HITCHIN MODULI SPACES AND RAMIFIED GEOMETRIC LANGLANDS
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Let G be a connected reductive group over C. In the series of lectures, for each positive rational number
V= %, we are going to construct some symplectic algebraic spaces M., with Lagrangian Fl, C M,. They
are affine analogues of resolutions of Slodowy slices S. which admit Springer fibers B, C S. as conical
Lagrangians. In the end of the lectures, we will formulate a version of ramified geometric Langlands for P!
using the moduli spaces M., and their non-abelian Hodge relatives.

1. HOMOGENEOUS ELEMENTS

Analogues to the situation that Slodowy slices .§e are parametrized by nilpotent elements e € g, the
affine analogues M., are parametrized by homogeneous elements v € Lg = g(C((t))), which we are going to
introduce in this section.

1.1. Slodowy slices. We first recall the classical story of Slodowy slices.

Let g = LieG and NV C g be the nilpotent cone. For each element e € N, by Jacobson-Morosov theorem,
it extends uniquely to a sly-triple (e, h, f) in g up to conjugation. The Slodowy slice is defined as S := e+ g
and S, = S NN.

FEzample 1.1. When e = 0, one has S =g and S. = N.
1
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Let B = {Borel subgroups of G} be the flag variety of G. For B € B, let Ng be the unipotent radical of B
and ng = Lie Ng. Let N = {(z,B)|z € N', B € B,z € np}. One has N = T*B and the Springer resolution
7: N = N defined by 7(z, B) = 2. Define the resolution of Slodowy slice S, := Se xxr N and the Springer
fiber B, = N X {e}. The construction above can be summarized into the diagram

Be*>§€*>/\7

L
{e¢} — S, — N

in which the two squares are Cartesian.
The following are standard results for Slodowy slices:

Fact 1.2. The following are true:

e The map e is a resolution of singularities.
e Se is a symplectic variety.
e B. is a Lagrangian in S..

Ezample 1.3. Consider g = sl,, and e = diag(J,—1, 1) where J,_1 is the nilpotent Jordan block of size n — 1.
The element e lies in the subregular nilpotent orbit. The Springer fiber B, is a chain of P! with dual graph
A, _1. The symplectic surface S, is resolution of S, with A,,_i-surface singularity.

There is a G,,-action on objects constructed above. Regard h : G,;, = Gaq. On S8 = e+ g/, let s € G,,
acts by s2 - Ady(s-1y. Since e has weight 2 under the action of h(s) and g/ has non-positive weights under
the action of h(s), the G,,-action preserves and contracts S¢ to {e}.

Note that the G,,-action extends (induces) action on Se, Se. It contracts S. to {e} and contracts S. to
B, making B, a conical Lagrangian of S..

1.2. Affine analogue. Now we move to affine Lie algebras, which means changing from g to Lg = g® C((¢))
and from e € A to a topological nilpotent element v € Lg. The Springer fiber B, will be replaced by the
affine Springer fiber F1,.

First, we would like to find an analogue of the slo-triple (e, h, f), under which we can define a symplectic
variety M., which is an analogue of S..

1.2.1. Topologically nilpotent element. Regardless of the sly-triple, the role of nilpotent elements in g will be
replaced by topological nilpotent elements in Lg.

Example 1.4. When g = sl,,, topologically nilpotent elements are those elements v € Lg such that v~ — 0

in the t-adic topology when N — oo. Equivalently speaking, one require eigenvalues of + to have positive

valuations (i.e. eigenvalues lie in U,,>;C((t'/™)) ). Examples include v = diag(at°*, - - - , a,t®") with e; > 0
t

1
and v =

1
This motivates the following general definition:

Definition 1.5. Let G be a semisimple algebraic group. An element v € Lg is called topologically nilpotent
if all eigenvalues of ad, : Lg — Lg (as a linear map over C((¢))) have positive valuations.

1.2.2. Homogeneous elements. We would like to find analogues of the triple (e, h, f) for v € Lg. From now
on, we assume -y is regular semisimple as an element of Lg over C((t)).

In finite-dimensional case, the element h can be regarded as a map h : G, — Gaq such that Ady,)-e =
s2-e. As a first attempt in the affine case, one can try to find 6 : G,,, = LG.q under which Adgsy v = sty
for some d € Z. However, such a map € usually does not exist. For example, when g = sl,,, consider the
characteristic polynomial P, (x) of v. If such 6 exists, one has P, (z) = Pya.,(z) = s"*P, (s~ ). This forces
P,(z) = z", hence, v is nilpotent.
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One can remedy this as follows: Note that one has an extended action LGaq % GIS* on Lg in which the
second factor scales t (we denote this action by rot). We can look for 6 : G,,, — LGaq x GI°* and elements
7 satisfying 0(s) - v = s? -  instead.

Ezample 1.6. When g = sl,,, suppose 6 = (\,m) € Hom(G,,,, LGaq) X X«(G,,). The condition above implies
that Poog(sm).(2) = s" Py (s™%) for s € Gp.
For the element

t
1
v = . :
1
one has Py(z) = 2™ £ t. Note that Pog(smy.(2) = 2™ £+ s™t and s"? P, (s~ %) = 2™ + s"%. The condition
above reads as + = %.

Definition 1.7. A regular semisimple element v € Lg is called homogeneous if there exists a group homo-
morphism 6 = (A\,m) : G,,, — LGaq x Gt such that 6(s) -y = s? -~ for any s € G,,,. We call v = % the
slope of 7.

The following gives an easy criterion for homogeneous element:

Fact 1.8. Consider the Chevalley quotient ¢ = g J/ G and the map x : g — ¢. An element v € Lg is
homogeneous of slope v = % if and only if x(rot(s™) - ) = 5% - x(v). Here G,,-acts on ¢ via the standard
weighted action such that x : g — ¢ is Gy, -equivariant.

Example 1.9. When g = sl,,, an element v € Lg is homogeneous of slope % if and only if P, (z) = 2™ + at?
for a € C*.

We would like to address the following questions:
e How to construct homogeneous elements?
e How many homogeneous elements are there?
To do this, we restrict ourselves to consider 6 : G, — Taq X G in which s — (A(s),s™) for A € X, (Thq).
Note that 6 induces an action fo G,, on Lg, hence, a weight decomposition Lg = @ieZ(Lg)i/m in
which (Lg)i/m = {7 € Lgl|0(s) - v = s' - v}. We denote (Lg);,, C (Lg)i/m to be the subset of regular
semisimple elements. To see these weight subspaces more concretely, consider the root space decomposition
Lg=He @ae%ﬁga where ®,g is the set of affine roots and h = LieT. For non-imaginary roots a =
a+nd € Bu, we have (Lg)o = gz - t". For imaginary roots a = nd, we have (Lg),s = b - t". This
gives us (Lg)i/m = ®</\/m7a>+n:i/m(l,g)a. Viewing o as an affine linear function on X, (7T)r, one can
write (Lg);/m = @a( NJm)=i /m(Lg)a. This gives explicit construction of (possibly not regular semisimple)
homogeneous elements of slope %
Now we study the existence of (regular semisimple) homogeneous elements of slope v. The answer will be
related to regular elements of the Weyl group W, which we introduce as follows:

Definition 1.10 ([Spr74]). Consider the action of Weyl group W on the Cartan subalgebra h. An element
w € W is called regular if the action of w on h has an eigenvector in the regular semisimple locus h*® C b.
Moreover, the map
{regular conjugacy classes in W} — Z>4
given by
[w] — ord(w)
is an injection, and we call the image reqular numbers for W.

Ezample 1.11. For g = sl,, the regular elements are those conjugate to (12---n)% or (12---(n — 1))¢ for
some d.

