NOR-ISOMORPHISH OF CATEGORISS OF ALGEBRAS

WALTER De NEUHANN

We recall that if o = (Ki)iax is a collection of sets,
then an algebra (A'(!i)ixl) of type 4 consists of a set A

and a collection (fi)isx of operations on A , such that for
K

cach ieI £, is a K, -ary operation; that is f,: A 1sa.we
shall use the same symbol for an algebra A and its underlying
set.

#e say that the types - = {Ki)ixl and o = (Lj)jsJ are
equivalent if there is a bijection ¢3 I —> J such that for each
i the cardinalities iﬁii and ;L¢(i}’ are equal.

e denote by O((s) the a&teg&ry of all algebras of type &
and all homomorphisms between them. Clearly if o and &° are
equivalent types, them (o) and ((2") are isomorphic catego-
ries. The purpose of this note is to prove the converse, thereby
enswering a question posed by A. PULTR.

This question was motivated by the result of 2. HEDRLIY and
A. PULTR [2] which statea that even if o and 4" are not equi-
valent, 0i{s) and {s’) are embeddable as full subcategories in
each other, so long as 4 and A"  are not too small (the sums of
the cardinalities of the sets in -~ and &° should each exceed ?).

In 51 we recall the necessary properties of algebraic opere-

tions, and in 32 we prove the theorem.

31. Operations.
Let f£: F* —> F be a K~ary operation on F (F,K any sets).

The gupport of £ (FiLSCHER [1]) is defined by

supp(f) = {ACK | for all ~yp ¢ Fx; <A = piA = £(=) = £(p)}.
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That is Ac supp(f) umeans that the value of £ on any =~ ¢ P i
already determined by the restriction of —~ to A

The essential rank of f is defined as min{ial jAe supp(f) .
If Ol is a primitive class (variety) of nlgebras, iiefiu& its rank
to be the supremum of the essential ranks of all ‘T-algebraic
operations. Since the essential rank of an algebraic operation ia.
always less than the dimension (S§OMINSKI [3]) of or, this supre-
mun exists.

Now let £ be any element of the free algebra F(X,q) with
ba#ta X of the primitive oltass ty and let A be any slpebra
in Ol. One can define an X-ary operation ¥ on 4 by ) =
=(f) for any ~=e 2%, Here = is the homomorphic extension of o
to a hovomorphism of F(X,c0 to A . ™ 45 an algebraic opera-
tion on A ; in fact £ —>» fA is a mjef:tive honomorphisn of
F(X,c1) onto the algebra HX(A) of all ZX-ary algebraic operations
on A (see for instance [1]).

32, Hon-isomorphism of categories.
THEOREM: If the categories owa) end os’') are isomorphic,
then o and ¢° are equivalent types.

We shall prove this theorem in ¢two steps. Let =8 denote

the canonical underlying set functors on ¢t{a) and o (s).

LEMA 1: If the concrete categories (c(a),s) and (a(4'),s) are

gonoretely isomorphic (that is isomorvhic by a functor

which pre erves underlying sets), then 4 is eguivalent
to A’s

Proofs Let 4 = (Ei)is.'{

of the category o (a) and its underlying set functor is sufficient

o It suffices to show that the knowledge

to recover 4 up to equivalence. liow the definition of free algebra
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of ?{4) over a basis involves only the underlying sets and homo=-
morphists, so we know the free nlgebras of «(a). llence by the last
paragraph of 1 we know the algebraic operatioms for oi{a), so we
can calculate the rank ¢ of <(a) . |

Let F be a free algebra of a(a) with basis X such that
141 »8., Let Y = F=X « Define a relation R on Y by 31332 it
and only if ﬁmm is an endomorphism of F which maps ¥4 onto ¥ o
Let S be the smallest equivalence relation on Y containing R ,
and let Je=Y/3 be the set of equivalence clas-es of Y under S.

“#arnnw congider the meaning of this construction in terms of
the nctual algebraic structure of F . The set Y is the set af‘

K
all fii-f) e icl ,«c?i‘, where the £, are the defining operaw-

i
tions of the class. Under an endomorphism of F an element fi(«)
canno; be napped onto an elenment fj(p) with 443 . Further if
=, eF s injective with «G(Ki)gx + then every element of the
forn f£,(x) , < P L, 1o the image of £, (o) under suitable endo-
morphisas of F . Hence the equivalence classes under S5 are just
the subsets of Y of the form ¢(i) = {fi(«) lec & ?Ki} s and
g3 1 > @(i) is a bijective map from I to J . _

It remains only to show that to eash ¢(i)edJ we can re-
cover IK,l. e can choose a ye ¢{i) with the property that every
elenent of ¢(i) is the image of y under some endomorphism of F.
e then have the corresponding X-ary algebraic operation J= §F
in HX(F) . e claim that § has essentiol ramk IXK.| , completing
the ppoof. Indeed y is of the form £,(x)) for some injective
o(osF’ti with «o(Ki};i:;x « Bupp(y) is just the set of all subsets
of X which contain « (K,) , so the essential rank of ¥ is

t«oﬁxi)t . Since o~  1is injective, f (K )b m IR o

The second part of the proof of the theoren is given by the

following lenmmatg



LEMA 2 1f the categorics ¢(a) and o(a’) are isomorphic,
then the concrete categories (a(a),s) and (o(da’).s)
are concretely isomorphice

Proof: We firat determine a frece algebra P of rank 1 (that is

basis cardinality 1) in ot(a). This can be done in many ways. For
S every epimorphigan.

instence Pe al(2) 4is a free algebra if and only if iﬁ—{e—a—pro-

b P lbas a seclion '
jeetive—object ol-th 7y, and it furthermore hes rank 1 if

and only if every mrphiafm P —> P is ponoe

The functor mor{P,=): c(a) —> et 4is a ‘"new underlying
set functor™ which is naturally equivalent to the standard under-
lying set functor s on o{a).

Let T: ot{s) —> af{a®) be an isomorphism. Then T(P) is a
free algebra of rank 1 in 0:(?‘) s+ 50 we also have a ™ew under-
lying set functor®” mor(T(P),-) on «x(a®) which is naturally
equivalent to the standard onee.

If one identifics the sets wmor(P,A) and mor(T(P),T(A)) by
means of T for each Aeds), them T commutes with these "new
underlying set functors®, and it is not d&fficult, using the pro-
perties of the standard underlying set functors, to deduce that
o1{s) and o{s") are slso concretely isomorphic with respect to

the stondard underlying set functorse.

Lemna 2 states that two categories of the form ot(s) are
abstractly isomorphic if and only if they are concretely isomorphic,
or in more algebraic terminoclogy: rationally equivalent. This in
fact holds for more general primitive classes of algebras; for
instance a slight modification of the zbove proof shows that two
Schreier primitive classes (subalgebras of free algebras are free)

whese free algebras of rnk 1 ar not isomerphic & any of higher rank
si-bh-surjechis nd—injeetive—ones are abstractly isomorphic

& s fuod-urgr—gprndm—acgn g

as categories 1if and only if they are rationally equivalent. Some

restriction on the classes considered is however necessary, for it



.

-5

is known that to any primitive class one can find primitive classes
not rationally equivalent to the given one, such that the categories

are isonorphic.
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