completion of the maximal unramified extension of K, we may assume
that k is separably closed. In this §5.5, we assume k is separably closed, for this makes
some arguments simpler.

5.5.1. Let r ≥ 0, m ≥ 1. By 5.4.2, we have λ̄r
m = c · ∂r

m for some c ∈ K. We will
construct an element β of lim

←−
n

Φr
n,n such that the elements λ̄r

m(β) and ∂r
m(β) of O(Ym)⊗OK

coLie(G)⊗(h+r) are non-zero and satisfy λ̄r
m(β) = −p−h(m+r) · 1/r! · ∂r

m(β). This will show
c = −p−h(m+r) · 1/r! and hence will prove Prop. 5.3.1.

In the rest of §5.5, we fix an OK-basis ω of coLie(G).
How to construct the above element β is explained in 5.5.2 – 5.5.4 below.
The following lemma will be proved later in 5.5.6 – 5.5.8.

Lemma (5.5.2). There exist elements

ηi,n ∈ Ω̂1
O(Ỹn)/OP

(1 ≤ i ≤ h− 1, n ≥ 0)

such that pηi,n+1 = ηi,n for all i and all n ≥ 0 and such that (ηi,0)1≤i≤h−1 is a K-basis of

Ω̂1
K.

In the rest of §5.5, we fix a family (ηi,n)1≤i≤h−1,n≥0 satisfying the conditions in 5.5.2,
and we denote ηi,0 by ηi. We denote by η̄i,n the image of ηi,n in Ω1

O(Ỹn)/OK
. Note pnη̄i,n =

η̄i,0 = 0.

5.5.3. In the rest of §5.5, for non-zero integers a, b, we say a is “bigger” than b if a is a
multiple of b. (We always put “ ” to the word big when it is used in this sense, to avoid
the confusion.)

Now we define, for a sufficiently “big” non-zero integer c, elements

cβn ∈ O(Yn)/pn ⊗Λ (
h

⊕

i=1

Λei)⊗Λ (
h

⊕

i=1

Λe∗i )

for all n ≥ 0. This notation does not mean that elements βn are defined. We just define
elements cβn for all n ≥ 0, satisfying the condition that (c′c)βn is equal to c′ times cβn for
any non-zero integer c′. (Such notation of the type c · (something) without the definition
of (something) will appear many times in §5.5.)

Take a non-zero integer c1 which kills Ω̂1
OK/OP

/(
⊕h

i=1 OK · ηi), and a non-zero integer c2

which kills the kernels and the cokernels of the O(Yn)-homomorphisms

ψn : O(Yn)/pn ⊗Λ (
h

⊕

i=1

Λei) −→ pn(Ω1
O(Ỹn)/OK

) ; 1⊗ ei )→ ω(ei,n)
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for all n ≥ 0 (5.4.6 and 5.4.7 (3)). We define an O(Yn)/pn-homomorphism

c2
2ψ
−1
n : pn(Ω1

O(Ỹn)/OK
) −→ O(Yn)/pn ⊗Λ (

h
⊕

i=1

Λei)

such that the composite maps (c2
2ψ
−1
n )◦ψn and ψn◦(c2

2ψ
−1
n ) coincide with the multiplication

by c2
2, as follows. For x ∈ pn(Ω1

O(Ỹn)/OK
), there exists y ∈ O(Yn)/pn ⊗Λ (

⊕h
i=1 Λei) such

that ψn(y) = c2x, and c2y depends only on x and is independent of the choice of such y.
We define

c2
2ψ
−1
n (x) = c2y.

For any non-zero multiple c of c2
1c

2
2, we define cβn for all n ≥ 0 as follows. The kernel

and the cokernel of

pn(Ω̂1
O(Ỹn)/OP

)⊕ (O(Ỹ)/pn)⊕(h−1) −→ pn(Ω1
O(Ỹn)/OK

) ;

(y, (ai)1≤i≤h−1) )→ y +
h−1
∑

i=1

aiη̄i,n

are killed by c1. This fact follows from the exact sequence

0 −→ pn(Ω̂1
O(Ỹn)/OP

) −→ pn(Ω1
O(Ỹn)/OK

) −→ O(Ỹn)/pn ⊗OK Ω̂1
OK/OP

in which the last arrow sends η̄i,n to ηi and which is obtained from the exact sequence

0 −→ O(Ỹn)/⊗OK Ω̂1
OK/OP

−→ Ω̂1
O(Ỹn)/OP

−→ Ω1
O(Ỹn)/OK

−→ 0.

Hence for any x ∈ O(Yn)/pn ⊗Λ (
⊕h

i=1 Λei), we have

c1ψn(x) = y +
h−1
∑

i=1

aiη̄i,n

for some y ∈ pn(Ω̂1
O(Ỹn)/OP

) and ai ∈ O(Ỹn) (1 ≤ i ≤ h − 1), and c1y depends only

on x and is independent of the choices of y and ai (1 ≤ i ≤ h − 1). We define an
O(Yn)/pn-homomorphism

c2
1c

2
2βn : O(Yn)/pn ⊗Λ (

h
⊕

i=1

Λei) −→ O(Yn)/pn ⊗Λ (
h

⊕

i=1

Λei)

by
c2
1c

2
2βn(x) = (c2

2ψ
−1
n )(c1y),

and we regard c2
1c

2
2βn as an element of O(Yn)/pn ⊗Λ (

⊕h
i=1 Λei) ⊗Λ (

⊕h
i=1 Λe∗i ). For a

non-zero mutiple c of c2
1c

2
2, writing c = c′c2

1c
2
2, we define cβn = c′ · (c2

1c
2
2)βn.

5.5.4. Let f = (fn)n≥0 be elements of O(G⊕h) satisfying

p−hTrp(fn+1) = fn for any n ≥ 0.

For a sufficiently “big” non-zero integer c and for r ≥ 0, we define an element

cβf,r = (cβf,r,n)n≥0 ∈ lim
←−
n

Ir
(n)Φ

r
n,n ⊂ lim

←−
n

Φr
n,n

as follows. Writing c = c1cr
2 for non-zero integers c1, c2 such that c2βn are defined for all

n ≥ 0, let

cβr
n ∈ O(Yn)/pn ⊗Λ Symr

Λ(
h

⊕

i=1

Λei)⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i )
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be c1 times the r-th power of c2βn. For a sufficiently “big” non-zero integer c, let cβf,r,n ∈
Ir
(n)Φ

r
n,n be the image of

fn|Yn ⊗ cβr
n ⊗ ω

⊗(h+r) mod pn

∈ (O(Yn)/pn ⊗Λ Symr
Λ(

h
⊕

i=1

Λei)⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i ))⊗OK coLie(G)(h+r)

under the homomorphism 5.4.10 (1)

(O(Yn)/pn ⊗Λ Symr
Λ(

h
⊕

i=1

Λei)⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i ))⊗OK coLie(G)(h+r)

−→ Ir
(n)Φ

r
n,n.

(Here fn|Yn denotes the restriction of fn to Yn.)

As is easily seen, the family cβf,r
def=(cβf,r,n)n≥0 belongs to lim

←−
n

Ir
(n)Φ

r
n,n.

The following Prop. 5.5.5 shows that for a fixed m ≥ 1, if we take (fn)n≥0 such that
fm ̸= 0 (such (fn)n≥0 exists because p−hTrp : O(G⊕h) −→ O(G⊕h) is surjective by 4.4.3),
then β = cβf,r has the properties stated in 5.5.1. Hence Prop. 5.3.1 is reduced to

Proposition (5.5.5). Let r ≥ 0, m ≥ 1, let c be a sufficiently “big” non-zero integer,
and let cβf,r ∈ lim

←−
n

Ir
(n)Φ

r
n,n be as above. Then :

(1) ∂r
m(cβf,r) = cphr · r! · fm|Ym ⊗ ω

⊗(h+r).
(2) λr

m(cβf,r) = −cp−hm · fm|Ym ⊗ ω
⊗(h+r).

In the rest of §5.5, we prove 5.5.2 and 5.5.5.
The following lemma will be used in the proof of 5.5.2.

Lemma (5.5.6). There exists a non-zero integer which kills the kernels of the surjections

(Ω1
O(Ỹn)/OP

)/pn −→ (Ω1
O(Ỹn)/OK

)/pn

for all n ≥ 0.

