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Abstract

Auto-deleveraging (ADL) mechanisms are a critical yet understudied component of risk man-
agement on cryptocurrency futures exchanges. When available margin and other loss-absorbing
resources are insufficient to cover losses following large price moves, exchanges reduce positions
and socialize losses among solvent participants via rule-based ADL protocols.

We formulate ADL as an optimization problem that minimizes the exchange’s risk of loss aris-
ing from future equity shortfalls. In a single-asset, isolated-margin setting, we show that under a
risk-neutral expected loss objective the unique optimal policy minimizes the maximum leverage
among participants. Under risk-averse objectives such as conditional value-at-risk (CVaR), this
minimax leverage policy remains optimal but is no longer unique; a leverage cutoff character-
izes the set of optimal policies. The resulting design has a transparent structure: positions are
reduced first for the most highly levered accounts, and leverage is progressively equalized via a
water-filling (or “leverage-draining”) rule. This policy is distribution-free, wash-trade resistant,
Sybil resistant, and path-independent. It provides a canonical and implementable benchmark
for ADL design and clarifies the economic logic underlying queue-based mechanisms used in
practice.

We further study the multi-asset, cross-margin setting, where the ADL problem becomes
genuinely multi-dimensional: the exchange must allocate a vector of required reductions across
accounts with portfolios exposed to correlated price moves. We show that under an expected-loss
objective the problem remains separable across accounts after introducing asset-level shadow
prices, yielding a scalable numerical method. We observe that naive gross leverage can be
misleading in this context as it ignores hedging within portfolios. When asset prices are driven
by a single dominant risk factor, the optimal policy again takes a water-filling form, but now in
a factor-adjusted notion of leverage, so that more effectively hedged portfolios are deleveraged
less aggressively.
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1. Introduction
Perpetual futures exchanges in cryptocurrency markets allow for extreme leverage and continuous
trading, making them vulnerable to large price shocks. When rapid price moves trigger liquidation
cascades, insurance funds can be exhausted, and exchanges are forced to reduce the exposure of oth-
erwise solvent traders through auto-deleveraging (ADL). Such events are not hypothetical: during
the market-wide shock of October 10–11, 2025, multiple major venues activated ADL mechanisms
to preserve solvency, as reported by Chitra [2025]. Months later, on January 30, 2026, over $2.56
billion in leveraged positions were liquidated within a single trading day [Lang, 2026].

In these regimes, when a participant has insufficient account equity, their positions must be un-
wound. Ideally, this is done through liquidation mechanisms that sell the positions to other market
participants at mutually agreeable prices, thereby unwinding distressed positions and containing
losses within defaulting accounts. However, in times of extreme duress, there may be no willing
buyers in the market, or the prices that are bid may leave the exchange insolvent. In these cases,
ADL mechanisms unwind the positions of a distressed participant by forcibly closing the positions
of solvent participants on the other side of the market. These forced position closures occur at
prices that leave the exchange solvent. In this way, ADL is a mechanism both to reduce positions
and to socialize losses across market participants.

Similar position reduction and loss-allocation problems arise in traditional financial infrastruc-
ture. Central clearinghouses rely on default waterfalls to mutualize losses, but extreme stress can
overwhelm these mechanisms. During the March 2022 nickel crisis at the London Metal Exchange
(LME), rapidly rising prices threatened the exhaustion of default resources, see [Heilbron, 2025].
Rather than invoking an explicit end-of-waterfall mechanism, the exchange suspended trading and
retroactively canceled executed trades — an opaque intervention followed by legal challenges and
lasting damage to market confidence.

On perpetual futures exchanges, where forcible position reduction is implemented through ADL,
margining may be applied on an isolated basis, where collateral is posted separately for positions
in different assets, or under cross-margining, where collateral is pooled across positions in different
assets and liquidation decisions become coupled. In practice, most exchanges, including BitMEX
[BitMEX, 2017], Hyperliquid [Hyperliquid, 2024], and Binance [Binance, 2019] use a “queue-based”
methodology, first proposed by BitMEX, that ranks accounts according to a priority metric which
is the product of percentage profit and loss (P&L) and leverage of the account. Accounts then have
their positions unwound sequentially in decreasing order of priority until the requisite quantity has
been unwound. Chitra [2025] estimates that 95% of perpetual trading volume occurs on exchanges
that use this queue-based ADL policy. Despite their central role in market stability, such ADL
mechanisms are largely heuristic and have rarely been studied as explicit quantitative design objects.

In this paper, we formalize auto-deleveraging as an explicit risk-minimization problem faced by
an exchange once the equity of an account has been exhausted. In our formulation, the exchange
defines a loss function, which is the total equity shortfall aggregated across all accounts. The
exchange then seeks to deleverage in a manner that minimizes the risk of future loss, where risk
is quantified according to some risk measure. Risk-based objectives of this form are standard
in financial risk management, where coherent risk measures provide a principled framework for
evaluating tail exposure under uncertainty [Artzner et al., 1999]. Among these, conditional value-
at-risk (CVaR) [Rockafellar and Uryasev, 2000] and, more generally, spectral risk measures [Acerbi,
2002], offer tractable and economically interpretable criteria that capture extreme losses while
preserving convexity.

Our contributions are as follows:
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• We begin in the single-asset, isolated-margining setting. Here, when the exchange is risk-
neutral and minimizes expected loss (i.e., expected total future account equity shortfall),
we show that the unique optimal deleveraging policy seeks to minimize the maximum lever-
age across all participants in the system. This minimax leverage policy is equivalent to a
leverage water-filling (more accurately “leverage-draining”) or threshold rule that equalizes
post-intervention leverage across affected accounts. This characterization is analytical and
identifies leverage as the natural variable governing optimal position reduction in this setting.

• We next consider the case where the exchange is risk-averse and minimizes the conditional
value-at-risk (CVaR) of the terminal aggregate account equity shortfall. Here, we show that
the minimax leverage policy remains optimal, but is no longer unique. Instead, the set of
optimal policies is characterized by a cutoff in leverage: if there exist accounts with leverage
above the cutoff, positions of those accounts can be reduced in an arbitrary way, until all
accounts are at or below the cutoff, at which point the minimax leverage policy must be
applied. This leverage cutoff depends on the confidence level β of the CVaR objective. We
further establish that the minimax leverage policy remains optimal for the more general class
of spectral risk measures.

• We show that the minimax leverage policy has a number of desirable properties: it is
distribution-free, wash-trade resistant, Sybil resistant, and path-independent. In these ways,
the minimax leverage policy is a natural and principled deleveraging policy.

• We then turn to the multi-asset, cross-margining setting, where the simple one-dimensional
leverage ordering breaks down because default risk depends on the joint distribution of re-
turns and on cross-asset hedges within each portfolio. We show that, under an expected-loss
objective, the exchange’s problem is still tractable. Introducing an asset-by-asset vector of
shadow prices separates the optimization across accounts and yields an efficient numerical
approach for the general case. Moreover, we identify a sharp analytic benchmark: when
prices are driven by a single dominant market factor, the optimal deleveraging rule again has
a water-filling structure, but in a modified factor-adjusted leverage rather than gross leverage,
so that hedged portfolios are penalized less.

• We illustrate our results with a number of numerical examples, and discuss the practical
implications of our findings.

At a practical level, the minimax leverage policy has important similarities and differences to
the ad hoc BitMEX queue-based ADL policy that is most popular in practice. The policies are
similar in that, in both cases, accounts are ranked according to a priority metric: in the minimax
leverage policy, this priority is the account leverage, while in the queue-based policy, it is the product
of percentage P&L and leverage. Further, in the minimax leverage policy, unwinds occur across
accounts in a water-filling fashion according to the priority metric, while in the queue-based policies,
unwinds occur in sequence1 according to the priority metric. The similarities highlight that the
minimax leverage policy is practically implementable, while the differences highlight suboptimality
in the status quo. Indeed, beyond the fact that the BitMEX policy cannot directly be motivated by
principled considerations, it satisfies none of the wash-trade resistance, Sybil resistance, and path
independence properties enjoyed by the minimax leverage policy.

The choice of exchange shortfall risk as the ADL objective also deserves some discussion. In the
single-asset, isolated-margin setting, one possible criticism is that this criterion may overly focus

1I.e., the second-ranked account will be delevered only after the first-ranked is completely depleted, and so on.
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on the exchange’s exposure on the side being delevered. If the market has moved down sharply,
for example, and as a result short positions are delevered, one may argue that these short accounts
already have significant profits and therefore pose little additional risk to the exchange. However,
by definition, deleveraging is constrained to the shorts in this situation. Further, minimizing risk
is one principled way of determining allocations, as opposed to the ad hoc methods employed in
practice. Moreover, the criticism is weaker in the multi-asset, cross-margin setting, where accounts
hold portfolios with offsetting exposures across assets and there is no simple notion of a uniformly
“winning” side of the market. There, unrealized gains in one component of the portfolio need not
imply low future shortfall risk once the joint distribution of price moves and the account’s residual
exposures are taken into account. More broadly, while alternative criteria are conceivable, it is not
clear what objective besides risk the exchange should optimize once ADL has been triggered. For
this reason, we view exchange shortfall risk as a natural and tractable starting point for the design
of ADL rules. To the best of our knowledge, multi-asset ADL has not been discussed in the prior
literature.

Literature review. The design of default management and loss allocation mechanisms for central
clearing counterparties (CCPs) such as futures exchanges has received sustained attention in the
literature, but almost exclusively in a modular fashion, with different strands focusing on distinct
layers of the default waterfall. While margining, default resource sizing, and auction-based close-
out procedures have been studied in detail, the final stage of the waterfall — loss allocation once
prefunded resources are exhausted — has not been analyzed systematically from an optimality or
mechanism-design perspective.

Indeed, the final stage of the default waterfall has been discussed primarily in qualitative and
policy-oriented work. The end-of-the-waterfall procedure advocated by the International Swaps and
Derivatives Association is variation margin gain haircutting (VMGH), which reallocates residual
losses to clearing members whose positions accrued gains during the liquidation period [Interna-
tional Swaps and Derivatives Association, 2013]. Surveys by Domanski et al. [2015] and Armakola
and Laurent [2015] document current practices and argue that this “winner-pays” mechanism is
robust and typically sufficient. Cont [2015] provides a detailed discussion of end-of-waterfall tools,
including VMGH, contract tear-ups, and assessments, emphasizing incentive effects, legal feasibil-
ity, and market confidence. Duffie [2015] similarly analyzes CCP resolution from a systemic risk
perspective, framing the trade-off between continuity of clearing and contagion. However, neither
work proposes a formal model or optimization problem for the allocation of residual losses.

A recent exception is the work of Chitra [2025], who provides a formal analysis of ADL mech-
anisms in perpetual futures markets. Importantly, Chitra studies ADL under a different definition
than considered here: Chitra models ADL as an ex-post loss-socialization rule that seeks to re-
cover an exchange equity deficit by applying equity or profit haircuts to accounts. This is different
from the formulation considered here, where ADL is defined as the allocation of forced position
reductions to manage post-event risk.2 Within his framework, Chitra [2025] casts haircut-based
ADL as a mechanism-design problem and proves impossibility results showing that no ADL rule
can simultaneously satisfy a full set of natural desiderata, including revenue, fairness, and solvency
preservation. However, Chitra [2025] does not directly describe how positions should be reduced,
which is the focus of this paper. On the other hand, in our framework, if the positions are trans-
ferred at a fair market price, there is no change in equity and hence no loss socialization. In this

2In the recent (v3) version of [Chitra, 2025], this difference is now highlighted as follows (Section 2.4 ibid., see also
“corrections” on p. 9): “Production ADL is executed in contract space: the engine selects positions by a ranking score
and forces contract-level reductions. The theoretical analysis in this paper [i.e., Chitra, 2025] is written in wealth
space (equity haircuts and haircutable endowment).”
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way, the two papers consider different variations of ADL and are not directly comparable. The vari-
ation we consider here is consistent with the way that ADL is currently implemented by perpetual
futures exchanges in practice.

Complementing this formal literature, a recent discussion by Jia et al. [2026] provides an on-
chain forensic analysis of Hyperliquid’s October 10, 2025 liquidation event. They analyze the
overall economics of the full liquidation pipeline, from initial liquidations, to backstop takeovers
and subsequent ADL unwinds. They observe that delevered short positions were ex post profitable,
since they were bought in at relative market lows. This challenges the notion of ADL as a loss
socialization mechanism. However, overall ADL outcomes are heterogeneous because there were
several waves of ADL and queue position mattered. While not a formal model of ADL, [Jia et al.,
2026] is useful institutional evidence. In particular, it reinforces the importance of modeling the
contract space allocation rule itself and of distinguishing forced position reduction from ex post
wealth transfers, which can be hard to determine during the time of a crisis.

2. Single-Asset Isolated Margining
We consider a single traded asset under isolated margining and focus on a stress scenario following
a large price move. Without loss of generality, as a result of this move, a collection of long accounts
becomes insolvent and is liquidated, generating an aggregate exposure of size Q > 0 units that
must be absorbed by the rest of the system. ADL reallocates this exposure to short accounts by
forcing them to reduce their positions.

We model this reallocation at a fixed execution price pτ > 0 at time τ .3 The exchange considers
all short accounts, indexed by i = 1, . . . , n, and forces each of them to buy back a quantity xi ≥ 0,
thereby reducing their short positions. Each short account i is characterized by its position size
qi > 0, entry price p(e)

i , and posted margin mi ≥ 0. Clearly, feasibility of x ≜ (x1, . . . , xn) requires
n∑

i=1
xi = Q and 0 ≤ xi ≤ qi for i = 1, . . . , n,

and we define the feasible set as

X ≜
{
x ∈ Rn :

n∑
i=1

xi = Q, 0 ≤ xi ≤ qi for all i
}
.

Assumption 2.1 (Feasibility). Q <
∑n

i=1 qi.
Note that we can extend to the case Q =

∑n
i=1 qi, but in this case the problem is trivial as there

is only one feasible allocation.

2.1. Equity, Losses, and Leverage
For any price level p, the post-ADL equity of account i is defined as

ei(xi, p) ≜ qi
(
p

(e)
i − p

)
− xi

(
pτ − p

)
+ mi.

This expression equals the equity the account would have had at price p absent ADL, plus the
realized P&L from buying back xi units at pτ rather than at p. Evaluated at p = pτ , the equity is

Ei ≜ ei(xi, pτ ) = qi
(
p

(e)
i − pτ

)
+mi. (1)

3In practice, this price is often chosen so that the exchange remains solvent. It is not necessarily a fair market
price, and as a consequence, ADL may also transfer profits or losses to the short accounts. The present work focuses
on the risk exposure of the exchange, not on how losses are socialized [cf. Chitra, 2025].
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In particular, at the time of intervention, equity is unaffected by the allocation xi, whereas ADL
reshapes the sensitivity of future equity to subsequent price movements. We will assume throughout
that each candidate account for deleveraging is solvent.
Assumption 2.2 (Solvency at the ADL time). Ei > 0 for all i.

The exchange incurs losses whenever account equity becomes negative. Aggregating across all
short accounts, the total exchange loss due to short accounts that would be incurred at a future
time T > τ when the price is given by pT = p is

L(x, p) ≜
n∑

i=1

(
− ei(xi, p)

)
+ (2)

where (u)+ ≜ max{u, 0}. We write the corresponding per-account shortfall as

σi(xi, p) ≜
(

− ei(xi, p)
)

+. (3)

A convenient state variable at the ADL time τ is the post-ADL leverage of each account, defined
as the ratio of notional exposure to equity,

ℓi(xi) ≜
pτ (qi − xi)
ei(xi, pτ ) = pτ (qi − xi)

qi(p(e)
i − pτ ) +mi

= pτ (qi − xi)
Ei

. (4)

Under Assumption 2.2, ℓi is affine and strictly decreasing in xi on [0, qi], with

ℓi(0) = pτqi

Ei
, ℓi(qi) = 0.

While equity determines solvency, leverage captures the sensitivity of future losses to price move-
ments and will be the natural variable in which optimal deleveraging policies are expressed.

2.2. Minimizing Expected Loss
We propose a risk-based design principle for ADL, namely to choose the buyback allocation x which
minimizes a risk measure of the exchange’s equity shortfall at the time horizon T ≥ τ . Given a model
for the (random) price pT at the terminal time T , the exchange evaluates the risk of the terminal
loss L(x, pT ) through a risk measure ρ(·) and chooses an allocation x ∈ X minimizing ρ

(
L(x, pT )

)
.