Ezample 1.12. When g is a simple Lie algebra with simple reflections {s1,--- ,s,}, the Coxeter element
Weox = $1 -+ S (which is well-defined up to conjugacy) is regular of order h¢g (called the Coxeter number of
G). When G = FEg, one has hg = 30, and there are 12 regular conjugacy classes in W.
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Theorem 1.13 ([RY14][OY16]). The following are true:

e Lg has a homogeneous element of slope v = % if and only if m is a reqular number of W.

o When m is a regular number of W, consider 0 : G, — Tha X GO defined by s — (p(s),s™) in
which p = %Zaeéw a € X.(Taa). Then any homogeneous element of slope v can be conjugated to
an element in (Lg)™.

In the theorem above, the relation between the homogeneous element v € Lg and the regular element
w € W can be seen as follows: For v € Lg, consider T, = C/(y) which is a maximal torus of G defined over
F = C((t)). By a standard Galois cohomology calculation, conjugacy classes of maximal tori of G defined
over F are in one-to-one correspondence with conjugacy classes in W. One takes associated conjugacy class
[w] C W to be the conjugacy class corresponding to the maximal torus 7.

Ezample 1.14. When G = Sp,,, = Sp(V,w) and consider slope v = %, the corresponding regular element is

the longest element wy € W. Assume V = Span(er, -+ ,en, fn, -+, f1) in which w(e;, fi) = 1,w(e;, e;) =
1

w(fi, fj) = 0. The theorem above tells us that regular elements of slope 5 can be conjugated to have the

form v = < 1Q ) in which P, @ are symmetric matrices in C in general position.

Homogeneous elements can be understood via finite-dimensional data as follows: For § = (\,m) €
X.(Toa x GI3Y), consider the evaluation map @,c;(Lg)i/m = o(C[t,t7']) =% g. Consider the Z/mZ-
grading on g defined by g/, = {X € g: Ady)-X = (- X,( € p}. The evaluation map above restricts to
a map (Lg);/m RALN gi/m which turns out to be an isomorphism. Then v € (Lg);/y, is regular semisimple if
and only if 7 := evy(v) is regular semisimple.

Ezample 1.15. Continuing with Example 1.14. In this case, one can take A with d\ = diag(1,---,1,—-1,--- ,—1).

)

Then g = go © g1/2. One has go = gl,, and g9 = Sym?(Std,,) ® Sym?(Std’) as a representation of go.

To correspondence between homogeneous elements and regular elements in W can also be seen from finite
dimensional data as follows: Consider the maximal torus Ty = C¢ (%), then the Z/mZ-grading on g induces
a Z/mZ-grading h = t5 = LieTy = @iez/mz Bi/m- This grading corresponds to an automorphism of h of
order m, which is given by the action of w € W.

Definition 1.16. An homogeneous element ~ (or a regular element w € W) is called elliptic if h* = 0.
1.3. Exercises.

Ezercise 1.17. In this exercise, we study regular elements in W.
For element w € W and ¢ € C*, define V(w, () = {t € hlwt = (t} C h. Recall the following definitions:
e We say that w is regular (of order m) if V(w,() N Hh™ # & for some primitive m-th root of unity
C € lm.
o We say that w is elliptic if h* = 0.
o We say that m is a reqular number of W if there exists a regular element of order m.
o We say that m is a regular elliptic number if there exists a regular elliptic element of order m.
Fix w € W a regular element of order m and { € p,, a primitive m-th root of unity.
(1) Show that w has order m as an element of W, and it induces a free action of the cyclic group
Z/mZ = (w) on P.
(2) When m > 1, show that there exists a choice of simple roots S C ® under which I(w) = |®|/m.
Moreover, when w is elliptic, show that [(w) > |®|/m for any choice of S.
(3) Let f; € O(c) be the homogeneous generators such that deg f; = d;. Consider ¢y, = N ypa, V(fi) C
¢ where V(f;) C ¢ is the vanishing locus of f; € O(c). Show that X|b_1(c1/m) =UwewV(w, ().
(4) Define a(m) = {1 <i < r :m | d;}| = dimcy,,,. Show that X|El(51/m) is equi-dimensional of
dimension a(m), and W acts transitively on the set of irreducible components of X|;1 (¢1/m)-
(5) Show that dim V(w,() = a(m). Conclude that any two regular elements of order m are conjugate
in W.
(6) Show that the eigenvalues of w as an automorphism of h are {¢(!~%};<;<,. (Hint: Consider the
basis {e;}1<i<, of b consisting of eigenvectors of w. Assume e; € h™. Consider the Jacobian
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J = det(0e, fj). Show that J(e;) # 0, which implies that there exists a permutation o € S, such

that (9, foiy)(e1) # 0 for any i.)
(7) For Weyl groups of type A and C, determine the regular numbers and single out the elliptic ones.

FEzercise 1.18. Let F' = C((t)). In this exercise, we study regular semisimple homogeneous elements in g(F')
of slope v = %. Here d,m € Z>1 and ged(d,m) = 1.
Consider 0 = (p,m) € X.(Taa x GI'). Recall the Moy-Prasad grading on g(F):

9(F)i/m={X €g(F):0(s)- X =5 X for all s € Gy, }.
This induces a Z-grading on ¢(F):
(F)ijm ={z €c:s’ rot(s ™)z =z for all s € Gy }.

This gives rise to Moy-Prasad subgroups P;,,,, C LG such that Lie P;/p, = g(F)>i/m-

Note that classifying semisimple elements in g(F') is equivalent to study elements in ¢(F"). More precisely,
the map between sets g(F)%/G(F) — ¢(F) is bijective. The injectivity follows from [Ste75, Theorem 3.14]
and [Ste65, Theorem 1.9]. The surjectivity follows from [Ste65, Theorem 1.7]. Therefore, we are reduced to
study c(F)s.

Recall the L7 /Z-grading on g defined by
Gi/m ={X€g:0(s)- X =5"-X forall s € p}.
Define
Gym={x€c:s x=z}
Then the Chevalley quotient map restricts to x : 9i/m — Ci/m for any i € Z. Note that Ci/m = Cged(i,m) /m-
Definev=v+7Z¢ %Z/Z.

(1) Show that evaluation at ¢t = 1 induces isomorphisms evy : g(F);/m, = gi/m and evy 1 ¢(F);/m = Ci/m
for any i € Z. Moreover, show that evi(g(F);7,,) = 8;7,, and evi(c(F)}5, ) =),

(2) Show that cf/m is non-empty if and only if m is a regular number of W. Therefore, a regular
semisimple homogeneous element in g(F) of slope v exists if and only if m is a regular number of
w.

(3) Assume m is a regular number, show that the map gz — ¢1/y, is surjective. Therefore, any regular
semisimple homogeneous element in g(F) of slope v can be conjugated to an element in g(F): by
G(F).

(4) For Weyl groups of type A and C, describe all possible homogeneous elements and the corresponding
Moy-Prasad subgroups.

Erercise 1.19. This exercise studies invariant theory of gz under the action of Go = Lp = Po/P; /p,.
(1) For an element ¥ € gz, show that 7 is polystable (i.e. the orbit Gq -7 is closed) if and only if 7 is
semisimple as an element in g.
(2) For an element 7 € gz, show that 7 is stable (i.e. 7 is polystable and Stabg, (7) is finite) if and only
if ¥ € gi¥ and m is elliptic.
(3) From now on, fix an element 7 € g=¥, consider the centralizer

ty =34(%) C o
Define the Cartan subspace t5 3 = t5 N gy. Show that gi* C Go - t55.
(4) Define the little Weyl group Wy, = Ng,(t5,5)/ Stabg, (7). Show that W, naturally embeds into W.
Moreover, the Chevalley quotient map induces a finite surjective map t55 J Wy, — ¢
(5) Show that the natural map t55 / Wy, — g5 // Go is an isomorphism.
(6) For each regular number m associated to a Weyl group of type A and C, describe the Cartan subspace
and little Weyl group W,,.

