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Abstract

We develop a general construction for nonlinear Lévy processes with
given characteristics. More precisely, given a set © of Lévy triplets,
we construct a sublinear expectation on Skorohod space under which
the canonical process has stationary independent increments and a
nonlinear generator corresponding to the supremum of all generators
of classical Lévy processes with triplets in ©. The nonlinear Lévy
process yields a tractable model for Knightian uncertainty about the
distribution of jumps for which expectations of Markovian functionals
can be calculated by means of a partial integro-differential equation.
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1 Introduction

The main goal of this paper is to construct nonlinear Lévy processes with pre-
scribed local characteristics. This is achieved by a probabilistic construction
involving an optimal control problem on Skorohod space where the controls
are laws of semimartingales with suitable characteristics.
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Let X = (X})ier, bean R?-valued process with cadlag paths and Xy = 0,
defined on a measurable space (£2,F) which is equipped with a nonlinear
expectation £(-). For our purposes, this will be a sublinear operator

€ £(€) := sup B[g], (1.1)
Pey
where 8 is a set of probability measures on (2, F) and EP[-] is the usual
expectation, or integral, under the measure P. In this setting, if Y and Z
are random vectors, Y is said to be independent of Z if

E(p(Y,2)) = £(£(e(Y, 2))|:=2)

for all bounded Borel functions ¢, and if Y and Z are of the same dimension,
they are said to be identically distributed if

E(p(Y)) = E(p(2))

for all bounded Borel functions ¢. We note that both definitions coincide
with the classical probabilistic notions if 8 is a singleton. Following |8,
Definition 19|, the process X is a nonlinear Lévy process under £(-) if it
has stationary and independent increments; that is, X; — X, and X;_, are
identically distributed for all 0 < s < ¢, and X; — X, is independent of
(Xsyy.ooy Xs,) forall 0 < s; <.+ <3, <s <t The particular case of a
classical Lévy process is recovered when 13 is a singleton.

Let © be a set of Lévy triplets (b, c, F'); here b is a vector, ¢ is a sym-
metric nonnegative matrix, and F' is a Lévy measure. We recall that each
Lévy triplet characterizes the distributional properties and in particular the
infinitesimal generator of a classical Lévy process. More precisely, the asso-
ciated Kolmogorov equation is

v (t,x) — {bvx(t, x) + %tr[cvm(t, x)]

+ /[v(t,x +2) —v(t, z) — v (t, 2)h(2)] F(dz)} =0,

where, e.g., h(z) = 21|;<;. Our goal is to construct a nonlinear Lévy process
whose local characteristics are described by the set ©, in the sense that
the analogue of the Kolmogorov equation will be the fully nonlinear (and
somewhat nonstandard) partial integro-differential equation

v (t,x) — sup {bvm(t,:c) + ltr[cvm(t, x)] (1.2)
(be,F)€O 2

+ /[v(t,:n +2) —v(t, z) — v (t, ) h(2)] F(dz)} = 0.



In fact, our probabilistic construction of the process justifies the name char-
acteristic in a rather direct way.

In our construction, we take X to be the canonical process on Skorohod
space and hence £(-) is the main object of consideration, or more precisely,
the set B of probability measures appearing in (1.1). Given an arbitrary set
O of Lévy triplets, we let B = Po be the set of all laws of semimartingales
whose differential characteristics take values in ©; that is, their predictable
semimartingale characteristics (B, C, v) are of the form (b; dt, ¢; dt, F; dt) and
the processes (b, ¢, F) evolve in ©. Assuming merely that © is measurable,
we then show that X is a nonlinear Lévy process under £(-); this is based on
the more general fact that £(-) satisfies a certain semigroup property (The-
orem 2.1). The proofs require an analysis of semimartingale characteristics
which will be useful for other control problems as well. Under the conditions

sup {/|z]/\|z\2F(dz)+|b|+|c|} < 50 (1.3)

(b,e,F)€O

and

lim  sup / |22 F(dz) =0 (1.4)
€0 (bc,F)co J|z|<e

on ©, we show that functionals of the form v(t,z) = £(¢¥(xz + X¢)) can be

characterized as the unique viscosity solution of the nonlinear Kolmogorov

equation (1.2) with initial condition ¢ (Theorem 2.5).

A special case of a nonlinear Lévy process with continuous trajectories
is called G-Brownian motion and due to [17, 18]; see also |1, 12] for the re-
lated so-called Uncertain Volatility Model and [19] for a monograph provid-
ing background related to nonlinear expectations. Nonlinear Lévy processes
were introduced in [8]. First, the authors consider a given pair (X¢, X¢) of
processes with stationary and independent increments under a given sub-
linear expectation £(-). The continuous process X¢ is assumed to satisfy
E(|X¢?)/t — 0 as t — 0 which implies that it is a G-Brownian motion,
whereas the jump part X¢ is assumed to satisfy £(|X{|) < Ct for some con-
stant C. The sum X := X¢+ X is then called a G-Lévy process. It is
shown that Gx[f(+)] := limy—0 E(f(X}))/t is well-defined for a suitable class
of functions f and has a representation in terms of a set © of Lévy triplets
satisfying

sup {/|z! F(dz) + |b| + |c|} < 00, (1.5)

(b,e,F)e®
meaning that functions v(t,z) = £(¢Y(z + X)) solve the PIDE (1.2) with
initial condition 1. We note that (1.5) implies both (1.3) and (1.4), and



is in fact significantly stronger because it excludes all triplets with infinite
variation jumps—the extension of the representation result to such jumps re-
mains an important open problem. Second, given a set O satisfying (1.5), a
corresponding nonlinear Lévy process X is constructed directly from the
PIDE (1.2), in the following sense!. If X is the canonical process, ex-
pectations of the form £(¢(X¢)) can be defined through the solution v by
simply setting £(¥ (X)) := v(t,0). More general expectations of the form
E(W(Xyy, ..., Xy,)) can be defined similarly by a recursive application of the
PIDE. Thus, one can construct £(£) for all functions £ in the completion
L{, of the space of all functions of the form ¥ (Xy,,..., Xy, ) under the norm
E(| - ]). We remark that this space is significantly smaller than the set of
measurable functions, and so it is left open in [8] how to define £(§) for gen-
eral random variables . See also [21] for some properties of LlG. A second
remark is that while this construction is very direct, it leaves open how to
interpret a nonlinear Lévy process from the point of view of classical prob-
ability theory. Another concept related to nonlinear Lévy processes is the
so-called second order backward stochastic differential equation with jumps
as introduced in [11], partially extending the formulation of [24] to the case
with jumps using an approach along the lines of |23, 25|. Existence results
and the connection to PIDEs have been announced for future work, which
is expected to yield another stochastic representation for the PIDE (1.2),
under certain conditions.

Summing up, our contribution is twofold. First, we construct nonlinear
Lévy processes for arbitrary (measurable) characteristics ©, possibly with
unbounded diffusion and infinite variation jumps, and the distribution is
defined for all measurable functions. Our probabilistic construction allows
us to understand the PIDE (1.2) as the Hamilton—Jacobi-Bellman equation
resulting from the nonstandard control problem

sup ET[-]

PeXo
over the class of all semimartingales with ©-valued differential characteris-
tics. This control representation gives a global interpretation to the distri-
bution of a nonlinear Lévy process as the worst-case expectation over Pg;
in particular, this allows for applications in robust control under model un-
certainty (e.g., [13]). Second, under Conditions (1.3) and (1.4), we provide a
rigorous link with the PIDE (1.2). On the one hand, this implies that expec-
tations of Markovian functionals can be calculated by means of a differential

Tt seems that such a construction could also be carried out under the weaker condi-
tions (1.3) and (1.4).



equation, which is important for applications. On the other hand, it allows
us to identify our construction as an extension of [8]. As an example, we
introduce a nonlinear version of an a-stable Lévy process which has jumps
of infinite variation and thus does not fall within the scope of (1.5).

The remainder of this paper is organized as follows. Section 2 details
the setup and contains the main results: the probabilistic construction is
summarized in Theorem 2.1 and the PIDE characterization in Theorem 2.5.
Moreover, we give two examples of nonlinear Lévy processes. Sections 3
and 4 provide an analysis of semimartingale laws and the associated char-
acteristics under conditioning and products which forms the main part of
the proof of Theorem 2.1 (another ingredient is provided in the companion
paper [14]). Section 5 concludes with the existence and comparison results
for the PIDE (1.2).