In this subsection, we focus on the expected value as the benchmark risk measure. Therefore,
the exchange minimizes its expected loss:

minimize
x∈Rn

V (x) ≜ E[L(x, pT )]
subject to x ∈ X .

(5)

We will see that this principled approach leads to a particular rule x⋆ ∈ X that is straightforward
to implement and has numerous desirable properties.

To ensure that the problem (5) is well posed, we naturally assume that the terminal price pT

is integrable. It then follows that the objective V (x) is finite and convex in x (see Lemma A.1 in
Appendix A). For simplicity of presentation, we further assume that the distribution of pT admits
a density with sufficiently large support.
Assumption 2.3 (Regularity of pT ). pT is an integrable random variable that admits a density fT

with fT (p) > 0 for p ≥ pτ .

7



The following theorem summarizes several key insights. First, minimizing expected losses for
the exchange is equivalent to minimizing the maximal post-ADL leverage across accounts; cf. (b).
Solving this minimax leverage problem is further equivalent to using a threshold-rule on leverage:
for a certain leverage threshold t, all accounts with initial leverage exceeding t are deleveraged down
to t, whereas accounts with initial leverage below t remain untouched; cf. (c). The threshold t is
set so that the total allocation across accounts equals the target buyback amount Q. Any of these
formulations leads to the same solution x⋆ ∈ X , which we call the water-filling rule or minimax
leverage policy.
Theorem 2.4 (Minimax leverage policy). Let Assumptions 2.1–2.3 hold. For a feasible allocation
x ∈ X , the following are equivalent:

(a) x minimizes the expected loss, i.e., solves (5).

(b) x minimizes the maximal post-ADL leverage, i.e., solves

minimize
x∈X

maximize
1≤i≤n

ℓi(xi). (6)

(c) x is a threshold rule on leverage, i.e., there exists a threshold t ∈ [0,maxi ℓi(0)] such that

xi > 0 =⇒ ℓi(xi) = t,

xi = 0 =⇒ ℓi(0) ≤ t.

The unique optimal allocation for (a)–(c) is the water-filling rule x⋆ = (x⋆
1, . . . , x

⋆
n) ∈ X defined by

x⋆
i ≜

(
qi − Ei

pτ
t⋆
)

+
, i = 1, . . . , n,

where the leverage threshold t⋆ > 0 is the unique root of the equation
n∑

i=1

(
qi − Ei

pτ
t
)

+
= Q. (7)

As detailed in Lemma A.5 in Section A.1.2, the function G(t) ≜
∑n

i=1(qi − Ei
pτ
t)+ appearing

in (7) is continuous and strictly decreasing on [0,maxi ℓi(0)]. Thus, it is straightforward to compute
the root t⋆.

Theorem 2.4 underscores that the optimal ADL allocation for minimizing expected losses in-
duces a leverage equalization principle. It reallocates exposure by leveling down the highest post-
ADL leverages first, until they reach the common leverage threshold. As illustrated in Figure 1,
this corresponds to a water-filling (or leverage-draining) rule: Enumerate the accounts in decreasing
initial leverage, so that ℓ1(0) ≥ ℓ2(0) ≥ · · · ≥ ℓn(0). Then as the leverage cap decreases from ℓ1(0)
downward, initially only the most levered account is forced to buy back. Once its leverage reaches
ℓ2(0), the top two accounts are deleveraged jointly so as to keep their leverages equal, and so on.
The procedure stops when the target buyback amount Q is reached.

The intuition connecting minimization of expected losses with minimization of maximal leverage
is as follows. A buyback at the execution price pτ does not change the equity Ei at time τ , but
it does reduce the residual short position qi − xi and hence increases the account’s “distance to
default.” Indeed, as derived in (29)–(30), for xi < qi the account incurs a shortfall only when the
terminal price exceeds its zero-equity (bankruptcy) level

pτ + Ei

qi − xi
= pτ

(
1 + ℓi(xi)−1),

8
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Figure 1: The minimax leverage policy equalizes leverage by water-filling (“leverage-draining”) from
the initial leverage ℓi(0) down to the threshold t⋆. A larger total buyback quantity Q leads to a lower
threshold t⋆ and more accounts being affected (right).

so higher post-ADL leverage ℓi(xi) corresponds to a larger region of the right tail of pT over which
the exchange bears losses from that account. Consequently, the marginal reduction in expected
loss from increasing xi is governed by how much the buyback shifts the tail threshold. This
marginal benefit is strictly larger (in absolute value) for accounts with higher leverage. It follows
that whenever two accounts can be adjusted at the margin, any allocation that buys back from
a relatively low-leverage account while leaving a strictly higher-leverage account unaddressed can
be improved by reallocating an infinitesimal unit of buyback toward the more levered account. As
a result, an expected-loss minimizer must first remove exposure from the most levered accounts,
which is exactly the minimax formulation (6).

2.3. Properties of the Minimax Leverage Policy
This section studies the properties of the water-filling allocation obtained in Theorem 2.4. An
obvious but important feature is that the policy is distribution-free, i.e., does not require a model
for the terminal price pT — the allocation depends only on the state {(qi, Ei)}n

i=1 at the ADL
time τ (as well as Q, pτ ), and is therefore independent of both the horizon T and the distribution
of pT .

Additionally, unlike ADL rules that sort accounts using realized or unrealized P&L measures,
the water-filling rule is wash-trade resistant. The reason is that the relevant state variable for
minimax leverage is the pair (qi, Ei), where Ei already includes the mark-to-market P&L at the
execution price pτ . Consequently, any trade prior to pτ that leaves the position size qi unchanged
merely reallocates equity between unrealized P&L at the entry price and margin. It therefore leaves
Ei unchanged, and hence does not affect the initial leverage ℓi(0) = pτqi/Ei that determines the
water-filling priority.

The next two sections derive two further important properties of the minimax leverage pol-
icy. First, Sybil resistance, meaning that traders cannot evade deleveraging by operating through
multiple, smaller accounts. Second, path-independence, meaning that two subsequent ADL events
with quantities Q1 and Q2 lead to the same outcome as a single ADL event with quantity Q1 +Q2.
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We also show that path-independence, together with leverage-priority, characterizes the minimax
leverage policy among all ADL policies.
Remark 2.5. The BitMEX-style queue-based ADL policy (see Section 1) fails to have some of these
desirable properties:

• Because the policy deleverages the highest-ranked account before targeting any lower-ranked
account, it is not Sybil resistant. For instance, the most levered position in the system could
be split across two accounts: one with even higher leverage and one with sufficiently low
leverage to appear third (or lower) in the queue. An ADL event of a given size (e.g., equal
to the size of the original position) would then deleverage the first two accounts in the queue
but leave the third untouched, whereas without splitting the same event could have fully
deleveraged the original account.

• Prioritizing the (initially) top-ranked account also induces path dependence. Under two
successive ADL events, the first event may deleverage the initially top-ranked account enough
to lower its rank, so that the second event targets a different account first; if instead the same
aggregate quantity were executed in a single event, the entire quantity would have been
applied to the initially top-ranked account.

• Finally, because queue priority depends explicitly on unrealized P&L, an account could lower
its queue priority via a wash trade.

2.3.1. Sybil Resistance

When accounts are anonymous, a participant can split their aggregate position and collateral
across multiple accounts. If deleveraging allocations depend on per-account quantities, this creates
a “Sybil” manipulation channel that can potentially reduce the participant’s total forced buyback
without changing the underlying economic exposure. Clearly, it is preferable to use ADL mecha-
nisms that are Sybil resistant: splitting an account into several accounts with the same combined
position and equity should not decrease the participant’s total buyback. Theorem 2.8 below states
that the minimax leverage policy is Sybil resistant.

To formalize this result, we define account splits and Sybil resistance mathematically. Fix a set
of non-attacker short accounts indexed by N , with holding and equity parameters {(qj , Ej)}j∈N .
We view this as the relevant account state at time τ since, up to scaling by the price, ℓi(0) = pτqi/Ei

depends only on these two quantities. An attacker controls an aggregate pair (qA, EA) with qA ≥ 0
and EA > 0. For a split into K accounts, denote the attacker index set by AK = {1, . . . ,K} and
let the full economy index set be IK ≜ N ∪ AK . Then A1 represents the attacker in the unsplit
(single-account) configuration, holding (qA, EA). The next definition formalizes that the attacker
can split her holdings qA and equity EA arbitrarily over her K Sybil accounts.
Definition 2.6 (Sybil split). A Sybil split of (qA, EA) is a collection {(qk, Ek)}K

k=1 ∈ (R+ × R++)K

of attacker-controlled accounts such that
∑K

k=1 qk = qA and
∑K

k=1Ek = EA.
Next, we formally define Sybil resistance. For a given ADL mechanism, let xK ∈ RIK

+ denote the
resulting allocation for the scenario with Sybil split, i.e., xK

i is the buyback assigned to account i
and

∑
i∈IK

xK
i = Q. Thus, the attacker’s total buyback is

XK
A ≜

∑
k∈AK

xK
k .
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Definition 2.7 (Sybil resistance). An ADL mechanism is Sybil resistant if splitting an account cannot
reduce the attacker’s total buyback. That is, XK

A ≥ X1
A for every attacker aggregate state (qA, EA) ∈

R+ × R++ and every Sybil split {(qk, Ek)}K
k=1 of (qA, EA).

We can now state the formal result.
Theorem 2.8. The minimax leverage policy is Sybil resistant.

While the proof in Appendix A.2 proceeds via the subadditivity of the function defining the
leverage threshold (7), the key intuition for Theorem 2.8 is the very essence of the minimax leverage
policy: it focuses on the maximal leverage, which cannot be reduced by splitting. To see this, let

ℓA ≜
pτq

A

EA
and ℓk ≜

pτqk

Ek

be the pre-ADL leverages of the unsplit attacker and sub-account k, respectively. The following
shows that ℓA is a convex combination of {ℓk}K

k=1 with weights wk ≜ Ek/E
A:

ℓA = pτq
A

EA
= pτ

∑K
k=1 qk∑K

k=1Ek

=
K∑

k=1

Ek∑K
j=1Ej

pτqk

Ek
=

K∑
k=1

wk ℓk.

In particular, max1≤k≤K ℓk ≥ ℓA, meaning that the maximal leverage among the Sybil accounts is
never lower than the original leverage.

We observe that while splitting accounts is not beneficial under the minimax leverage policy,
the total amount deleveraged is not necessarily invariant — it may increase.
Remark 2.9. Splitting accounts can lead to a strictly larger amount bought back from the attacker.
For instance, this would occur if an account with leverage just below the threshold t⋆ is split so
that one sub-account becomes the highest leveraged in the system. Equivalently, merging several
accounts can lead to a strict decrease in the amount deleveraged. As a result, the water-filling rule
indirectly incentivizes account aggregation.

2.3.2. Path-Independence, Leverage Priority, and Axiomatic Characterization

In this section, we first observe that the minimax leverage policy has two properties that we call
path-independence and leverage-priority. Then, we show that these two properties can serve as an
axiomatic characterization of the minimax leverage policy among all possible ADL mechanisms.
For brevity, we limit ourselves to informal statements in this section and report the mathematical
details in Section A.3. In particular, we refer to Assumptions A.9 and A.10 for precise versions of
the following two definitions.
Definition 2.10 (Path-independence). An ADL mechanism is path-independent if two successive
applications with buy-back quantities Q1 and Q2 lead to the same outcome as a single application
with buy-back quantity Q1 +Q2.
Definition 2.11 (Leverage-priority). An ADL mechanism satisfies leverage-priority if, for sufficiently
small buy-back quantity Q > 0, it only affects the account(s) with maximal initial leverage.

Using the water-filling representation of the minimax leverage policy, it is not hard to see that
it satisfies both properties, which is one implication of Theorem 2.12 below. Intuitively, path-
independence holds because water-filling to the target level t⋆ and then continuing to the target
level t⋆⋆ yields the same as directly water-filling to t⋆⋆ (and one verifies that deleveraging Q1 and
then Q2 yields the same eventual target t⋆⋆ as directly deleveraging Q1 +Q2). Of course, leverage-
priority is immediate from the water-filling representation.
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The main result of the theorem is the reverse implication: if an ADL mechanism satisfies path-
independence and leverage-priority, it must be the minimax leverage policy. To state such a result
rigorously, Section A.3 formalizes a general ADL mechanism mathematically as follows. Consider
the state space S ≜ (R+ × R++)n of all possible account states s = (qi, Ei)n

i=1. Each state encodes
a short position size qi ≥ 0 and an equity level Ei > 0 for each account i. Then an ADL mechanism
is a family

{FQ : S → S}Q≥0

of maps on S, where FQ(s) is the post-ADL state after a total buyback quantityQ has been allocated
across accounts. Naturally, we only consider mechanisms that reduce (but never increase) existing
positions (see Assumption A.8 for details). We then have the following axiomatic characterization
of the minimax leverage policy.
Theorem 2.12 (Characterization by path-independence and leverage-priority). The minimax lever-
age policy satisfies path-independence and leverage-priority. Conversely, if any ADL mechanism
satisfies these two properties, then it must be the minimax leverage policy.

The intuition behind the axiomatic characterization is as follows. Split the amount Q into many
(infinitesimally) small bits. By path-independence, the mechanism for Q yields the same result as
consecutively buying back the small bits. By leverage-priority, the first bit is allocated to the
account with the highest initial leverage, and consecutive bits will be allocated to the same account
until its leverage is equalized with the second-highest initial leverage. At that point, the next small
bit could be allocated to either of the two accounts (or split). However, the choice does not matter
when quantities are infinitesimal. Intuitively, even if one bit was allocated to account 1 (rather
than split between 1 and 2 as in the water-filling rule), the next bit would then go to account 2,
realigning the leverage levels and approximately resulting in the water-filling outcome. In the limit
of infinitesimally small bits, the ambiguity disappears and we recover exactly the water-filling of
Theorem 2.4.

For the mathematical proof, the key is that path-independence amounts to the semigroup
property FQ2 ◦ FQ1 = FQ1+Q2 where the deleveraging quantity Q plays the role of the time
parameter. Moreover, the monotonicity of any ADL mechanism implies that this semigroup is
Lipschitz-continuous (Lemma A.11), and once this regularity is recognized, the above intuition can
be converted into a proof.
Remark 2.13. Taken individually, path-independence and leverage-priority do not imply the mini-
max leverage policy. For instance, consider the ADL mechanism which allocates the entire quantity
Q to the account(s) with the highest leverage at the ADL time (see also Remark 2.5). This mech-
anism clearly satisfies leverage-priority, but is not path-independent: After being deleveraged with
Q1, the targeted account i may no longer have the highest leverage, and then in a subsequent appli-
cation of the mechanism, the quantity Q2 would be allocated to a different account. Whereas when
applied in one shot with Q1 +Q2, the entire quantity is allocated to account i. On the other hand,
consider the pro-rata policy, which allocates amounts xi proportional to positions qi, or equivalently,
decreases the leverage of all accounts by the same percentage. This policy is path-independent, but
clearly does not prioritize highest leverage.

2.4. Conditional Value-at-Risk
We now replace the risk-neutral objective E

[
L(x, pT )

]
by Conditional Value-at-Risk CVaRβ at

confidence level β ∈ (0, 1) as introduced by Rockafellar and Uryasev [2000], while keeping the same
buyback constraints.
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Definition 2.14. For an integrable random variable Z and confidence level β ∈ (0, 1), define the
Value-at-Risk

VaRβ(Z) ≜ inf{z ∈ R : P(Z ≤ z) ≥ β}.

The Conditional Value-at-Risk at level β is the tail mean4 beyond VaRβ(Z),

CVaRβ(Z) ≜
1

1 − β

∫ 1

β
VaRu(Z) du.

If Z has no atom at VaRβ(Z), this can also be written as

CVaRβ(Z) = E
[
Z
∣∣ Z ≥ VaRβ(Z)

]
.

Unlike the expectation, CVaRβ emphasizes tail losses and therefore changes the marginal incen-
tives driving auto-deleveraging. In the following, we formulate the CVaR-based ADL problem and
characterize its separable structure and optimality conditions. We will see that the water-filling
rule remains optimal, but (in contrast to the expected loss) the optimizer need not be unique.

The CVaR-based ADL problem reads

minimize
x∈Rn

CVaRβ

(
L(x, pT )

)
subject to x ∈ X .