Proof. By 5.4.7 (3), there exists a non-zero integer which kills the kernels and the cokernels
of

(O(Ỹn)/pn ⊗Λ (
h

⊕

i=1

Λei))⊗OK coLie(G) −→ Ω1
O(Ỹn)/OK

;

1⊗ ei ⊗ ω )→ ω(ei,n)

for all n ≥ 0. Since (O(Ỹn)/pn⊗Λ (
⊕h

i=1 Λei))⊗OK coLie(G) is a free (O(Ỹn)/pn)-module
of rank h, we have:

(1) There exists a non-zero integer c such that for any n ≥ 0, there is an O(Ỹn)-
homomorphism

(O(Ỹn)/pn)⊕h −→ (Ω1
O(Ỹn)/OK

)/pn

whose kernel and cokernel are killed by c.
On the other hand, we have by [Hy1] 4.2:
(2) For each n ≥ 0, there exists a surjective O(Ỹn)-homomorphism

(O(Ỹn)/pn)⊕h −→ (Ω1
O(Ỹn)/OP

)/pn.
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By comparing (1) and (2), we see that there exists a non-zero integer which kills the
kernels of the surjections (Ω1

O(Yn)/OP
)/pn −→ (Ω1

O(Ỹn)/OK
)/pn for all n ≥ 0.

5.5.7. We give a remark on our assumption that k is separably closed. By this assump-
tion, detZp(T ) is isomorphic to Zp(1) as a Gal(K̄/K)-module ([Ra]), and hence there
exists a primitive pn-th root of 1 on Yn for any n.

5.5.8. Now we prove Lemma 5.5.2.
Let c1 be a non-zero integer whick kills the kernels of (Ω1

O(Ỹn)/OP
)/pn −→ (Ω1

O(Ỹn)/OK
)/pn

for all n ≥ 0 (5.5.6). Let c2 be a non-zero integer which kills the cokernels of the O(Ỹn)-
homomorphism

(O(Ỹn)/pn)(1) −→ pn(Ω̂1
O(Ỹn)/OP

) ; ζ )→ d log(ζ)

(ζ a pn-th root of 1 regarded as a section of (Z/pn)(1)) for all n ≥ 0. (The existence of c2

follows from

Cp(1)
∼=−→ Vp(lim−→

L

Ω̂1
OL/OP

)

where L ranges over all finite extensions of K in K̄ (2.1.11).) Let c = c1c2. Let (η′i)1≤i≤h−1

be a basis of the free OK-module Ω̂1
OK/OP

.
Fix i ∈ {1, . . . , h − 1}. We define ηi,n by induction on n. Define ηi,0 = cη′i.

Since the image of η′i ∈ Ω̂1
O(Ỹn)/OP

in Ω1
O(Ỹn)/OK

is zero, we have c1η′i = pnνn for some

νn ∈ Ω̂1
O(Ỹn)/OP

. Assume n > 0, and assume that for 0 < j < n, we have found a pj-th

root yj of 1 such that ηi,j
def=c2νj + d log(yj) satisfies pηi,j = ηi,j−1 for 0 < j < n. Then,

since pνn − νn−1 is killed by pn−1, c2(pνn − νn−1) = d log(z) for some pn−1-th root z of 1.
Let yn be a pn-th root of 1 such that yp

n = yn−1z−1, and define ηi,n = c2νn + d log(yn).
Then we have pηi,n = ηi,n−1.

5.5.9. We prove Prop. 5.5.5 (1).
Let ⟨ , ⟩ : (

⊕h
i=1 Λei)× (

⊕h
i=1 Λe∗i ) −→ Λ be the canonical pairing, and let

⟨ , ⟩ : Symr
Λ(

h
⊕

i=1

Λei)× Symr
Λ(

h
⊕

i=1

Λe∗i ) −→ Λ

be the canonical pairing characterized by

⟨x1 · · · xr, y1 · · · yr⟩ =
∑

σ

r
∏

i=1

⟨xi, yσ(i)⟩

where σ ranges over all permutations on the set {1, 2, . . . , r}.
By the definition of ∂r

m,

∂r
m : lim

←−
n

Ir
(n)Φ

r
n,n −→ O(Ym)⊗OK coLie(G)⊗(h+r)

is the inverse limits of homomorphisms

Ir
(n)Φ

r
n,n −→ O(Ym)/pn ⊗OK coLie(G)⊗(h+r) (n ≥ m)
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such that the composites

O(Yn)/pn ⊗Λ Symr
Λ(

h
⊕

i=1

Λei)⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i )⊗OK coLie(G)(h+r)

5.4.10
−−−→ Ir

(n)Φ
r
n,n −→ O(Ym)/pn ⊗OK coLie(G)⊗(h+r)

coincide with
a⊗ x⊗ y ⊗ z )→ pmr · (p−hTrp)

n−m(⟨x, y⟩ · a)⊗ z.

Hence for the proof of Prop. 5.5.5 (1), it is sufficient to prove that for a sufficiently “big”
non-zero integer c, the map

O(Yn)/pn ⊗Λ Symr
Λ(

h
⊕

i=1

Λei)⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i ) −→O(Yn)/pn

a⊗ x⊗ y )→ ⟨x, y⟩ · a

sends cβr
n to c · r! for any n.

Take a sufficiently “big” non-zero integer c′. For n ≥ 0, take a primitive pn-th root ζpn

of 1, and let

un : (O(Yn)/pn)⊕h −→O(Yn)/pn ⊗Λ (
h

⊕

i=1

Λei)

be the O(Yn)/pn-homomorphism

(ai)0≤i≤h−1 )→ ((c′)2ψ−1
n )(a0d log(ζpn) +

h−1
∑

i=1

a1 · η̄i,n).

Then there exists a non-zero integer which kills the kernels and the cokernels of un for all
n ≥ 0. Let

γn : (O(Yn)/pn)⊕h −→(O(Yn)/pn)⊕h

be the homomorphism defined by

γn((ai)0≤i≤h−1) = (a0, 0, . . . , 0).

Then un ◦ cγn = cβn ◦ un (cβn is regarded as a homomorphism). From this, we can
replace O(Yn) ⊗Λ (

⊕h
i=1 Λei) by (O(Yn)/pn)⊕h and cβn by cγn, respectively. That is, it

is sufficient to prove the following. Let A = O(Yn)/pn, M = A⊕h, M∗ = HomA(M, A),
and regard the A-homomorphism γn : M −→ M as an element of M ⊗A M∗, and let
γr

n ∈ Symr
A(M) ⊗A Symr

A(M∗) be the r-th power of γn. Then the image of γn under the
canonical pairing Symr

A(M) ⊗A Symr
A(M∗) −→A coincides with r!. Let v be the element

(1, 0, . . . , 0) of M and let v∗ be the element M −→A ; (a0, . . . , ah−1) )→ a0. Then
γn = v ⊗ v∗ and hence γr

n = vr ⊗ (v∗)r. Hence the image of γr
n in A under the canonical

pairing coincides with r!.

5.5.10. The rest of §5.5 is devoted to the proof of Prop. 5.5.5 (2).
In 5.5.10 – 5.5.15 we give preliminaries, in 5.5.16 – 5.5.20, we give the main line of the

proof, and in 5.5.21 – 5.5.29 we give the details of the proof.
In 5.5.10 – 5.5.12, we give preliminaries concerning PD-symmetric powers and related

complexes.
For a ring A and an A-module M , let SymPD

A (M) =
⊕

r≥0 Sym[r]
A (M) be the PD-

symmetric algebra of M over A. If M is a free A-module A(I) with basis (xi)i∈I , SymPD
A (M)

is the PD-polynomial ring A⟨xi ; i ∈ I⟩ over A in the variables xi (i ∈ I), and Sym[r]
A (M)
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is its “degree r” part. In general, an A-module M is written in the form A(I)/N for some
set I and for some A-submodule N of A(I). SymPD

A (M) is the quotient of A⟨xi ; i ∈ I⟩
by the ideal generated by elements of the form y[n] (y ∈ N, n ≥ 1) where ( )[n] denotes

the canonical PD-structure on the “degree ≥ 1” part of A⟨xi ; i ∈ I⟩. Sym[r]
A (M) is the

image of Sym[r]
A (A(I)).

5.5.11. Let A be a ring and let

E : 0 −→M −→M̃
d
−→Ω −→0

be an exact sequence of A-modules such that Ω is a free A-module. Then the sequence
(which generalizes the sequence in 4.4.2 in which d was an isomorphism)

Sr(E) : 0 −→Sym[r]
A (M) −→Sym[r]

A (M̃) −→Ω⊗A Sym[r−1]
A (M̃)

d
−→ (

2
∧

A

Ω)⊗A Sym[r−2]
A (M̃)

d
−→ · · ·

d
−→ (

q
∧

A

Ω)⊗A Sym[r−q]
A (M̃) −→ · · ·

is exact for any r ≥ 0. Here

d : (
q

∧

A

Ω)⊗A Sym[r−q]
A (M̃) −→ (

q+1
∧

A

Ω)⊗A Sym[r−q−1]
A (M̃)

is defined as

d(z ⊗
r−q
∏

i=1

yi) =
r−q
∑

j=1

dyj ∧ z ⊗
∏

1≤i≤r−q
i̸=j

yi (z ∈ Ω, yi ∈ M̃).