2 Main Results

Fix d € N and let Q = Dy(Ry,RY) be the space of all cadlag paths w =
(wi)i>0 in R with wg = 0. We equip Q with the Skorohod topology and
the corresponding Borel o-field F. Moreover, we denote by X = (X¢)>0
the canonical process Xi(w) = w; and by F = (F;)i>0 the (raw) filtration
generated by X.

Our starting point is a subset of (£2), the Polish space of all probability
measures on ), determined by the semimartingale characteristics as follows.
First, let

PBsem = {P € P(N) | X is a semimartingale on (Q, F,F, P)} CP(N) (2.1)

be the set of all semimartingale laws. To be specific, let us agree that if G
is a given filtration, a G-adapted process Y with cadlag paths will be called
a P-G-semimartingale if there exist right-continuous, G-adapted processes
M and A with My = Ay = 0 such that M is a P-G-local martingale, A has
paths of (locally) finite variation P-a.s., and ¥ = Yy + M + A P-as. We
remark that X is a P-semimartingale for [ if and only if it has this property
for the right-continuous filtration F, or the usual augmentation FZ’; cf. [14,
Proposition 2.2|. In other words, the precise choice of the filtration in the
definition (2.1) is not crucial.

Fix a truncation function h : R — RY that is, a bounded measur-
able function such that h(z) = x in a neighborhood of the origin, and let
(BP, cr, VP) be semimartingale characteristics of X under P € Pyep, and F,
relative to h. To be specific, this means that (BY,CF vP) is a triplet of



processes such that P-a.s., BY is the finite variation part in the canonical
decomposition of X — g .«.(AX; —h(AX;)) under P, CT is the quadratic
covariation of the continuous local martingale part of X under P, and v
is the P-compensator of 1%, the integer-valued random measure associated
with the jumps of X. (Again, the precise choice of the filtration does not
matter for the present section; see [14, Proposition 2.2|.) We shall mainly
work with the subset

20 = {P € Boem | (BT, CT07) < dt, P-as.}

sSem

of semimartingales with absolutely continuous characteristics (with respect

to the Lebesgue measure dt). Given P € % . we can consider the associ-

ated differential characteristics (b7, cf’, F'P), defined via (dBY,dCT, dvt) =
(bPdt, cPdt, FPdt). The differential characteristics take values in R?xS% x £,
where S‘i is the set of symmetric nonnegative definite d x d-matrices and

L= {F measure on R?

/ |z|? A1 F(dx) < oo and F({0}) = 0}
R4

is the set of all Lévy measures, a separable metric space under a suitable
version of the weak convergence topology (cf. [14, Section 2|). Any element
(b,c, F) € R? x Sff_ x L is called a Lévy triplet and indeed, there exists a
Lévy process having (b, ¢, F') as its differential characteristics.

2.1 Nonlinear Lévy Processes with given Characteristics

Let ) # © C R? x S x £ be any (Borel) measurable subset. Our aim is
to construct a nonlinear Lévy process corresponding to ©; of course, the
case of a classical Lévy process will correspond to © being a singleton. An
important object in our construction is the set of all semimartingale laws
whose differential characteristics take values in ©,

m@ = {P € m?gm (bpchvFP) € @7 P®dt_a'e'}’

and a key step will be to show that Bg is amenable to dynamic programming,
as formalized by Condition (A) below. To state this condition, we need to
introduce some more notation. Let 7 be a finite F-stopping time. Then the
concatenation of w,w €  at 7 is the path

(U‘) ®r (D)U = wu]—[O,T(w))(u) + (w’r(w) + (Z)u—T(UJ))l[T(UJ),OO) (u)7 u 2> 0.

For any probability measure P € B(£2), there is a regular conditional prob-
ability distribution {P¥},cq given F; satisfying

P € Q| =won [0,7(w)]} =1 forall weq.



We then define P™% € B(2) by
P™(D) =P (w®; D), DeF, wherew®,D:={w®;@|we D}
Given a function € on 2 and w € €2, we also define the function £7* on 2 by
(@) =Ewerw), ©EeN

If £ is measurable, we then have EX™ [¢7%] = EP[¢|F,](w) for P-a.e. w € Q.
(The convention 0o — 0o = —o0 is used throughout; for instance, in defining
EP[¢|F,]) := EP[¢Y|F,] — EP[¢7|F,].) Finally, a subset of a Polish space is
called analytic if it is the image of a Borel subset of another Polish space
under a Borel-measurable mapping; in particular, any Borel set is analytic.
We can now state the mentioned condition for a given set P C PB(Q).

Condition (A). Let 7 be a finite F-stopping time and let P € 3.
(A1) The set P C PB(N) is analytic.
(A2) We have P™% € B for P-a.e. w € .

(A3) If kK : Q@ — P(Q) is an Fr-measurable kernel and k(w) € P for P-a.e.
w € Q, then the measure defined by

P(D) = //(1D)T"’J(w’) k(w,dw") P(dw), D € F
is an element of 3.

Some more notation is needed for the first main result. Given a o-
field G, the universal completion of G is the o-field G* = N pg(P ), where
P ranges over all probability measures on G and G (P) is the completion of G
under P. Moreover, an R-valued function f is called upper semianalytic if
{f > a} is analytic for each a € R. Any Borel-measurable function is upper
semianalytic and any upper semianalytic function is universally measurable.

Theorem 2.1. Let © C R? x Si x L be a measurable set of Lévy triplets,
Po = {P € P, (b, P Py e o, P®dt-a.e.} and consider the associated
sublinear expectation E(-) = suppeyp, EF[-] on the Skorohod space Q.

(i) The set Peo satisfies Condition (A).

(ii) Let o < T be finite F-stopping times and let £ : Q — R be upper semi-
analytic. Then the function w — E:(&)(w) := E(E™Y) is Ff-measurable
and upper semianalytic, and

(&) (w) = E-(E+ () (w)  for all w € Q. (2.2)

(i1i) The canonical process X is a nonlinear Lévy process under £(-).



Thus, this results yields the existence of nonlinear Lévy processes with
general characteristic © as well as their interpretation in terms of classical
stochastic analysis; namely, as a control problem over laws of semimartin-
gales. The semigroup property stated in (2.2) will be the starting point for
the PIDE result reported below.

Proof. (i) The verification of (Al) is somewhat lengthy and carried out in
the companion paper [14]. There, it is shown that one can construct a
version of the semimartingale characteristics which is measurable with re-
spect to the underlying measure P, and this fact is used to show that g is
Borel-measurable (and in particular analytic); cf. [14, Corollary 2.7|. Prop-
erties (A2) and (A3) will be established in Corollary 3.2 and Proposition 4.2,
respectively. They follow from the analysis of semimartingale characteristics
under conditioning and products of semimartingale laws that will be carried
out in Sections 3 and 4.

(ii) Once Condition (A) is established, the validity of (ii) is a consequence
of the dynamic programming principle in the form of [16, Theorem 2.3|.
(That result is stated for the space of continuous paths, but carries over to
Skorohod space with the same proof.)

(iii) We first show that X has stationary increments. Let s,¢ > 0 and let
¢ : R? = R be bounded and Borel. Using the identity

X - XY =X, weQ,
the tower property (2.2) yields that

E(p(Xiys — X1)) = E(&(p(Xivs — X1))) = E(E(0(Xs))) = E(p(Xs)).

Similarly, to see the independence of the increments, let 0 <t} <-.. <t, <t
and let ¢ be defined on RtV ingtead of R Then

(Xp8 = X7 X000 X00) = (X Xy (W), Xe, (W), weQ

t1
and (2.2) imply that

E(p(Xiqs — X4, X1y, X4))
= E(&(e(Xigs — Xt Xy, X1)))
= E(E(p(Xs, 21,y 20)) ler=X1, ooitn=X0, )
= E(E(e(Xigs — Xty 21, ... Tn)) ’l‘lZth,...,:En:th))

where the last equality is due to the stationarity of the increments applied
to the test function (-, z1,...,zy). O



Remark 2.2. The nonlinear Lévy property of X corresponds to the fact
that the set 8 = P is independent of (t,w). More precisely, recall that [16]
considered more generally a family {J3(¢,w)} indexed by ¢t > 0 and w € .
In this situation, the conditional nonlinear expectation is given by

E()w)= sup EP[EY], we
PeP(1(w),w)

this coincides with the above definition when (¢, w) is independent of (¢,w).
As can be seen from the above proof, the temporal and spatial homogeneity
of B is essentially in one-to-one correspondence with the independence and
stationarity of the increments of X under £(-).