(8)

It is straightforward to check that (8) is convex (see Appendix A.4). A key structural observation in
our setting is that the individual account losses are monotone functions of a single scalar risk factor,
the terminal price pT . Specifically, σi(xi, p) is nondecreasing in p for each fixed xi (see Lemma A.1 in
Appendix A). Hence for any feasible x, the random variables {σi(xi, pT )}n

i=1 are comonotone: they
move in the same direction as the price pT . Since CVaRβ is comonotone additive [cf. Propositions
2.3 & 3.4, Tasche, 2002], it follows that

CVaRβ

(
L(x, pT )

)
= CVaRβ

(
n∑

i=1
σi(xi, pT )

)
=

n∑
i=1

CVaRβ

(
σi(xi, pT )

)
.

This account-by-account decomposition is a crucial simplification and yields a clean characterization
of optimality. Our main result is as follows.
Theorem 2.15. Let xWF denote the (unique) water-filling allocation of Theorem 2.4. Then xWF

is an optimizer of the CVaR-ADL problem (8) for every β ∈ (0, 1). However, the solution may be
non-unique; in general, (8) may admit a continuum of optimizers.

Let pβ ≜ VaRβ(pT ) denote the β-quantile (stress level) of the terminal price. Since each shortfall
σi(xi, pT ) is nondecreasing in the single risk factor pT , CVaRβ is determined by losses in the tail
event {pT ≥ pβ}. This motivates the definition of the leverage cutoff ℓβ via

pτ
(
1 + ℓ−1

β

)
= pβ, equivalently ℓβ = pτ

pβ − pτ
, if pβ > pτ ,

whereas ℓβ = +∞ if pβ ≤ pτ . Thus ℓβ is precisely the leverage level whose bankruptcy price
(cf. (30)) coincides with pβ.

The cutoff separates two regimes. If an account’s post-ADL leverage satisfies ℓi(xi) < ℓβ, then
its bankruptcy threshold lies within the CVaR tail, and additional buyback changes tail losses
in an account-specific way. By contrast, if an account remains highly levered in the sense that

4We use the convention CVaR0(Z) = E[Z].

13



ℓi(xi) ≥ ℓβ, then the tail event relevant to CVaRβ is governed by pβ rather than by the account-
specific threshold. In this stressed regime the marginal CVaRβ benefit of further buyback becomes
identical across all such accounts. Consequently, the water-filling rule remains optimal, but the
objective can develop flat directions: redistributing buyback volume among stressed accounts (while
preserving feasibility) leaves CVaRβ unchanged.

A continuum of optimal allocations arises when the deleveraging budget Q is insufficient to
bring every account below the cutoff ℓβ, so that multiple accounts remain in the stressed set
{ℓi(xi) ≥ ℓβ}. In that case, CVaRβ is indifferent to how buybacks are redistributed among stressed
accounts, producing non-uniqueness; see Appendix A.4 for a formal construction.

2.5. Spectral Risk Measures
The CVaR criterion corresponds to focusing on a single tail level. A natural extension is to aggregate
tail risk across levels using spectral risk measures, which assign weights to different quantile levels
of the loss distribution.
Definition 2.16. Let µ be a Borel probability measure on [0, 1). We say that a risk measure ρ(·) is
a spectral risk measure [cf. Acerbi, 2002, Shapiro, 2013] if it has the form5

ρ(Z) ≜
∫

[0,1)
CVaRβ(Z)µ(dβ),

for all integrable random variables Z.
We can write the more general optimization over a spectral risk measure as

minimize
x∈Rn

∫
[0,1)

CVaRβ

(
L(x, pT )

)
µ(dβ)

subject to x ∈ X .
(9)

It is a straightforward consequence of the preceding analysis that water-filling is optimal for spectral
risk measures.
Proposition 2.17. Under Assumptions 2.1-2.3 the water-filling allocation is optimal for (9).

Proof. Let x⋆ = xWF be the water-filling allocation (for the fixed Q) that is optimal for (5) and (6).
By Theorems 2.4 and 2.15, for each β ∈ [0, 1) the same x⋆ minimizes x 7→ CVaRβ

(
L(x, pT )

)
over

X . Hence for any x ∈ X ,

CVaRβ

(
L(x, pT )

)
≥ CVaRβ

(
L(x⋆, pT )

)
for all β ∈ [0, 1).

Integrating both sides with respect to µ(dβ) gives∫
[0,1)

CVaRβ

(
L(x, pT )

)
µ(dβ) ≥

∫
[0,1)

CVaRβ

(
L(x⋆, pT )

)
µ(dβ), for all x ∈ X ,

so x⋆ is optimal for (9). ■

Remark 2.18. The preceding argument extends beyond spectral risk measures. In particular, any
law-invariant coherent risk measure with the Fatou property admits (under standard regularity
conditions) a Kusuoka representation

ρ(Z) = sup
µ∈M

∫
[0,1)

CVaRβ(Z)µ(dβ),

5We interpret ρ(·) as extended real valued on integrable random variables and tacitly assume E[Z] ≥ 0 so that
ρ(Z) ≥ 0. A sufficient condition ensuring that ρ(Z) < ∞ for all integrable Z is

∫
[0,1)(1 − β)−1dµ(β) < ∞.
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for some nonempty set M of probability measures on [0, 1); see [Kusuoka, 2001].
Consider the corresponding robust objective

inf
x∈X

ρ
(
L(x, pT )

)
= inf

x∈X
sup
µ∈M

∫
[0,1)

CVaRβ

(
L(x, pT )

)
µ(dβ).

Then an elementary minimax inequality yields the lower bound

inf
x∈X

sup
µ∈M

∫
(0,1)

CVaRβ

(
L(x, pT )

)
µ(dβ) ≥ sup

µ∈M
inf
x∈X

∫
[0,1)

CVaRβ

(
L(x, pT )

)
µ(dβ)

from which we can deduce that water-filling is optimal as in Proposition 2.17.

2.6. Numerical Example
We illustrate the structure of CVaR-based auto-deleveraging in a one-asset setting with n = 4 short
accounts and total short volume

∑n
i=1 qi = 33. The reference price is fixed at pτ ≈ $67,000 (BTC

spot), and deleveraging outcomes are studied as a function of the available ADL budget Q.
The terminal price pT is modeled as a geometric Brownian motion over a horizon ∆t = 10/365,

with zero drift and unit volatility. For the CVaR criterion we take β = 0.98. Closed-form expressions
for the resulting CVaR objective under GBM are given in Appendix A.5.

Each account i is characterized by a short position qi, entry price p(e)
i , and margin mi, with

initial leverage
ℓi(0) = pτqi

Ei
.

Under the GBM model, the β-quantile pβ of the terminal price admits a closed form, yielding the
stress cutoff leverage

ℓβ = pτ

pβ − pτ
≈ 4.55.

Accounts with ℓi(0) > ℓβ are initially stressed.
Table 1 reports the static characteristics of four levered accounts. All four satisfy ℓi(0) > ℓβ

and therefore lie in the stressed region at the trigger price. From these static quantities alone,
there is no clear ordering of accounts in terms of which should be deleveraged first under a tail-risk
criterion.

Table 1: Parameters of the four most levered accounts, sorted by initial leverage.

Account qi p
(e)
i in 1000$ mi in 1000$ ℓi(0)

1 8 71 146 4.7
2 10 72 178.8 5.2
3 8 70 171.8 6.4
4 7 69.5 83.5 7.1

Figure 2 reports the CVaR-optimal deleveraging outcome as a function of the budget Q, com-
puted using the water-filling construction that equalizes post-ADL leverage across active accounts
whenever feasible. Gray curves show individual post-ADL leverage trajectories ℓi(xi), while the
solid blue curve reports the mean leverage among at-risk accounts. The dashed horizontal line
indicates the stress threshold ℓβ.
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For small budgets Q, deleveraging is concentrated on the most levered accounts, which are
progressively brought down toward ℓβ. In this fully stressed regime, the CVaR objective decreases
linearly in Q, reflecting identical marginal risk reduction across all stressed accounts.

Let Qβ denote the smallest budget for which all accounts can be brought below the stress
threshold ℓβ. At Q = Qβ, the system exits the stressed regime. For Q > Qβ, marginal risk
reduction diminishes and the objective decreases at a strictly smaller rate, as shown by the change
in slope in the inset of Figure 2.

This transition illustrates the degeneracy and non-uniqueness of CVaR-optimal allocations in the
stressed regime. The water-filling rule selects a canonical representative from the set of minimizers,
yielding smooth leverage paths and a transparent dependence on the available deleveraging budget.
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Figure 2: CVaR-optimal deleveraging under the water-filling rule. Gray curves correspond to individual
post-ADL leverage levels ℓi(xi), the solid blue curve shows the mean leverage among at-risk accounts,
and the dashed horizontal line indicates the stress threshold ℓβ . The inset displays the CVaR objective
value as a function of the total deleveraging budget Q, where the gray dotted line is a linear fit and the
orange dashed line illustrates the deleverage volume Qβ necessary to reach ℓβ .

3. Multi-Asset Cross-Margining
This section extends the preceding single-asset analysis to a multi-asset, cross-margin setting. Un-
der cross-margining, a single pool of collateral supports all open positions, so that gains in one
position can offset losses in another and reduce the total margin required. This netting improves
capital efficiency, but it also couples positions through shared collateral and correlated price moves.
As a result, the ADL allocation decision is inherently multi-dimensional and must account for the
joint distribution of returns across account positions. We formulate the resulting risk-based alloca-
tion problem faced by the exchange, focusing on expected loss as a risk measure. In Section 3.2 we
then show that the ADL problem becomes separable across accounts once their coupling through
the target reduction amounts Q is replaced by suitable shadow prices, opening the door to an ef-
ficient algorithm. Of course, this does not remove the possibly complicated coupling of the assets’
returns. If assets are primarily driven by a common factor, this factor provides a natural dimension
reduction. Section 3.4 formulates an idealized model where prices are driven by a single factor and
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shows that ADL then admits close parallels to the isolated-margining case of Section 2. Indeed, a
generalized water-filling rule is seen to be optimal for reducing the expected loss. However, water-
filling occurs in a quantity that we call factor leverage, rather than the naive (gross) leverage which
does not take into account hedging effects across portfolio components.

3.1. Problem Formulation
In what follows, we consider d assets, with prices described by a vector in Rd.6 Each account
i ∈ {1, . . . , n} holds a signed position vector qi = (q1

i , . . . , q
d
i ) ∈ Rd, where qk

i > 0 denotes a short
position and qk

i < 0 a long position in asset k. The entry-price vector is p(e)
i ∈ Rd, and the posted

margin is mi ≥ 0. Auto-deleveraging is triggered at time τ with reference prices pτ ∈ Rd and the
exchange must reduce aggregate exposure by a predetermined amount Q ∈ Rd.7 That is, each
component Qk of the vector Q specifies the aggregate position reduction required in asset k, to be
allocated across the n accounts.

The ADL decision consists of vectors x1, . . . , xn ∈ Rd, where xk
i is the (signed) position reduction

applied to asset k in account i, so that the post-ADL position vector is qi−xi. We assume monotone
deleveraging, in the sense that positions may be reduced toward zero but never increased or have
their sign changed. Moreover, reductions are restricted to the direction of the target allocation Q:
if Qk = 0 then xk

i = 0 for all i, and if Qk ̸= 0 then only accounts with sgn(qk
i ) = sgn(Qk) may be

reduced in asset k. Equivalently, define the directional bounds

lki ≜

{
0, Qk ≥ 0,
min(0, qk

i ), Qk < 0,
uk

i ≜

{
max(0, qk

i ), Qk > 0,
0, Qk ≤ 0,

(10)

so that, together with the aggregate reduction constraint
∑n

i=1 xi = Q, the feasible set is

X ≜
{
x = (x1, . . . , xn) ∈ (Rd)n :

n∑
i=1

xi = Q, lki ≤ xk
i ≤ uk

i ∀ i, k
}
.

Assumption 3.1 (Feasibility). Q satisfies

Qk ∈
[

n∑
i=1

min(0, qk
i ),

n∑
i=1

max(0, qk
i )
]
, k = 1, . . . , d,

so that the feasible set X is nonempty.
For each account i, equity remains a scalar quantity but depends on the full price vector. If

account i is reduced by xi and the price vector at time T > τ is pT ∈ Rd, define

ei(xi, pT ) ≜ q⊤
i (p(e)

i − pT ) − x⊤
i (pτ − pT ) +mi.

Writing Ei ≜ ei(0, pτ ) = q⊤
i (p(e)

i − pτ ) +mi to be the equity at the ADL time, we equivalently have

ei(xi, pT ) = Ei + (qi − xi)⊤(pτ − pT ). (11)

The second term captures the remaining exposure to the price move from pτ to pT after reducing
positions by xi. Throughout, we restrict attention to accounts that are solvent at time τ .

6Negative prices are allowed to accommodate derivative contracts.
7We treat the trigger price pτ and the aggregate reduction vector Q as exogenously given inputs to the ADL

mechanism. In practice, their determination is itself a separate design problem for the exchange, involving choices
of marking rules, liquidity considerations, and stress metrics. The present analysis focuses on the allocation problem
conditional on these quantities.
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Assumption 3.2 (Solvency). Ei > 0 for all i = 1, . . . , n.
As before, equity at time τ is unchanged by the reduction xi, since ei(xi, pτ ) = Ei for all xi.

By analogy with (2) and (3), the corresponding shortfall is

σi(xi, pT ) = (−ei(xi, pT ))+, (12)

and the total exchange loss is

L(x, pT ) ≜
n∑

i=1
σi(xi, pT ).

In the single-asset case, post-ADL equity is monotone in the terminal price pT . Upward moves
uniformly harm shorts and downward moves uniformly harm longs, which induces a natural ordering
of accounts by “distance to default” and makes leverage a meaningful proxy for default risk. In the
multi-asset case, equity depends on the entire price vector and portfolios may be partially hedged
across assets. There is generally no canonical stress direction and no a priori risk ordering across
accounts, since insolvency depends on the joint distribution of (p1

T , . . . , p
d
T ).

In multi-asset settings, exchanges often report leverage-type statistics that extend the one-
dimensional notion (see, e.g., “portfolio margin” in [Binance, 2019], which suggests the following).
One natural extension is the gross leverage of account i after reduction xi, defined by

ℓi(xi) ≜
∑d

k=1 |pk
τ (qk

i − xk
i )|

Ei
,

where the numerator is the gross exposure of the residual portfolio valued at the reference prices pτ .
Gross leverage is easy to compute but does not necessarily reflect default risk. Since it ignores the
dependence structure of returns, it can be large even when exposures offset across assets, as in a
delta-neutral portfolio. We use “gross” to emphasize that such netting is not reflected.

With this extended setup in mind, we model the exchange’s ADL decision analogously to
Section 2. Given a random close-out price pT , the exchange selects reductions x ∈ X to minimize
a prescribed risk functional ρ(·) of the induced loss:

minimize
x∈(Rd)n

ρ
(
L(x, pT )

)
subject to x ∈ X .

(13)

General risk measures such as ρ(·) = CVaRβ(·) couple accounts through tail scenarios of the
aggregate loss. In the multi-asset setting, individual account shortfalls need not be comonotone,
and feasible ADL allocations are generally not totally ordered by a single exposure variable (such
as leverage). Consequently, different risk functionals can rank allocations differently and lead to
different optimal ADL policies. In fact, unlike the single-asset case in which a water-filling allocation
is always optimal, the sets of optimizers associated with distinct confidence levels β can be disjoint;
see Appendix B.1 for an example.

For the subsequent analysis, we focus on the expected loss ρ(·) = E[·] and specialize (13) to

minimize
x∈(Rd)n

E
[
L(x, pT )

]
subject to x ∈ X .

(14)

The following ensures that (14) is well defined.
Assumption 3.3. The random vector pT is integrable.
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While the expected loss criterion is more tractable thanks to additive separability across ac-
counts, the coupling of assets remains a central complication that generally prevents reduction
to single-variable problems. We emphasize that both sides of the ADL problem can be multi-
dimensional in our formulation: the vector Q means that several assets undergo ADL simultane-
ously, and each affected account may hold several of those assets, as well as other assets not subject
to ADL but still contributing to potential losses.

