PROBLEM SET

ZEYU WANG

Throughout the problem set, we use the following notations:

G semisimple algebraic group over C

T C B: a choice of maximal torus and Borel subgroup
W = Ng(T')/T: Weyl group

t C b C g: corresponding Lie algebras

® C t*: roots

x:t—a=t/W =g/ G: Chevalley quotient map
g Cg, t Ct, a™ C a: semisimple loci

r =r(G): rank of G

fi, 5 fr € O(a) 2 O(H)W =2 O(g)®: homogeneous generators
F=C(t), 0=C[{]

I C G(F): Iwahori subgroup

Fl = G(F)/I: affine flag variety

W: extended affine Weyl group

1. HOMOGENEOUS ELEMENTS

Exzxercise 1.1. In this exercise, we study regular elements in W.
For element w € W and ¢ € C*, define V(w, () = {t € tjwt = (t} C t.

We say that w is regular (of order m) if V(w,{) Nt # & for some primitive m-th root of unity
¢ € pim-

We say that w is elliptic if t* = 0.

We say that m is a reqular number of W if there exists a regular element of order m.

We say that m is a regular elliptic number if there exists a regular elliptic element of order m.

Fix w € W a regular element of order m and ¢ € p,, a primitive m-th root of unity.

(1)

(7)

Ezercise 1.2. In this exercise, we study regular semisimple homogeneous elements in g(F') of slope v = .

Show that w has order m as an element of W, and it induces a free action of the cyclic group
Z/mZ = (w) on P.

Show that there exists a choice of simple roots S C ® under which /(w) = |®|/m. Moreover, when
w is elliptic, show that I(w) > |®|/m for any choice of S.

Consider a;/, = N mia,V (fi) C a where V(f;) C a is the vanishing locus of f; € O(a). Show that
X|’:1(a1/m) = Uw’EWV(w/7 C)

Define a(m) = [{1 <i < r:m | d;}| = dimay,,,. Show that x|{ "' (a1/,,) is equi-dimensional of
dimension a(m), and W acts transitively on the set of irreducible components of x| *(a Jm)-

Show that dim V(w,{) = a(m). Conclude that any two regular elements of order m are conjugate
in W.

Show that the eigenvalues of w as an automorphism of t are {¢(*?7%};<;<,. (Hint: Consider the
basis {e;}1<i<r Of t consisting of eigenvectors of w. Assume e; € t**. Consider the Jacobian J =
det(0,, f;). Show that J(e;) # 0, which implies that there exists a permutation o € S, such that
(e fotay)(e1) # 0 for any i)

For Weyl groups of type A and C', determine the regular numbers and single out the elliptic ones.

d

Here d,m € Z>1 and ged(d, m) = 1.
Consider the torus G'* x Gl acting on g(F) by loop rotation on the first factor and dilation on the
section factor, which induces also an action on a(F'). We use £ € X, (Tha) to denote the unique element such
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that z,, := &/m € X.(Twa)g lies in the fundamental alcove and is conjugate to p/m under the affine Weyl
group. Consider the Moy-Prasad grading on g(F') defined by x,,. Explicitly, it is the %Z—grading on g(F):

9(F)i/m ={X € g(F) : Ad(§(s))X = (s7™, ") - X for all s € Gy, }.
This induces a - Z-grading on a(F):
a(F)ijm={z €a:(s™,s") w=xforall s € Gy}
This gives rise to Moy-Prasad subgroups P(--) C G(F) such that Lie P(:L) = g(F)>i/m. '
Note that classifying semisimple elements in g(F') is equivalent to study elements in a(F’). More precisely,
the map between sets g(F)*/G(F) — a(F) is bijective. The injectivity follows from [Ste75, Theorem 3.14]
and [Ste65, Theorem 1.9]. The surjectivity follows from [Ste65, Theorem 1.7]. Therefore, we are reduced to

study a(F)r

v

Consider the %Z/ Z-grading on g defined by
Gijm ={X €g:Ad(£(s))X = ' qn X for all s € i, }.
Define
Ai/m ={T €a: st gnx =}

Then the Chevalley quotient map restricts to x : gi/m — @i/ for any i € Z. Note that a;/,, = aged(i,m)/m-
Define v =v+7Z € 17/7.

(1) Show that evaluation at ¢ = 1 induces isomorphisms evy : §(F);/m — 8i/m and evy : a(F);/m = ai/m,
for any i € Z. Moreover, show that evi(g(F);7,,) = 9;7,,, and evi(a(F);7,,) = a;7,,.

(2) Show that ais/m is non-empty if and only if m is a regular number of W. Therefore, a regular
semisimple homogeneous element in g(F') of slope v exists if and only if m is a regular number of
w.

(3) Assume m is a regular number, show that the map gz — a;/,, is surjective. Therefore, any regular
semisimple homogeneous element in g(F') of slope v can be conjugated to an element in g(F)" by
G(F).

(4) For Weyl groups of type A and C, describe all possible homogeneous elements and the corresponding
Moy-Prasad subgroups.

Ezercise 1.3. This exercise studies invariant theory of gz under the action of Gy = Lp = P(0)/P ().