2. AFFINE SPRINGER FIBERS

The theory of affine Springer fibers was introduced by Kazhdan—Lusztig in [[K1.88]. We now recall their
definition.
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2.1. Generalities on affine Springer fibers. Consider I C LTG C LG in which I is the Iwahori subgroup
and LTG is the jet group. One can consider the affine flag variety F1 = LG/I which can be equipped
with structure of an ind-scheme. This is the affine analogue of the flag variety B = G/B. When G is
simply connected, one has F1 = {Iwahori subgroups of LG}. Recall the Springer fibers B, = {¢B € G/B :
Adg-1(e) € np}, as an affine analogue, one makes the following definition:

Definition 2.1. The affine Springer fiber over v € Lg is
Fl, = {gI: Ady-1(7) € LieI*}.
Here It = Ker(I — T') is the pro-unipotent radical of I.
Note that Fl, is non-empty if and only if v is topologically nilpotent.

Fact 2.2. When v € Lg is regular semisimple and topologically nilpotent, the affine Springer fiber F1, is
finite-dimensional.

Ezxample 2.3. Consider the case g = sls. The element v = (t t) has slope 1. In this case, the affine

Springer fiber Fl, is an infinite-chain of P’s with dual graph equal to the universal covering of the affine
Dynkin graph A,,_;.

2

. which has slope %, one can show that FL, is a union of two P!’s intersecting

as a point (with dual graph As).

Example 2.4. For v = (

1
Ezxample 2.5. When g = slg, the element v = | ¢ has slope % In this case, Fl, is a union of three
t
P!’s intersecting at a common single point.
Ezxample 2.6. For a simple Lie algebra g, consider slope v = % One can take homogeneous element

v =Y i_ox; where 0 # ; € go, for i # 0 and 0 # x¢ € tg_y where § € P is the highest root. Then
Fl, = mo(F1).
Theorem 2.7 (Special case of [Bez96], conjectured by [KL88]). When ~ is homogeneous of slope v, one has
V|®| — ¢y

2
where v = % for ged(d,m) =1, w € W is a regular element of order m, ¢,, = dimb/h"™.

dimFl, =

An open locus of Fl, is controlled by the action of LT,. Here one considers the maximal torus T, =
Ca(vy) C G defined over F.

Ezample 2.8. Assuming ged(d,n) = 1, consider v = ) € sl,. Let E = F(v) which is a

degree n extension of F. One has T, (F) = E* N SL, (F).

There is a natural action of LT, on Fl, by conjugation. It has an open orbit dense in all irreducible com-
ponents. Moreover, this action induces an action of mo(LT,,) = X.(T),, on the set of irreducible components
of Fl,, which is a free action with finitely many orbits.

2.2. Torus action. When ~ is homogeneous of slope v = %, the affine Springer fiber Fl, admits a G-
action: Consider the G,-action on LG by g +— Adj)(rot(s™) - g). This action preserves I, hence, induces
an action on FI, which further preserves F1, C Fl and gives the desired action.

We study the fixed point and contracting locus of this G,,-action. Recall the Bruhat decomposition
Fl= UweW:X*(T)xWIwI/I' Let P C LG be the connected subgroup with Lie P = (Lg)>¢ (called a parahoric
subgroup). Moreover, one has subgroups P;/,, C P where LieP;,,, = (Lg)>i/m for i € Z>q. Note that
the G,,-action on LG contracts P to a Levi subgroup Lp which satisfies Lie Lp = (Lg)o. In the parahoric
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version of Bruhat decomposition F1 = UmeWP\WP@I/L one sees that the G,,-action contracts each strata

Pwl/I to Lpwl/I = Lp/Lp N I, which is a partial flag variety of Lp. Therefore, the decomposition of
Fl, into attracting loci is Fl, = U, ;.\ Fly N(PwI)/I, in which the stratum Fl, N(PwI)/I contracts to
Fl, N(LpwI)/I. We define Hess, (w) := F1, N(LpwI)/I. These are called Hessenberg varieties.

Hessenberg varieties can be understood from the Z/mZ-grading on g. Indeed, Hess,(w) = {lLp €
Lp/Lp N*1: Ad;-1(5) € g N® LieI*}. These are like generalizations of Springer fibers, with the adjoint
representation replaced by a general representation of G.

Remark 2.9. Tt is expected that the Springer fibers B, can be paved by affine spaces. In contrast, this fails
for affine Springer fibers. There is a famous example given by Bernstein in [K1.88, Appendix] (see Exercise
2.14).

2.3. Exercises.

Ezercise 2.10. Classify regular semisimple homogeneous elements « for semisimple algebraic groups such
that dimFl, = 1. You may want to use the dimension formula 2.7. You can find the list of regular numbers
for Weyl groups of exceptional type in [Spr74, §5.4].

Ezxercise 2.11. This exercise proves that Hessenberg varieties arsing as connected components of FIS"L are
smooth projective.

Consider a reductive group L and a finite dimension representation V' € Rep(L). Fix a vector v € Vp, a
subspace Vy C V, and a parabolic subgroup @ C L which stabilizes Vj C V. Define the associated Hessenberg
variety to be

Hess,(Q C L,V C V) ={IQ/Q € L/Q : 1" v € V).

For v € g(F), recall that Flg’m = Hwewp\W Hess, (w) where Hess,(w) = (LpwI/I) N Fl,. Note that
Hess, (w) = Hess,(Lp N Ad, I C Lp,g(F), NAd,, LieI C g(F),).

(1) Show that Hess,(Q C L,Vo C V) is smooth if the following condition is satisfied: For any v €
L-vNVy,onehas (-0 +Vy=V.

(2) For any ' € g(F)® N Ad,, Liel, show that [g(F)o,v'] + 9(F), N Ad,, LieI = g(F),. Conclude that
Hess, (w) is smooth projective for any w € Wp, \W. (Hint: You may first show the following: For
any G, C Go and 7 € g, one has [go, 7] + =" = gy Here g=" is the part with non-negative weight
with respect to the action of G,,.)

Ezercise 2.12. Consider G = SLy with slope v = % + k where k£ € Z>(. Take the homogeneous element

ik
V= (tk+1 ) € sly(F).

(1) Describe the fixed point locus Flsm.

(2) For each connected component of FIS’"‘, describe the corresponding attracting locus.
(3) Describe the affine Springer fiber F1,.

Ezercise 2.13. Consider G = Sp, and v = 3. Take the homogeneous element in Example 1.14.

(1) Show that F1, can be identified with P!’s with dual graph Dy.
(2) Determine the cross-ratio of the four points on the central PL. (The answer should depend on P, Q)

Exercise 2.14. Consider G = Spg and v = % Take the homogeneous element as in the previous exercise.

(1) Show that there exists a unique non-rational connected component E. C FIS”‘, which is an elliptic
curve.

(2) Compute the j-invariant of E,. (The answer should depend on P, Q)

(3) Show that there exists a unique non-rational irreducible component of F1,, which is a P! x P!-fibration
over E,.

3. HITCHIN MODULI SPACES

In this section, we work over a complete smooth algebraic curve X over C. We introduce the Hitchin
moduli spaces M., attached to a homogeneous element v € Lg which are the main players in this lecture
series.
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3.1. Classical story. We first recall the classical story of Hitchin moduli spaces.