The exactness of Sr(E) is proved as follows. If (xi)i∈I denotes a representative in M̃ of an
A-basis of Ω, SymPD

A (M̃) is isomorphic to the PD-polynomial ring SymPD
A (M)⟨xi ; i ∈ I⟩

over SymPD
A (M). Put A′ = SymPD

A (M). Then the complex ((
∧q

A Ω)⊗A A′⟨xi ; i ∈ I⟩)q≥0

is a resolution of A′ (note Ω is the free A-module with basis (dxi)i∈I). The exactness in
problem follows from this fact.

5.5.12. We will apply 5.5.11 to the following exact sequences En,i of sheaves of OK̄/pi-
modules on (Yn)et.

Fix n ≥ 0, and write Yn =
∐

µ Spec(Lµ) as a finite disjoint union of Spec of finite
extensions Lµ of K. We identify a sheaf of abelian groups on (Yn)et with a collection of
Gal(L̄µ/Lµ)-modules. Fix an embedding Lµ −→ K̄ over K for each µ. Consider the exact
sequence

0 −→Tp(lim−→
L

Ω̂1
OL/OP

) −→Tp(Ω
1
OK̄/OLµ

) −→OCp ⊗OLµ
Ω̂1

OLµ/OP
−→0

where L ranges over all finite extensions of K contained in K̄ (5.1.15). Let M∞ =
Tp(lim−→

L

Ω̂1
OL/OP

). Let (ηi,n)1≤i≤h−1, n≥0 be as in 5.5.2. Let Ωn,∞,µ be the OCp-submodule

of OCp ⊗OKn
Ω̂1

OKn/OP
generated by the µ-components η1,n,µ, . . . , ηh−1,n,µ ∈ Ω̂1

OLµ/OP
of

η1,n, . . . , ηh−1,n ∈ Ω̂1
O(Ỹn)/OP

. Let M̃n,∞,µ be the inverse image of Ωn,∞,µ in Tp(Ω1
OK̄/OLµ

).

Then Ωn,∞,µ is a free OCp-module and the sequence 0 −→M∞ −→ M̃n,∞,µ −→Ωn,∞,µ −→ 0

is exact. For i ≥ 0, let Mi = M∞/pi, M̃n,i,µ = M̃n,∞,µ/pi, Ωn,i,µ = Ωn,∞,µ/pi. We regard
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Mi and the collections M̃n,i = (M̃n,i,µ)µ and Ωn,i = (Ωn,i,µ)µ as sheaves on (Yn)et. The
sequence

En,i : 0 −→Mi −→M̃n,i −→Ωn,i −→0

is exact.
For a pair of non-zero integers (q, r), define the homomorphism

δn,i,q,r : H0(Yn, (
q

∧

Ωn,i)⊗ Sym[r](M̃n,i)⊗Λ Symr
Λ(T ∗))

−→ Hq(Yn, Sym[q+r](Mi)⊗Λ Symr
Λ(T ∗))

(∧, ⊗ and Sym[ ] without the indication of the base ring is taken over OK̄/pi) as the
composite of the connecting maps of the exact sequence

Sr+q(En,i) ⊗Λ Symr
Λ(T ∗) :

0 −→ Sym[q+r](Mi)⊗Λ Symr
Λ(T ∗) −→Sym[q+r](M̃n,i)⊗Λ Symr

Λ(T ∗)

−→ · · · −→
q

∧

Ωn,i ⊗ Sym[r](M̃n,i)⊗Λ Symr
Λ(T ∗) −→0.

5.5.13. In 5.5.13 – 5.5.15 we give some other preliminaries.
We define an element κ of H0(K, Cp(1)⊗F detF (V ∗)).
Let κ̃ ∈ DdR(detF (V ∗))♯ be the unique element such that in the isomorphism

Q⊗ coLie(G)⊗h ∼= Ω̂h−1
K ⊗K DdR(detF (V ∗))♯

in 4.2.6, 1⊗ ω⊗h corresponds to (η1 ∧ . . . ∧ ηh−1)⊗ κ̃. As in 4.2.7,

DdR(detF (V ∗))♯ = D1
dR(detF (V ∗))♯

∼=−→ gr1(DdR(detF (V ∗)))♯.

Furthermore, by the exact sequence

0 −→H0(K, Cp(1)⊗F detF (V ∗)) −→ gr1(DdR(detF (V ∗)))♯

∇
−→ Ω̂1

K ⊗K gr0(DdR(detF (V ∗)))♯

and by gr0(DdR(detF (V ∗)))♯ = 0, we have

gr1(DdR(detF (V ∗)))♯ = H0(K, Cp(1)⊗F detF (V ∗)).

We define κ to be the image of κ̃ under the resulting isomorphism

DdR(detF (V ∗))♯
∼=−→ H0(K, Cp(1)⊗F detF (V ∗)).

5.5.14. For a non-zero integer c satisfying the condition

c kills the kernels of (Ω̂1
O(Ỹn)/OP

)/pn −→ (Ω̂1
O(Ỹn)/OK

)/pn for all n ≥ 0

(cf. Lemma 5.5.6),
(*)

let “c” : (Ωh
O(Ỹn)/OK

)/pn −→ (Ωh
O(Ỹn)/OP

)/pn be the unique homomorphism such that the

composite Ωh
O(Ỹn)/OP

)/pn −→Ωh
O(Ỹn)/OK

)/pn “c”
−−→ (Ωh

O(Ỹn)/OP
)/pn is the multiplication by

c. Let
cδh

n : Ωh
O(Ỹn)/OK

−→Hh(Yn, J [h]
n,K̄/P /J [h+1]

n,K̄/P )

be the composite δh
n◦“c” where δh

n is as in §5.1.
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5.5.15. For a sufficiently “big” non-zero integer c, we define

cβ̄n ∈ H0(Yn, Jn,K̄/P /J [2]
n,K̄/P ⊗Λ T ∗)

for all n ≥ 0 as follows. Consider the O(Yn)-homomorphism

O(Yn)/pn ⊗Λ (
h

⊕

i=1

Λei)⊗Λ (
h

⊕

i=1

Λe∗i ) −→H0(Yn, pn(Ω1
OK̄/OK

)⊗Λ T ∗)

which sends ei ⊗ e∗j to ω(ei,n) ⊗ e∗j,n. By the definition of the element cβn (5.5.3), the
image of cβn under this homomorphism is contained in

H0(Yn, pn(lim
−→
L

Ω̂1
OL/OP

)⊗Λ T ∗) ∼= H0(Yn, Jn,K̄/P /J [2]
n,K̄/P ⊗Λ T ∗),

where L ranges over all finite extensions of K in K̄. We define cβ̄n to be the image of cβn

in H0(Yn, Jn,K̄/P /J [2]
n,K̄/P ⊗Λ T ∗).

For r ≥ 0 and for a sufficiently “big” non-zero integer c, writing c = c1cr
2 for non-zero

integers c1, c2 such that c2β̄n are defined for all n ≥ 0, let

cβ̄r
n ∈ H0(Yn, J [r]

n,K̄/P /J [r+1]
n,K̄/P ⊗Λ Symr

Λ(T ∗))

be c1 times the r-th power of c2β̄n.

Now in 5.5.16 – 5.5.20, we describe the main line of the proof of Prop. 5.5.5 (2). The
proofs of the lemmas 5.5.16, 5.5.18, 5.5.20, and the proofs of the equations 1 – 5 in 5.5.17
will be given later.

Lemma (5.5.16). Let c and c′ be sufficiently “big” non-zero integers, and for n ≥ 0,
consider the cup product

cc′xn
def= cβ̄r

n ∪ c′δh
n(ω(e1,n) ∧ · · · ∧ ω(eh,n)) ∪ (e∗1,n ∧ · · · ∧ e∗h,n)

∈ Hh(Yn, J [h+r]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗)).

Fix m ≥ 1. Let (fn)n≥0 be as in 5.5.4. For n ≥ m, define

cc′yn ∈ Hh(Ym, J [h+r]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

to be the image of fn|Yn · cc′xn under the trace map for Yn −→Ym, and define

cc′y = (cc′yn)n≥m

∈ lim
←−
n

Hh(Yn, J [h+r]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗)).