(1) For an element 1) € gy, show that 1 is polystable (i.e. the orbit Gy -1 is closed) if and only if 1) is
semisimple as an element in g.

(2) For an element ¢ € gy, show that ¢ is stable (i.e. v is polystable and Stabg,(¢) is finite) if and
only if ¥ € g& and m is elliptic.

(3) From now on, fix an element 1) € g5, consider the centralizer

o5 =35(¢) Ca.

Define the Cartan subspace trp = Now Show that g C Gy - o

(4) Define the little Weyl group Wy, = Ng, (¢ )/ Stabg, (¥). Show that W, naturally embeds into W.
Moreover, the Chevalley quotient map induces a finite surjective map o | Wi = oz

(5) Show that the natural map ¢z, / Wi — g7 / Go is an isomorphism.

(6) For each regular number m associated to a Weyl group of type A and C, describe the Cartan subspace
and little Weyl group W,,.

INote that the distinction between ¢ and p results in conjugate Moy-Prasad subgroups. We choose £ instead of p to make
sure that I C P(0) and keep our notation consistent with [BAMY22]. Although it does not really help, this distinction can be
mostly ignored in the problem set.
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2. AFFINE SPRINGER FIBERS
For each regular semisimple topologically nilpotent element ¢ € g(F)*®, define the affine Springer fiber
Fly = {gI/T € F1|Ad,-:(v) € LieI}.
When 7 is homogeneous of slope v, we assume ¢ € g(F)%® by conjugation. Define the G,,-action on Fl; by
s-gI/T = s™ 1o £(5)g1/1
for s € G,p.

Exzercise 2.1. Classify regular semisimple homogeneous elements ¢ for semisimple algebraic groups such that
dimFl, = 1. You may want to use the dimension formula dimFl, = (v|®| — dim(t/t"))/2 where w € W
is any regular element of order m. You can find the list of regular numbers for Weyl groups of exceptional
type in [Spr74, §5.4].

Ezercise 2.2. This exercise proves that Hessenberg varieties arsing as connected components of Flﬁm are
smooth projective.

Consider a reductive group L and a finite dimension representation V' € Rep(L). Fix a vector v € Vjp, a
subspace Vy C V, and a parabolic subgroup @@ C L which stabilizes V C V. Define the associated Hessenberg
variety to be

Ho(QC L, Vo CV)={IQ/Q e L/Q:1""ve Wy}

For ¢ € g(F)™¥, recall that Flgm = Hyewp\iw Ho(w) where Hy(w) = (LpwI/I) N Fl,. Note that
Hy(w) = Hy(Lp NAd(w)I C Lp, g(F), N Ad(w) LieI C g(F),).

(1) Show that H,(Q C L,Vy C V) is smooth if the following condition is satisfied: For any v' € L-vNVj,
one has [-v' + Vo =V.

(2) For any ¢’ € g(F)™* N Ad(w) LieI, show that [g(F)o,v'] + ¢(F), N Ad(w) LieI = g(F),. Conclude
that H,(w) is smooth projective for any w € Wp, \W. (Hint: You may first show the following:
For any G,, C G and ¥ € g&, one has [go,?] + g%o = gp. Here ggo is the part with non-negative
weight with respect to the action of G,,.)

Exercise 2.3. Consider G = SLgy with slope v = % + k where k € Z>¢. Take the homogeneous element
1k
o= (e 1) st

(1) Describe the fixed point locus Flgm.
(2) For each connected component of Flﬁ’”, describe the corresponding attracting locus.
(3) Describe the affine Springer fiber Fl.

Exercise 2.4. Consider G = Sp, = Sp(V) and v = %. Fix a polarization V = V@ V;. Take the homogeneous
element ¢ = (tQ

forms on Vj in general position.

(1) Show that Fl, can be identified with P!’s with dual graph Dj.
(2) Determine the cross-ratio of the four points on the central P!. (The answer should depend on P, Q)

P> € spy(F) in which P: V5 =V and Q : Vo = V' are two non-degenerate quadratic

Ezxercise 2.5. Consider G = Spg and v = % Take the homogeneous element as in the previous exercise.

(1) Show that there exists a unique non-rational connected component E, C FISJ"’”7 which is an elliptic
curve.

(2) Compute the j-invariant of Ey. (The answer should depend on P, Q)

(3) Show that there exists a unique non-rational irreducible component of Fl,,, which is a P! x P!-fibration
over Ey,.

3. HITCHIN MODULI SPACES FOR HOMOGENEOUS ELEMENTS

Define Fy = F = C((t)) and F = C((t7!)). Let Dy, D be the formal disc around 0,00 € P'. Fix
¥ € g(F)r, which automatically lies in g(C[t,t71]),. Take Iy C G(Fp) to be the standard Iwahori subgroup.
Take Po, C G(Fw) to be standard parahoric subgroup such that LiePo, = g(Fs)<o. It is equipped
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with a filtration by Moy-Prasad subgroup Puo(--) C Py such that Lie P (L) = g(Fso)<—i/m. Define
Cl, C Puo () to be the connected subgroup such that Lie CL, = 34(.) (1)) <_1/m. Take Koo = Poo(r)-CL.
Identify g = g*.
Consider the Hitchin moduli space M., defined as moduli of (£, ¢) where
e & is a G-bundle on P! with K.-level structure at oo and Ip-level structure at 0. Define Ad(£) to be
the adjoint vector bundle.
o pc HO(P'\{0,00}, Ad(£) ® wp1) such that
(1) Under any trivialization of £|p_ with K.o-level structure, we require

lpx € (1 + a(Fo)<o)dt/t.