3.2. Separable Decomposition for the Expected Loss
As noted, the expected loss objective is additively separable across accounts:

E
[
L(x, pT )

]
=

n∑
i=1

E
[
σi(xi, pT )

]
. (15)

Accordingly, the only coupling across accounts in (14) arises through the vector clearing constraint∑n
i=1 xi = Q. This suggests a decomposition based on convex duality, in which the clearing con-

straint is priced by a multiplier λ ∈ Rd and each account solves an independent subproblem.
Define the per-account feasible set

Yi ≜
{
xi ∈ Rd : lki ≤ xk

i ≤ uk
i ∀ k

}
, i = 1, . . . , n. (16)

Let Y ≜
∏n

i=1 Yi be the joint set of constraints, and define the partial Lagrangian

L̂(x, λ) ≜
n∑

i=1
E[σi(xi, pT )] + λ⊤

( n∑
i=1

xi −Q
)

= −λ⊤Q+
n∑

i=1

(
E[σi(xi, pT )] + λ⊤xi

)
.

For λ ∈ Rd, define the primal per account value function by

ϕi(λ) ≜ min
xi∈Yi

{
E[σi(xi, pT )] + λ⊤xi

}
, i = 1, . . . , n, (17)

and the best-response correspondence

Xi(λ) ≜ argmin
xi∈Yi

{
E[σi(xi, pT )] + λ⊤xi

}
, i = 1, . . . , n. (18)

The associated dual function is

g(λ) ≜ min
x∈Y

L̂(x, λ) = −λ⊤Q+
n∑

i=1
ϕi(λ).

The next proposition gives a convenient characterization of optimality in terms of best responses
and the dual function, which will be exploited in Section 3.3 below to develop an efficient numerical
approach.
Proposition 3.4 (Dual decomposition). Let Assumptions 3.1–3.3 hold. Then:

(i) The program (14) is convex and admits an optimal allocation.

(ii) An allocation x⋆ = (x⋆
1, . . . , x

⋆
n) ∈ (Rd)n is optimal if and only if there exists λ⋆ ∈ Rd such

that
x⋆

i ∈ Xi(λ⋆) for all i, and
n∑

i=1
x⋆

i = Q.
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(iii) Any such λ⋆ maximizes the dual function g, which, for any λ, has supergradient set

∂g(λ) =
{ n∑

i=1
xi −Q : xi ∈ Xi(λ) ∀i

}
.

Proposition 3.4 admits a natural economic interpretation. The multiplier λ⋆ ∈ Rd acts as an
asset-by-asset vector of shadow prices for deleveraging capacity. Given λ, each account i solves the
independent subproblem (17) which trades off its expected shortfall contribution against the linear
charge λ⊤xi for consuming reductions in each asset. The clearing condition

∑n
i=1 x

⋆
i = Q selects

λ⋆ so that the resulting best responses match the required aggregate reduction. In this sense, the
optimal ADL allocation can be viewed as a competitive equilibrium in which the exchange posts
λ⋆ and accounts respond optimally subject to feasibility.
Remark 3.5 (Effective dimension). Observe that, for any k with Qk = 0, we have from (10) that
lki = uk

i = 0 for all i. Hence, for all accounts i, any feasible xi ∈ Yi must have xk
i = 0. Then, these

decision variables as well as the corresponding components of the dual vector λ can be ignored. We
therefore define the effective dimension deff of the problem to be the number of k with Qk ̸= 0.

3.3. Numerical Algorithm
Proposition 3.4 shows that the numerical solution of (14) naturally separates into two nested tasks.
The first is an account-level problem: for a given shadow-price vector λ, each account chooses its
optimal reduction independently. The second is a market-clearing problem: one must then find a
multiplier λ⋆ for which these optimal account responses aggregate to the required reduction Q, or
that equivalently maximizes the dual function g. This two-level structure is the main organizing
principle of the algorithm we propose.

Step 1: Solve the per-account problem for fixed λ. Fix λ ∈ Rd. For each account i, solve the
primal account-level problem (17). The corresponding optimizer set is the best-response correspon-
dence Xi(λ) introduced in (18). Thus, for a given λ, the numerical task is to compute one optimizer
xi(λ) ∈ Xi(λ) for each account.

The account-level problem (17) is a convex expected value minimization problem over the
box Yi, and several numerical implementations are possible:

• A general approach is to apply sample-average approximation (SAA) combined with linear
programming. Replacing the expectation by an empirical mean yields a deterministic convex
problem, and with auxiliary shortfall variables it can be written as a linear program. This
construction is detailed in Appendix B.3.

• The expectation E[σi(xi, pT )] can sometimes be evaluated directly or approximated accurately
by numerical quadrature or simulation methods. In this case, standard box-constrained con-
vex solvers apply. Because the positive-part loss is generally nonsmooth, projected subgra-
dient or bundle methods are the most broadly applicable choices, while projected gradient,
quasi-Newton, or interior-point methods become natural when the expected shortfall function
is differentiable or admits a smooth reformulation.

• One may work directly with Monte Carlo samples in a stochastic approximation scheme: a
single draw of pT yields a stochastic subgradient of xi 7→ E[σi(xi, pT )] + λ⊤xi, so projected
stochastic subgradient methods can be used without first building an explicit SAA linear
program.
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Remark 3.6. For many price distributions, including the GBM and additive Gaussian price models
calibrated in Section 3.5 below, the map xi 7→ E[σi(xi, pT )] is continuously differentiable on Yi.
For the numerical examples in Section 3.5, the expectation admits a closed-form representation
analogous to the Black–Scholes call formula in the case of the single-factor Gaussian model, while
in the bivariate lognormal model it is numerically evaluated by two-dimensional Gauss–Hermite
quadrature.

Step 2: Find the shadow price λ⋆. Once the account-level problem can be solved for any given λ,
the remaining task is to determine a multiplier that clears the market. As suggested by Proposi-
tion 3.4, we solve this outer problem by supergradient ascent on g. Starting from an initial multi-
plier λ(0), at iteration k we solve the n account-level problems in parallel, selecting x(k)

i ∈ Xi(λ(k)).
We then form the clearing residual

r(k) ≜
n∑

i=1
x

(k)
i −Q ∈ ∂g(λ(k)),

which, from Proposition 3.4, is a supergradient of g. We then update

λ(k+1) = λ(k) + tkr
(k),

where the step-size tk > 0 is chosen, for example, by a diminishing step-size rule or a one-
dimensional line search along the ray t 7→ λ(k) + t r(k). The procedure terminates once ∥r(k)∥ falls
below a prescribed tolerance, at which point the selected account-level solutions are approximately
market-clearing and therefore approximately optimal for (14).

The computational advantage of this decomposition is immediate. For fixed λ, the account-
level problems are fully separable across i and can therefore be solved in parallel. Coordination
across accounts enters only through the multiplier λ, whose effective dimension is deff . Thus the
dependence on the potentially large number of accounts n appears only in the parallel inner loop,
while the outer search remains low-dimensional.

3.4. Single Factor Model and Clipped Water-Filling
We now formulate an idealized model where asset returns are fully driven by a single factor. We
will show that the solution of the ADL problem then admits a generalized water-filling structure,
thus drawing a parallel with the isolated-margin case of Section 2. Importantly, water-filling needs
to be applied to a quantity that we call factor leverage, not to gross leverage. Factor leverage
correctly reflects the “distance to default” in this setting, whereas gross leverage ignores hedging
effects. Structurally, the key simplification in the single factor model is that each account’s loss
depends on its post-ADL portfolio only through a scalar factor exposure.
Assumption 3.7 (Single factor). There exist v ∈ Rd and a scalar random variable ϵ such that

pT = pτ + ϵv,

where ϵ admits a strictly positive density on R and E[|ϵ|] < ∞.
For the remainder of Section 3.4, we assume that Assumptions 3.1–3.7 hold. Next, we introduce

factor leverage, taking over the role that leverage played in Section 2.
Definition 3.8 (Factor leverage). For each account i and allocation xi, define the factor leverage by

ℓ
(v)
i (xi) ≜

v⊤(qi − xi)
Ei

.
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Thanks to Assumptions 3.2 and 3.7, the equity (11) can be written as

ei(xi, pT ) = Ei − ϵ v⊤(qi − xi) = Ei
(
1 − ϵ ℓ

(v)
i (xi)

)
, (19)

so the expected shortfall contribution of account i depends on xi only through the factor leverage
ℓ

(v)
i (xi). For each account i, recall from (16) the set Yi of feasible allocations and introduce the

feasible factor-leverage interval

[ℓi, ℓi] ≜
{
ℓ

(v)
i (xi) : xi ∈ Yi

}
, i = 1, . . . , n.

This set is indeed a closed, bounded interval since ℓ(v)
i (·) is an affine transformation and Yi is convex

and compact.
We observe that the aggregate constraint

∑n
i=1 xi = Q implies a fixed equity-weighted factor

exposure, denoted L(v) below. Indeed, for any feasible allocation x ∈ X ,
n∑

i=1
Eiℓ

(v)
i (xi) =

n∑
i=1

v⊤(qi − xi) = v⊤
( n∑

i=1
qi −Q

)
≜ L(v). (20)

We can then think of different allocations as redistributing this fixed total across accounts. Under
certain implementability conditions, we will see that a clipped water-filling rule for the factor
leverage ℓ(v)

i (xi) is optimal: In principle, we would like to minimize the maximal factor leverage
ℓ

(v)
i (xi) in (20). However, this water-filling is clipped to [ℓi, ℓi] because an account’s factor leverage

can only be reduced as long as the account contains the asset(s) being deleveraged — in contrast to
the isolated-margining case, the factor leverage may remain high due to other assets in the portfolio
that are outside the reach of ADL. See Fig. 3 for an illustration.

Intuitively, the general idea is still to first find a target factor leverage t⋆ that clears the market
and then allocate quantities so as to drain leverages above the target; however, the clipping means
that some accounts will need to have different targets, denoted by ℓ⋆i below. The following theorem
formalizes this structure.
Theorem 3.9 (Verification theorem for factor water-filling). For any η ∈ R, define the target factor
leverage for account i by

ℓ⋆i (η) ∈ argmin
z∈[ℓi,ℓi]

{
ψ(z) − ηz

}
, i = 1, . . . , n, where ψ(z) ≜ E

[
(ϵz − 1)+

]
, z ∈ R. (21)

(i) The minimizer ℓ⋆i (η) is unique for any η ∈ R, and η 7→ ℓ⋆i (η) is continuous and nondecreasing.

(ii) For any η ∈ R, ℓ⋆i (η) satisfies the clipped water-filling rule8

ℓ⋆i (η) =


ℓi, η ≤ ψ′(ℓi),
(ψ′)−1(η), ψ′(ℓi) < η < ψ′(ℓi),
ℓi, η ≥ ψ′(ℓi).

(22)

(iii) There exists at least one η⋆ ∈ R such that
n∑

i=1
Ei ℓ

⋆
i (η⋆) = v⊤

( n∑
i=1

qi −Q
)
. (23)

8The expressions in (22) are well-defined since the convex function ψ : R → R+ is continuously differentiable with
a strictly increasing derivative ψ′; cf. Appendix B.4.
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Figure 3: Water-filling with clipping. The target threshold t⋆ equalizes post-ADL factor leverage for
interior accounts, but account-specific bounds can bind. In the right panel, account 1 cannot be reduced
below ℓ1, so its post-ADL factor leverage is clipped at ℓ1 rather than being reduced to t⋆.

Given η⋆ satisfying (23), if there exists an allocation x⋆ ∈ X such that

ℓ
(v)
i (x⋆

i ) = ℓ⋆i (η⋆) for all i,

then x⋆ is an optimal allocation for (14).
By monotonicity of the map η 7→ ℓ⋆i (η), a smaller right-hand side in the budget equation (23)

corresponds to a smaller value of η⋆ and therefore to smaller targets ℓ⋆i (η⋆) for each account i.
This yields the (clipped) water-filling interpretation: as the aggregate factor-exposure target is
tightened, accounts are reduced along the common “water level” until they hit their individual
constraints.

Mathematically, Theorem 3.9 is a verification result. It states that if the clipped one-dimensional
minimizers (22) can be realized by some feasible allocation x ∈ X , then that allocation is globally
optimal. In particular, the targets ℓ⋆i (η⋆) are always compatible with the per-account feasibility
constraints Yi, by construction. The only remaining requirement is the clearing condition

∑n
i=1 xi =

Q. In general multi-asset ADL, such a realization need not exist because
∑n

i=1 xi = Q is a vector
constraint, whereas (23) specifies only a single scalar target for the accounts. A degenerate example
in which no feasible allocation achieves the water-filling targets is given in Appendix B.6.

However, it turns out that in many relevant situations, factor water-filling is implementable
(and therefore optimal). One particular case is when only a single asset is subject to ADL, that
is, only one component of Q is nonzero. Note that this situation is still quite different from the
isolated-margin case in Section 2, because the accounts being deleveraged now contain further assets
that influence potential future losses.
Theorem 3.10 (Factor water-filling for single-asset ADL). Suppose that only asset k0 is subject to
ADL, i.e. Qk = 0 for all k ̸= k0, and vk0 ̸= 0. Then clipped water-filling on factor leverage is
implementable and optimal for (14).

Specifically, let η⋆ be any solution of the budget equation (23), and define the water-filling targets
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ℓ⋆i (η⋆) by (21). Then there exists an allocation x⋆ ∈ X such that

ℓ
(v)
i (x⋆

i ) = ℓ⋆i (η⋆) for all i,

and x⋆ is an optimal allocation for (14).
Intuitively, Theorem 3.10 holds because, when only a single asset is deleveraged, each ac-

count’s factor leverage ℓ(v)
i (xi) is an affine function of the scalar decision xk0

i . As a result, the
one-dimensional water-filling targets are automatically implementable while satisfying the (scalar)
clearing constraint.

The single-asset case described by Theorem 3.10 is a special case of a much more general
sufficient condition for multi-asset ADL detailed in Appendix B.7. It is based on a technical
connectivity property across the actively delevered assets (i.e., the nonzero components of Q),
capturing the idea that some accounts have partial reductions in multiple assets. Mathematically,
it is a weak form of an interior point condition, avoiding degenerate boundary cases like the example
of Appendix B.6. Intuitively, such connectivity is most plausible in large exchanges when many
large accounts maintain genuinely cross-asset portfolios, creating connections across the assets being
delevered.
Theorem 3.11 (Factor water-filling for multi-asset ADL). Suppose that vk ̸= 0 unless Qk = 0, and
that Q and the accounts being delevered satisfy the connected partial deleveraging condition9 detailed
in Appendix B.7. Then clipped water-filling on factor leverage is again implementable and optimal
for (14), as in Theorem 3.10.

Theorem 3.11 shows that the single-asset water-filling intuition survives in the multi-asset cross-
margin setting if assets are driven by a single factor. Under that structure, the residual factor
leverage determines default risk, rather than gross leverage. Relative to the single-asset case, the
only additional obstacle is whether the scalar water-filling targets can actually be implemented
under the vector clearing constraint, and Theorem 3.11 provides a sufficient condition for this.
Remark 3.12. A similar message carries over to the CVaRβ formulation. Although CVaRβ gener-
ally couples accounts through tail scenarios and therefore does not admit the same separability as
expected loss, the single-factor structure restores a one-dimensional ordering by factor leverage and
the optimal ADL rule is again similar to the single-asset case — once β is fixed and assuming we
further restrict to accounts with positive factor exposure, the allocation problem takes a clipped
water-filling form in factor-leverage space. Thus, the extension from expected loss to CVaR pre-
serves the basic economic insight: the exchange optimally allocates deleveraging by equalizing a
marginal tail-risk criterion across accounts until individual feasibility constraints become binding.
A more detailed discussion can be found in Section B.8.

3.5. Numerical Example
In this section, we illustrate ADL under a bivariate price model for BTC and ETH, and discuss
the accuracy of the single-factor approximation discussed in Section 3.4. Throughout, we fix the
account state at the ADL time τ and vary only the required aggregate BTC reduction. Specifically,
we set

Q = (QBTC, QETH) = (QBTC, 0),
9See Definition B.9 and Proposition B.10. Loosely speaking, connected partial deleveraging means that each asset

subject to ADL is partially reduced for at least one account and that the assets are linked through overlapping
reductions. In other words, you can move from any delevered asset to any other by “hopping” through accounts that
are partially reduced in more than one of these assets.
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so that ETH positions are not deleveraged. Recall, however, that the ETH positions affect future
losses and therefore the optimal BTC allocation. Terminal close-out prices are generated from a
correlated bivariate geometric Brownian motion over the horizon ∆ = T − τ = 10/365. Concretely,

pk
T = pk

τ exp
(

−1
2(σk

ann)2∆ + σk
ann

√
∆Zk

)
, k ∈ {BTC,ETH},

where (ZBTC, ZETH) is standard bivariate normal with correlation ρ. Using approximate spot prices
of February 5, 2026 for pτ and a high correlation consistent with stressed market conditions, we set

pBTC
τ = $67,000, pETH

τ = $1,900, σBTC
ann = 60%, σETH

ann = 75%, ρ = 0.85.