The standard Hitchin moduli stack is M = T* Bung. Here, Bung is the moduli stack of (principal)
G-bundles over X, which is a smooth Artin stack with dim Bung = (¢ — 1) dim G. Let g be the genus of X.
For a point [£] € Bung, deformation theory tells us

Tie) Bung = H' (X, Ad(€))
in which Ad(£) = € x¢ g is the adjoint vector bundle associated to £. By Serre duality, one has
Tie; Bung = H(X, Ad*(€) ® wx)

in which Ad*(€) = £ x g* is the coadjoint vector bundle.
When G is semisimple, one can identify g = g* via the Killing form. In this case, a point in M is given
by a pair (£, ¢) where

e £ € Bung,
o v HOX,Ad(E) ®wy).

Such a pair is called a G-Higgs bundle, and ¢ is called a G-Higgs field.
The Hitchin moduli spaces M are some global avatars of affine Springer fibers F1,. To see this relation,
consider the affine Grassmanian Gr = LG/LTG. It admits a moduli interpretation

Gr={(&,7): £ is a G-bundle on D = Spec C[t], 7 is a trivialization of £ on D* = Spec C((t))}.

In the affine Grassmanian, one has the variant of affine Springer fiber Gr, = {yLTG € LG/L*G :
Adg-1(y) € LT g} which has moduli interpretation

Gry = {(&,7) € Gr: 7 transforms v to a section of Ad(€) on D}.
Note that LT, acts on Gr, by conjugation on LG. We have a map
Gr, = {(€,¢) : € is a G-bundle on D, ¢ € H(D,Ad(€))}
which realizes the former as a LT, -torsor over a substack of the later. This identifies the stack [Gr. /LT,]
with the moduli of local Higgs bundles with the same characteristic polynomial as +.
3.1.1. Hitchin fibration. An important feature of the Hitchin moduli space is that it is equipped with a map
f: M — A, where A is called the Hitchin base and f : M — A is called the Hitchin fibration.

Ezample 3.1. When G = GL,,, the Hitchin base is A = @;_, H’(X, w?}i) and the Hitchin map f: M — A
is given by (€, ¢) — characteristic polynomial of . More precisely, under the correspondence between GL,,-
torsors and vector bundles, the pair (£, ) corresponds to (V,¢ : V — V ® wx) where V is a rank n vector
bundle on X. Suppose the characteristic polynomial of ¢ is y"™ + a1y™ ! + - -+ + a,, where a; = £tr(Alp) €
HO(X,w§"), one defines f(V, ) = (a1, ,a,) € A

For a general semisimple group G, the Chevalley quotient has the form O(g / G) = O(g)¢ = C[f1, - , f]
where f; is of degree d; and are homogeneous generators of O(g / G). Here r is the rank of G. We define the
Hitchin base A = [[}_, H*(X,w$%). The Hitchin map f : M — A is given by (£,¢) = (fi(¢), -+, fr()).

Fact 3.2. The map f: M — A is a Lagrangian fibration.
In particular, this implies that dim A = dim M /2 = dim Bung = (¢ — 1) dim G.
Ezercise 3.3. Check the above identity directly.

3.2. Hitchin moduli space for homogeneous elements. Now we consider Hitchin moduli spaces at-
tached to homogeneous elements v € Lg, which are moduli spaces of Higgs bundles over P! with Iwahori
level structure at 0 and deeper level structure oc.
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3.2.1. Lewvel at zero. Given a curve X together with a point 0 € X, consider
Bung(Ip) = {(£,EP) : £ € Bung, £F is a B-reduction of &}.
Then T* Bung(Ip) is the moduli space of triples (€, EE, ¢) in which:
o (£,EP) € Bung(Ip)
o € H(X,Ad(€) ® wx(0)) such that resg(p) € EF xB np.

Ezxample 3.4. When G = GL,,, giving a B-reduction of V) is equivalent to choosing a full flag in Vy. The
condition reso(p) € EF xB np amounts to requiring the residue of ¢ to be strictly upper triangular with
respect to the flag.

3.2.2. Level at co. We motivate our choice of level structure at oo by looking back to the construction of

Slodowy slices. Recall the Slodowy slice can be constructed as S¢ = e + g/ = (e + g<o)/G<_2. Here the

element h in the slo-triple induces a Z-grading on g and LieG<_2 = g<_2. As an affine analogue, for a

homogeneous element v € Lg of slope v, one considers (v + (Log)<0)/K+ in which K, = (LooG)<—y -

(LooTy)<o. Here, Lo is the loop construction with C((¢)) replaced by C((¢t7')), the subgroups (LooG)<—,

and (LoTy)<o are defined by the G,,-grading on Lg. This suggests us to choose K -level structure at oo.
In classical story, one has a Cartesian square

Se —— N

LD

S¢ —— 9
In the affine setting, we have analogue of part of the square

M, — np/B

lev(x,

(v + (Log)<0) /Ky

Definition 3.5. We define Hitchin moduli space M., attached to a homogeneous element v € Lg of slope v
to be the moduli stack of quadruples (£, E2, £, ¢) in which:
e & is a G-bundle on P!,

EP is a B-reduction of &,
6'0}2” is a Ky-level structure of £ at co € P!,
© € H°(P'\{0,00}, Ad(€) ® wy) satisfies:

— ¢ has simple pole at 0 € P! with resy(p) € EF xB np,

— Under a (or equivalently, any) trivialization of £ together with the level structure EOIEW, we have

¢lpx € (v + (Loog)<o)dt/t.

eVoo

Ezample 3.6. When v = 1, one can take v = 7o+t for v € h™. In this case, one has K., = Ker(G(C[t~']) —=
G). The Hitchin moduli M., classifies quadruples (£, EF, 7o, ¢) in which

o (£,&P) is the same as before,

e T is a trivialization of £,

o pc HO(P', Ad(E) ® wpr (0 + 200) such that:
— resg(yp) satisfies the same condition as before,
— Under the trivialization 7., one has

© = (Yot + higher order terms)dt/t.

3.3. Properties of the Hitchin moduli. We would like to address the following questions concerning
My
) The Hitchin fibration of M.,

) The G,,-action on M.,

) The relation between F1, and M,
) The symplectic structure on M.,.

(1
(2
(3
(4
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3.3.1. Slope one case. Now we consider the case v = 1.
We start from studying the Hitchin fibration. In this case,

filp) € HO(P', wp1 (200 + 0)¥%) = HO(P', 0(00)®%) = HO(P', O(d;)).

Here we are using the trivialization of wp: (0 + 00) given by the section dt/t. In other word, one can regard
fi(¢) € C[t]aeg<a. Moreover, the condition at 0 implies that the constant term of f;(y) is zero, while the
condition at oo implies that the leading coefficient of f;(y) is fi(y0). Therefore, we can define the Hitchin

base to be
T

A"/ = H C[t]deg < d;, leading coefficient = f; (7o), constant coefficient = 0-
i=1
The space A, is an affine space of dimension Y ._,(d; — 1) = dimB. We get the desired Hitchin fibration
fy i My — A,

Example 3.7. When G = GL,,, Hitchin fibrations can be understood via spectral curves. In this case, the
moduli stack M., classifies quadruples (V, F,, 7o, ) in which

Y is a rank n vector bundle on P!,
F, is a full flag of V),

Teo 18 a trivialization of V.,
0:V-oVRuwm (2 -0+ 0) = V(x).