In classical stochastic analysis, Lévy processes can be characterized as
semimartingales with constant differential characteristics. The following
shows that the nonlinear case allows for a richer structure.

Remark 2.3. The assertion of Theorem 2.1 holds more generally for any
set P C P(Q) satisfying Condition (A); this is clear from the proof. Accord-
ing to Theorem 3.1, Proposition 4.1 and [14, Theorem 2.5, the collection
Psem of all semimartingale laws (not necessarily with absolutely continuous
characteristics) is another example of such a set. In particular, we see that
nonlinear Lévy processes are not constrained to the time scale given by the
Lebesgue measure. It is well known that classical Lévy processes have this
property and one may say that this is due to the fact that the Lebesgue
measure is, up to a normalization, the only homogeneous (shift-invariant)
measure on the line. By contrast, there are many sublinear expectations
on the line that are homogeneous—for instance, the one determined by the
supremum of all measures, which may be seen as the time scale corresponding
to Psem-

Another property of classical Lévy processes is that they are necessar-
ily semimartingales. A trivial example satisfying Condition (A) is the set
P = P(Q) of all probability measures on Q. Thus, we also see that the
semimartingale property, considered under a given P € ‘3, does not hold
automatically.

One may also note that such (degenerate) examples are far outside the
scope of the PIDE-based construction of [8].

Remark 2.4. The present setup could be extended to a case where the set
© is replaced by a set-valued process (t,w) — O(t,w), in the spirit of the
random G-expectations [15]. Of course, this situation is no longer homoge-
neous and so the resulting process would be a “nonlinear semimartingale”



rather than a Lévy process. We shall see in the subsequent sections that
the techniques of the present paper still yield the desired dynamic program-
ming properties, exactly as it was done in [16]| for the case of continuous
martingales.

2.2 Nonlinear Lévy Processes and PIDE

For the second main result of this paper, consider a nonempty measurable
set © C R? x S‘i x L satisfying the following two additional assumptions.
The first one is

sup {/d |z| A |22 F(dz) + |b] + ]c|} < 00, (2.3)
R

(b,e,F)eO©

where || is the Euclidean norm; this implies that the control problem defining
&() is non-singular and that the jumps are integrable. Moreover, we require
that
lim sup / |2|? F(dz) = 0. (2.4)
€70 (h,e,F e Jz|<e
While this condition does not exclude any particular Lévy measure, it bounds
the contribution of small jumps across ©. In particular, it prevents Pg from
containing a sequence of pure-jump processes which converges weakly to,
say, a Brownian motion. Thus, both conditions are necessary to ensure that
the PIDE below is indeed the correct dynamic programming equation for
our problem.
Namely, we fix 1) € Cj, 1;,(R?), the space of bounded Lipschitz functions
on R?, and consider the fully nonlinear PIDE

{Gtv(t,x) — G(Dwv(t,x), D2 v(t,z),v(t,z + )) =0 on (0,00) x RY,

(2.5)
where G : R4 x S9 x CbQ(Rd> R is defined by
1
T Geree {p b gtrlad + /R [£() — 1(0) - Dmf(O)h(z)}F(dz)}.

(2.6)

We remark that this PIDE is nonstandard due to the supremum over a set
of Lévy measures; see also [8]. Specifically, since this set is typically large

10



(nondominated), (2.6) does not satisfy a dominated convergence theorem
with respect to f, which leads to a discontinuous operator G.

We write 05’3((0, o0) x RY) for the set of functions on (0, 00) x R? having
bounded continuous derivatives up to the second and third order in ¢ and
x, respectively. A bounded upper semicontinuous function u on [0, 00) X R4
will be called a viscosity subsolution of (2.5) if u(0,-) < (-) and

8tg0(t,x) - G(D;pQO(f,.ﬁ), Dix(p(t, l’), (p(t,.%’ + )) <0

whenever ¢ € 05’3((0,00) x R%) is such that ¢ > u on (0,00) x R? and
o(t,x) = u(t, z) for some (t,z) € (0,00) x RL The definition of a viscosity
supersolution is obtained by reversing the inequalities and the semicontinu-
ity. Finally, a bounded continuous function is a viscosity solution if it is both
sub- and supersolution. We recall that £(-) = suppeg, EP[.] and X is the
canonical process.

Theorem 2.5. Let © C R? x S‘i X L be a measurable set satisfying (2.3)
and (2.4) and let 1 € Cp, 1ip(R?). Then

v(t,z) = E(P(z + Xy)), (t,x) € [0,00) x R4 (2.7)
is the unique viscosity solution of (2.5).

The existence part will be proved in Proposition 5.4, whereas the validity
of a comparison principle (and thus the uniqueness) is obtained in Proposi-
tion 5.5. As mentioned in the Introduction, this result allows us to rigorously
identify our construction as an extension of [8]. A quite different application
is given in Example 2.7 below.

2.3 Examples

We conclude this section with two examples of nonlinear Lévy processes
in dimension d = 1. The first one, called Poisson process with uncertain
intensity, is the simplest example of interest and was already introduced
in [8] under slightly more restrictive assumptions.

Example 2.6. Fix a measurable set A C R, and consider
O := {(0,0,Ad1(dx)) | A € A}.

Each triplet in © corresponds to a Poisson process with some intensity A € A,
so that A can be called the set of possible intensities. To see that © is mea-
surable, note that © is the image of A under A\ — A d;(dz). This is a mea-
surable one-to-one mapping from Ry into £, and as £ is a separable metric

11



space according to [14, Lemma 2.3|, it follows by Kuratowski’s theorem [4,
Proposition 7.15, p. 121] that © is indeed measurable.

As a result, Theorem 2.1 shows that the canonical process X is a non-
linear Lévy process with respect to £(-) = suppeq, EF[-]. Moreover, if A
is bounded, Conditions (2.3) and (2.4) hold and Theorem 2.5 yields that
v(t,z) == E(P(x + X)) is the unique viscosity solution of the PIDE (2.5)
with nonlinearity

AEA
for all ¢ € Cy 1ip(R).

The second example represents uncertainty over a family of stable triplets,
which does not fall within the framework of [8] because of the infinite vari-
ation jumps. We shall exploit the PIDE result to infer a nontrivial distri-
butional property. In view of the central limit theorem of [20] for the non-
linear Gaussian distribution and classical results for a-stable distributions,
one may suspect that this example also yields the limiting distribution in a
nonstandard limit theorem?.

Example 2.7. Let a € (0,2), fix measurable sets B C R and K+ C Ry,
and consider

0 :={(b,0,F.)|be B, ks € Ky},

where Fj, denotes the a-stable Lévy measure
Fr, (dx) = (k= 1(_oo0) + ks L(0,00)) (%) ||~ d.

If f is a bounded measurable function on R, then (ky,k_) — [ f(z) Fy, (dz)
is measurable by Fubini’s theorem. In view of [14, Lemma 2.4|, this means
that (ki,k_) — Fj, is a measurable one-to-one mapping into £, and thus
Kuratowski’s theorem again yields that © is measurable.

As aresult, Theorem 2.1 once more shows that the canonical process X is
anonlinear Lévy process with respect to £(+) = suppeg, E7[-]. If B, K+ are
bounded and a € (1,2), Conditions (2.3) and (2.4) hold and Theorem 2.5
yields that v(t,z) := E(Y(xr + X)) is the unique viscosity solution of the
PIDE (2.5) with

Gp.g.f())= sup {pb+ / (f(z)—f<o>—Dxf<o>h<z>)Fki<dz>},

beB,k+eK4

?Such a result was indeed obtained in follow-up work [3].

12



for all ¢ € Cy 1ip(R).