For each value of QBTC, the expected-loss problem is solved by the numerical algorithm described
in Section 3.3.

To compare the full model with the theory of Section 3.4, we also solve the same ADL problem
under the following one-factor approximation. Let Σ∆p denote the covariance matrix of the price
increment pT − pτ implied by the GBM calibration, and let (λ1, u1) be its leading eigenpair. We
then set

v ≜
√
λ1 u1, pT = pτ + ϵv, ϵ ∼ N(0, 1).

The calculation of v is detailed in Section B.9, where we also illustrate the approximation with
a scatter plot. The one-factor model retains the dominant covariance mode and suppresses the
orthogonal direction. In particular, “factor exposure” will refer to the factor leverage ℓ(v)

i computed
with this leading covariance direction v.

We consider n = 4 cross-margin accounts. All four are short BTC, but their ETH positions differ
substantially, generating different exposures to the dominant covariance mode. Table 2 reports the
account state at time τ . Positions are signed: positive entries denote shorts and negative entries
denote longs. Account 4 is approximately factor-neutral despite having the largest gross leverage,
account 2 is partially hedged, and accounts 1 and 3 are the most exposed to the dominant market
factor.

Table 2: Account state at the ADL time τ , including gross leverage ℓi(0) and factor leverage ℓ(v)
i (0).

Account qBTC
i qETH

i mi in $1000 Ei in $1000 ℓi(0) ℓ
(v)
i (0)

1 8.0 323.0 137.5 242.1 4.8 0.49
2 10.0 −38.7 85.3 143.0 5.2 0.41
3 8.0 326.2 75.4 180.6 6.4 0.66
4 7.0 −190.0 43.9 116.9 7.1 0.07

The left panel in Fig. 4 shows the ADL results obtained by numerical expected-loss minimization
in the full bivariate model, whereas the right panel shows the results under the one-factor approx-
imation. Consistent with the theoretical results, the right panel illustrates water-filling in factor
exposure: the accounts with the largest factor exposure are progressively leveled, except for the clip-
ping that occurs when feasibility constraints become binding. The left panel shows a qualitatively
similar behavior, illustrating that the overall shape of the allocation paths is governed primarily by
the dominant covariance mode and that the water-filling rule captures the principal characteristics.
Quantitatively, the two models are close, but not identical. In the one-factor approximation, the
dominant covariance mode v completely governs the shape of the optimal allocation paths. The
full GBM model retains two features that are absent from the rank-one approximation: lognormal
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Figure 4: Optimal BTC deleveraging paths under the full bivariate model (left panel) and the one-factor
approximation (right panel). The main panels plot post-ADL factor leverage ℓ(v)

i (x⋆
i ) against the BTC

deleveraging budget QBTC; the insets report gross leverage ℓi(x⋆
i ) for the same optimal allocations.

nonlinearity and residual risk in the covariance direction orthogonal to v. These effects are econom-
ically most visible at the points where the active set changes. Once the dominant factor exposures
of the currently active accounts have been brought close together, the neglected second direction
becomes relatively more important, and the GBM-optimal policy can deviate modestly from the
exact water-filling pattern.

Both panels highlight the distinction between factor leverage and gross leverage. The insets
show that gross leverage would give a misleading ranking of risk. In particular, account 4 has the
largest gross leverage throughout much of the range, yet its factor exposure is initially close to zero
and it receives little or no deleveraging until BTC reductions become large. Conversely, accounts 1
and 3 are reduced first even though their gross leverage is lower. What drives the optimal ADL
decision is not gross notional exposure, but exposure to the dominant risk factor after cross-asset
hedges are taken into account.
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A. Details and Proofs for Single-Asset Isolated Margining
We begin this supplementary appendix with a lemma that will be used repeatedly to prove prop-
erties of the ADL objectives.
Lemma A.1. For each account i,

(i) the shortfall σi(xi, p) is convex and piecewise affine in each argument, and

(ii) for every xi ∈ [0, qi] the map p 7→ σi(xi, p) is nondecreasing.
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Consequently, for each p the loss x 7→ L(x, p) =
∑n

i=1 σi(xi, p) is convex and piecewise affine, and
for each x the map p 7→ L(x, p) is convex, piecewise affine, and nondecreasing.

Proof. Fix i. For xi ∈ [0, qi] and p ∈ R we can write

−ei(xi, p) = (qi − xi)p+ xipτ − qip
(e)
i −mi,

which is affine in (xi, p) and has slope qi −xi ≥ 0 in p. Since u 7→ (u)+ is convex and nondecreasing,
the composition σi(xi, p) = (−ei(xi, p))+ is convex and piecewise affine in xi and in p, and is
nondecreasing in p. The claims for L follow by summation. ■

A.1. Proof of Theorem 2.4
The proof of Theorem 2.4 will be tackled in parts. First, we will show that if x solves (5) then (c)
holds (i.e., (a) ⇒ (c)). Then, we will characterize the unique solution to (b). Last, we will complete
the equivalence by showing that any admissible x ∈ X satisfying (c) is given by the solution to
(b) and the solution to (b) solves (a) (i.e., (c) ⇒ (b) ⇒ (a)). In particular, the statement of the
Theorem can be read off of the statements of Propositions A.3, A.6 and A.7 below.

A.1.1. Leverage Equalization

We begin with some preliminaries. Under Assumption 2.1, Slater’s condition is trivially satisfied
for the optimization problem (5) since the point

x̄i ≜
Q∑n

j=1 qj
qi, i = 1, . . . , n

satisfies 0 < x̄i < qi for all i and
∑

i x̄i = Q. Hence strong duality holds and the KKT conditions
are necessary and sufficient for optimality.

Introduce multipliers λ ∈ R for
∑

i xi = Q, νi ≥ 0 for −xi ≤ 0, and µi ≥ 0 for xi − qi ≤ 0. An
optimal primal–dual quadruple (x⋆, λ⋆, ν⋆, µ⋆) satisfies

0 ∈ ∂xiV (x⋆) + λ⋆ − ν⋆
i + µ⋆

i , i = 1, . . . , n, (24)
x⋆ ∈ X , (25)
ν⋆

i ≥ 0, µ⋆
i ≥ 0, i = 1, . . . , n, (26)

ν⋆
i x

⋆
i = 0, µ⋆

i (x⋆
i − qi) = 0, i = 1, . . . , n. (27)

For each fixed p, we have ∂
∂xi

(−ei(xi, p)) = pτ −p. Therefore, the subdifferential of the individual
account shortfall satisfies

∂xiσi(xi, p) = ∂xi

(
(−ei(xi, p))+

)
= (pτ − p) ·


{1}, ei(xi, p) < 0,
[0, 1], ei(xi, p) = 0,
{0}, ei(xi, p) > 0.

Since ei(xi, ·) is affine in pT with nonzero slope for xi < qi, Assumption 2.3 implies that attaining
exactly zero equity is a probability zero event, P

(
ei(xi, pT ) = 0

)
= 0. As a result, we can obtain

the pointwise partial derivative for the objective

∂V

∂xi
(x) = E

[
(pτ − pT ) I{ei(xi,pT )≤0}

]
, xi ∈ [0, qi). (28)
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This is justified by Assumption 2.3, which implies that σi(xi, pT ) is differentiable almost surely for
xi ∈ [0, qi) and allows us to pass the xi-derivative inside the expectation by dominated convergence.

Observe that the insolvency event ei(xi, pT ) ≤ 0 for each account admits a threshold represen-
tation in terms of pT and the account’s bankruptcy (zero-equity) price p(z)

i (xi):

ei(xi, pT ) ≤ 0 ⇐⇒ pT ≥ p
(z)
i (xi), p

(z)
i (xi) ≜ pτ + Ei

qi − xi
, (29)

with the convention p(z)
i (qi) = +∞. Using (4), this can be rewritten as

p
(z)
i (xi) = pτ

(
1 + ℓi(xi)−1

)
, (30)

with the convention ℓ−1 = +∞ when ℓ = 0. Combining (28) and (29) gives

∂V

∂xi
(x) = E

(pτ − pT ) I{
pT ≥p

(z)
i (xi)

} . (31)

On {pT ≥ p
(z)
i (xi)} we have pT ≥ p

(z)
i (xi) ≥ pτ , hence (pτ − pT ) ≤ 0 and ∂V/∂xi(x) ≤ 0.

Using (30), the event {pT ≥ p
(z)
i (xi)} is equivalent to {pT − pτ ≥ pτ ℓi(xi)−1}. Define next, for

ℓ ∈ [0,∞), the marginal expected shortfall exposure, v(ℓ), of an account with leverage ℓ:

v(ℓ) ≜ E
[
(pT − pτ ) I{ pT −pτ ≥pτ ℓ−1}

]
, v(0) = 0. (32)

Equivalently, v(ℓ) is the “tail expectation” of (pT − pτ ) above a leverage-indexed threshold. For
xi ∈ [0, qi), we arrive at the derivative representation

∂V

∂xi
(x) = − v(ℓi(xi)), xi ∈ [0, qi), (33)

which admits a continuous extension to xi = qi with value 0.
Indeed, as xi ↑ qi we have ℓi(xi) ↓ 0, and by definition v(0) = 0. Moreover, since ℓ 7→ v(ℓ) is

nondecreasing and bounded above by E[(pT − pτ )+], we obtain

lim
xi↑qi

∂V

∂xi
(x) = − lim

ℓ↓0
v(ℓ) = −v(0) = 0. (34)

Thus the marginal effect of additional buyback vanishes as the account is fully closed. Since V (·)
is convex in xi, this implies that any element of the subgradient set gi ∈ ∂xiV (x) when xi = qi

satisfies gi ≥ 0.
Since ℓi(·) is strictly decreasing in xi and v(·) is nondecreasing in ℓ, the map xi 7→ ∂V

∂xi
(x) is

nondecreasing. Under our assumptions it is straightforward to check that v is strictly increasing
on [0,maxi ℓi(0)].
Lemma A.2. v(·) is strictly increasing on [0,maxi ℓi(0)].

Proof. A simple sufficient condition for this monotonicity is given by Assumption 2.3. Namely,
that pT admits a density fT such that fT (p) > 0 for all p ≥ pτ . Indeed, let a(ℓ) ≜ pτ (1+ ℓ−1) (with
a(0) = +∞). For any 0 ≤ ℓ1 < ℓ2 ≤ maxi ℓi(0),

v(ℓ2) − v(ℓ1) = E
[
(pT − pτ ) I{a(ℓ2)≤pT <a(ℓ1)}

]
=
∫ a(ℓ1)

a(ℓ2)
(p− pτ ) fT (p) dp > 0.

The claim follows. ■
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The following proposition shows that (a) implies (c).
Proposition A.3 (Equalization of post-ADL leverage). Under Assumptions 2.1–2.3, if x⋆ solves (5)
then x⋆

i < qi for all i and there exists a cutoff level ℓ̄ ∈ [0,maxi ℓi(0)] such that

x⋆
i > 0 =⇒ ℓi(x⋆

i ) = ℓ̄,

x⋆
i = 0 =⇒ ℓi(0) ≤ ℓ̄.

In particular, all accounts whose positions are reduced share the same post-ADL leverage.

Proof. We verify the claims of Proposition A.3 in turn.
By (24)–(27) and (33), if 0 < x⋆

i < qi then ν⋆
i = µ⋆

i = 0 and −v(ℓi(x⋆
i )) + λ⋆ = 0, i.e.

v(ℓi(x⋆
i )) = λ⋆. By Lemma A.2, v is invertible on [0,maxi ℓi(0)], so ℓi(x⋆

i ) = ℓ̄ ≜ v−1(λ⋆).
If x⋆

i = 0, then µ⋆
i = 0 and (24) gives −v(ℓi(0)) + λ⋆ − ν⋆

i = 0, hence v(ℓi(0)) ≤ λ⋆ because
ν⋆

i ≥ 0. Monotonicity of v yields ℓi(0) ≤ ℓ̄.
Finally, we show that x⋆

i < qi for all i. Suppose for contradiction that x⋆
k = qk for some k. Then

ν⋆
k = 0 (since x⋆

k > 0) and ℓk(x⋆
k) = 0, so using (24) we get

0 ∈ ∂xk
V (x⋆) + λ⋆ + µ⋆

k

Hence there exists gk ∈ ∂xk
V (x⋆) such that

0 = gk + λ⋆ + µ⋆
k.

As noted earlier (by (34)) we have gk ≥ 0, so λ⋆ + µ⋆
k = −gk ≤ 0, and therefore λ⋆ ≤ −µ⋆

k ≤ 0.
On the other hand, since Q <

∑
i qi, there exists an index j with x⋆

j < qj , so µ⋆
j = 0. If x⋆

j > 0,
then ν⋆

j = 0 and (24) gives λ⋆ = v(ℓj(x⋆
j )) > 0, because ℓj(x⋆

j ) > 0 and v is strictly increasing with
v(0) = 0. If instead x⋆

j = 0, then (24) gives λ⋆ = v(ℓj(0)) + ν⋆
j ≥ v(ℓj(0)) > 0. In either case

λ⋆ > 0, contradicting λ⋆ ≤ 0. Therefore x⋆
i < qi for all i. ■

A.1.2. The Minimax Problem

We study the minimax leverage program (6). Fix a candidate leverage cap t ≥ 0 and ask what
minimum buyback from each account is required to ensure ℓi(xi) ≤ t. In view of expression (4) the
constraint ℓi(xi) ≤ t is equivalent to

xi ≥ qi − Ei

pτ
t, (35)

together with xi ≥ 0. This motivates the definition of the vector function y(t) ≜ (y1(t), . . . , yn(t))
where

yi(t) ≜
(
qi − Ei

pτ
t
)

+
, i = 1, . . . , n,

which is the minimal buyback required from account i under the leverage cap t. In particular,
setting xi = yi(t) yields

ℓi(yi(t)) = min{ℓi(0), t}, i = 1, . . . , n.

Lemma A.4. For any x ∈ X ,

max
1≤i≤n

ℓi(xi) ≤ t =⇒ xi ≥ yi(t) ∀i and Q ≥
n∑

i=1
yi(t).
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Proof. Fix t ≥ 0 and x ∈ X with maxi ℓi(xi) ≤ t. Then ℓi(xi) ≤ t for each i, and hence (35) holds
componentwise. Combining (35) with xi ≥ 0 yields xi ≥

(
qi − Ei

pτ
t
)

+ = yi(t) for all i. Summing
over i and using

∑
i xi = Q gives Q ≥

∑
i yi(t) = G(t). ■

Summing these per-account requirements yields the total buyback needed to enforce the cap t
across the system. Accordingly, define

G(t) ≜
n∑

i=1
yi(t), t ≥ 0,

which we interpret as the aggregate deleveraging demand induced by the leverage level t. This
function has several key properties and is critical to the solution of the minimax problem.
Lemma A.5.

(i) G is continuous and nonincreasing on [0,∞).

(ii) G(0) =
∑n

i=1 qi, and G(t) = 0 for all t ≥ max1≤i≤n ℓi(0).

(iii) G is strictly decreasing on
[
0,maxi ℓi(0)

]
.

(iv) There exists a unique t⋆ ∈
(
0,maxi ℓi(0)

)
such that G(t⋆) = Q.

Proof. We treat each statement in turn.
(i) is immediate.
(ii) At t = 0, yi(0) = qi, so G(0) =

∑
i qi. For t ≥ maxi ℓi(0) we have, for each i,

t ≥ ℓi(0) = pτqi

Ei
⇐⇒ qi − Ei

pτ
t ≤ 0 ⇐⇒ yi(t) = 0,

hence G(t) = 0.
(iii) Fix 0 ≤ t1 < t2 ≤ maxi ℓi(0) and choose an index k such that ℓk(0) = maxi ℓi(0). Then, for

any t ∈ [0, ℓk(0)] we have t ≤ ℓk(0) = pτ qk
Ek

. Equivalently, qk − Ek
pτ
t ≥ 0 and thus

yk(t) = qk − Ek

pτ
t for all t ∈ [0, ℓk(0)].