Fix a point a = (a1, ,a,) € A, where a; € H°(P',0(d;)). The equation y" + a1y" ' +---a, =0
defines a curve Y, C Tot(O(1)) equipped with the natural projection p, : Y, — P!. The reduced structure
of the fiber p;1(0) is a single point, and around oo the curve Y, is cut out by the charcteristic polynomial
of 7o. In this case, ] '(a) is the moduli space of triples (£, Fy, 7o) in which:

e L € Pic(Y,). Here Pic(Y,) is the compactified Jacobian of Y, which classifies torsion-free sheaves on
Y, generically of rank 1.
o F, is a complete flag of (pg .L)o.
e 7 is a system of basis of L], where oo’ runs over points above co.
Here, for each triple (£, F,, T~ ), the corresponding Higgs bundle is (V = po «L, ¢ =y - —, Fo, Too ).
For G = SL,,, one further adds the data of a trivialization det V = O compatible with 7, under which
tr(e) = 0.

Now we study the G,,-action on the Hitchin moduli space M.,. Note that there is special point a, =
(fi(vo)t®, -+, fr(v0)t%) € A,. There is a G,-action on A, contracting the entire space to a, € A, defined
such that s € G,, acts by s -rot(s™!). There is a compatible G,,-action on M., by rotation via s~! and
scaling the Higgs field by (¢ — s - ¢).

In this case, one can construct a map F1, — M., which we spell out explicitly in the following example:

Example 3.8. Continuing the Example 3.7, the spectral curve Y, is a union of n-copies of P! intersecting at
a point (this point lies over 0 € P'). There is a natural map Fl, — f*(a,) which is a bijection on C-points
defined as follows: Recall that Fl, classifies a periodic chain of Op-lattices {Aq} in F™ with v - A; C A;_.
Given a point {A¢} € F1,, one can glue Ay with Oy,_[p1\{0} and equip it with the canonical trivialization
at co. This defines a point in f,y’l(a,y). This procedure defines a map Fl, — f,y’l(a,y).

Now we come to the symplectic structure on M,. Recall the construction of Hamiltonian reduction:
For an algebraic group H acting on a symplectic variety X equipped with a H-equivariant moment map
w:T*X — b*. For any ¢ € h**  one can consider T*X //C H = [p~1(¢)/H]. When ¢ = 0, one has
T*X JJ,H =T*(X/H). Varieties obtained via Hamiltonian reductions are equipped with induced symplectic
structures.

In our case, consider

K, = Ker(G(C[t7']) == @)
and
—2
K = Ker(G(C[t™']) —2212— q(CtY/(172))).
Consider the map Bung(Ip, K2) — Bung(Ip,Ki) which is a g & Ko/K;-torsor. Consider the natural
moment map u : T* Bung(Ip, K2) — g* = g, one has the following:
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Fact 3.9. We have a natural isomorphism T* Bung (1o, K2) //,Y0 g = M., In particular, this equips M., with
a symplectic structure.

3.3.2. General case. Now we come to the general slope v. Most of arguments in the slope one case generalizes
directly. Only the last part (the symplectic structure on M., ) acquires a significant generalization.

To see the symplectic structure on M., we first recall how one sees the symplectic structure on 56. One
achieves this by writing S, =T*X //C H. Indeed, one can take X = B. When e is even (i.e. goqq = 0), one
takes H = G<_3. Regard e as an element in g% _, by (—,e), one has S, = T*B /. G<—2. For general e,
consider the symplectic pairing on g_; given by Z[—, —], e). Taking a Lagrangian subspace m C g_1, we can
take H such that Lie H = g<_» + m and arrives at S.=T*B /. H.

We would like to find the affine analogue of the above argument. Heuristically speaking, this means that
we would like to find a subgroup J, C LooG such that (v + (Loog)<0)/K, = (v + (LieJ,)*)/J, in which
one regards v as an homomorphism v : J, — C. After that, one can write M, = T*Fl, / ,J+. However,
this involves infinite-dimensional geometry, which we would like to avoid. To work with finite-dimensional
geometry, we do the following modification: We look for a pair of subgroups J ’7 <aJ, C LG such that v can
be regarded as a character J /J, — C. In this case, the moduli space Bung(Io,J’) is equipped with an
action by J7,/J,. We expect M, = T* Bung(lo,J%) /., (J,/J5).

Motivated by the finite-dimensional case, we can take J, = (LooG)<_p /2 (LooT) <o When (Loog)_, /2 = 0.
In general, take a Lagrangian subspace m C (Loo@)—y/2/(Looty)—, /2 and take J, to be the preimage of m
under the natural quotient map (LooG)<—vy2 + (LooTy)<0 = (Loo8)—vy2/(Looty) /2. Viewing v € Lied?,
by the choice of J.,, this functional integrates to a map =y : J, — G,. Therefore, we can take JiY = Ker(~ :
J, = G,). As a generalization of Fact 3.9, one shows that M., = T* Bung(IO,J;) //7 G,. This defines the
symplectic structure on M.,.

Ezample 3.10. When v = 2 and y = 7 - t2 for 7o € h*. We can choose m C g/b to be the image of the Borel
subalgebra b C g. In this case, we have K, = Ko - (LooT)<—1 and J, = {1+ bt™' +---} C L.G.

This explains the symplectic structure on M.,. Now we come to the description of Hitchin base A in the
general case.
The Hitchin base for v is a subspace A, C []i_; H*(P',O([d;v])) described as follows: An element
a=(ai,- - ,ar) € [[;_, H*(P',O([d;v])) lies in the subspace A, if and only if
e Each a; (regarded as a polynomial in t) has zero constant term.
e Each a; has leading term equals to that of f;(7), and other terms have degree < (d; — 1)v.

Theorem 3.11. Suppose v € Lg is a homogeneous element of slope v > 0.
(1) The Hitchin moduli M., is a smooth algebraic space with a canonical symplectic structure.
(2) The map fy: M, — A, is a Lagrangian fibration.
(3) When v is elliptic, f., is proper.
(4) There is a compatible G,-action on M., and A, contracting A, to a single point a, € A,.
(5) There is a natural map Fl, — f7'(ay) which is a homeomorphism.
(6) The natural restriction map induces an isomorphism H*(M.) = H*(FL,).

Example 3.12. For G = SLy and v = % The affine springer fiber Fl, is isomorphic to two P!’s intersect
at a point, while the special Hitchin fiber f !(a,) is isomorphic to two P!’s tangent at a point. This is an
example that Fl, and f !(a,) are homeomorphic but not isomorphic.

Ezxample 3.13. For G = SLs and v = 1, the special fiber f;l(aw) is isomorphic to the affine Springer fiber
F1, which is an infinite chain of P'’s, while the generic fiber of f, is isomorphic to G,.

Ezample 3.14. As an evidence for the theorem, note that dim A, = >"7_,[(d; —1)v] and dimFl, = 14@%'

The theorem implies that Y ;_,[(d; — 1)v] = dim A, = dimFl, = %. As a first approximation, this

would require Y. (d; — 1) = I%ﬂ which is easy to check.

3.4. Exercises.

Ezercise 3.15. Consider G = SLs with homogeneous element v = (t B t) of slope 1.
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(1) Describe A,.
(2) Show that f;'(a,) is isomorphic to an infinite chain of P'.
(3) Show that the generic fiber of f, is isomorphic to G,.

Ezercise 3.16. Consider G = SLs with homogeneous element v = ( 2 t) of slope %

(1) Describe A,.
(2) Show that f7'(a) is isomorphic to two P!’s tangent at a point (i.e. has equation (y — %)y = 0
locally around the intersection point).

(3) Show that the generic fiber of f, is isomorphic to the elliptic curve with complex multiplication by
VAR

Exercise 3.17. Consider G = SL3 with homogeneous element v = | ¢ of slope %

(1) Describe A,.
(2) Show that Iy 1(av) is isomorphic to three P!’s intersect pairwise-transversally at a single point (i.e.
has equation (y — z)xy = 0 locally at the intersection point).

(3) Show that the generic fiber of f, is isomorphic to the elliptic curve with complex multiplication by
Z]w).