With these conditions still in force, we now use the PIDE to see that X
indeed satisfies a scaling property like the classical stable processes; namely,
that X); and A/%X; have the same distribution in the sense that

E(W(Xn)) = EWAYXy)), € Chrip(R)

for all A > 0 and t > 0, provided that X; is centered. More precisely, as
a € (1,2), we may state the characteristics with respect to h(z) = z. In this
parametrization, we suppose that B = {0}, since clearly no scaling property
can exist in the situation with drift uncertainty. Given ¢ € C 1;p(R), The-
orem 2.5 yields that £(¢¥(Xy)) = v(At,0), where v is the unique solution
of the PIDE with initial condition t. If we define o(t,z) := v(\t, \/%z), it
follows from

G(p,q, FON*)) = XG(p,q. f(-)), f € CE(R)

that o is the (unique) viscosity solution to the same PIDE with initial con-
dition 9 (x) := ¥(A\/*zx). In particular, 5(t,0) = £(¥(X;)) by Theorem 2.5.

As a result, we have
E((Xn)) = v(A,0) = 5(t,0) = E(P(X1)) = E@AXL))

as claimed. Note that g contains many semimartingale laws which do not
satisfy the scaling property, so that this identity is indeed not trivial.

3 Conditioned Semimartingale Laws and (A2)

In this section, we show that given P € Py, the measures of the form P
are again semimartingale laws, and we establish the corresponding transfor-
mation of the semimartingale characteristics. In particular, this will yield
the property (A2) for the set Bg as required by the main results.

We remark that the use of the raw filtration F has some importance in
this section; for instance, we shall frequently apply Galmarino’s test and
related properties. The following notation will be used. Let P € ey, and
let v(-,dt,dz) be the P-F-compensator of X that is, the third characteristic
under P. Then there exists a decomposition

V(- dt,dz) = F,(dz) dA(-) P-as., (3.1)

where F ;(dz) is a kernel from (Q x [0,00),P) into (R?, B(RY)) and A is an
F-predictable process with Ag = 0 and P-a.s. non-decreasing, P-a.s. right-
continuous paths; cf. [9, Theorem II.1.8, p. 66| and |7, Lemma 7, p. 399]. We
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often write Fy(dz) instead of F. ;(dz). Moreover, if Y is a stochastic process
and o, 7 are finite stopping times, we simply write Y;f for (Yy4.)™%; that
is, the process (©,t) = Yy (e, o)+t(W @7 ©).

Theorem 3.1. Let P € PBeem, let 7 be a finite F-stopping time, and let
(B,C, F(dz)dA) be P-F-characteristics of X. For P-a.e. w € §, we have
P € Pgem and the processes

B;—f - BT(w) (w)> C;—f - Cr(w) (w)7 F:f(dz> d(A:f - AT(w) (w))

define a triplet of P™“-F-characteristics of X. Moreover, if P € LI and
(b,c, F) are differential P-F-characteristics, then for P-a.e. w € Q, we have
PTY el and

L . TR

define differential P™*-FF-characteristics of X.

The proof will be given in the course of this section. Before that, let us
state a consequence which forms part of Theorem 2.1.

Corollary 3.2. Let © C R? x Si x L be measurable, let P € Po and let T
be a finite F-stopping time. Then P™ € Pgo for P-a.e. w € ); that is, Po
satisfies (A2).

Proof. This is a direct consequence of the formula for the differential char-
acteristics under P™* from Theorem 3.1 and the definition of Pg. O

As a first step towards the proof of Theorem 3.1, we establish two facts
about the conditioning of (local) martingales.

Lemma 3.3. Let P € P(Q), let M be a P-F-uniformly integrable martingale
with right-continuous paths and let T be a finite F-stopping time. Then M:f
is a P™¥-F-martingale for P-a.e. w € €.

Proof. By Galmarino’s test, MTTf is F-adapted. Moreover,
EPTIMIG] = BV [|Mrye| | Fr](w) < 00 for P-ae. w e Q

and allt > 0. Let 0 <u <w < 00 and let f be a bounded F,-measurable
function. Define the function f by

~

f(w) = f(wT(w)+~ - wT(w))7 w e

14



then f is Friy-measurable and f ™= f- Applying the optional sampling
theorem to the right-continuous, P-F-uniformly integrable martingale M, we
obtain that

7 (M7, ~ M) £) = BP [(Mrss — Mrpi) F| ) () = 0

for P-a.e. w € Q. This implies the martingale property of M ;" +4. as claimed.
O

Lemma 3.4. Let P € PB(Q2), let M be a right-continuous P-F-local martin-
gale having P-a.s. cadlag paths and uniformly bounded jumps, and let T be
a finite F-stopping time. Then M + is a PTY-F-local martingale for P-a.e.
w € .

Proof. Again, M T’w is F-adapted and has right-continuous paths for any
w € Q. Let (T, )meN be a localizing sequence of the P-F-local martingale M
such that T}, < m. Since T}, — oo P-a.s., we have that T),* — oo P™%“-a.s.
for P-a.e. w € Q. Moreover, by Lemma 3.3, each process M;;:J/\(TJF.) is a
P7¥-F-martingale for P-a.e. w € Q.

Thus, there exists a subset ' C Q of full P-measure such that for all
w € &, we have the following three properties: M} has cadlag paths
with uniformly bounded jumps P7*-a.s., the process M:;::)/\(T +) is a P™Y-IF-
martingale for all m € N, and Tr” — oo P™-a.s. In what follows, we fix
w € ' and show that M’ o is a PT*-F-local martingale. Define

pn =1nf {t > 0| |M4s| > n or [Mrye—| > n} An.

,w

Using that M} has cadlag paths P™“-a.s., we see that py IS a stopping
time of FF™ | the augmentation of F under P”’7 and that p;“ — oo P™%-
a.s. Since M_:f has uniformly bounded jumps P™“-a.s., we have that
P W P W
E [igg | My pn/\t)|:| <=ntk [‘AMTH) \} <0

for all n. Therefore, given 0 < u < v < 0o, the dominated convergence theo-
rem and the optional sampling theorem applied to the martingale M} wA (r+)
and the stopping time p;;“ yield that

BT, o | FE] = BT [ngnoo ME ooy | o]
= rr}gnoo B [MIT" w/\(T—l— (pnAv)) ’ ‘FPT w:|
= Jim M7t (pnma)

M::(p Aw) P™%_ass.
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Thus, M:f(pn Ay 1S a P FP™ _yniformly integrable martingale for each

n € N, meaning that M} is a P7“-FF"“local martingale, localized by the
FP™" _stopping times pp,“.

It remains to return to the original filtration F. Indeed, we first note
that by a standard backward martingale convergence argument, M:f is
also a P“”—]Fif’w—local martingale; cf. [22, Lemma I1.67.10, p. 173]. It then
follows from |5, Theorem 3| that there exists an FiT’w—predictable localizing
sequence for this process, and this sequence can be further modified into an
F-localizing sequence by an application of |6, Theorem IV.78, p. 133]|. Thus,
M:f is an F-adapted PT’W—FiT’W—IocaI martingale with a localizing sequence
of F-stopping times. By the tower property of the conditional expectation,
this actually means that M:f is a P™“-FF-local martingale, with the same
localizing sequence. As w € €)' was arbitrary, the proof is complete. [

For the rest of this section, we will be concerned with the process

X=X, — Y [AX,—h(AX,)], t>0;
0<s<t

recall that A is a fixed truncation function. The process X has uniformly
bounded jumps and differs from X by a finite variation process; in particular,
X is a P-F-semimartingale if and only if Xisa P-F-semimartingale, for any
P € B(Q). In fact, if P € Psem, then as X has bounded jumps, it is a
special semimartingale with a canonical decomposition X=M+B ; here M
is a right-continuous P-F-local martingale and B is an F-predictable process
with paths which are right-continuous and P-a.s. of finite variation.