Then λ̄r
m(cc′βf,r) coincides with the image of cc′y under the canonical isomorphism

Q⊗ lim
←−
n

Hh(Yn, J [h+r]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

∼= O(Ym)⊗OK coLie(G)⊗(h+r).
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5.5.17. For sufficiently “big” non-zero integers c and c′, as we will prove later, the
following equations hold in Hh(Yn, J [h+r]

n,K̄/P /J [h+r+1]
n,K̄/P ⊗Λ Symr

Λ(T ∗)⊗Λ detΛ(T ∗)).

cβ̄r
n ∪ c′δh

n(ω(e1,n) ∧ · · · ∧ ω(eh,n)) ∪ (e∗1,n ∧ · · · ∧ e∗h,n)
1= cβ̄r

n ∪ δ
h
n(η1,n ∧ · · · ∧ ηh−1,n ∪ d log(ζpn)) ∪ c′κt−1

n

2= −cβ̄r
n ∪ δ

h−1
n (η1,n ∧ · · · ∧ ηh−1,n) ∪ p−n log(χcyclo) ∪ c′κ

3= (−1)hcβ̄r
n ∪ δn,n,h−1,0(η1,n ∧ · · · ∧ ηh−1,n) ∪ p−n log(χcyclo) ∪ c′κ

4= (−1)hδn,n,h−1,r(η1,n ∧ · · · ∧ ηh−1,n ⊗ cβ̄r
n) ∪ p−n log(χcyclo) ∪ c′κ

5= (−1)hδn,n,h−1,r(η1,n ∧ · · · ∧ ηh−1,n ⊗ cω⊗r) ∪ p−n log(χcyclo) ∪ c′κ.

Here ζpn denotes a primitive pn-th root of 1, t−1
n denotes the basis of (Z/pn)(−1) which

is dual to ζpn , c′κ belongs to H0(K, OCp(1) ⊗Λ detΛ(T ∗)) since c′ is sufficiently “big”,
c′κt−1

n belongs to H0(K, OK̄/pn⊗Λ detΛ(T ∗)), p−n log(χcyclo) denotes the unique element
of the torsion free group lim

←−
i

H1(Yn, Z/pi) such that pn · p−n log(χcyclo) = log(χcyclo) (this

element p−n log(χcyclo) exists since a primitive pn-th root of 1 exists on Yn), and cω⊗r

in the last line is as follows. Denote by ω the element of H0(K, Tp(Ω1
OK̄/OK

) ⊗Λ T ∗)
corresponding to the Λ-homomorphism

T −→Tp(Ω
1
OK̄/OK

) ;

(vi)i≥0 ∈ lim
←−

i

T/pi )→ (ω(vi))i≥0 ∈ lim
←−

i
pi(Ω1

OK̄/OK
).

Then, since c is sufficiently “big”, c has the form c = c1cr
2 with the property c2ω ∈

H0(K, M̃0,∞ ⊗ T ∗). cω⊗r ∈ H0(K, Symr
OCp

(M̃0,∞) ⊗Λ Symr
Λ(T ∗)) denotes c1 times the

r-th power of c2ω.

Lemma (5.5.18). Let c and c′ be sufficiently “big” non-zero integers. Then for n ≥ m ≥
1, i ≥ 0, the trace map

Hh(Yn, J [h+r]
i,K̄/P /J [h+r+1]

i,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

−→ Hh(Ym, J [h+r]
i,K̄/P /J [h+r+1]

i,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

sends

fn|Yn · δn,i,h−1,r(η1,n ∧ · · · ∧ ηh−1,n ⊗ cω⊗r) ∪ p−n log(χcyclo) ∪ c′κ

to

fm|Ym · δm,i,h−1,r(η1,m ∧ · · · ∧ ηh−1,m ⊗ cω⊗r) ∪ p−m log(χcyclo) ∪ c′κ.

5.5.19. By 5.5.17 and 5.5.18, the element cc′yn in 5.5.16 is equal to

(−1)hfm|Ym · δm,n,h−1,r(η1,m ∧ · · · ∧ ηh−1,m ⊗ cω⊗r) ∪ p−m log(χcyclo) ∪ c′κ

= (−1)hfm|Ym · δ0,n,h−1,r(η1 ∧ · · · ∧ ηh−1 ⊗ cω⊗r) ∪ log(χcyclo) ∪ p−hmc′κ.

By 5.5.20 (2) below, the image of

(δ0,n,h−1,r(η1 ∧ · · · ∧ ηh−1 ⊗ cω⊗r) ∪ log(χcyclo) ∪ c′κ)n≥0

∈ lim
←−
n

Hh(K, J [r]
n,K̄/P /J [r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

52



under the canonical isomorphism

Q⊗ lim
←−
n

Hh(K, J [r]
n,K̄/P /J [r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

∼=−→ K ⊗OK coLie(G)(h+r)

coincides with (−1)hcc′ω⊗(h+r). Hence the image of cc′y = (cc′yn)n in O(Ym) ⊗OK

coLie(G)(h+r) coincides with −p−hmcc′fm|Ym · ω⊗(h+r). By 5.5.16, this proves Prop. 5.5.5
(2).

Lemma (5.5.20). Let r ≥ 0, and consider the exact sequence

E : 0 −→Br
dR,K̄/Qp

/Br+1
dR,K̄/Qp

−→Br
dR/Br+1

dR
d
−→

Ω̂1
K ⊗K Br−1

dR /Br
dR

d
−→ · · ·

d
−→ Ω̂h−1

K ⊗K B0
dR/B1

dR −→0

in §2.1.10. (Note Bi
dR,K̄/Qp

∼=−→ Bi
dR,K̄/P for all i ∈ Z.) Then we have a homomorphism of

exact sequences of Gal(K̄/K)-modules

lim
←−
n

Sr(E0,n) −→E

whose part

Symr
OCp

(M0,∞) −→Br
dR,K̄/Qp

/Br+1
dR,K̄/Qp

is induced by the canonical isomorphism M0,∞ = Tp(lim−→
L

Ω̂1
OL/OP

) ∼= J∞,K̄/P /J [2]
∞,K̄/P (L

ranges over all finite extensions of K in K̄), and whose part

Ω̂q
OK/OP

⊗OK Sym[r−q]
OCp

(M̃0,∞) −→Ω̂q
K ⊗K Br−q

dR /Br−q+1
dR

is (−1)q times the map induced by the canonical isomorphism

Tp(Ω
1
OK̄/OK

) ∼= J∞,K̄/K/J [2]
∞,K̄/K ⊂ B1

dR/B2
dR.

In the rest of §5.5, we prove the lemmas 5.5.16, 5.5.18, 5.5.20, and the proofs of the
equations 1 – 5 in 5.5.17.

Lemma (5.5.21). Let w = (wn)n≥0 ∈ lim
←−
n

Ir
(n)Φ

r
n,n, and write

wn = gn · pr∗1(ω) ∧ · · · ∧ pr∗h(ω)⊗ e∗1 ∧ · · · ∧ e∗h

with gn ∈ {Ir
(n)/I

r+1
(n) }/p

n ⊗Λ Symr
Λ(

⊕h
i=1 Λe∗i ). Assume that for any n ≥ 0, gn belongs to

the kernel P r
n of

{Ir
(n)/I

r+1
(n) }/p

n ⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i )
d⊗1
−−→

{Ir−1
(n) Ω1(G⊕h/OP )/Ir

(n)Ω
1(G⊕h/OP )}/pn ⊗Λ Symr

Λ(
h

⊕

i=1

Λe∗i ).

Then for m ≥ 1, λ̄r
m(w) is described as follows. Take a sufficiently “big” non-zero integer

c. Let

ḡn ∈ H0(Yn, J [r]
n,K̄/P /J [r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗))
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be the image of gn under canonical map

P r
n −→ H0(Yn, J [r]

n,K̄/P /J [r+1]
n,K̄/P ⊗Λ Symr

Λ(T ∗)).

For n ≥ m, let cyn ∈ Hh(Ym, J [h+r]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗)) be the image of

ḡn ∪ cδh
n,Yn/P (ω(e1,n) ∧ · · · ∧ ω(eh,n))⊗ (e∗1,n ∧ · · · ∧ e∗h,n)

∈ Hh(Yn, J [h+r]
n,K̄/P /J [h+r+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

under the trace map for Yn −→Ym, and let

cy = (cyn)n≥m ∈ lim
←−
n

Hh(Ym, J [r+h]
n,K̄/P /J [r+h+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗)).

Then c · λ̄r
m(w) coincides with the image of cy under the canonical isomorphism

Q⊗ lim
←−
n

Hh(Ym, J [r+h]
n,K̄/P /J [r+h+1]

n,K̄/P ⊗Λ Symr
Λ(T ∗)⊗Λ detΛ(T ∗))

∼= O(Ym)⊗OK coLie(G)⊗(h+r).

This lemma follows from the definition of λ̄r
m in 5.3.