(2) Under any trivialization of £|p, with Ip-level structure, we require
T
<p|D0x € LieI; dt/t.

The usual Hitchin map construction gives a map My, — @&r_; H°(P\{0, oo},wgi). We use Ay to denote
the image of this map. This gives the Hitchin map fy : My — Ay. Define ay = fy(Epriv, —00dt/t) € Ay.

Ezercise 3.1. Consider G = SLy with homogeneous element ¢ = (t B t) of slope 1.

(1) Describe Ay.
(2) Show that f;l(ad,) is isomorphic to an infinite chain of P!.
(3) Show that the generic fiber of fy, is isomorphic to G,,.

Ezercise 3.2. Consider G = SLy with homogeneous element ¢ = ( 2 t) of slope %

(1) Describe Ay.
(2) Show that le(aw) is isomorphic to two P!’s tangent at a point (i.e. has equation (y — 22?)y = 0
locally around the intersection point).

(3) Show that the generic fiber of fy is isomorphic to the elliptic curve with complex multiplication by
VAR

Ezercise 3.3. Consider G = SL3 with homogeneous element ¢ = | ¢ of slope %

(1) Describe Ay.

(2) Show that f, !(ay) is isomorphic to three P's intersect pairwise-transversally at a single point (i.e.
has equation (y — z)xy = 0 locally at the intersection point).

(3) Show that the generic fiber of f, is isomorphic to the elliptic curve with complex multiplication by
Z]w).

Exercise 3.4. Consider G = Sp, with homogeneous element ¢ = of slope % as in Exercise 2.4.

tQ
Show that the generic fiber of fy is isomorphic to the elliptic curve which is the double cover of the central
P! ramified at the four points in Exercise 2.4(2).

Exzxercise 3.5. Repeat Exercise 3.4 for G = SOg with homogeneous element of slope i.

4. STOKES DATA AND BETTI MODULI SPACES

We use Br?,'v to denote the semigroup of positive braids. For each ¢ € g(F)I’, we use 3, = By € Br{;, to
denote the associated braid, which is well-defined up to a cyclic shift and only depends on the slope v. We
refer to [BAMY22, §4.3] for the definition of 3,. See also [BAMY22, §4] for the definition of braid variety
M(3) and Betti moduli space Mpeg -
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Ezercise 4.1. Consider G = SL,, with homogeneous element

of slope v = & for d € Z> such that ged(d,n) = 1.

(1) Describe the braid 3, € Br,. Identify the braid closure By which is the link obtained from £, by

connecting startpoints with endpoints in order 2.
(2) For an algebraic curve C' C C? passing through the origin 0 € C2, the algebraic link associated to C
is defined as C' N S2 C S2 = {(x,y) € C?||z|? + |y|> = €} for sufficiently small € > 0. Show that the

algebraic link associated to V(2" — y¢) is equivalent to the link £3,,.

Exercise 4.2. Consider G = SL,, with homogeneous element

of slope v = ﬁ for d € Z>1 such that ged(d,n — 1) = 1.

(1) Describe the braid 3, € Br{,. Identify the braid closure By.
(2) Show that the algebraic link associated to V(z™ — xy?) is equivalent to the link 3, .

Fzercise 4.3. This exercise studies the Betti moduli space Mpet,y With slope v = % where m is a regular
elliptic number of W.

For each elliptic element w € W with minimal length in its conjugacy class, consider Z,, = (T%,U, :
wa = a,a € ®) and U, = UNwU - w™L. Here U, is the root subgroup of a, U is the unipotent radical of
B, and U~ is the opposite of U. Define the multiplicative transversal slice ¥,, = Uy, Z,,w, which satisfies the

following properties:
e The map
U x Yy, = UZ,wU

(u, s) > usu™*

is an isomorphism.
e Y, is transversal to conjugacy classes in G.

The result above is proved in [HL12]. See [Dua24] for a generalization to non-elliptic case.

(1) Show that 3y, € Br";, is a minimal length representative of a regular elliptic element of order m in

w.
(2) Choose w € W a minimal length representative of a regular elliptic element of order m. Consider

Yo = Upw. Show that Mpety = X5, X¢ U where U — U is the Springer resolution. Conclude that
Mapet,y 18 a classical smooth algebraic variety.

(3) Show that Mpet,q is a point when m = h is the Coxeter number.

(4) For G = Sp, and v = 1, show that Mg, can be identified with a resolution of V(22 + (y + 2)* +
ryz) C A3. Note that the later has Az-singularity at the origin as its only singular point.

2You may find more background on links and link invariants in [GKS21].
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