Proposition 3.5. Let 7 be a finite F-stopping time, let P € Pger and let
X = M + B be the P-F-canonical decomposition of X. For P-a.e. w € Q,
we have P™% € P and the canonical decomposition of X under P™% is
given by

X = (M:f - MT(w)(w)) + (B;—f - BT(w)(w))' (3'2)

Proof. The right-continuous processes B\’ — B.(,)(w) and M7 — M, (w)
are F-adapted by Galmarino’s test. As X is a P-F-semimartingale with
uniformly bounded jumps and B has P-a.s. cadlag paths, it follows that
M has P-a.s. cadlag paths with uniformly bounded jumps; cf. |9, Propo-
sition 1.4.24, p.44]. Thus, we conclude from Lemma 3.4 that for P-a.e.
w e Q, M7 — My, (w) is a P7“-F-local martingale. Moreover, we see that
Bl — B.(.)(w) has P™*-a.s. finite variation paths for P-a.e. w € ; finally,
it is adapted to the left-continuous filtration F_ = (F;_)¢>¢ and therefore
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F-predictable as a consequence of [6, Theorem IV.97, p.147]. We observe
that (3.2) holds identically, due to the definition of X and the fact that X is
the canonical process. As remarked above, this decomposition also implies
that X is a semimartingale under P. O

Next, we focus on the third characteristic. For ease of reference, we first
state two simple lemmas.

Lemma 3.6. Let W be a P @ B(RY)-measurable function, let T be a finite
F-stopping time and w € Q. There exists a P @ B(R?)-measurable function
W such that

W(w®,; 0, 7(w) +5,2) = W(@,s,2), (@52)€Qx(0,00) xR (3.3)
Moreover, if W > 0, one can choose W > 0.

Proof. Consider the function

W(w,5,2) = W(@.4r(w) = Grw); 5 — T(W), 2) Lozr(w);

then (3.3) holds by definition. To show that W is P ® B(R%)-measurable,
we may first use the monotone class theorem to reduce to the case where W
is a product W(w,t,z) = g(w,t)f(x). Using again the fact that a process
is F-predictable if and only if it is measurable and adapted to F_, cf. [6,
Theorem IV.97, p. 147|, we then see that the predictability of W implies the

predictability of W. O

Lemma 3.7. Let P € B(Q), let 7 be a finite F-stopping time and let v be
the P-F-compensator of uX. Then, for any P @ B(RY)-measurable function
W >0, we have P-a.s. that

EP[/ W (-, s,2) (-, ds,dz) ’J—"T} :EP[/ W(,s,z)v(-ds,dz) )FT]
Proof. By the definition of the compensator, we have
EP[/ W(,s,2) uX(',ds,dz)] :EP[/ W(,s,2) V(',ds,dz)}
0 0

for any P ® B(R?)-measurable function W > 0. Let A € F, and define the
F-stopping time 74 := 7 14 + 00 1 4¢; then the claim follows by applying this
equality to the function W := W 7y oo 0
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Proposition 3.8. Let P € B(Q), let v be the P-F-compensator of u~ and
let 7 be a finite F-stopping time. Then, for P-a.e. w € (), the P"%-F-
compensator of uX is given by the random measure

o0
D~ / / 1p(s — T(w), 2) v(w @7 -,ds,dz), D € B(R;)® B(RY).
(w) JRE
Proof. Denote by v*(-,ds,dz) the above random measure. To see that it

is F-predictable, let W be a P ® B(R%)-measurable function. If W is as in
Lemma 3.6, then

t
/ W(w,s,z)v¥(@,ds,dz)
0 JRrd
+t .
= / W(w®,w,s,2)v(w®;@,ds,dz), (@,t) € x(0,00)
(w Rd

and the latter process is F-predictable as a consequence of [6, Theorem IV.97,
p.147] and the fact that v is an F-predictable random measure. Thus,
(-, ds,dz) is F-predictable for every w € Q.

Let W > 0 be a P ® B(R?)-measurable function and let W > 0 be as
in Lemma 3.6. Using the identity X. = X7’ — X (w) and Lemma 3.7, we
obtain for P-a.e. w € ) that

folut [/OO [ Wls¥ s, dz)}
_EP“”[/ RdW(w(X)T-, (W) + 5, 2) W5 (. dsdz)]
[/ W( s, 2) (- ds,dz)
P[/ W (-, 5.2)v(-, ds, d)

ﬁ} ()

7|
= EPT’w[/ W(w ®r 8, 2),v(w ®T-,ds,dz)]
R4
T,W o0
= " [/ W(,s,z) Vw(',ds,dz)].
0 R4

As W > 0 was arbitrary, it follows that v“(-, ds, dz) is the P™“-F-compensator
of u* for P-a.e. w € Q; cf. [9, Theorem I1.1.8, p. 66]|. O

We can now complete the proof of the main result of this section.
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Proof of Theorem 3.1. Let P € Psem and let 7 be a finite F-stopping time.
The formula B, — B () (w) for the first characteristic follows from Proposi-
tion 3.5 and the very definition of the first characteristic, whereas the formula
for the third characteristic follows from Proposition 3.8 and the decomposi-
tion (3.1). Turning to the second characteristic, we recall from [14, Theo-
rem 2.5| that there exists an F-predictable process C with the property that
for any P' € Psem, C coincides P'-a.s. with the quadratic variation of the
continuous local martingale part of X under P’. The process C is constructed
by subtracting the squared jumps of X from the quadratic covariation [X]
which, in turn, is constructed in a purely pathwise fashion; moreover, the
increments of C' depend only on the increments of X. More precisely, it
follows from the construction of C' in the proof of [14, Proposition 6.6(i)]
that for P-a.e. w € (Q,

é = C’:f — C'T(w) (w) P™%_a.s.

Since the above holds in particular for P’ = P and P’ = P™, and since C
is F-predictable, this already yields the formula for the second characteristic
under P™%. Finally, we observe that the assertion about P € ‘P  is a
consequence of the general case that we have just established. O

4 Products of Semimartingale Laws and (A3)

In this section, we first show that the product P of a semimartingale law
P € Psem and a Pgem-valued kernel k is again a semimartingale law. Then,
we describe the associated characteristics and deduce the validity of Condi-
tion (A3) for Pe. While the naive way to proceed would be to construct
directly the semimartingale decomposition under P, some technical issues
arise as soon as k has uncountably many values. For that reason, the first
step will be achieved in a more abstract way using the Bichteler—Dellacherie
criterion. Once the semimartingale property for P is established, we know
that the associated decomposition and characteristics exist and we can study
them using the results of the previous section.

Proposition 4.1. Let 7 be a finite F-stopping time and let P € Psem.-
Moreover, let k : Q — B(Q) be an Fr-measurable kernel with k(w) € Psem
for P-a.e. w € Q. Then, the measure P defined by

P(D) := // 137 (') k(w,dw') P(dw), D€ F

s an element of Psem -
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Proof. We recall that the P—semima_rtingale property in F is equivalent to
the one in the usual augmentation }Ff; cf. [14, Proposition 2.2|. We shall use
the Bichteler—Dellacherie criterion [7, Theorem VIIL.80, p.387] to establish
the latter; namely, we show that if

Zh Ly 4r)y n>1

is a sequence of Ff—elementary processes such that H™(t,w) — 0 uniformly
n (t,w), then

n—oo

k’n
lim EP |:‘ Z hzn(Xt;L/\t - Xt?,l/\t)‘ AN 1:| = 07 t Z 0.
=1

In fact, as P = P on F, it is clear that X 1jo,-[ is & semimartingale and so
it suffices to verify the above property for X 1j, [ instead of X. To that
end, by dominated convergence, it suffices to show that for P-a.e. w € €,

kn
lim E7 “ Z Wi (Xenne Lr<imaty — Xep ne Lraom /\t} /\ 1 ‘ F. } =0,

n—oo

where t > 0 is fixed. Define the F--measurable random variable 5™ by
j" :=1inf{0 < j < k" ti At > T(w)} AK".

Writing the above limit as a sum of two terms, it then suffices to show that
for P-a.e. w € (),

kn
lim EP |:‘ Z h?’(th_l/\t - th¥1/\t)‘ A1l ‘ .FT:| (w) = 0, (41)

n—00 .~
i=j"+1

n—oo

Indeed, as A}, — 0 uniformly, we have |h§Ln Xt;_zn at] = 0 P-a.s. and hence (4.2)
follows by dominated convergence.
To show (4.1), we may choose a Fy» j-measurable version of each hj.