5.5.22. We prove Lemma 5.5.16. Let Qr
n be the kernel of

{Ir
(n)/I

r+1
(n) }/p

n ⊗Λ (
h

⊕

i=1

Λe∗i )
d⊗1
−−→

{Ir−1
(n) Ω1(G⊕h/OK)/Ir

(n)Ω
1(G⊕h/OK)}/pn ⊗Λ (

h
⊕

i=1

Λe∗i ).

(/OP in the definition of P r
n is replaced by /OK in the definition of Qr

n.) Let c be a
sufficiently “big” non-zero integer. Let

c(β′n)r ∈ Qr
n

be the image of cβr
n under the canonical map

O(Yn)/pn ⊗Λ Symr
Λ(

h
⊕

i=1

Λei)⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i )

−→{Ir
(n)/I

r+1
(n) }/p

n ⊗Λ Symr
Λ(

h
⊕

i=1

Λe∗i ).

Then cβ̄r
n is the image of c(β′n)r under the canonical map Qr

n −→H0(Yn, J [r]
n,K̄/K/J [r+1]

n,K̄/K⊗Λ

Symr
Λ(T ∗)). By 5.5.21, for the proof of 5.5.16, it is sufficient to prove fn|Yn ·c(β

′
n)r ∈ P r

n for
all n, To prove this, it is sufficient to show cβ′n ∈ P 1

n for all n. Consider the commutative
diagram

pn(Ω̂1
O(Yn)/OP

)⊗Λ (
h

⊕

i=1

Λe∗i )
∼=−−−→ P 1

n

⏐

⏐

⏐

2

∩

⏐

⏐

⏐

2

pn(Ω1
O(Yn)/OK

)⊗Λ (
h

⊕

i=1

Λe∗i )
∼=−−−→ Q1

n
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which is induced by the commutative diagram of exact sequences

0 −−−→ I(n)/I2
(n)

d
−−−→ Ω1(G⊕h/OP )/I(n)Ω1(G⊕h/OP ) −−−→ Ω̂1

O(Yn)/OP
−−−→ 0

⏐

⏐

⏐

2

⏐

⏐

⏐

2

⏐

⏐

⏐

2

0 −−−→ I(n)/I2
(n)

d
−−−→ Ω1(G⊕h/OK)/I(n)Ω1(G⊕h/OK) −−−→ Ω1

O(Yn)/OK
−−−→ 0.

By the definition of cβn, the image of cβ′n under pn(Ω1
O(Yn)/OK

)⊗Λ(
⊕h

i=1 Λe∗i ) −→pn(Ω1
O(Ỹn)/OK

)⊗Λ

(
⊕h

i=1 Λe∗i ) belongs to the image of pn(Ω̂1
O(Ỹn)/OP

)⊗Λ (
⊕h

i=1 Λe∗i ). Hence it is sufficient to

prove that there exists a non-zero integer which kills the kernels and the cokernels of

pn(Ω̂1
O(Yn)/OP

) −→ pn(Ω̂1
O(Ỹn)/OP

) and the kernels and the cokernels of pn(Ω1
O(Yn)/OK

) −→

pn(Ω1
O(Ỹn)/OK

) for all n. But this fact follows from Prop. 5.4.6.

5.5.23. We prove Lemma 5.5.18. We may assume n = m + 1. In this case,

fn|Yn · δn,i,h−1,r(η1,n ∧ · · · ∧ ηh−1,n ⊗ cω⊗r) ∪ p−n log(χcyclo) ∪ c′κ

= fn|Yn · δn,i,h−1,r(η1,m ∧ · · · ∧ ηh−1,m ⊗ cω⊗r) ∪ p−m log(χcyclo) ∪ p−hc′κ,

for pηj,n = ηj,m and p · p−n log(χcyclo) = p−m log(χcyclo). The trace map for Yn −→Ym sends
this element to

Tr(fn|Yn) · δm,i,h−1,r(η1,m ∧ · · · ∧ ηh−1,m ⊗ cω⊗r) ∪ p−m log(χcyclo) ∪ p−hc′κ

where Tr is the trace map O(Ỹn) −→O(Ỹm), for ηj,m and p−m log(χcyclo) come from Ym.
But

Tr(fn|Yn) = (Trp(fn))|Ym = phfm|Ym .

5.5.24. We prove Lemma 5.5.20. We are reduced to the commutativity of the diagram

pn(Ω1
OK̄/OK

) −−−→ OK̄/pn ⊗OK Ω̂1
OK/OP

∼=

⏐

⏐

⏐

2

−1

⏐

⏐

⏐

2

Jn,K̄/K/J [2]
n,K̄/K

d
−−−→ OK̄/pn ⊗OK Ω̂1

OK/OP
.

(1)

Let w be an element of pn(Ω1
OK̄/OK

). Take a finite extension L of K in K̄ such that

w belongs to pn(Ω1
OL/OK

). As in 2.1.11, let A be a polynomial ring over OK in finitely
or infinitely many variables endowed with a surjective OK-homomorphism ν : A −→OL,
and let I be the kernel of ν. Take an element w̃ of Ω̂1

A/OP
whose image in Ω1

OL/OK

is w. Take f ∈ Î (Î denotes the p-adic completion of I) such that the images of df

and pnw̃ in Ω̂1
A/OK

/IΩ̂1
A/OK

coincides. Since OL ⊗OK Ω̂1
OK/OP

∼=−→ Ker(Ω̂1
A/OP

/IΩ̂1
A/OP

−→

Ω̂1
A/OK

/IΩ̂1
A/OK

), there exists an element η of OL⊗OK Ω̂1
OK/OP

such that df = pnw̃+η holds

in Ω̂1
A/OP

/IΩ̂1
A/OP

. The image of w in Jn,K̄/K/J [2]
n,K̄/K is the class of f in Ker({I/I2}/pn d

−→

{Ω̂1
A/OK

/IΩ̂1
A/OK

}/pn), and hence the image of w under the composite map

pn(Ω1
OK̄/OK

) ∼= Jn,K̄/K/J [2]
n,K̄/K

d
−→OK̄/pn ⊗OK Ω̂1

OK/OP

coincides with the class of η. On the other hand, since the image of df under Ω̂1
A/OP

−→

Ω̂1
OL/OP

is zero, the image of pnw̃+η in Ω̂1
OL/OP

is zero. This shows that the image of w in
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OK̄/pn⊗OK Ω̂1
OK/OP

under the upper horizontal arrow in the above diagram (1) coincides
with the class of −η.

5.5.25. We prove the equation 1 in 5.5.17.
From the exact sequence

0 −→Cp(1)⊗OK Lie(G) −→Cp ⊗F V −→Cp ⊗K D0 −→0,

(2.3.4), we have an isomorphism

Cp(1)⊗OK Lie(G)⊗OK detK(D0) ∼= Cp ⊗ detF (V )

which sends x ⊗ (y1 ∧ · · · ∧ yh−1) (x ∈ Cp(1) ⊗OK Lie(G), y1, . . . , yh−1 ∈ D0) to
x⊗ ỹ1 ∧ · · · ∧ ỹh−1 where ỹi denotes an element of Cp⊗F V whose image in Cp⊗K D0

coincides with yi. From this and the isomorphism

∇ : D0 ∼=−→ Ω̂1
K ⊗K (D/D0) = Ω̂1

K ⊗OK Lie(G),

we have
Cp ⊗OK coLie(G)⊗h ∼= Cp(1)⊗F detF (V ∗)⊗K Ω̂h−1

K .