Exercise 3.18. Consider G = Sp, with homogeneous element v = ( P) of slope % as in Exercise 2.13.

tQ

Show that the generic fiber of f, is isomorphic to the elliptic curve which is the double cover of the central
P! ramified at the four points in Exercise 2.13(2).

Exercise 3.19. Repeat Exercise 3.18 for G = SOg with homogeneous element of slope i.

4. NON-ABELIAN HODGE THEORY

In this section, we study the non-abelian Hodge companions of the Hitchin moduli space M,,.

4.1. Classical story. In non-abelian Hodge theory, one is interested in three different moduli spaces Mpg,
Mgr, and Mpey:

e The moduli stack Mp, is the Dolbeaut moduli space (called Hitchin moduli space before), which is
the moduli space of Higgs bundles.
e The moduli stack Mgg is the de Rham moduli space, which is moduli space of vector bundle with
connection.
e The moduli stack Mpg is the Betti moduli space, which is the moduli space of homomorphisms
T (X) — G.
These moduli spaces are related as follows:

e The stack Mg is a deformation of Mp,. More precisely, there is a (family of) moduli spaces
At Mpyoq — A called Hodge moduli space, which is the moduli space of A\-connections. It satisfies
/\71(0) = Mpe and )\71(1) = Mgr.
e The Riemann-Hilbert correspondence gives a complex analytic isomorphism RH : Mgr — Mpet.
We now spell out the definition of Myeq. For A € C, a A-connected on a vector bundle V is a homomor-
phism of sheaves of abelian groups V : V — V®uwy satisfying the A-Leibnitz rule V(f-s) = A(df)-s+ f-V(s).
This definition extends to G-bundles by Tannakian formalism. In particular, on a G-bundle, a 0-connection
is a G-Higgs field, and a 1-connection is a connection. One defines the Hodge moduli space My,q as the
moduli of triples (£, A, V) in which
e £ € Bung,
e \eC,
e V is a A-connection on &.

There is a natural map \ : Mpeq — Al given by A(E,A\, V) = \.
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The non-abelian Hodge theory shows that (after imposing appropriate stability conditions and taking
coarse moduli) Mpe, Myr, Mpet are differeomorphic to each other. Moreover, they realize different
complex structures on the same hyperKéhler manifold.

Example 4.1. When G = GL1, one has Mp, = Pic x H(X,wx), Mgr fits into an exact sequence 0 —
H°(X,wx) — Mgr — Pic — 1, and Mpe, = HY(X,Z) ®z G,,. One easily checks that all these spaces are
differeomorphic.

4.2. Hodge moduli space for homogeneous elements. For v € Lg a homogeneous element of slope v,
we define the Hodge moduli space Miioq.4 to be the moduli of tuples (A, €, &8, EOIEW,V) in which:
(€,EB,E57) are the same as those date in M.

e A € C, Vis a A\-connection on E[p1\ (0,00}

e At 0, V has a simple pole with reso(V) € EF xB np.

e At oo, under any trivialization of (5,50127), one has V € Ad + (7 + (Leo8)<0)dt/t.

Note that Mpor, := A™1(0) = M., Define Mag, = A~'(1). We have the following result parallel to
Theorem 3.11:

Theorem 4.2. The following are true:

o The map A : Muoa,y — Al is representable in smooth algebraic spaces, with a canonical relative
symplectic structure.

o Thereis a Gy, -action on Muod,, compatible with the scaling action on A, hence, contracting MHod,y
to Fl,.

e The restriction maps induce natural isomorphisms

H*(Fl,) <= H*(My) <= H*(Muody) = H*(Mag.4)-

Remark 4.3. In [JY23], the authors use the Hodge moduli space Mioq,, to solve particular cases of Deligne-
Simpson problem. In their setting, for each pair (O,v) where O C A is a nilpotent orbit and v € Q¢ is a
slope, one asks for existence of G-connections on P*\{0, co} with regular singularity with monodromy lies
in O at 0 and isoclinic of slope v at co. It was proved in loc.cit that such G-connection exists if and only if
[L,(triv) : Ep] # 0. Here L, (triv) is a certain representation of a rational Cherednik algebra and Fp is the
representation of W attached to O via the Springer correspondence.

4.3. Betti moduli space for homogeneous elements. Now we come to define the Betti moduli space
Mt~ It should parametrize topological G-local systems on P*\{0,00} with Borel reduction at 0 and
Stokes data at co.

4.3.1. Stokes data. We now explain the idea of Stokes data. Choose the local coordinate 7 = ¢t~! at oo. For
a rank n vector bundle V (which we trivializes at Do, = Spec C((¢71))) with connection V = d+ A(7)dr with
A(T) € gl,(C(7)), the flat sections around DX are those f(7) = (fi(7), -, fn(7)) : DX — C™ satisfying
f'(r) = A(7)f(7). On the ray of argument 6 starting from oo, one can canonically identify all the fibers of
VY with a single n-dimensional vector space Vj via parallel transportation. According to the decay rate of
flat sections of (V, V) along the ray, there is a filtration on Vy. On a general ray, the filtration will give a
full flag.

Ezample 4.4. When G = GL,, and v = 1, one takes A(7) = diag(—ay772,--+ , —a,72) for a; € C. Solving
the equation f/(7) = —a;72f;(7), one gets f;(t) = ™ . For 7 = re', one has |e®7 | = ¢ Re(ae™™)
whose decay rate is completely modeled by Re(a;e~%). When the argument 6 satisfies that Re(a;e™?) are
distinct, one gets a complete flag Vp o in Vj.

When 6 satisfies Re((a; —a;)e~") = 0, it is called a singular direction (or Stokes ray) for (i, 7). These rays
divide the complex plane into several sectors. The vector space Vjp is equipped with a complex flag on each
sector. On each singular direction, the flag is no longer complete. Locally moving around the point 7 = 0 and
doing parallel transportation allows one to identify vector spaces Vj for nearby 6. Locally around a singular
direction 6 for (4, j) (we assume that it is not a singular direction for other pairs (i/,5')), let V' = Vp, one gets
two filtrations 0 C V3 C--- CVpu1 CVpy C Vi C---CVand0C Vi C -V CV/ C Vi C---CV
coming from the two sectors near the ray. There two filtrations are different only in a single step, where one
has fi(7) € Vi, and f;(7) € V). In this case, we can say these two filtrations has relative position s, € Sj,.



14 LECTURES GIVEN BY ZHIWEI YUN NOTES AND EXERCISES BY ZEYU WANG

As one moves around the circle, all the relative positions of the filtrations can be encoded in a positive
braid 8 € Br% = (s; | braid relations). For an element 5 = s;, -+~ 8;, € BHVI/ where s;, are simple reflections,
there is an associated braid variety M () defined as the moduli space of (€2, a,) in which

e &8 are B-bundles over a point for i = 0,1,--- , N and é’ﬁ ~gb
° o : Eﬁl xB G 5 SJB xB G are isomorphisms of G-bundles such that Eﬁl and SJB has relative
position s;, for j =1,---, N.

We would like to write the data above as
M(ﬁ) = {558 TTPsiy T T T sy gﬁ = gﬁ}
The moduli space M(}3) is equipped with a map M(8) — G/G by
(EP ay) = (ano-a 1 EP xP G 5 €8 xB @G).

One defines /W(ﬁ) = M(B) xXa/a Z]/G, in which ¢ — U is the Springer resolution of the unipotent cone.