Then, as P™ = k(w) € Psem for P-ae. w € Q (cf. [16, Lemma 2.7]),
the reverse implication of the Bichteler—Dellacherie theorem applied to x(w)
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yields that
— kn
nli)nc}o EP |:‘ ‘ Z lh?(Xt;l/\t - Xt?_l/\t)‘ A1l ’.FT:| (LLJ)
1=7"+

~ k’VL
= lim EPW[ > (h?)T’w(Xé{tj\t_ngful/\t)‘/\l}

n—o00
i=j"(w)+1

kn
= lim B U Yo (X ) — X(t;zlm)ff(w))‘ A 1} =0

n—oo
i=j"(w)+1

for P-a.e. w € Q, because (H™)™ defines a sequence of elementary processes
converging uniformly to zero. This completes the proof. O

As announced, we can now proceed to establish (A3) for Pe.

Proposition 4.2. Let © C R? x Si x L be measurable and P € Po. More-
over, let T be a finite F-stopping time and let k : Q — P(Q) be an F-
measurable kernel with k(w) € PBe for P-a.e. w € Q. Then, the measure P
defined by

P(D) := // 157 (') k(w,dw') P(dw), D€ F

is an element of Peo.

Proof. As a first step, we consider the special case © = R? x Sjl_ x L; then
Po is the entire set P . In view of Proposition 4.1, we already know
that P € Psem. Thus, the characteristics (B, C, F(dz) dA) of X under P
and F are well defined; we show that they are absolutely continuous P-a.s.
As B has paths of finite variation P-a.s., we can write for P-a.e. w € Q a

decomposition
t
Bi(w) = / vs(w) ds + P (w),
0

where ¢, 1) are measurable functions and v is P-a.s. singular with respect to
the Lebesgue measure. Since P = P on F and P € P we have dB < du

sem?

on [0, 7] P-a.s. Therefore, it suffices to show that dB < du on [1,00] P-a.s.,

or equivalently, that
T+
D := {BTJr. — B, # / Vs ds}
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is a P-nullset. Indeed, it follows from Theorem 3.1 that for P-a.e. w € Q,
the first characteristic of X under P™ is given by

T(w)+-

Bl . = Bry(w) = /T P ds + 7Y =y (W),

(@)

and Y77y — Y7 (w)(w) is singular with respect to the Lebesgue measure. More-

over, for P-a.e. w € Q, we have P™* = k(w) € B, and thus

T(w)+
m(w){B:f, w) # / Qw ds} =0. (4.3)

Define the set

7(w)+-
D™ .= { e = Bry(w) # / @des} w e

then (4.3) states that
k(w)(D™) =0 for P-ae. we .

As k is F,-measurable and P = P on F,, this equality holds also for P-a.e.
w € Q. Using Fubini’s theorem and the fact that 13} = 1pr«, we conclude

that
D) = [ [ 15 W) nlended) Plaw) = [ ) (D7) Plds) =

as claimed. The proof of absolute continuity for the processes C and A is sim-
ilar; we use the corresponding formulas from Theorem 3.1. This completes
the proof for the special case © = R¢ x S‘i X L.

Next, we consider the case of a general subset © C R? x Si x L. By the
above, P € P : we write ([ bsds, [ csds, Fsds) for the characteristics of
X under P. Since P = P on F; and P € Pe, we have (b, ¢, F)) € © on [0, 7],
du x P-a.s., and it suffices to show that (b,c, F) € © on [7, 0], du x P-a.s.

That is, we need to show that

R:= {(u,w) e [[T(w),oo[[) (bu (), cu(w), Fuw) € e}

is a du x P-nullset. By Theorem 3.1, P™* € % for P-a.e. w € § and the
differential characteristics of X under P™ are

(7, 72, F).
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Similarly as in (4.3), this formula and the fact that P™ = k(w) € Bo for
P-a.e. w € Q imply that

(du x (@) { (') € [0 000 | (575, ), (), FTS 1) £ ©) =0
for P-a.e. w € Q. If we define
R = { () € [r(w), ool | (45 (), (o), FT5) ¢ O],
then this implies that
(du x K(w)) (R™) =0 for P-ae. we Q.

Again, this holds also for P-a.e. w € Q and as 13} = 1gr«, Fubini’s theorem
yields that

(du x P)(R /// 17 (u, ') du k(w, do’) P(dw)
_/Q(dum( ) (R P(dw) =

This completes the proof. O

5 Connection to PIDE

In this section, we relate the nonlinear Lévy process to a PIDE. Throughout,
we fix a measurable set © C R? x S x L satisfying the conditions (2.3)
and (2.4) which, for convenience, we state again as

K:= sup { |Z|A|zy2F(dz)+|b|+|c\}<oo, (5.1)
(be,F)eO ¢ JRd
lim K, =0 for K.:= sup / |2|? F(dz), (5.2)
e—0 FeO3 J|z|<e

where ©3 = proj; O is the canonical projection of © onto £. Our aim is to
show that for given boundary condition ¢ € Cj, 1;,(R?), the value function

v(t,z) == E(P(z + Xy)) = sup E? [W(z+Xy)], (t,z)€[0,00) X RY
PePo
is the unique viscosity solution of the PIDE (2.5).
The existence part relies on the following dynamic programming principle

for v; it is essentially a special case of the semigroup property stated in
Theorem 2.1(ii).
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Lemma 5.1. For all0<u <t < oo and x € Rd, we have
o(t,z) =E(v(t —u,z + Xy)).
Proof. Let 0 <u <t < 0o. As X is the canonical process, we have that
Eu(P(x+ X)) (W) = E((a+ Xu(w)+ Xi—0)) = v(t—u, 2+ Xy (W), we
Applying £(-) on both sides, Theorem 2.1(ii) yields that
v(t,z) = E(Eu(V(z+ Xy))) = E(v(t — u, z + Xu))
as claimed. O

During most of this section, we will be concerned with a fixed law P €
ac and we may use the usual augmentation F¥ to avoid any subtleties
related to stochastic analysis. This is possible because, as mentioned in
Section 2, the characteristics associated with [F and ]Fi coincide P-a.s. To fix
some notation, recall that under P € B¢ . the process X has the canonical
representation

t t
Xt:/ bfderXf’PJrXf’PJr/ / [z — h(z)] ¥ (ds,dz),  (5.3)
0 0 JR4

where X&? is the continuous local martingale part of X with respect to
P—Flj, FF(dz) ds is the compensator of X (ds,dz) and

d’P'—t 2) (X (ds,dz) — FF(dz)ds
X [ [ 0o (¥ (. d2) = P (d2) )

is a purely discontinuous P—Flj—local martingale; cf. [9, Theorem 2.34, p. 84].
In the subsequent proofs, C' is a constant whose value may change from line
to line.

The following simple estimate will be used repeatedly.

Lemma 5.2. There exists a constant Cx such that

EP[ sup |XU@ < Cx (t+t7%), t>0 forall PePe. (5.4)
0<u<t

Proof. Let P € Bo; then Jensen’s inequality and (5.1) imply that

EP[HX‘*P]tI” 2} < EP[ /0 t g \h(z)PuX(ds,dz)} v

t 1/2
SC'EP[/ / ]z\QAlFS(dz)ds}

0 JRd
< C’Cl/2t1/2
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and so the Burkholder-Davis-Gundy (BDG) inequalities yield that

EP[ sup |X‘“’“’\] < CEP[|IX7)] 2] < e,

0<u<t

Similarly, (5.1) also implies that

u
EP[ sup ‘Xﬁ’P@ < O t/?, EP[ sup / bs ds
0<u<t o<u<t | Jo

[sup‘// z — h(2)| WX (ds, dz)
0<u<t Rd

The result now follows from the decomposition (5.3).

:| < Ckt

and

] < Ck t.

We deduce the following regularity properties of v.

(5.5)

Lemma 5.3. The value function v is uniformly bounded by ||1)| o and jointly
continuous. More precisely, v(t,-) is Lipschitz continuous with constant
Lip(¥) and v(-, x) is locally 1/2-Hélder continuous with a constant depending

only on Lip(v) and K.

Proof. The boundedness and the Lipschitz property follow directly from the
definition of v. Let 0 < uw < t, then Lemma 5.1, the Lipschitz continuity of

v(t,-) and the estimate (5.4) show that

} (t,z) —v(t —u,x ‘—’5( (t—u,x+ X, )—U(t—u,z))‘
< CE(|Xul)
< C(u+u'’?).

The Holder continuity from the right is obtained analogously.