The last isomorphism sends 1⊗ω⊗h to (−1)h−1κ⊗ (η1∧ · · · ∧ ηh−1). ((−1)h−1 appears
here because in gr0(BdR)⊗F V = gr1(BdR)⊗OK Lie(G)⊕ gr0(BdR)⊗K D0,

x ∧ y1 ∧ · · · ∧ yh−1 = (−1)h−1y1 ∧ · · · ∧ yh−1 ∧ x

for x ∈ gr1(BdR) ⊗OK Lie(G) and y1, . . . , yh−1 ∈ gr0(BdR) ⊗K D0.) Consider the
commuative diagram of exact sequences

0 −−−→ Cp(1)⊗OK Lie(G) −−−→ Cp ⊗F V −−−→ Cp ⊗K D0 −−−→ 0
⏐

⏐

⏐

2

ω

⏐

⏐

⏐

2

ω

⏐

⏐

⏐

2

ω·∇

0 −−−→ Vp(lim−→
L

Ω̂1
OL/OP

) −−−→ Vp(Ω1
OK̄/OK

) −−−→ Cp ⊗K Ω̂1
K −−−→ 0

where L ranges over all finite extensions of K in K̄, Vp( ) denotes Q ⊗ lim
←−
n

Ker(pn), the

left vertical arrow is induced by Zp(1) −→ Tp(lim−→
L

Ω̂1
OL/OP

) ; (ζpn)n≥0 )→ (d log(ζpn))n≥0

and by ω : Lie(G) −→OK , the middle vertical arrow sends v = (vn)n ∈ T to (ω(vn))n ∈
Tp(Ω1

OK̄/OK
), and the right vertical arrow sends x ∈ D0 to the image of ∇(x) under ω :

Ω̂1
K⊗OK Lie(G) −→Ω̂1

K . The commutativity of this diagram follows from the commutativity
of the diagram in the proof of 5.4.4 and from the commutativity of the diagram (1) in
5.5.24. By this diagram, we have

(ω(e1,i))i ∧ · · · ∧ ((ω(eh,i))i ⊗ (e∗1 ∧ · · · ∧ e∗h)

= (−1)h−1(d log(ζpi))i ∧ (η̄1,i)i ∧ · · · ∧ (η̄h−1,i)i ⊗ t−1κ

in Q ⊗ lim
←−

i

lim
−→
n

Γ(Yn, (
h
∧

OK̄/pi

pi(Ω1
OK̄/OK

)) ⊗Λ detΛ(T ∗)) where (ζpi)i≥0 is a basis of Zp(1)

and t−1 denotes the basis of Zp(−1) which is dual to (ζpi)i. This proves the equation 1 in
5.5.17.

5.5.26. We prove the equation 2 in 5.5.17.
Let χn ∈ H1(Yn, Z/pn) = Homcont(Gal(K̄/Kn), Z/pn) be the following element. Write

Yn =
∐

µ Spec(Lµ) as before. For σ ∈ Gal(L̄µ/Lµ), since Lµ contains a primitive pn-th
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root of 1, χcyclo(σ) = 1+pna for some a ∈ Zp. We define the µ-component of χn by σ )→ a
mod pn.

The image of 2p−n log(χcyclo) ∈ lim
←−

i

H1(Kn, Z/pi) in H1(Kn, Z/pn) coincides with 2χn.

(To see this, use
log(1 + pna) =

∑

i≥1

(−1)i−1((pna)i/i) (n ≥ 1).

The equation 2 in 5.5.17 follows from

Lemma (5.5.27). The cup product

δ1
n(d log(ζpn)) ∪ t−1

n ∈ H1(Yn, (Jn,K̄/Qp
/J [2]

n,K̄/Qp
)(−1))

coincides with the image of −χn.

Proof. By 5.1.11, this reduced to σ(ζp2n)ζ−1
p2n = (ζpn)χn(σ) for σ ∈ Gal(L̄µ/Lµ).

The equation 3 (resp. 4) in 5.5.17 follows from (1) (resp. (2)) of

Lemma (5.5.28). (1) For q ≥ 0 and for elements z1, . . . , zq of the O(Yn)-submodule

of Ω̂1
O(Yn)/OP

generated by η1,n, . . . , ηh−1,n, we have

δn,i,q,0(z1 ∧ · · · ∧ zq) = (−1)qδq
i (z1 ∧ · · · ∧ zq)

in Hq(Yn, J [q]
i,K̄/P /J [q+1]

i,K̄/P ).

(2) For z ∈ H0(Yn,
∧h−1 Ωn,i) and u ∈ H0(Yn, Sym[r](Mi)⊗Λ Symr

Λ(T ∗)), we have

δn,i,h−1,r(z ⊗ u) = δn,i,h−1,0(z) ∪ u

in Hh−1(Yn, Sym[r+h−1](Mi)⊗Λ Symr
Λ(T ∗)).

Proof. (1) is reduced to the case q = 1, and the case q = 1 of (1) follows from 5.1.16. The
proof of (2) is standard.

The equation 5 in 5.5.17 follows from

Lemma (5.5.29). Let r ≥ 0. Then for a sufficiently “big” non-zero integer c, the image

of cβ̄r
n and cω⊗r in H0(Yn, Sym[r](M̃n,n)⊗Λ Symr

Λ(T ∗)) coincide for any n ≥ 0.

Proof. We may assume r = 1. For any v ∈ T , we have in a stalk of Tp(Ω1
OK̄/OK

),

c · (ω(vi))i≥0 = y(v) +
r−1
∑

j=1

a(v)j · (η̄j,i)i≥0

for some y(v) ∈ Tp(lim−→
L

Ω̂1
OL/OP

) = M∞ and a(v)j ∈ OCp . In Tp(Ω1
OK̄/OKn

), we have

(η̄j,i)i≥0 = pn(η̄j,i+n)i≥0, and the image of (η̄j,i+n)i≥0 in OCp ⊗OKn
Ω̂1

OKn/OP
is ηj,n. Hence

c · (ω(vi))i≥0 − y(v) belongs to the stalk of pnM̃n,∞. This shows that the image of cω in
the stalk of M̃n,n ⊗Λ T ∗ coincides with

T −→Mn ; v )→ y(v) mod pn.

On the other hand, by definiton, the stalk of cβ̄n coincides with

T −→Mn ; v )→ y(v) mod pn.
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6. Another generalized explicit reciprocity law

We give another generalization 6.1.9 of the classical explicit reciprocity law to the
imperfect residue field case.

§6.1. The statement of the explicit reciprocity law.

6.1.1. In this §6.1 we consider the following situation:
Let K be a complete discrete valuation field with residue field k such that char(K) = 0,

char(k) = p > 0, and [k : kp] <∞. We denote by e the integer for which [k : kp] = pe.
Let G be a p-divisible group over OK , let Λ be an integral domain over Zp which is

free of finite rank as a Zp-module and which is endowed with an injective homomorphism
Λ −→ End(G), and assume that the following conditions (i) (ii) are satisfied.

(i) dim(G) = 1.
(ii) The Tate module T is a free Λ-module of rank 1.

6.1.2. In what follows, we regard Λ as a subring of OK via Λ −→ EndOK (Lie(G)) = OK ,
and the field of fractions F of Λ as a subfield of K. We use the notations

T = TpG, V = VpG, T ∗ = HomΛ(T, Λ), V ∗ = HomF (V, F ).

6.1.3. For n ≥ 0, let Kn be the extension of K corresponding to the kernel of
Gal(K̄/K) −→AutΛ(T/pn) = (Λ/pn)×.

Fix a Λ-basis ξ of T . For n ≥ 0, let ξn = ξ mod pn ∈ T/pn = pnG(OK̄). We define two
homomorphisms

λξ, ∂ξ : lim
←−
n

KM
e+1(Kn) −→ Ω̂e

K ⊗OK coLie(G).

The definition of λξ uses BdR and Galois cohomology theory and the definition of ∂ξ uses
differential forms. The generalized explicit reciprocity law 6.1.9 says λξ = (−1)e∂ξ.

6.1.4. The map λξ is defined as the composition

lim
←−
n

KM
e+1(Kn) −→ lim

←−
n

He+1(K, (Z/pnZ)(e + 1)⊗ T ∗)

−→ Ω̂e
K ⊗OK coLie(G).

(1)

Here the first arrow is the inverse limit of the maps defined for each n which are
composites of the following three maps: the Galois symbol map

KM
e+1(Kn) −→ He+1(Kn, (Z/pnZ)(e + 1)) (4.2.3),

the cup product with ξ−1
n

He+1(Kn, (Z/pnZ)(e + 1)) −→ He+1(Kn, (Z/pnZ)(e + 1)⊗ T ∗),

and the trace map

He+1(Kn, (Z/pnZ)(e + 1)⊗ T ∗) −→ He+1(K, (Z/pnZ)(e + 1)⊗ T ∗).

We define the second arrow in (1) to be the map induced by the isomorphism

He+1(K, [Cp(e + 1)⊗F V ∗]) ∼= [Ω̂e
K ⊗OK coLie(G)]

obtained by applying ( )♯ to 2.3.3 (2) (we take V ∗, e + 1, e + 2 as V , i, j in 2.3.3 (2),
respectively).

6.1.5. We will define ∂ξ in 6.1.8 after preliminaries 6.1.5 – 6.1.7. The proofs of the
lemmas 6.1.6 and 6.1.7 are given in §6.2.
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We use a modified version Ω̂q
OK

(log) of Ω̂q
OK

which contains d log(π) for prime elements
π of K. Let

Ω1
OK/Z(log) = (Ω1

OK/Z ⊕ (OK ⊗Z K×))/S

where S is the OK-submodule of the direct sum generated by elements of the form
(−da, a⊗a) for a ∈ OK \{0}. For a ∈ K×, the element (0, 1⊗a) mod S of Ω1

OK/Z(log) is
denoted by d log(a). Then the kernel and the cokernel of Ω1

OK/Z −→Ω1
OK/Z(log) are killed

by the maximal ideal of OK . Let Ωq
OK/Z(log) be the q-th exterior power of Ω1

OK/Z(log) as
an OK-module, and let

Ω̂q
OK

(log) = lim
←−
n

Ωq
OK/Z(log)/pnΩq

OK/Z(log).

