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Mountains of math in simple problems

(Fermat's last theorem; algebraic number theory and modular forms)

Find whole number solutions to an + bn = cn?•

(Riemann hypothesis; analytic number theory)

What is the density of prime numbers?•

(Mandelbrot set; fractal and complex geometry)

For what c does repeating z->z^2+c stay bounded?•

Today's goal: Explore the longest increasing subsequences of 

random permutation and their connections to symmetric 

function theory, statistical physics and stochastic PDEs. 

Ulam spiral   Mandelbrot set
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What is a (random) permutation?

A bijection     e.g. •

• An element of a non-abelian group of size N!. 

In cycle notation,                            .

An N by N permutation matrix•

with exactly one "1" (or    here)

per row and column.

We choose a random permutation 

uniformly among all N! options.



What does a large permutation look like?

As a random measure on [0,1]2 it•

converges to the uniform measure.

# of fixed points (derangements) limits to•

Poisson(1) random variable:

Take [0,1]; split it uniformly at random;○

repeat infinitely for the bottom interval;

Order all intervals by size.

Cycle lengths limits to Poisson-Dirichlet process.•

Answer depends on the lens: 



Longest increasing subsequence (LIS)

For the permutation                       , the string 

Is the longest increasing subsequence, so LIS(  ) = 3.

LIS = maximal # of points 

connected by an up/right path.

How long is a maximizing path?•

What does such path look like?•

Questions (as N grows):



Brief review of classical LLN and CLT

Law of law numbers (LLN):•
[Cardano 1500s], [Bernoulli 1713]

Central limit theorem (CLT):•
[De Moivre 1733], [Laplace 1812], [Lyapunov 1901]

Consider a sum        of N independent identically 

distributed random variables     with mean   , variance   .

Neither of these apply to the LIS!

For a typical path, # of points = 2. Atypical paths matter!






Ulam's problem [Ulam '61]

Simulations suggested that•

LIS(n2+1) had length ~1.7n.
(Simulations only made up to n=10)

Claim: 'Gaussian form' fluctuations.•

Work to determine this constant: 
[Erdos-Szekeres '35], [Baer-Brock '68], 

[Hammersley '72], [Logan-Shepp '77], 

[Vershik-Kerov '77], [Aldous-Diaconis '95]…

Theorem: LIS(N)/N1/2 -> 2.     [Odlyzko-Rains '00]



Fluctuations of the LIS

Theorem [Baik-Deift-Johansson '99]: Let      be chosen 

uniformly at random among permutation of {1,…,N}. Then,

GUE Tracy-Widom distribution arises in studying

random matrices, random Schrodinger operators, 

Fredholm determinants, the Painleve II equation…

Maximizing paths fluctuate O(N1/3) from the diagonal.



Permutations and partitions

Permutations 

   of {1,…,N} 

[Robinson '38]

[Schensted '61] 

Correspondence

Pairs of same shaped SYT 

(P,Q) filled with {1,…,N}

# SYT of 

shape

 (shape RS(   ) =    ) = 

Corollary: (Plancherel measure)

LIS(   ) = first row of

shape     of RS(   ).

=         P=  ,  Q= 






Hook length formula and limit shape

Hook length formula for 

Asymptotics of        yields limit 

shape for     after      scaling.

The edge is at 2!

More involved analysis of Plancherel measure yields GUE limit.
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Schur generalization

    is a special case of Schur symmetric polynomials:

Replacing permutation matrix 0/1s at (i,j) by geom(xi yj) 

random variables leads (via RSK correspondence) to 

Schur measure:

Extensively studied over past 20 years by Johansson, Okounkov, Baik, Borodin, Ferrari, and many others. 

vandermonde determinant



One way to study these measures

Cauchy identity:1.

Eigenrelations: If   then 2.

acts diagonally as 

3. Expectations: If     then



Integral formulas

For a parameter    consider when      is the   -shift 

in which case we compute        with .   

For functions , this     acts as

Integrating against        on a closed contour yields the 

first correlation function .

Higher order correlation functions can be obtained similarly and in fact are "determinantal".
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Climbing up the mountain

We can lift this story to a higher algebraic level with more 

parameters. New limits emerge and their analysis is unified.

[Macdonald '85]:

Symmetric functions

over   which are

diagonal w.r.t the

difference operators

with eigenvalues  . 



Macdonald processes
Ruijsenaars-Macdonald system

Representations of Double Affine Hecke Algebras

Hall-Littlewood processes
ASEP, Random matrices over finite fields

Spherical functions for p-adic groups

General
Random matrices over 

Calogero-Sutherland, Jack poly.

Spherical functions for Riem. Symm. Sp.

RMT 

   q-Whittaker processes
   q-TASEP, 2d dynamics

  q-deformed quantum Toda lattice

  Representations of

 Whittaker processes
Directed polymers and their hierarchies

Quantum Toda lattice, repr. of

      Schur processes
Plane partitions, tilings/shuffling, TASEP, PNG, last passage percolation, GUE

  Characters of symmetric, unitary groups

Kingman partition structures
Cycles of random permutations

Poisson-Dirichlet distributions

Developed in work of Forrester, Fulman, Vuletic, O'Connell, Borodin, C., Seppalainen, Zygouras, 

Petrov, Gorin, Bufetov, Barraquand, Wheeler, Sasamoto, Matveev and many others.
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Some related probabilistic models

q-TASEP ASEP

TASEP

rate 1-qgap

rate 1

rate p   rate q



Limits to stochastic differential equations

q-TASEP

rate 1-qgap

ASEP

rate p   rate q

pair local times

Brownian 

motions

Just as random walks converge to Brownian motion…

[Borodin-C '11]

[Sasamoto-Spohn '15]



Limits to stochastic PDEs

Developed in many works of Bertini, Giacomin, Amir, C., Quastel, Jara, 

Goncalves, Dembo, Tsai, Hairer, Shen, Gubinelli, Perkowski, Matetski…



Summary and outlook

In the "simple" question of•

the longest increasing

subsequence there a large

mountain of mathematics.

Climbing to the Macdonald•

level provides a vantage

point from which we can simultaneously solve many systems.

Quantum integrable systems (e.g. Bethe ansatz) provides another.•

These example systems predict much wider universality classes.•

There are many paths and peaks yet to be explored or surmounted!•