In particular, yk(t2) < yk(t1). On the other hand, for every j, yj(·) is nonincreasing, so yj(t2) ≤
yj(t1). Summing across indices yields G(t2) < G(t1). Since t1 < t2 were arbitrary in

[
0,maxi ℓi(0)

]
the strict decrease follows.

(iv) By (ii) and the standing assumption 0 < Q <
∑

i qi, we have G(0) >Q and G(maxi ℓi(0)) =
0 <Q. By continuity from (i), the intermediate value theorem yields existence of t⋆ ∈ (0,maxi ℓi(0))
such that G(t⋆) = Q. Uniqueness follows from strict decrease in (iii). ■

Combining the preceding definitions and properties, we obtain the minimax solution.
Proposition A.6 (Minimax solution). Let t⋆ be the unique level from Lemma A.5(iv) such that
G(t⋆) = Q, and define x⋆ ≜ y(t⋆). Then x⋆ ∈ X , x⋆ is the unique optimizer of the minimax
leverage problem (6) and max1≤i≤n ℓi(x⋆

i ) = t⋆.

Proof. We break up the proof into a verification of the component claims.
Feasibility. By definition, yi(t⋆) ∈ [0, qi] for all i (since (·)+ ≥ 0 and qi − Ei

pτ
t⋆ ≤ qi), and by

Lemma A.5(iv),
∑

i yi(t⋆) = G(t⋆) = Q. Hence x⋆ ∈ X .

31



Optimality. Let x ∈ X be arbitrary and set t ≜ maxi ℓi(xi) ≥ 0. Since each ℓi(·) is decreasing
on [0, qi] and xi ≥ 0, we have ℓi(xi) ≤ ℓi(0) for all i, and hence t ≤ maxi ℓi(0). Then maxi ℓi(xi) ≤ t
holds trivially, so by Lemma A.4

Q =
n∑

i=1
xi ≥

n∑
i=1

yi(t) = G(t).

Because G is strictly decreasing on [0,maxi ℓi(0)] and G(t⋆) = Q (Lemma A.5), the inequality
Q ≥ G(t) implies t ≥ t⋆. Thus every feasible x satisfies maxi ℓi(xi) ≥ t⋆, while x⋆ achieves
maxi ℓi(x⋆

i ) = t⋆. Therefore x⋆ is optimal and the optimal value is t⋆.
Uniqueness. Now let x ∈ X be any optimal solution. Then maxi ℓi(xi) ≤ t⋆, which implies

xi ≥ yi(t⋆) for all i. Summing and using
∑

i xi =
∑

i yi(t⋆) = Q yields

0 =
n∑

i=1

(
xi − yi(t⋆)

)
with xi − yi(t⋆) ≥ 0 ∀i,

which forces xi = yi(t⋆) for all i. Hence the optimizer is unique and equals x⋆ = y(t⋆).
Maximum Leverage. Fix i. If x⋆

i > 0, then x⋆
i = qi − Ei

pτ
t⋆, so

ℓi(x⋆
i ) = pτ (qi − x⋆

i )
Ei

=
pτ

(
Ei
pτ
t⋆
)

Ei
= t⋆.

If x⋆
i = 0, then qi− Ei

pτ
t⋆ ≤ 0, i.e. t⋆ ≥ pτ qi

Ei
= ℓi(0), so ℓi(x⋆

i ) = ℓi(0) ≤ t⋆. Therefore maxi ℓi(x⋆
i ) ≤ t⋆.

Since Q > 0, at least one component of x⋆ is strictly positive, so for that index the leverage equals
t⋆, and hence maxi ℓi(x⋆

i ) = t⋆. ■

A.1.3. The ADL–Minimax–Equalization Equivalence

The preceding section reported the unique solution to the minimax problem (b). To complete the
proof of Theorem 2.4 we present a final proposition that completes the equivalence with the relation
(c) ⇒ (b) ⇒ (a).
Proposition A.7 (Equivalence). Under Assumptions 2.1–2.3, for any x ∈ X , (a), (b), (c) are equiv-
alent.

Proof. By Lemma A.5, there exists a unique t⋆ ∈ (0,maxi ℓi(0)) such that G(t⋆) = Q. By Propo-
sition A.6, the minimax leverage problem (6) has the unique optimizer y(t⋆).

(a) ⇒ (c). This follows directly from Proposition A.3.
(c) ⇒ (b). If xi > 0, then ℓi(xi) = t, and since ℓi(x) = pτ (qi−x)

Ei
this implies xi = qi − Ei

pτ
t > 0,

hence xi =
(
qi − Ei

pτ
t
)

+. If instead xi = 0, then ℓi(0) ≤ t implies pτ qi
Ei

≤ t, i.e. qi − Ei
pτ
t ≤ 0, hence

again xi =
(
qi − Ei

pτ
t
)

+. Thus x = y(t).
Using feasibility

∑
i xi = Q, we have

Q =
n∑

i=1
xi =

n∑
i=1

(
qi − Ei

pτ
t
)

+
= G(t).

Since the equation G(t) = Q has the unique solution t⋆, it follows that t = t⋆ and therefore
x = y(t⋆) = x⋆.

(b) ⇒ (a). A solution to (a) trivially exists by the Weierstrass Extreme Value Theorem since X
is compact and the objective is continuous. Since any solution to (a) satisfies (c) and the solution
to (c) is unique through (b), the solution to (a) is also unique and agrees with the solution to (b).

This proves the equivalence and uniqueness. ■
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A.2. Proof of Theorem 2.8
For any fixed t ≥ 0, define the attacker’s per-account lower bound

yk(t) =
(
qk − Ek

pτ
t
)

+
, yA(t) =

(
qA − EA

pτ
t
)

+
.

Since (·)+ is subadditive, we have

K∑
k=1

yk(t) =
K∑

k=1

(
qk − Ek

pτ
t
)

+
≥
( K∑

k=1
qk −

∑K
k=1Ek

pτ
t
)

+
=
(
qA − EA

pτ
t
)

+
= yA(t). (36)

Let

Goth(t) ≜
∑
j∈N

yj(t), GK
att(t) ≜

K∑
k=1

yk(t), G1
att(t) ≜ yA(t),

and define total demand functions

GK
tot(t) ≜ Goth(t) +GK

att(t), G1
tot(t) ≜ Goth(t) +G1

att(t).

By (36), GK
tot(t) ≥ G1

tot(t) for all t ≥ 0.
Let t⋆K and t⋆1 be the unique solutions to GK

tot(t) = Q and G1
tot(t) = Q, respectively (uniqueness

follows from the strict decrease of the corresponding total water-level function on the relevant
interval, as in Lemma A.5). Evaluating at t = t⋆1 gives

GK
tot(t⋆1) ≥ G1

tot(t⋆1) = Q = GK
tot(t⋆K).

Since GK
tot is strictly decreasing, this implies t⋆K ≥ t⋆1.

Because each yj(·) is nonincreasing, Goth(·) is nonincreasing, and hence Goth(t⋆K) ≤ Goth(t⋆1).
Using market clearing in each economy,

K∑
k=1

x⋆,K
k = GK

att(t⋆K) = Q−Goth(t⋆K) ≥ Q−Goth(t⋆1) = G1
att(t⋆1) = x⋆,1

A ,

which proves the claim. ■

A.3. Mathematical Formalization of Section 2.3.2 and Proof of Theorem 2.12
Recall that at the ADL time τ , account i is described by a short position size qi ≥ 0 and an equity
level Ei > 0 evaluated at the execution price pτ ; cf. (1). We collect these into the state vector

s = (qi, Ei)n
i=1 ∈ S ≜ (R+ × R++)n.

To avoid overloading the notation ℓi(·), which we reserve for leverage as a function of the allocation
xi, we introduce λi(s) for leverage as a function of the state:

λi(s) ≜
pτqi

Ei
, M(s) ≜ {i : λi(s) = max

1≤j≤n
λj(s)}.

Thus M(s) is the set of accounts attaining the maximum leverage under the configuration s. Given
an allocation x ∈ X , we can define the corresponding post-ADL state

s(x) ≜ (qi − xi, Ei)n
i=1 ∈ S,
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so that the leverage after allocating xi satisfies

ℓi(xi) = pτ (qi − xi)
Ei

= λi
(
s(x)

)
.

We emphasize that Ei is measured at the execution price pτ , so buying back at pτ only reshuffles
equity between entry price and cash margin and does not change Ei.

Using this notation, an ADL mechanism can be formally described by a family of maps

{FQ : S → S}Q≥0,

where FQ(s) is the post-ADL state after a total buyback quantity Q has been allocated across
accounts. The following formalizes the natural assumption that these mechanisms can only reduce
existing positions by transacting at pτ and must clear the quantity Q.
Assumption A.8. For every s = (qi, Ei)n

i=1 ∈ S and every Q ∈ [0,
∑n

i=1 qi], write

FQ(s) =
(
qi − xi(s,Q), Ei

)n
i=1. (37)

Then the vector x(s,Q) = (xi(s,Q))n
i=1 satisfies

xi(s,Q) ∈ [0, qi] for all i and
n∑

i=1
xi(s,Q) = Q. (38)

The next two conditions are the mathematical versions of Definitions 2.10 and 2.11 in the main
text.
Assumption A.9 (Path-independence). For any state s ∈ S and Q1, Q2 ≥ 0 with Q1 +Q2 ≤

∑
i qi,

FQ1+Q2(s) = FQ2 ◦ FQ1(s).

Assumption A.10 (Leverage priority). Fix any state s ∈ S. Then for sufficiently small Q > 0, one
has xi(s,Q) = 0 for all i /∈ M(s).

A.3.1. Proof of Theorem 2.12

Our goal is to show that an ADL mechanism satisfies Assumptions A.8–A.10 if and only if, for
every initial state s ∈ S and every Q ∈ (0,

∑
i qi), it coincides with the minimax leverage policy.

We first provide a supporting lemma on necessary properties of any ADL mechanism.
Lemma A.11 (Absolute continuity). Let Assumptions A.8 and A.9 hold and fix s ∈ S. For each i the
trajectory Q 7→ xi(s,Q) is nonnegative, nondecreasing, and 1-Lipschitz on [0,

∑
i qi]. In particular,

it is absolutely continuous in Q, and its a.e. derivative ∂
∂Qxi(s,Q) satisfies

0 ≤ ∂

∂Q
xi(s,Q) ≤ 1 for a.e. Q,

n∑
i=1

∂

∂Q
xi(s,Q) = 1 for a.e. Q.

Proof. Let s ∈ S and 0 ≤ Q1 ≤ Q2 ≤
∑

i qi. Set ∆Q ≜ Q2 −Q1. Path-independence gives

FQ2(s) = F∆Q(FQ1(s)).

Writing both sides using (37) yields the identity

xi(s,Q2) = xi(s,Q1) + xi(FQ1(s),∆Q), i = 1, . . . , n. (39)
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By (38) applied at the intermediate state FQ1(s), we have xi(FQ1(s),∆Q) ≥ 0. Moreover, since∑
i xi(FQ1(s),∆Q) = ∆Q, we also have xi(FQ1(s),∆Q) ≤ ∆Q. Substituting into (39) gives

0 ≤ xi(s,Q2) − xi(s,Q1) ≤ ∆Q = Q2 −Q1.

ThusQ 7→ xi(s,Q) is nondecreasing and 1-Lipschitz. The derivative properties follow from standard
facts for absolutely continuous functions and by differentiating

∑
i xi(s,Q) = Q a.e. ■

We can now show the main result.

Proof of Theorem 2.12. Fix an initial state s = (qi, Ei)n
i=1 ∈ S and a target quantity Q1 ∈

(0,
∑

i qi). Define the maximum leverage at quantity Q ∈ [0, Q1] by

t(Q) ≜ max
1≤i≤n

λi(FQ(s)) = max
1≤i≤n

pτ (qi − xi(s,Q))
Ei

.

By Lemma A.11, each xi(s, ·) is continuous and nondecreasing. Hence Q 7→ λi(FQ(s)) is continuous
and nonincreasing, and therefore t(·) is continuous and nonincreasing.

Claim 1. If λi(s) < t(Q1), then xi(s,Q1) = 0.
Assume for contradiction that xi(s,Q1) > 0 and let

Q0 ≜ inf{Q ∈ [0, Q1] : xi(s,Q) > 0}.

Continuity gives xi(s,Q0) = 0, hence λi(FQ0(s)) = λi(s) < t(Q1) ≤ t(Q0), so i /∈ M(FQ0(s)). By
leverage-priority at FQ0(s) there exists ε > 0 such that

xi(FQ0(s), h) = 0 ∀h ∈ [0, ε].

By path-independence, for all h ∈ [0, ε],

xi(s,Q0 + h) = xi(s,Q0) + xi(FQ0(s), h) = 0,

contradicting the definition of Q0. Hence xi(s,Q1) = 0.

Claim 2. If λi(s) ≥ t(Q1), then λi(FQ1(s)) = t(Q1).
We always have λi(FQ1(s)) ≤ t(Q1). Suppose for contradiction that λi(FQ1(s)) < t(Q1). Set

ε ≜ t(Q1) − λi(FQ1(s)) > 0.

Since λi(s) ≥ t(Q1) > t(Q1) − ε/2 and Q 7→ λi(FQ(s)) is continuous and nonincreasing, the
intermediate value theorem yields some Q∗ < Q1 such that

λi(FQ∗(s)) = t(Q1) − ε

2 .

By path-independence, FQ1(s) = FQ1−Q∗(FQ∗(s)). Define the restarted maximum leverage

t̃(h) ≜ max
1≤j≤n

λj(Fh(FQ∗(s))), h ≥ 0,

so that t̃(Q1 − Q∗) = t(Q1). Since λi(FQ∗(s)) < t̃(Q1 − Q∗), Claim 1 applied to the initial state
FQ∗(s) and terminal quantity Q1 −Q∗ implies xi(FQ∗(s), Q1 −Q∗) = 0. Using path-independence
in the form xi(s,Q1) = xi(s,Q∗) + xi(FQ∗(s), Q1 − Q∗) (see (39) in Lemma A.11), we obtain
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xi(s,Q1) = xi(s,Q∗), hence λi(FQ1(s)) = λi(FQ∗(s)) = t(Q1) − ε/2 > λi(FQ1(s)), a contradiction.
We conclude λi(FQ1(s)) = t(Q1).

Combining Claims 1–2 yields, for every i,

λi(FQ1(s)) = min{λi(s), t(Q1)}.

Since λi(FQ1(s)) = pτ (qi−xi(s,Q1))
Ei

and λi(s) = pτ qi
Ei

, this is equivalent to

xi(s,Q1) =
(
qi − Ei

pτ
t(Q1)

)
+
.

Summing over i and using market clearing
∑

i xi(s,Q1) = Q1 gives

Q1 =
n∑

i=1

(
qi − Ei

pτ
t(Q1)

)
+
.

By the strict decrease of t 7→
∑

i

(
qi − Ei

pτ
t
)

+ on [0,maxi λi(s)] (cf. Lemma A.5), t(Q1) is the unique
solution to the equation

Q1 =
n∑

i=1

(
qi − Ei

pτ
t
)

+
.

Hence the induced allocation xi(s,Q1) =
(
qi − Ei

pτ
t(Q1)

)
+ coincides with the water-filling allocation

of Theorem 2.4. ■

A.4. Proof of Theorem 2.15.
We break the verification of the theorem claims into two parts. The first part shows that the
water-filling strategy xWF is optimal for (8). The second shows that the optimizer need not be
unique in general. The proof of the Theorem follows directly from Lemma A.16 and Proposition
A.17.

A.4.1. Optimality of xWF

Before we begin, we provide a useful representation for the account shortfall that will be used
repeatedly.
Lemma A.12. Fix i and xi ∈ [0, qi]. For any price p ∈ R,

σi(xi, p) = (qi − xi)
(
p− p

(z)
i (xi)

)
+.

Proof. Fix xi ∈ [0, qi] and p ∈ R. Starting from

ei(xi, p) = qi
(
p

(e)
i − p

)
− xi

(
pτ − p

)
+mi,

we expand and regroup terms:

ei(xi, p) = qip
(e)
i − qip− xipτ + xip+mi

=
(
qip

(e)
i +mi − xipτ

)
− (qi − xi)p.