Let
d log : KM

q (Kn) −→ Ω̂q
OKn

(log)

be the homomorphism {x1, . . . , xq} )→ d log(x1) ∧ · · · ∧ d log(xq).

Lemma (6.1.6). There exists a non-zero integer c such that

cp−nTrKn/K(OKn) ⊂ OK

for all n ≥ 0, where TrKn/K denotes the trace map.

Lemma (6.1.7). For n ≥ 0, let Nn be the OKn-submodule of Ω̂e+1
OKn

(log) generated by the

image of Ω̂e+1
OK

, and let

κn : OKn/(pn)⊗OK Ω̂e
OK
⊗OK coLie(G) −→ Ω̂e+1

OKn
(log)/Nn ;

x⊗ y ⊗ ω )→ xy ∧ ω(ξn)

where ω(ξn) ∈ Ω1
OKn/OK

is the pull back of ω by ξn. ( Note that Ω̂e
OK
⊗OK Ω̂1

OKn
−→Ω̂e+1

OKn
(log)

induces Ω̂e
OK
⊗OK Ω1

OKn/OK
−→Ω̂e+1

OKn
(log)/Nn.) Then there exists a non-zero integer which

kills Nn, Ker(κn) and Coker(κn) for all n ≥ 0.

6.1.8. Let c be a non-zero integer satisfying the following condition (*).

c = c1c2c3 for some integers c1, c2, c3 such that c1p
−nTrKn/K(OKn) ⊂ OK ,

c2 kills Ker(κn), and c3 kills Coker(κn) for all n ≥ 0.
(*)

Then we define

fn,c : KM
e+1(Kn) −→ OK/(pn)⊗OK Ω̂e

OK
⊗OK coLie(G)

to be the composite map

KM
e+1(Kn)

d log
−−→ Ω̂e+1

OKn
(log)

c2κ−1
n c3−−−−→ OKn/(pn)⊗OK Ω̂e

OK
⊗OK coLie(G)

c1p−nTrKn/K⊗id
−−−−−−−−−−→ OK/(pn)⊗OK Ω̂e

OK
⊗OK coLie(G).

Here c2κ−1
n c3 is the homomorphism x )→ c2y where y is an element of OK/(pn) ⊗OK

Ω̂e
OK
⊗OK coLie(G) such that c3x mod Nn = κn(y).

It is easily seen that fn,c is independent of the choices of c1, c2, c3 as above, and
fn,bc = b · fn,c for any non-zero integer b.

We define
∂ξ : lim

←−
n

KM
e+1(Kn) −→ Ω̂e

K ⊗OK coLie(G)
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to be c−1 lim
←−
n

fn,c where c is a non-zero integer satisfying the above condition (*). Then,

∂ξ is independent of the choice of c.

Theorem (6.1.9).

λξ = (−1)e∂ξ.

6.1.10. Thm. 6.1.9 is related to the explicit reciprocity law of Wiles [Wi] as follows.
Let (K, G, Λ) be as in Example 4.1.3. Let Ĝ(OK) = lim

←−
i

G(OK/pi). Then as in [Wi], a

choice ξ of a Λ-basis of T gives a pairing

Ĝ(OK)× lim
←−
n

(Kn)× −→ Λ (1)

(this is the Lubin-Tate group version of the pairing (3) in 1.1.2). It can be shown ([Ka3]
Chapter II, §2) that the homomorphism λξ in this section coincides with the composite
map

lim
←−
n

(Kn)× −→ HomΛ,cont(Ĝ(OK), Λ)

−→ HomΛ(Lie(G), F ) ∼= Q⊗ coLie(G).

Here the second arrow is induced by the exponential map

exp : Lie(G) −→ Q⊗ Ĝ(OK)

and the last isomorphism is by the pairing

Lie(G)× coLie(G) −→ F ; (x, y) )→ TrK/F (xy)

([Ka3] Chapter II, §2). So Thm. 6.1.9 gives an explicit description of the pairing (1),
which is essentially the same with that in [Wi].

6.1.11. In the situation of 4.1.1, assume h = 1, and assume Gal(K̄/K) −→AutΛ(T ) = Λ×

is surjective. Then Yn
∼= Spec(Kn) for n ≥ 0, and λ0

m is identified with

λξ : lim
←−
n

(Kn)× −→ Km ⊗OK coLie(G)

of the pull back of G over OKm . In this case, the part of Thm. 4.3.1 and Thm. 4.3.4
concerning λ0

m is deduced from Thm. 6.1.9.

§6.2. Proofs of 6.1.6 and 6.1.7.

We prove lemmas 6.1.6 and 6.1.7.

Lemma (6.2.1). The image of the canonical map

(Cp ⊗F V )⊗OK coLie(G) −→JdR,K̄/K/J [2]
dR,K̄/K

(2.4.1) is contained in JdR,K̄/Qp
/J [2]

dR,K̄/Qp
, and induces an isomorphism (Cp ⊗F V ) ⊗OK

coLie(G)
∼=−→ JdR,K̄/Qp

/J [2]
dR,K̄/Qp

.

Proof. This follows from the proof of 2.3.4.
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Lemma (6.2.2). There exists a non-zero integer c which satisfies the following condition :
Consider the maps

(OK̄/pn ⊗Λ T )⊗OK coLie(G)
(i)n−−→ pn(Ω1

OK̄/OK
)

(ii)n←−− lim
−→
L

pn(Ω̂1
OL

)

where (i)n is 1⊗ ξ ⊗ ω )→ ω(ξn) and L ranges over all finite extensions of K in K̄. Then
for all n ≥ 0, c kills Ker((i)n) and Ker((ii)n), and

c · Image((i)n) ⊂ Image((ii)n), c · Image((ii)n) ⊂ Image((i)n).

Proof. This follows from 6.2.1 by 2.1.11.

Lemma (6.2.3). There exists a non-zero integer c which satisfies the following condition :
Consider the maps

((OKn/pn)⊗Λ T )⊗OK coLie(G)
(i)n−−→ Ω1

OKn/OK

(ii)n←−− pn(Ω̂1
OKn

).

Then for all n ≥ 0, c kills Ker((i)n), Coker((i)n), Ker((ii)n), and Coker((ii)n).

Proof. We may assume that the residue field k of K is separably closed. In this case,
detZp(T ) ∼= Zp(1) ([Ra]) and hence Kn contains a primitive pn-th root of 1. Hence we

have a homomorphism (OKn/pn)(1) −→pn(Ω̂1
OKn

) which sends a pn-th root ζ of 1 (regarded
as an element of (Z/pn)(1)) to d log(ζ). From

Cp(1)
∼=−→ Vp(lim−→

L

Ω̂1
OL

) ; (ζpn)n )→ (d log(ζpn))n

(L ranges over all finite extensions of K in K̄), we see that there exists a non-zero integer
which kills the kernels and the cokernels of

(OKn/pn)(1) −→pn(Ω̂1
OKn

)

for all n ≥ 0.
By using this fact and by using the inclusions

OK̄ ⊗OKn pn(Ω1
OKn/OK

)
⊂
−→ pn(Ω1

OK̄/OK
),

we see it is sufficient to show that there exists a ≥ 0 such that

lengthOKn
(Ω1

OKn/OK
) ≤ lengthOKn

(OKn/pn) + a

for any n ≥ 0. This is proved by the same method as in 5.4.8.

6.2.4. We prove 6.1.6. By 6.2.3, there exists an integer a ≥ 0 such that

lengthOKn
(Ω1

OKn/OK
) ≥ (n− a) · lengthOKn

(OKn/p).

Then pa−nTrKn/K(OKn) ⊂ OK (cf. 5.4.9).

6.2.5. We prove 6.1.7.
By the exact sequence 0 −→OKn ⊗OK Ω̂1

OK
−→Ω̂1

OKn
−→Ω1

OKn/OK
−→0 and by 6.2.3, there

exists a non-zero integer which kills the kernels and the cokernels of OKn ⊗OK Ω̂1
OK
⊕

pn(Ω̂1
OKn

) −→Ω̂1
OKn

for all n ≥ 0. We consider the (e+1)-th exterior power over OKn of this

last map. By 6.2.3, there exists a non-zero integer which kills
∧q

OKn
pn(Ω̂1

OKn
) for all q ≥ 2
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and for all n ≥ 0. Furthermore, Ω̂e+1
OK

is a torsion OK-module. Hence there exists a non-

zero integer which kills the kernels and the cokernels of (OKn⊗OK Ωe
OK

)⊗OKn pn(Ω̂1
OKn

) −→

Ω̂e+1
OKn

for all n ≥ 0. By 6.2.3, this implies 6.1.7.