We now explain the procedure obtaining a braid S from a homogeneous element v which generalizes the
procedure in Example 4.4. One regard v as a map (1) : C* — g™ — g™ / G = h™ J/ W. Taking the
fundamental group, one gets Z = 71 (C*) — 71 (h"™ J W) = Bryy. This determines the conjugacy class of S.
To get a positive braid, one can do the following: For a small enough ¢ > 0, consider the circle S} ¢ C*
of radius € around 0 € C. Inducing from v, one obtains v : S! — C* — h™ — bhg in which the last step is
taking real part. Take the singular directions (regarded as points on S!) to be the preimage of walls (i.e.
root hyperplanes) in hr. Suppose the singular directions are preimages of walls of type s;j,,--- ,s;, € Win
order, then one associates § = s;, -+ -5, € Br;rv. The resulting S is well-defined up to cyclic shift, and only
depends on the slope v.

Remark 4.5. When 7~ is elliptic, assume v = % for ged(d, m) = 1. The braid g € Br% admits the following
easy description: One chooses a regular element w € W of order m which has minimal length within its
conjugacy class. By Exercise 1.17(2), one has l(w) = %. Choose w € Bry, to be the (unique) minimal
length lift of w in Br‘f[,7 one has = w? € Brjv.

Ezxample 4.6. When v = %, the regular element w = s1 - - - 5, is a Coxeter element. Then 3 = (s; ---5,)% In
this case, the remark above also works when d = h: For v =1 = %, one gets 3 = (s1---s,)" = w € Bry,
which is called the full twist. Here wy is the longest element in . In this case, one has M(w3) = {(EF --+4,
EP sy, EP = EP)) = BPB/AdT.

4.3.2. Riemann-Hilbert map. By the previous discussion, there is a natural map Mygr y — M(ﬁ) by taking
the associated local system with B-reduction at 0 and Stokes data at co. When 7 is elliptic, we expect this
map to be a finite covering as complex analytic spaces. In general, we further enhance M(8) to make the
map possibly a complex analytic isomorphism: Note that there is a natural map M(8) — [T/ Ad,, T] by
sending
(EF s, - s, ERZER) = (E0 XPT S &7 P T)
exp

where Ad,, stands for w-twisted conjugation. Consider the exponential map h* = (Lt,)g — T/ Ad,, T in

which T'/ Ad,, T is quotient by w-twisted conjugation by T'. We define Mpey , := M(S) X7/ aq, 7 h". Then
the Riemann-Hilbert map admits a natural lift RH : Magr,, — MBpet, -

Theorem 4.7. The map RH : Mgr,y — Mpet,y 95 a complex analytic map.
Conjecture 4.8. This is a complex analytic isomorphism.

Remark 4.9. We also expect that Mpo1,y, Mar,y, and Mpet,, are differeomorphic. But we do not know if
one should expect a hyperKéahler structure on these spaces.

4.4. Exercises.

Exercise 4.10. Consider G = SL,, with homogeneous element
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of slope v = £ for d € Z> such that ged(d,n) = 1.

(1) Describe the braid §, € Br}'n. Identify the braid closure 31, which is the link obtained from 3, by
connecting startpoints with endpoints in order *.

(2) For an algebraic curve C' C C? passing through the origin 0 € C2, the algebraic link associated to C
is defined as C'N S3 C S2 = {(z,y) € C?||z|> + |y|* = €} for sufficiently small € > 0. Show that the

algebraic link associated to V(2™ — y?) is equivalent to the link f3,.

Exercise 4.11. Consider G = SL,, with homogeneous element

of slope v = —4- for d € Z>; such that ged(d,n — 1) = 1.

n—1
(1) Describe the braid 8, € Bré,. Identify the braid closure 3, .
(2) Show that the algebraic link associated to V(2™ — xy?) is equivalent to the link £3,.

FEzercise 4.12. This exercise studies the Betti moduli space Mpet,, with slope v = % where m is a regular
elliptic number of W.

For each elliptic element w € W with minimal length in its conjugacy class, consider Z,, = (T",U, :
wa = a,a € ®) and U, = U NwU " w™L. Here U, is the root subgroup of a, U is the unipotent radical of
B, and U~ is the opposite of U. Define the multiplicative transversal slice ¥, = U,, Z,,w, which satisfies the
following properties:

e The map
UxXY, >UZ,wU

(u, s) — usu ™

is an isomorphism.
e Y, is transversal to conjugacy classes in G.
The result above is proved in [HL12]. See [Dua24] for a generalization to non-elliptic case.

(1) Show that 3, € Bra, is a minimal length representative of a regular elliptic element of order m in
w.

(2) Choose w € W a minimal length representative of a regular elliptic element of order m. Consider
Y5 = Uypw. Show that Mpe, = X5 X U. Conclude that MBet,y is a classical smooth algebraic
variety.

(3) Show that Mpet  is a point when m = h is the Coxeter number.

(4) For G = Sp, and v = 1, show that Mpe - can be identified with a resolution of V(22 + (y + 2)* +
ryz) C A3. Note that the later has Az-singularity at the origin as its only singular point.

5. RAMIFIED GEOMETRIC LANGLANDS

In this section, we formulate a ramified geometric Langlands conjecture for P* using the Hitchin moduli
space and Betti moduli space, and provide evidence for the conjecture in case v = 1.

5.1. Unramified Geometric Langlands. We first recall the unramified geometric Langlands. For a
smooth projective curve X, the geometric Langlands conjecture asks for a relation between Shv(Bung)
and Coh(Locy). Here Locy is the moduli space of local systems on the curve X. The notion Shv and Loc
have different meanings in different settings. In the de Rham setting, Shv reads as the category of D-modules
and Loc reads as moduli of flat connections over X. In the Betti setting, Shv stands for the category of
topological sheaves and Loc stands for the moduli of representations of w1 (X). Usually, Shv(Bung) is called
the automorphic side and Coh(Loc) is called the spectral side.

ou may find more background on links and link invariants in [GKS21].



16 LECTURES GIVEN BY ZHIWEI YUN NOTES AND EXERCISES BY ZEYU WANG

The precise relation between two sides is a categorical equivalence Shvyii, (Bung) = Ind Cohyiip(Loc),
which is now a Theorem due to [GR24a][ABCT24a][CCFT24][ABCT24b][GR24b] when X is over a charac-
teristic zero field.

One the automorphic side, Nilp := T* Bung x 4{0} C T™* Bung is the global nilpotent cone in the Hitchin
moduli stack. For each bounded object F € Shv(Bung), there is an attached singular support which is
a conical subset SS(F) C T*Bung. The category Shvip(Bung) is the full subcategory of Shv(Bung)
consisting of sheaves with its cohomologies having singular support contained in Nilp C T* Bung. One can
regard the inclusion Shvyip(Bung) C Shv(Bung) as a global analogue of the inclusion CS(G) C Shv(G/G)
in which CS(G) stands for the category of character sheaves, which consists of F € Shv(G/G) with SS(F) C
(GXxN*/GNT*(G/G) C T*(G/G).

The ind-completion and singular support condition on the spectral side aims to match the compact objects
on both sides, which have a very different flavor from the singular support condition on the automorphic
side.

5.2. Geometric Langlands for homogeneous elements. In our case, we consider X = P! but allow
ramifications at 0 and co. We specialize to the Betti setting.

Fix a homogeneous element v € Lg. On the automorphic side, we consider the moduli space M, =
T Bung(Io, J,) //v Ga, which is something related the moduli stack T* Bung (Ig,J.). On the spectral side,

we consider the moduli stack M () where 3 € Brjy, is attached to 7.

Since M., is not of cotangent type, defining a correct notion of category of sheaves attached to it is
more subtle comparing to the unramified case. In this case, the analogue of Nilp C T Bung in our case is
Fl, € M,,. We can consider xShgy (M.) which is the category of microlocal sheaves on M., with singular
support contained in FL,.