Hence
−ei(xi, p) = (qi − xi)p−

(
qip

(e)
i +mi − xipτ

)
.
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If xi < qi, define

p
(z)
i (xi) ≜

qip
(e)
i +mi − xipτ

qi − xi
.

Then
−ei(xi, p) = (qi − xi)

(
p− p

(z)
i (xi)

)
,

and therefore
σi(xi, p) =

(
− ei(xi, p)

)
+ = (qi − xi)

(
p− p

(z)
i (xi)

)
+.

If xi = qi, then ei(qi, p) = qi(p(e)
i − pτ ) + mi = Ei > 0 is constant in p, so σi(qi, p) = 0. With the

convention p(z)
i (qi) = +∞, the formula still holds since (p− ∞)+ = 0. ■

We can now derive necessary and sufficient conditions for optimality.
Lemma A.13. Define, for xi ∈ [0, qi],

p̄i(xi) ≜ max{pβ, p
(z)
i (xi)}, hβ(xi) ≜ E

[
(pT − pτ ) I{pT ≥p̄i(xi)}

]
.

Under Assumptions 2.1–2.3, a point x⋆ ∈ X solves (8) if and only if there exists θ⋆ ∈ R such that
for each i,

0 < x⋆
i < qi =⇒ hβ(x⋆

i ) = θ⋆,

x⋆
i = 0 =⇒ hβ(0) ≤ θ⋆,

x⋆
i = qi =⇒ hβ(qi) ≥ θ⋆.

In particular, since hβ(·) ≥ 0, any such θ⋆ must satisfy θ⋆ ≥ 0, and the condition x⋆
i = qi forces

θ⋆ = 0 (because hβ(qi) = 0).

Proof. In what follows we will exploit the separable form of the objective that was derived from
the comonotonicity of the individual account shortfalls. The Rockafellar–Uryasev representation
[Rockafellar and Uryasev, 2000] for CVaR gives that

n∑
i=1

CVaRβ

(
σi(xi, pT )

)
=

n∑
i=1

fi(xi),

where
fi(xi) ≜ inf

αi∈R

{
αi + 1

1 − β
E
[(
σi(xi, pT ) − αi

)
+

]}
.

Letting α = (α1, . . . , αn) we can write the CVaR optimization equivalently as:

minimize
(x,α)∈R2n

Ṽ (x, α) ≜
∑n

i=1

{
αi + 1

1−β E
[(
σi(xi, pT ) − αi

)
+

]}
subject to x ∈ X .

For each i, the map (xi, αi) 7→ αi + 1
1−β E[(σi(xi, pT ) − αi)+] is (jointly) convex in (xi, αi). So,

this “lifted” representation is a convex problem. Moreover, partial minimization over αi preserves
convexity, so fi (and the original CVaR optimization problem) is also convex. Finally, as in Ap-
pendix A.1, under Assumption 2.1 Slater’s condition is trivially satisfied and so the KKT conditions
are both necessary and sufficient for optimality.
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As before, introduce multipliers λ ∈ R for
∑

i xi = Q, νi ≥ 0 for −xi ≤ 0, and µi ≥ 0 for
xi − qi ≤ 0. An optimal primal–dual quintuple (x⋆, α⋆, λ⋆, ν⋆, µ⋆) satisfies

0 ∈ ∂xi Ṽ (x⋆, α⋆) + λ⋆ − ν⋆
i + µ⋆

i , i = 1, . . . , n,
0 ∈ ∂αi Ṽ (x⋆, α⋆), i = 1, . . . , n, (40)
x⋆ ∈ X ,
ν⋆

i ≥ 0, µ⋆
i ≥ 0, i = 1, . . . , n,

ν⋆
i x

⋆
i = 0, µ⋆

i (x⋆
i − qi) = 0, i = 1, . . . , n.

The αi-stationarity condition. Fix i and abbreviate Zi ≜ σi(xi, pT ). For each realization of pT ,
the map αi 7→ (Zi − αi)+ is convex and its subdifferential is

∂αi(Zi − αi)+ =


{−1}, Zi > αi,

[−1, 0], Zi = αi,

{0}, Zi < αi.

Since Ṽ is a sum across i, one can compute ∂αi Ṽ (by dominated convergence) explicitly as

∂αi Ṽ (x, α) =
[

1 − 1
1 − β

P(Zi ≥ αi), 1 − 1
1 − β

P(Zi > αi)
]
.

where [a, b] denotes the closed interval.
Thus using the stationarity condition (40) and selecting the extreme points of the subgradient

interval yields the pair of inequalities

1 − 1
1 − β

P(Zi > αi) ≥ 0 ≥ 1 − 1
1 − β

P(Zi ≥ αi).

Rearranging gives the quantile condition

P(Zi ≤ αi) ≥ β ≥ P(Zi < αi).

That is, any optimal α⋆
i is a β-quantile of σi(x⋆

i , pT ). But, for each fixed xi, the map p 7→ σi(xi, p)
is continuous and nondecreasing, and (under Assumption 2.3) pT is atomless. Then, under the
standing assumptions, the β-quantile of σi(xi, pT ) satisfies (see [Hanbali and Linders, 2022, Theorem
3.1])

VaRβ

(
σi(xi, pT )

)
= σi(xi, pβ). (41)

Hence, we may take α⋆
i = σi(x⋆

i , pβ).

The xi-stationarity condition. Fix i and notice that since σi(xi, p) ≥ 0 for all (xi, p), the mini-
mization in αi can be restricted to αi ≥ 0 without loss of generality (since α⋆

i = σi(x⋆
i , pβ)).

For αi ≥ 0 we have the identity

(σi(xi, pT ) − αi)+ = (−ei(xi, pT ) − αi)+,

because σi = 0 on {ei > 0} and σi = −ei on {ei ≤ 0}.
For each fixed p, the map xi 7→ −ei(xi, p) −αi is affine with slope pτ − p for xi < qi. Hence, for

each (xi, αi), a subgradient of xi 7→ (−ei(xi, p) − αi)+ is given by

(pτ − p) · I{−ei(xi,p)>αi},
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with the usual interval of subgradients at the kink {−ei(xi, p) = αi}. Under Assumption 2.3, the
kink event has probability zero for xi < qi, hence for xi < qi

∂xi Ṽ (x⋆, α⋆) =
{ 1

1 − β
E
[
(pτ − pT ) I{−ei(x⋆

i ,pT )>α⋆
i }
]}
. (42)

Define the threshold price

p̄i(xi, αi) ≜
qip

(e)
i +mi + αi − xipτ

qi − xi
, xi < qi.

A rearrangement yields
−ei(xi, p) − αi = (qi − xi)

(
p− p̄i(xi, αi)

)
,

and since qi − xi > 0,
{−ei(xi, p) > αi} = {p > p̄i(xi, αi)}.

Substituting into (42) gives

∂xi Ṽ (x⋆, α⋆) =
{ 1

1 − β
E
[
(pτ − pT ) I{pT >p̄i(x⋆

i ,α⋆
i )}
]}
.

Finally, note that

p
(z)
i (xi) = qip

(e)
i +mi − xipτ

qi − xi
⇒ p̄i(xi, αi) = p

(z)
i (xi) + αi

qi − xi
.

Moreover, since p 7→ σi(xi, p) = (qi − xi) (p − p
(z)
i (xi))+ is continuous and nondecreasing, the

β-quantile satisfies (see (41) and Lemma A.12)

α⋆
i = VaRβ

(
σi(x⋆

i , pT )
)

= σi(x⋆
i , pβ) = (qi − x⋆

i )
(
pβ − p

(z)
i (x⋆

i )
)

+.

Therefore
p̄i(x⋆

i , α
⋆
i ) = p

(z)
i (x⋆

i ) +
(
pβ − p

(z)
i (x⋆

i )
)

+ = max{pβ, p
(z)
i (x⋆

i )}.

As a result, by comparing with the definition in the statement of the Lemma, we see that p̄i(x⋆
i ) =

p̄i(x⋆
i , α

⋆
i ) by the calculation above. We obtain, for x⋆

i < qi,

∂xi Ṽ (x⋆, α⋆) =
{

− 1
1 − β

hβ(x⋆
i )
}
.

Remark A.14. In what follows we will make use of the following standard facts for convex functions.
Let g : [a, b] → R be convex.

1. For every x ∈ (a, b) the one-sided derivatives g′
−(x) and g′

+(x) exist, are finite, and satisfy
g′

−(x) ≤ g′
+(x). Moreover g′

− is left-continuous and g′
+ is right-continuous on (a, b).

2. At the endpoints,
∂g(a) = (−∞, g′

+(a)], ∂g(b) = [ g′
−(b), ∞),

(with the convention that (−∞,−∞] = ∅ and [+∞,∞) = ∅) so that sup ∂g(a) = g′
+(a)

and inf ∂g(b) = g′
−(b). If g is differentiable on (a, b), then g′

+(a) = limx↓a g
′(x) and g′

−(b) =
limx↑b g

′(x).
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Conclusion. Define θ⋆ ≜ (1 − β)λ⋆.
(Only if). Assume x⋆ is optimal. Consider any index i.
Interior: 0 < x⋆

i < qi. Then ν⋆
i = µ⋆

i = 0 and stationarity gives

0 = − 1
1 − β

hβ(x⋆
i ) + λ⋆ ⇐⇒ hβ(x⋆

i ) = θ⋆.

Lower bound: x⋆
i = 0. Then µ⋆

i = 0 and stationarity yields

0 ∈ ∂xi Ṽ (x⋆, α⋆) + λ⋆ − ν⋆
i .

Since ∂xi Ṽ (x⋆, α⋆) ⊂ (−∞, − 1
1−βhβ(0)] at x⋆

i = 0 (the maximal subgradient is the right derivative),
existence of ν⋆

i ≥ 0 forces

− 1
1 − β

hβ(0) + λ⋆ ≥ 0 ⇐⇒ hβ(0) ≤ θ⋆.

Upper bound: x⋆
i = qi. Then ν⋆

i = 0 and stationarity gives

0 ∈ ∂xi Ṽ (x⋆, α⋆) + λ⋆ + µ⋆
i , µ⋆

i ≥ 0.

At x⋆
i = qi we have p̄i(qi) = +∞, hence hβ(qi) = 0, and the left derivative of the objective with

respect to xi equals 0. By convexity, this implies ∂xi Ṽ (x⋆, α⋆) ⊂ [0,∞) at x⋆
i = qi. Thus stationarity

requires λ⋆ ≤ 0, i.e. θ⋆ ≤ 0 = hβ(qi), which is exactly hβ(qi) ≥ θ⋆.
(If). Conversely, suppose x⋆ ∈ X and there exists θ⋆ satisfying the three displayed implications.

Set λ⋆ ≜ θ⋆/(1 − β) and define α⋆
i ≜ σi(x⋆

i , pβ).
We construct ν⋆, µ⋆ coordinatewise to satisfy KKT.
If 0 < x⋆

i < qi: set ν⋆
i = µ⋆

i = 0. Then stationarity holds because − 1
1−βhβ(x⋆

i ) + λ⋆ = 0 due to
hβ(x⋆

i ) = θ⋆.
If x⋆

i = 0: set µ⋆
i = 0 and choose the maximal subgradient g⋆

i ≜ − 1
1−βhβ(0) ∈ ∂xi Ṽ (x⋆, α⋆).

Define
ν⋆

i ≜ g⋆
i + λ⋆ = θ⋆ − hβ(0)

1 − β
≥ 0,

where the inequality uses hβ(0) ≤ θ⋆. Then stationarity holds: 0 = g⋆
i + λ⋆ − ν⋆

i .
If x⋆

i = qi: the condition hβ(qi) ≥ θ⋆ means 0 ≥ θ⋆, hence θ⋆ = 0 because hβ(·) ≥ 0. Thus
λ⋆ = 0. Choose g⋆

i = 0 ∈ ∂xi Ṽ (x⋆, α⋆) and set ν⋆
i = 0, µ⋆

i = 0. Then stationarity holds.
Finally, primal feasibility holds by assumption (x⋆ ∈ X ), dual feasibility holds by construction,

and complementary slackness holds by how we set ν⋆
i , µ

⋆
i in each case. Therefore the KKT conditions

are satisfied, and since the problem is convex with Slater’s condition, x⋆ is optimal. ■

By interpreting these conditions in terms of the account leverage, we can get a result that is
reminiscent of the original equalization characterization from Proposition A.3. Observe that

{pT > p̄i(x⋆
i )} = {pT > max{pβ, p

(z)
i (x⋆

i )}} = {pT − pτ > max{pβ − pτ , pτ ℓ
−1(x⋆

i )}}.

As in Section 2.4, write ℓβ =
(

pβ−pτ

pτ

)−1
with the convention that ℓβ = +∞ if pβ ≤ pτ . Then, we

can define the function vβ(·)

vβ(ℓ) = E
[
(pT − pτ ) I{

pT −pτ >pτ max{ℓ−1
β

, ℓ−1}
}] .

Since the threshold max(pβ, pτ (1 + ℓ−1)) is nonincreasing in ℓ, the map ℓ 7→ vβ(ℓ) is nondecreasing.
We may immediately restate the preceding lemma as follows.
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Corollary A.15. Under Assumptions 2.1–2.3, a point x⋆ ∈ X solves (8) if and only if there exists
θ⋆ ∈ R such that for each i,

0 < x⋆
i < qi =⇒ vβ(ℓi(x⋆

i )) = θ⋆,

x⋆
i = 0 =⇒ vβ(ℓi(0)) ≤ θ⋆,

x⋆
i = qi =⇒ vβ(ℓi(qi)) ≥ θ⋆.

Moreover vβ(ℓ) ≥ 0, hence θ⋆ ≥ 0, and x⋆
i = qi forces θ⋆ = 0 since vβ(ℓi(qi)) = vβ(0) = 0.

We can now verify that the water-filling solution is optimal.
Lemma A.16. The water-filling solution is optimal for (8).

Proof. Let xWF = y(t⋆) be the water-filling allocation of Theorem 2.4. Then ℓi(xWF
i ) = min{ℓi(0), t⋆}

for all i. Set θ⋆ ≜ vβ(t⋆). Recall from Proposition A.3 that we can not have xWF
i = qi so we con-

sider the remaining cases. If xWF
i > 0 then ℓi(xWF

i ) = t⋆ and hence vβ(ℓi(xWF
i )) = θ⋆. If xWF

i = 0
then ℓi(0) ≤ t⋆ and vβ(ℓi(0)) ≤ θ⋆ by monotonicity. Therefore xWF satisfies the conditions of
Corollary A.15, and is therefore optimal. ■

A.4.2. Non-uniqueness

Proposition A.17. Let x⋆ be an optimizer of (8). Define the stressed set

D(x⋆) ≜ { i : p̄i(x⋆
i ) = pβ } = { i : ℓi(x⋆

i ) ≥ ℓβ }.

Suppose there exist i ̸= j in D(x⋆) and ε0 > 0 such that for all ε ∈ [−ε0, ε0] the perturbed point
x⋆(ε) defined by

x⋆
i (ε) = x⋆

i + ε, x⋆
j (ε) = x⋆

j − ε, x⋆
k(ε) = x⋆

k (k /∈ {i, j})

remains feasible and satisfies i, j ∈ D(x⋆(ε)). Then x⋆(ε) is optimal for all ε ∈ [−ε0, ε0], and the
set of optimizers contains a continuum.

Proof. Fix i ∈ D(x⋆). Since p̄i(xi) = max{pβ, p
(z)
i (xi)}, p̄i(xi) = pβ means p(z)

i (xi) ≤ pβ. In this
regime, the β-quantile of σi(xi, pT ) is VaRβ(σi) = σi(xi, pβ) and the excess loss above this quantile
is (

σi(xi, pT ) − VaRβ(σi)
)

+ = (qi − xi) (pT − pβ)+,

so the Rockafellar–Uryasev formula gives

fi(xi) = CVaRβ(σi(xi, pT )) = σi(xi, pβ) + 1
1 − β

E
[
(qi − xi)(pT − pβ)+

]
.

Let µtail ≜ E[pT | pT ≥ pβ]. Since pT is atomless, E[(pT − pβ)+] = (1 − β) (µtail − pβ), and
σi(xi, pβ) = (qi − xi)(pβ − p

(z)
i (xi)) on p(z)

i (xi) ≤ pβ. Hence

fi(xi) = (qi − xi)
(
µtail − p

(z)
i (xi)

)
.