5.1 Existence

Consider the PIDE introduced in (2.5); namely,

O(t,x) — G(Dyo(t,x), D2 o(t,x),v(t,z +-)) =0, v(0,2) = (x)

for (t,z) € (0,00) x R where the nonlinearity G(p, q, f(-)) is given by

(b,c,F)e©

We recall that ¢ € Cj, 1;,,(RY) and v(t,z) = E(W(z + Xy)).
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Proposition 5.4. The value function v of (2.7) is a viscosity solution of
the PIDE (2.5).

Proof. The basic line of argument is standard in stochastic control. We
detail the proof because the presence of small jumps necessitates additional
arguments; this is where the condition (5.2) comes into play.

By Lemma 5.3, v is continuous on [0, 00) x RY, and we have v(0,-) = v
by the definition of v. We show that v is a viscosity subsolution of (2.5); the
supersolution property is proved similarly.

Let (t,2) € (0,00) x R% and let ¢ € 02’3((0, o0) x RY) be such that ¢ > v
and ¢(t,x) = v(t,z). For 0 < u < t, Lemma 5.1 shows that

0= sup Ep[v(t—u,:v—l—Xu)—v(t,:n)] < sup Ep[c,p(t—u,:z:+Xu)—<p(t, z)].
PePo PeBPo
(5.7)

We fix P € P and recall that (b”, ¢’ FF) are the differential characteristics
of X under P. Applying [t6’s formula, we obtain that P-a.s.,

ot —u,z + Xy) — @(t, 7)

u
= / Dyp(t —s,2 + X,-) d(X?P + Xgp)
Rd
0 u u
+/ atgo(ts,:c+Xs)ds+/ Dot — s, + X, )by ds
0 0
1 " 2 P
+§ tr[D2,p(t — 5,0+ Xs_) ¢y | ds
0
u
+ / {cp(t—s,x—FXs_+z)—gp(t—s,x+X5_)
0 JRd

— Dyo(t — 8,2+ X )h(2) | (ds, dz).
(5.8)

Since ¢ € Cg’?’, it follows from (5.5) and (5.6) that the first integral in (5.8)
is a true martingale; in particular,

EP U Dyo(t —s,x+ X ) d(XST + Xf’P)] =0, u>0. (59)
0 Rd

Using (5.1) and (5.4), we can estimate the expectations of the other terms
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in (5.8). Namely, we have

EP {/ Dot — s,z + X, )bY dS]
0

IN

/ EP [‘Dw(t — 5,24+ X,_) — Dyp(t,2)| |bY'| + Dot g:)bf] ds
0

IN

/Ou o [C (s+ |Xs—|)] + EF [me(t, a:)bf] ds

IN

C (2 +u¥2) + /0 P [Dyio(t, )] ds (5.10)
and similarly
E? [/Ou —atcp(t—s,x%—Xs)ds} < /Ou —Opp(t, ) ds+C (u>+u®?) (5.11)
as well as
E? [/Ou tr[D2, ot — s,z + XS,)cf] ds}
< /Ou EP [tr (D2, 0(t,z) cf]] ds + C (u? + u*/2). (5.12)

For the last term in (5.8), we shall distinguish between jumps smaller and
larger than a given € > 0, where ¢ is such that h(z) = z on {|z| < e}.
Indeed, a Taylor expansion shows that there exist ¢, € R? such that P-a.s.,
the integral can be written as the sum

u
/ / {cp(tfs,erXs,+z)f<p(tfs,:c+Xs,)
0 Jlz|>e
— Dyp(t — s,z + Xs,)h(z)} p~ (ds, dz)
u
+ / / %tr[Dgxgp(t — s Xeo + &) 22 | (ds,dz). (5.13)
0 J|z|<e

By (5.1), both of these expressions are P-integrable. Using the same argu-
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ments as in (5.10), the first integral satisfies

EP[/ / ot —s,x+ X +2) — @t —s,2+ X, )
|z|>e

— Dyp(t — s,z + Xs—)h(2)] Fy(dz) ds]

<o [ [ tint o) - stn) - Dugteana)] B )
L CO. (UQ + u3/2)7 (514)

where

C; = sup / 1F(dz)
Feos J|z|>e

is finite for every fixed € > 0 due to (5.1). For the second integral in (5.13),
we have

v 1
EP[/O /||< 2tr[D92mcp(t—s,a:+XS_+§z)zzT]uX(ds,dz)}

= EF [/ / %tr [D2,p(t — 8,0+ Xo_ + &) 22 |FF(d2) ds}
0 J|z|<e
< C K u; (5.15)

recall (5.2). Thus, taking expectations in (5.8) and using (5.9)—(5.15), we
obtain for small € > 0 that

E? {cp(t —u,z+ Xy) — ot az)]

IN

“ 1
/ Ef [ — Oy(t, ) + Dy(t, z)bE + Qtr [Dfmgp(t, x) cf}
0

-ﬁ[>l¢@w+z%—wu@—i%wmxm@ﬂpfu@]@

+CIC5u+CCE(u2+u3/2)

IN

1
—ulip(t,z) +u sup {ngp(t, 2)b+ ~tr[D2,p(t, z) c]
(be.F)e® 2

+ /|Z|>E [o(t, 2+ 2) — o(t, ) — Dyip(t, 2)h(2)] F(dz)}

+CKou+CC. (u?+u??). (5.16)
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Regarding the integral in this expression, we note that for each F' € Og,
/b [o(t,z + 2) — plt, 2) — Dup(t, 2)h(2)] F(d2)
< [ [o(to+2) - plt.2) - Daplt,a)h(a)] Fld)
Rd
+ ' /| - [go(t,x +2z)—p(tx) — ngo(t,x)h(z)] F(dz)
§A;W@x+@—¢@@—DwﬁwM@ﬂFwd+0K5 (5.17)

by a Taylor expansion as above. We deduce from (5.16), (5.17) and the
definition of G that

EF [p(t —u,z + Xy) — (t, 7)]
< —udp(t,x) + uG(Dyp(t,z), D2yp(t, ), otz + -))
+CKou+CC. (u?+u??).
By (5.7), it follows that

0 < —udip(t,x) +uG(Dyp(t,x), D2 0(t, ), o(t,x + -))
+CKeu+CC. (u? 4 u’?).

Now divide by u and let first u and then € tend to zero. As K. — 0 by (5.2),
we obtain that

as desired. O

5.2 Uniqueness

The aim of this subsection is to show that a comparison principle holds
for the PIDE (2.5); in particular, this will establish the uniqueness of the
solution. We denote by USCy((0,00) x R%) the set of all bounded upper
semicontinuous functions on (0,00) x R, Similarly, LSC; stands for the
bounded lower semicontinuous functions, and SCy := USCy, ULSC,,.

Proposition 5.5. Let u € USCy([0,00) x RY) be a viscosity subsolution
and let v € LSCy([0,00) x RY) be a wviscosity supersolution of (2.5). If
u(0,-),v(0,) € CpLip(RY) and u(0,-) < v(0,-), then u < v.
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The proof proceeds through the following general result, essentially due
to [8] (which, in turn, draws from [2, 10]).

Lemma 5.6. Let G : R4 xS%x C’,?(Rd) — R and suppose there exist functions
G" : RYx S x SCy(RY) x C?(R?) — R, k € (0,1) such that Conditions (C1)-
(C9) below are satisfied. Then the assertion of Proposition 5.5 holds for

O(t,x) — G(Dyo(t, @), D2 v(t, @), v(t,x +-)) =0, (t,x) € [0,00) x R%

Proof. This is essentially the result of [8, Corollary 53|. The only difference
is that our Condition (C8) below is slightly weaker than its analogue [8,
Theorem 51, Condition (i)]. An inspection of the proof of [8, Theorem 51|
shows that the result remains true under the weaker condition. ]

The conditions mentioned in the preceding lemma run as follows.

(C1) Let (tg, 2k, pr, qx) — (t,2,p,q) in (0,00) x R x R? x S¢. Moreover, let
fi, f € C’;Q((O,oo) x RY) be such that fi(tg, v +-) — f(t,z+-) locally
uniformly on R?, D, fi — D, f and D2_f, — D?2_f locally uniformly
on (0,00) x R?, and (fi)ren is uniformly bounded. Then

G(pk’an fk(tkawk + )) - G(pa q, f(ta T+ ))

(C2) Let (t,2,p,q1,92) € (0,00) x RY x R? x §7 x S be such that g1 > g2
and let fi1, fo € 02’2((0,00) x RY) be such that (f; — f2)(t,-) has a
global minimum at . Then

Gp,q1, filt,z +-)) > G(p, g2, fo(t,z +)).