The category of microlocal sheaves with prescribed singular support pSha (M) is defined in [KS02] for
any conical Lagrangian inside a symplectic manifold A C M. When M =T*S and A = U,T*S, C T*S for
a stratification S = U, S, with the scaling G,,-action on cotangent fibers, one has p Shy (M) = Shv?sa}(S)
consisting of bounded complexes which is locally constant with respect to the stratification {S, }.

In our case, the space M, is not of cotangent type but is close to, which gives us a more concrete sheaf
theory which we are going to explain now. Recall that M, = T Bung(Io,J,) /., Ga. We would like to

consider more generally the case M = T*S / 1 G, in which 1 € (LieG,)* is a non-zero element and Sis a
G,-torsor over S.

We would like a sheaf theory microlocalizes to M. In the l-adic setting over characteristic p, Shv(.S)
microlocalizes to T*S while Shv(S/(G,, AS,)) microlocalizes to M. Here Shv(S/(G, ASy)) is the category

of (G,, ASy)-equivariant sheaves on S. The sheaf AS,;, € Shv(G,) is the Artin-Schreier sheaf defined as

follows: Consider a : G, — G, defined by x — 2 — 2P, then a,Q, = EBMF LG ASy,. We take any non-
taq

trivial character ¢ : F;, — @Z . The sheaf ASy is a character sheaf on G, (i.e. it is equipped with a structure
add"AS, = AS, X AS, for the addition map add : G, x G, — G,), this gives us a notion of (G, ASy)-
equivariant sheaves on S defined as the category of sheaves F € Shv(§ ) equipped with a*F = AS,;, K F in
which a : G, x S — S is the action map.

For other sheaf theories, one can use the Kirillov model defined by Gaitsgory in [Gai2l], which works
uniformly in de Rham, étale, and Betti settings, but requiring an extra G,,-action. Suppose the action of
G, on S can be extended to an action of Aff = G, x Gy, one defines the Kirillov category as the Verdier
quotient Kir(S) := Shv(S/G,,)/Shv(S/Aff). When we are in the l-adic setting over characteristic p, the

averaging functor with respect to the Artin-Schreier sheaf induces an equivalence Av(g, as,) : Kir(S) =
Shv(S/(Ga, AS,)) for any non-trivial character ¢ : F, — @[X
The category Kir(S) microlocalizes on M, which means for any F € Kir(S) one can associate a conical

subset SS(F) C M behaves as the singular support of F. To see this, note that Shv(S) microlocalizes over
T*(S/Gy,) = ,uéi (0)/G,, and Shv(S/Aff) microlocalizes on p,;(0)/Aff. Here u» is the moment map for

?-action on T*S. We know that Kir(S) microlocalizes on pag(Lie G, \{0}) x {0})/G,,. Then our claim is
justified by the following exercise:

Ezercise 5.1. Show that y & ((Lie G,\{0}) x {0})/G,, = M.
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Given this, for any conical subset A C M, one can define the full subcategory category Kira (S) C Kir(S).
There is a natural functor Kir} (S) — 1 Shy (M), which is a equivalence sometimes but not in general.

In our case, take S = Bung (1o, Ji/) equipped with the natural action of Aff, we have a category
Kirgy, (Bung(Ip,J’,)). This the category we consider on the automorphic side.

On the spectral side, we would like to find a version of Locx with level structures at 0 and oco. For this,
we use MVG(ﬁ) Here we use the subscript G to indicate that we are working with G rather than G, and we
regard (8 as a braid for G since it has the same braid semigroup as G.

Conjecture 5.2. There exists a fully faithful functor ¥ : Kirpy (Bung(Io,J)) < IndCoh(MvG(B)).

5.2.1. Compatibilities with Hecke actions. The functor in Conjecture 5.2 should be compatible with various
symmetries.

For any point 2 € P'\{0, 0o}, the geometric Satake equivalence gives an action of Rep(G) on the category
Kirgy, (Bung(Ip,J7%)). One the spectral side, one has a natural map MG(B) — [*/G], hence, a natural

action of Rep(G) on IndCoh(Mé(B)) via pull-back and tensoring. The functor ¥ should intertwine these
two actions.
The Hecke action at 0 gives us an action of Shv(I\ LG/I) on Kirpy, (Bung(Io, J/)). Via the Bezrukavnikov’s

equivalence Shv(I\LG/I) = Ind Coh((U x 5 U)/G) proved in [Bez21], the same category acts on the spectral
side IndCoh(M (8)). The functor should intertwine these actions.

There are also symmetries from oco: There is an action of LooTy/(LooTy)<o on M, and Fl,. Consider
subgroup A, = mo(LooTy) = Xu(T)w C LT, /(Lo Ty) <0, it gets an induced action on Kirgy, (Bung (Io, J7,)).
On the spectral side, consider the map MG (B) = Mg(B) = T/ Ady,, T — [*/T"]. Tt gives rise to an action

of Rep(7T™) on Ind Coh(ﬂé(ﬂ)), hence, inducing an action of A, on Ind Coh(M(8)).

5.3. Slope one case. Now we give evidence for the conjecture in case v = 1. We take v =~ -t for vy € b*.
Regard 7 : Ky — K1 /K = g -2 G,. Define K} = Ker(Ky — G,). We have J, = Ky and J! = Kj.

In this case, Bung(Io,J,) = Bung(Ip, K;). The braid 8 = wi. We have //\ZG(@%) = BorB ﬁ?]/ AdT.
Here BB NI = (BB ) x g U.
We first consider a variant of Conjecture 5.2 without the Iwahori level structure at 0:

Theorem 5.3. There is an equivalence of categories Kir(Bung(K/})) = Rep(T).

The category Kir(Bung (K} )) microlocalizes on M., which has the same description as M., except lacking
the Iwahori level structure at 0. It admits a Hitchin map f, : ﬂy — A, with the same Hitchin base as
before. One has M., req = X.(T'). There is a natural map M. — M., (and also a map p : Bung(Io, K}) —
Bung(K7)). This gives us a pull-back functor p* : Kir(Bung(K1)) — Kirpy, (Bung(Io, K7)) .

One defines the category D~ C Kirp, (Bung(Io, K7)) to be the full subcategory generated by the essential
image of p* and the Hecke action at 0 by the category Shv(I\LG/I).

Theorem 5.4. There is an equivalence of categories D, = Coh” (K/)g. Here CohT(N)B is the category of

T-equivariant coherent sheaves on the Springer resolution N supported on the zero section B C T*B C N.

Remark 5.5. This is a part of the conjectural equivalence in 5.2. On the automorphic side, note that
D, C Kirpy, (Bung(Ip, K/)). On the spectral side, Coh™ (N5 = Coh™ (BB NU)z C Ind Coh(ﬂc(ﬁ)).

This equivalence of categories is compatible with symmetries introduced in 5.2.1. Moreover, one has richer
symmetry from oo.
Pretend we are in the [-adic setting over characteristic p. In this case, one has

KirFl,y (Bung(lo7 Kll)) = ShVFl,y (Bung(lo, Kll)/(Gaa ASw))
Consider the Hecke category Hoo = Shv((Ki,v*ASy)\LooG/(K1,7*AS,)) which acts on the category above.

Fact 5.6. There is an equivalence of categories Hoo — Rep(T) ® Shv(T).
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Note that Rep(T) ® Shv(T) = Shv(X,.(T) x T). We have a functor Rep(T) — Ho by sending the
character A\ € X*(T) to the universal local system on {\} x T. This gives rise to an action of Rep(T’) on
Shvgy, (Bung(Io, K')/(Ga, ASy)), which preserves the subcategory D,,. This action is compatible with the

action of Rep(T) on Coh” (N)g.

Remark 5.7. When v = %, there are many cases we can formulate and prove analogues of Theorem 5.4.
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