§6.3. Proof of Thm. 6.1.9.

6.3.1. We introduce some notations. Consider the following three conditions (i) – (iii)
concerning a non-zero integer c.

(i) cp−nTrKn/K(OKn) ⊂ OK for all n ≥ 0.
(ii) c = c1c2 for some c1, c2 such that c1 (resp. c2) kills the kernels (resp. cokernels) of

pn(Ω̂1
OKn

) −→pn(Ω1
OKn/OK

) for all n ≥ 0.
(iii) c kills Nn (6.1.7) for all n ≥ 0.
If the condition (ii) is satisfied, let

gc : pn(Ω1
OKn/OK

) −→ pn(Ω̂1
OKn

)

be the homomorphism defined by gc(x) = c1(y) where y is an element of pn(Ω̂1
OKn

) such
that c2x coincides with the image of y. Let

ḡc : pn(Ω1
OKn/OK

) −→ H0(Kn, Jn,K̄/Qp
/J [2]

n,K̄/Qp
)

be the composite pn(Ω1
OKn/OK

)
gc−→ pn(Ω̂1

OKn
) −→H0(Kn, Jn,K̄/Qp

/J [2]
n,K̄/Qp

), where the last
map is as in 2.1.11.

If the condition (iii) is satisfied, let

κn,c : OKn ⊗OK Ω̂e
OK
⊗OK coLie(G) −→ Ω̂e+1

OKn

be the composite of κn and c : Ω̂e+1
OKn

/Nn −→Ω̂e+1
OKn

.
By the relation between the Galois symbol and δq

n described in 5.1.12 and 5.1.13, and
by 6.1.7, the proof of Thm. 6.1.9 is reduced to

Proposition (6.3.2). There exists non-zero integers c, c′, c′′ which satisfy the following
conditions (i) (ii).

(i) c satisfies 6.3.1 (i), c′ satisfies 6.3.1 (ii), and c′′ satisfies 6.3.1 (iii).
(ii) For all n ≥ 0, and for all f ∈ OKn, η ∈ Ω̂e

OK
and ω ∈ coLie(G), the trace map

He+1(Kn, J [e+1]
n,K̄/Qp

/J [e+2]
n,K̄/Qp

⊗Λ T ∗) −→ He+1(K, J [e+1]
n,K̄/Qp

/J [e+2]
n,K̄/Qp

⊗Λ T ∗)

sends cc′f · δe+1
n (κn,c′′(η ∧ ω(ξn)))⊗ ξ−1 to

−c′′ · (cp−nTrKn/K(f) · δe
n(η)) · (ḡc′(ω(ξn))⊗ ξ−1) ∪ log(χcyclo)

(ḡc′(ω(ξn))⊗ ξ−1 is regarded here as an element of H0(K, Jn,K̄/Qp
/J [2]

n,K̄/Qp
⊗Λ T ∗)).

Since c′κc′′(η ∧ ω(ξn)) = c′′(η ∧ gc′(ω(ξn))), 6.3.2 is reduced to

Proposition (6.3.3). There exists non-zero integers c, c′ which satisfy the following
conditions (i) (ii).

(i) c satisfies 6.3.1 (i) and c′ satisfies 6.3.1 (ii).
(ii) For all n ≥ 0, and for all f ∈ OKn and ω ∈ coLie(G), the trace map

H1(Kn, Jn,K̄/Qp
/J [2]

n,K̄/Qp
⊗Λ T ∗) −→ H1(K, Jn,K̄/Qp

/J [2]
n,K̄/Qp

⊗Λ T ∗)
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sends cf · δ1
n(gc′(ω(ξn)))⊗ ξ−1 to

−cp−nTrKn/K(f) · (ḡc′(ω(ξn))⊗ ξ−1) ∪ log(χcyclo).

Definition (6.3.4). (1) Let χG : Gal(K̄/K) −→Λ× be the action on T .

(2) Let log(χG) ∈ Q ⊗ lim
←−
n

H1(K, Λ/pn) = Homcont(Gal(K̄/K), F ) be the composite

of χG with log : Λ× −→F .
(3) For n ≥ 0, define

χn,G ∈ H1(Kn, Λ/pn) = Homcont(Gal(K̄/Kn), Λ/pn)

by
χn,G(σ) = a mod pn where χG(σ) = 1 + pna (a ∈ Λ).

Lemma (6.3.5). Let ω ∈ coLie(G) and let c be an integer which satisfies 6.3.1 (ii). Then

δ1
n(gc(ω(ξn))) = −ḡc(ω(ξn)) ∪ χn,G in H1(Kn, Jn,K̄/Qp

/J [2]
n,K̄/Qp

).

Proof . Consider the commutative diagram of exact sequences

0 −−−→ T/pn pn

−−−→ T/p2n −−−→ T/pn −−−→ 0
⏐

⏐

⏐

2

⏐

⏐

⏐

2

⏐

⏐

⏐

2

0 −−−→ Jn,K̄/K′/J [2]
n,K̄/K′

pn

−−−→ J2n,K̄/K′/J [2]
2n,K̄/K′ −−−→ Jn,K̄/K′/J [2]

n,K̄/K′ −−−→ 0

in which the vertical arrows are ḡc(ω( )). We have a commutative diagram

H0(Kn, T/pn) −−−→ H1(Kn, T/pn)
⏐

⏐

⏐

2

⏐

⏐

⏐

2

H0(Kn, Jn,K̄/Qp
/J [2]

n,K̄/Qp
) −−−→ H1(Kn, Jn,K̄/Qp

/J [2]
n,K̄/Qp

)

where the horizontal arrows are connecting maps. By 5.1.14, δ1
n(gc(ω(ξn))) is the image

of −ḡc(ω(ξn)) under the lower horizontal arrow. Hence we are reduced to

Lemma (6.3.6). The connecting map

H0(Kn, T/pn) −→H1(Kn, T/pn)

of 0 −→T/pn pn

−→ T/p2n −→T/pn −→0 sends ξn to ξn ∪ χn,G.

Proof. This follows from

σ(ξ2n)− ξ2n = pnχn,G(σ)ξ2n (σ ∈ Gal(K̄/Kn)).

Lemma (6.3.7). log(χcyclo) and log(χG) have the same image in Q⊗lim
←−
n

H1(K, OK̄/pn).

Proof. By
Cp ⊗F V ∼= Cp ⊗OK Lie(G) ∼= Cp(1),

χcyclo and χG have the same image in H1(Gal(K̄/K), C×p ). By the exact sequence
0 −→ (OCp)

× −→ C×p −→ Q −→ 0, we see that the kernel of H1(Gal(K̄/K), (OCp)
×) −→
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H1(Gal(K̄/K), C×p ) is a torsion group, and hence the difference of χcyclo and χG in
H1(Gal(K̄/K), (OCp)

×) is a torsion element. By applying log : (OCp)
× −→Cp, we see

that log(χcyclo) and log(χG) have the same image in H1(Gal(K̄/K), Cp). This implies
6.3.7.

Lemma (6.3.8). (1) For n ≥ 1, the image of log(χG) : Gal(K̄/Kn) −→F is contained in
pnΛ.

(2) Let n ≥ 1, and consider the element p−n log(χG) of lim
←−

i

H1(Kn, Λ/pi) = Homcont

(Gal(K̄/Kn), Λ). Then the image of 2p−n log(χG) in H1(Kn, Λ/pn) coincides with 2χn,G.

Proof. Straightforwards.

6.3.9. By 6.3.5, 6.3.7, 6.3.8, the proof of 6.3.3 is reduced to

Lemma (6.3.9). There exist non-zero integers c, c′ which satisfy the following conditions
(i) (ii).

(i) c satisfies 6.3.1 (i), and c′ log(χG) belongs to lim
←−
n

H1(K, Λ/pn).

(ii) For any n ≥ 0, and any f ∈ OKn, the trace map H1(Kn, OK̄/pn) −→H1(K, OK̄/pn)
sends cc′f · p−n log(χG) to cp−nTrKn/K(f) · c′ log(χG).

Proof. Since H1(K, [Cp]) ∼= [K], the torsion part of lim
←−

i

H1(K, OK̄/pi) is killed by

some non-zero integer. Hence it is sufficient to show that the above trace map sends
f · c′ log(χcyclo) to TrKn/K(f) · c′ log(χcyclo). But this fact is clear.
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