(C3) Let (t,2,p,q) € (0,00) x R x R? x % and f € Cp*((0,00) x RY).
Then

Gp,q, f(t,z+-)+¢)=G(p,q, f(t,z+)), c€eR.

(C4) Let (t,z,p,q) € (0,00) x RY x R x §% and let f € Cp((0, 00) x RY).
Then

Gn(pa%f(t?x + ')7f(t7w + )) = G(pa%f(tvx + ))7 S (07 1)

(C5) Let (t,2,p,q1,q2) € (0,00) x R x R? x S% x S? be such that ¢; > ¢o,
let f1 € LSCy((0,00) x RY) and fo € USCy((0,00) x R?) be such that
(f1— f2)(t,-) has a global minimum at x and let g1, go € C’;’Q((O, 00) X
R9) be such that (g1 — g2)(t,-) has a global minimum at x. Then, for
all k € (0,1),

Gﬂ(pv qi1, fl(ta x+ ')agl(tax + )) Z Gﬁ(pa q2, fg(t,l’ + '))92(t5 T+ ))
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(C6) Let (t,x,p,q) € (0,00) x R* x R x §% f € SCy((0,00) x R?) and
g€ C'bl’z((O,oo) x R?). Then, for all x € (0,1) and c1,c € R,

G'(p,q, ft,o+-)+ecr,9(t,z+-)+c2) = G (p,q, f(t,x+-), g(t, z+-)).

(C7) Let (t,z,p,q) € (0,00) x R? x R% x S%, let f € SCy((0,00) x RY)
and let f,,g € C;’Q((O,oo) x R?) be such that f,(t,-) — f(t,-) locally
uniformly on R? and (f,)nen is uniformly bounded. Then, for all
k€ (0,1),

Gn(p7q, fn(t’x + '),g(t,.’E + )) - Gn(pa q?f(tvx + ),g(t,l‘ + ))
(C8) There exists a constant C' > 0 such that

|Gﬁ(p17 q1, f(ta ) + ?/)(‘)79(1% ) + ¢()) - Gﬁ(p%QZa f(tv ')ag(ta ))|
< CO(lp1 — p2| + la1 — @2| + |1 Dat|lc + | D20 ]1))

for all k € (0,1), t € (0,00), p1,p2 € R q1,q2 €S%, f € SCp((0, 00) x
R%), g € C12((0,00) x RY) and ¢ € CZ(RY).

(C9) Let (t,2,p,q) € (0,00) x R x R? x S%, let f € SCy((0,00) x RY) and
let g1, 92 € CH2((0,00) x R?) satisfy Dyg1(t,x) = Dyg2(t,z). Then

ilf)% |Gﬁ(p7 q, f(t,ﬂf"‘),gl(t, ‘/E—f—))_GR(p’qv f(ta x+)792(t’$+))| =0.

In order to deduce Proposition 5.5 from Lemma 5.6, we define the aux-
iliary functions G* : R% x §% x SC,(R?) x C?(R?) — R, x € (0,1) by

G (pq f() () = sup { / 1)~ 10) = Dag(on(:) Fid)

(b,c,F)e©

’ /|zgn[g(z) = 9(0) = Dzg(0)h(2)] F(dz) +pb + ;tr[CId}. (5.18)

In the remainder of this section, we verify that (C1)—(C9) hold for this choice
of G* and G as in (2.6), which will complete the proof of Proposition 5.5. To
simplify the notation, we assume that h is the canonical truncation function

This entails no loss of generality because the PIDE (2.5) does not depend
on the choice of h.
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Lemma 5.7. The function G of (2.6) satisfies (C1)-(C3).

Proof. Conditions (C2) and (C3) follow directly from the definitions; we
focus on (C1). In view of (5.1), we may fix N > 1 and estimate

G (prs Qs [t + ) — Gp,q, ftx+ )| S L+ TR+ IR+ iy + Iy,

where

1
Iy= suwp Ppllpe=pl, Tt=5 sw |dla—dl
(b,e,F)eO® (b,e,F)eO®

I,i’ = sup {/|<1 }(fk(tk,xk + Z) - fk(tkvxk) - Dxfk(tkaxk)z)

(b,c,F)eO©

— (f(t,x+z) — f(t,x) — Dxf(t,:z:)z)|F(dz)},

I,iN: sup {/ | (frlth,zp +2) = f(t, 2+ 2))
1<[z|<N

(b,e,F)eO©

— (fe(tr,z) — f(¢, 90))|F(d2)},

I£7N: sup {/|>N‘(fk(tk,xk+z)—f(t,w—i—z))

(b,e,F)eO

— (Fultw ) — £(8.2))] F(dz)}.

In view of the assumptions made in (C1) and (5.1), we see that I} +IZ — 0
as k — 0o. By a Taylor expansion, there are § ., &, € {|z| < 1} such that

1
I} = sup {/ Str[(D2ofuth, ah+En2) — Dap f (8 2+ E2)) 22T | F(d2).
(be,F)€O |z|<1

Using (5.1) and the locally uniform convergence of D2, fi, to D2_ £, it follows
that I} — 0. Similarly, there exist & ., &, € {|z| < N} such that

Ilg,N = Sup {/ ‘(Dxfk(tkyxk+£k,z) _Dxf(tvx+€z))Z‘F(dz)}a
e, F)eo L Ji<lz|<n
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and the locally uniform convergence of D, fi to D, f yields that I,i Ny —0
for any fixed N. Using the uniform bound on (fi)x assumed in (C1), we also
see that

Iy <C sup {/ 1F(dz)}§0 sup {/ \z|F(dz)};
’ (e, )0 U Jjz[>N N @ereo UJ)z>1

note that the right-hand side is independent of k and finite by (5.1). Sum-
marizing the above, we have

k—00

for every N > 1 and the result follows. O

Lemma 5.8. The functions G of (2.6) and (G*).e(0,1) of (5.18) satisfy
(C4)-(C7).

Proof. Conditions (C4)-(C6) follow directly from the definitions of G, G*
and (5.1). The proof of (C7) is similar to the verification of (C1) and therefore
omitted. O

Lemma 5.9. The functions (G").c(0,1) of (5.18) satisfy (C8) and (C9).
Proof. We first show (C8). By definition, we have

G (1, 1, f (&) + (), 9t -) +9() = G (p2, @2, F (L), 9(2, )]

1
< sup |} \p1—p2!+§ sup cl|g1 — g2 + 11 + Iy,
(b,e, F)eO® (b,e,F)eO

where

L= sup { /z@w(z)—w(m—Dm<o>z|F<dz>},

(bye,F)e®

= s /| [5(:) = w(0) Fids) .

(b,e,F)EO

By a Taylor expansion, we see that there are ¢, € R% such that

=1 ap { /|| D2, () 22T F(dz)}

(b,e,F)eO®
D200 sup { / |212F<dz>}
(b,c,F)e© |z|<1
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and the integral on the right-hand side is bounded by K due to (5.1). Simi-
larly,

B= s [ Dav(e)ql Fla) |

(b,e,F)e®

< IDstlee sup { / \z|F<dz>}
(b,e,F)€O |z|>1

and again the integral is bounded by K. Property (C8) follows, with the
constant being IC up to a numerical factor.
The assumptions in (C9) imply that

|Gﬁ(p7 q, f(t,$ =+ ')agl(tvx + )) - Gﬁ(pa q, f(t,.l‘ + ')792(t7$ =+ ))’

< sw | [ a2 - atta) - Dan(ta)z Fd
(b,e,F)eO® |z|<k

- /Iz<,$ 92(t,x + 2) — g2(t, x) — Dyga(t, )2 F(dz)‘}-

If K C R? is the closed ball of unit radius around z, a Taylor expansion
shows that the above expression is bounded by

1
3105t + D2 aall) s { [ P,
(b,e,F)eO |z|<k

where ||-||x is the uniform norm on K. Thus, the claim follows from (5.2). O
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