Using (qi −xi)p(z)
i (xi) = qip

(e)
i +mi −xipτ (by definition of p(z)

i ), we obtain the affine representation

fi(xi) = qi(µtail − p
(e)
i ) + xi(pτ − µtail) −mi, whenever p̄i(xi) = pβ,

so on the stressed regime every such fi has the same constant slope pτ − µtail.
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Now fix i ̸= j as in the statement and consider x⋆(ε). Feasibility holds since
∑

k x
⋆
k(ε) = Q

and the box constraints are preserved by assumption. Moreover, for all ε ∈ [−ε0, ε0] both i and j
remain in the stressed regime, and the objective changes by

fi(x⋆
i + ε) + fj(x⋆

j − ε) − fi(x⋆
i ) − fj(x⋆

j ) = (pτ − µtail)ε+ (pτ − µtail)(−ε) = 0,

while all other coordinates are unchanged. Therefore
∑

k fk(x⋆
k(ε)) =

∑
k fk(x⋆

k), so x⋆(ε) is also
optimal. This yields a continuum of optima. ■

The following example illustrates that the Proposition is not vacuously true (i.e., it provides a
simple example where the stated conditions hold and lead to a continuum of CVaR-optima).
Example A.18. Fix pτ = 1 and take the terminal price to be

pT = 1 + Y, Y ∼ Exp(1),

so that pT admits the density fT (p) = e−(p−1)I{p≥1}, which is strictly positive on [pτ ,∞).
Let β = 1/2, so that

pβ = VaRβ(pT ) = 1 + log 2, µtail = E[pT | pT ≥ pβ] = pβ + 1 = 2 + log 2,

where the last identity follows from the memoryless property of the exponential distribution.
Consider n = 2 short accounts with identical parameters

q1 = q2 = 4, p
(e)
1 = p

(e)
2 = 1, m1 = m2 = 1,

so that E1 = E2 = qi(p(e)
i −pτ )+mi = 1 > 0. Choose a buyback quantity Q = 1. Then the feasible

set is
X = {(x1, x2) ∈ R2 : x1 + x2 = 1, 0 ≤ x1, x2 ≤ 4}.

For any x ∈ X we have xi ≤ 1, hence

p
(z)
i (xi) = pτ + Ei

qi − xi
= 1 + 1

4 − xi
≤ 1 + 1

3 = 4
3 < 1 + log 2 = pβ.

Therefore p̄i(xi) = max{pβ, p
(z)
i (xi)} = pβ for both i = 1, 2 and for every feasible x, i.e. D(x) =

{1, 2} for all x ∈ X . Arguing as in Proposition A.17), every feasible allocation x ∈ X is optimal
for (8), so the optimizer set contains a continuum. In particular,

(1/2, 1/2) and (1, 0) and (0, 1)

are distinct CVaR-optimal solutions with xWF = (Q/2, Q/2) = (1/2, 1/2) being optimal but not
unique.

A.5. CVaR Closed-Form under Geometric Brownian Motion
Assume that the terminal price follows a geometric Brownian motion,

pT = pτ exp
(
(µ− 1

2σ
2)∆ + σ

√
∆Z

)
, Z ∼ N(0, 1), ∆ ≜ T − τ, (43)

with parameters µ ∈ R and σ > 0. Then log pT is Gaussian with

E[pT ] = pτe
µ∆, Var(pT ) = p2

τe
2µ∆(eσ2∆ − 1

)
.

42



Let zβ ≜ Φ−1(β) so that (by monotonicity) the β-quantile of pT is

pβ = pτ exp
(
(µ− 1

2σ
2)∆ + σ

√
∆ zβ

)
. (44)

We will also use the tail conditional mean

µtail ≜ E
[
pT

∣∣ pT ≥ pβ

]
=

E
[
pT 1{pT ≥pβ}

]
1 − β

.

A direct computation yields a closed form for µtail.
Lemma A.19 (Tail mean of GBM). Under (43), one has

µtail = pτe
µ∆ Φ(σ

√
∆ − zβ)

1 − β
. (45)

Proof. Write pT = pτe
(µ− 1

2 σ2)∆+σ
√

∆Z and set s ≜ σ
√

∆. Then

E
[
pT 1{pT ≥pβ}

]
= pτe

(µ− 1
2 σ2)∆ E

[
esZ1{Z≥zβ}

]
.

Using the identity E[esZ1{Z≥a}] = e
1
2 s2Φ(s− a) for Z ∼ N(0, 1), we obtain

E
[
pT 1{pT ≥pβ}

]
= pτe

(µ− 1
2 σ2)∆ e

1
2 s2Φ(s− zβ) = pτe

µ∆Φ(s− zβ).

Dividing by 1 − β yields (45). ■

Since p 7→ σi(x, p) is nondecreasing and continuous, the β-quantile of σi(x, pT ) is realized by
the price quantile pβ, and thus

VaRβ

(
σi(x, pT )

)
= σi(x, pβ) = (qi − x)

(
pβ − p

(z)
i (x)

)
+. (46)

The CVaR admits a piecewise closed form depending on the relative position of p(z)
i (x) and pβ.

Lemma A.20 (Per-account CVaR under GBM). Fix i and x ∈ [0, qi). Let pβ be given by (44). Then

CVaRβ

(
σi(x, pT )

)
= E

[
σi(x, pT )

∣∣ pT ≥ pβ

]
and is given explicitly as follows.
(i) If p(z)

i (x) ≤ pβ, then

CVaRβ

(
σi(x, pT )

)
= (qi − x)

(
µtail − p

(z)
i (x)

)
, (47)

where µtail is given by (45). Equivalently, using (qi − x)p(z)
i (x) = qip

(e)
i +mi − xpτ ,

CVaRβ

(
σi(x, pT )

)
= qi

(
µtail − p

(e)
i

)
+ x

(
pτ − µtail

)
−mi. (48)

(ii) If p(z)
i (x) ≥ pβ, then

CVaRβ

(
σi(x, pT )

)
= qi − x

1 − β
E
[
(pT − p

(z)
i (x))+

]
. (49)

Moreover, E[(pT −K)+] for K > 0 admits the closed form

E
[
(pT −K)+

]
= pτe

µ∆Φ(d1(K)) −K Φ(d2(K)), (50)

where
d1(K) ≜

log(pτ/K) + (µ+ 1
2σ

2)∆
σ

√
∆

, d2(K) ≜ d1(K) − σ
√

∆. (51)

In particular, taking K = p
(z)
i (x) in (50)–(51) yields an explicit expression for (49).
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Proof. We first note from (12) that p 7→ σi(x, p) is nondecreasing and continuous. Since pT is
atomless under (43), the β-quantile of σi(x, pT ) is σi(x, pβ), giving (46).

Although σi(x, pT ) can have an atom at 0 (since σi(x, pT ) = 0 on {pT ≤ p
(z)
i (x)}), we can still

express CVaRβ as a conditional expectation on the price tail {pT ≥ pβ}. Let F (p) ≜ P(pT ≤ p)
denote the cdf of pT ; under (43), F is continuous. For u ∈ (0, 1) define the (left) quantile

pu ≜ VaRu(pT ) = inf{p ∈ R : F (p) ≥ u}.

Set U ≜ F (pT ). Since F is continuous, U is uniformly distributed on (0, 1) and pT = pU with
probability one.

Now write K ≜ p
(z)
i (x) and recall σi(x, pT ) = (qi − x) (pT −K)+. For y ≥ 0 we have

P
(
(pT −K)+ ≤ y

)
= P(pT ≤ K + y) = F (K + y),

hence, for all u ∈ (0, 1),

VaRu
(
(pT −K)+

)
= (pu−K)+, and therefore VaRu

(
σi(x, pT )

)
= (qi−x) (pu−K)+ = σi(x, pu).

Using the quantile-integral definition of CVaRβ,

CVaRβ

(
σi(x, pT )

)
= 1

1 − β

∫ 1

β
VaRu

(
σi(x, pT )

)
du = 1

1 − β

∫ 1

β
σi(x, pu) du.

Since U is uniform on (0, 1), for any integrable function g one has E[g(U) | U ≥ β] = 1
1−β

∫ 1
β g(u) du.

Applying this with g(u) = σi(x, pu) yields

1
1 − β

∫ 1

β
σi(x, pu) du = E

[
σi(x, pU )

∣∣U ≥ β
]

= E
[
σi(x, pT )

∣∣ pT ≥ pβ

]
,

where the last equality uses pT = pU with probability one and {U ≥ β} = {pT ≥ pβ} (by continuity
and monotonicity of F ).

If p(z)
i (x) ≤ pβ, then (pT − p

(z)
i (x))+ = pT − p

(z)
i (x) on {pT ≥ pβ}, so using (12) we obtain

CVaRβ(σi(x, pT )) = (qi − x)E
[
pT − p

(z)
i (x)

∣∣ pT ≥ pβ

]
= (qi − x)

(
µtail − p

(z)
i (x)

)
,

which is (47). The affine form (48) follows by substituting (qi − x)p(z)
i (x) = qip

(e)
i +mi − xpτ .

If p(z)
i (x) ≥ pβ, then on the event {pT < pβ} we also have pT < p

(z)
i (x), and therefore

σi(x, pT ) = (qi − x)
(
pT − p

(z)
i (x)

)
+ = 0.

Hence, using the conditional-tail representation established above,

CVaRβ

(
σi(x, pT )

)
= E

[
σi(x, pT ) | pT ≥ pβ

]
= 1

1 − β
E
[
σi(x, pT )

]
.

Substituting σi(x, pT ) = (qi − x)
(
pT − p

(z)
i (x)

)
+ yields

CVaRβ

(
σi(x, pT )

)
= qi − x

1 − β
E
[
(pT − p

(z)
i (x))+

]
,

which is (49). Finally, (50)–(51) are obtained by a standard lognormal calculation (equivalently,
the Black–Scholes call expectation with drift µ rather than the risk-free rate). ■
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B. Details and Proofs for Multi-Asset Cross-Margining
B.1. Example: Distinct Optimizers for Different Risk Measures
In this section, we construct an example where two risk measures CVaRβj

with β1 ̸= β2 lead to
different (and unique) optimal allocations.

Consider d = 2 assets and n = 2 accounts. Let the ADL time be τ with reference prices

pτ = (1, 1), p
(e)
i = pτ for i = 1, 2,

and write the price changes as r = pT − pτ . Then for any ADL allocation xi ∈ R2,

ei(xi, pT ) = mi − (qi − xi)⊤r, σi(xi, pT ) =
(
(qi − xi)⊤r −mi

)
+, L(x, pT ) =

2∑
i=1

σi(xi, pT ).

Take the signed position vectors (all shorts) q1 = (10, 0), q2 = (10, 10), and margins m1 = 18,
m2 = 40. Assume the exchange must reduce aggregate exposure by Q = (10, 0). By monotone
deleveraging, 0 ≤ xk

i ≤ qk
i for all i, k and x1 + x2 = Q. Moreover, feasibility allows no changes in

positions for the second asset. As a result, we can parameterize the feasible set by

a = x1
1 ∈ [0, 10], x1 = (a, 0), x2 = (10 − a, 0).

Then the post-ADL positions are

q1 − x1 = (10 − a, 0), q2 − x2 = (a, 10).

Let pT take three values (expressed via r = pT − pτ ) with the following probabilities:

r0 = (0, 0) w.p. 0.90, r1 = (3, 0) w.p. 0.05, r2 = (1, 4) w.p. 0.05.

Example B.1. In the stated model, the CVaRβ-optimal ADL allocation depends on β. Specifically,
for β ∈ {0.90, 0.95}, the optimizers are unique and given by

a⋆
0.90 = 4 ̸= 3 = a⋆

0.95.

Equivalently, the optimal allocations are, respectively,

x1(a⋆
0.90) = (4, 0), x2(a⋆

0.90) = (6, 0) and x1(a⋆
0.95) = (3, 0), x2(a⋆

0.95) = (7, 0).

Proof. For a ∈ [0, 10], write x(a) for the induced allocation and denote the losses in each scenario
by Lj(a) = L

(
x(a), pτ + rj

)
, j = 0, 1, 2. In scenario r1 = (3, 0),

L1(a) =
(
3(10 − a) − 18

)
+ +

(
3a− 40

)
+ = (12 − 3a)+, a ∈ [0, 10],

since 3a ≤ 30 < 40 on [0, 10]. In scenario r2 = (1, 4),

L2(a) =
(
(10 − a) − 18

)
+ +

(
a+ 10 · 4 − 40

)
+ = 0 + (a)+ = a, a ∈ [0, 10],

and in scenario r0 = (0, 0) we have L0(a) = 0 for all a. Because P(r = r0) = 0.90 and L0(a) = 0
for all a, while P(r ∈ {r1, r2}) = 0.10 and

L1(a) = (12 − 3a)+ ≥ 0, L2(a) = a ≥ 0, a ∈ [0, 10],
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the loss is identically zero in scenario 0 and can be positive only in scenarios 1 and 2 (which
together have total probability 0.10). In particular, VaR0.90(L(a)) = 0, so the 10% upper tail at
level β = 0.90 can be identified, for the purpose of computing CVaR0.90, with scenarios 1 and 2.10

Hence, for β = 0.90,

CVaR0.90(L(a)) = 0.05 L1(a) + 0.05 L2(a)
0.10 = L1(a) + L2(a)

2 = (12 − 3a)+ + a

2 .

If a ≤ 4, then (12 − 3a)+ = 12 − 3a and CVaR0.90(L(a)) = 6 − a; if a ≥ 4, then (12 − 3a)+ = 0 and
CVaR0.90(L(a)) = a/2. Thus the unique minimizer is a⋆

0.90 = 4.
For β = 0.95, the tail mass is 5%; with two scenarios of probability 0.05, CVaR0.95 coincides

with the worst-case loss across the two tail scenarios:

CVaR0.95(L(a)) = max{L1(a),L2(a)} = max{(12 − 3a)+, a}.

For a ≤ 4, this equals max{12−3a, a}, minimized when 12−3a = a, i.e. at a = 3, yielding value 3.
For a ≥ 4, it equals a, which is minimized at a = 4 with value 4. Therefore the unique minimizer
is a⋆

0.95 = 3. ■

B.2. Proof of Proposition 3.4
We consider (14) and write

fi(xi) ≜ E[σi(xi, pT )] , f(x) ≜ E[L(x, pT )] =
n∑

i=1
fi(xi).

For each fixed pT ∈ Rd, equity ei(xi, pT ) is affine in xi, hence σi(xi, pT ) = (−ei(xi, pT ))+ is convex
and piecewise affine in xi. Therefore fi(xi) = E[σi(xi, pT )] is convex as an expectation of convex
functions, and it is finite under Assumption 3.3.

Recall the definition of Yi from (16) and define Y ≜
∏n

i=1 Yi, so that the feasible set is equiv-
alently represented as X = {x ∈ Y :

∑n
i=1 xi = Q}. Each Yi is nonempty, closed, and bounded,

hence compact, and Assumption 3.1 implies X ̸= ∅. Since f is convex and finite on Y and X is
compact, an optimizer of (14) exists.

We now turn to the characterization of the solution. Rewrite the primal problem as

min
x∈Y

n∑
i=1

fi(xi) s.t.
n∑

i=1
xi = Q. (52)

Introduce a multiplier λ ∈ Rd for the coupling constraint and form the partial Lagrangian

L̂(x, λ) ≜
n∑

i=1
fi(xi) + λ⊤

( n∑
i=1

xi −Q
)

= −λ⊤Q+
n∑

i=1

(
fi(xi) + λ⊤xi

)
.

Define the dual function g(λ) ≜ minx∈Y L̂(x, λ) and the per-account value functions

ϕi(λ) ≜ min
xi∈Yi

{
fi(xi) + λ⊤xi

}
, i = 1, . . . , n,

10Note that there is an atom at 0, so the 10% tail is not always uniquely determined: it consists of all scenarios
with loss strictly greater than 0, together with an arbitrary selection of additional probability mass at loss 0 to reach
total mass 0.10. In particular, we may choose a representative tail by taking scenarios 1 and 2 (and, when either loss
is 0 for a given a, interpreting the scenario as part of the mass at the VaR level).
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so that
g(λ) = −λ⊤Q+

n∑
i=1

ϕi(λ), max
λ∈Rd

g(λ) = max
λ∈Rd

min
x∈Y

L̂(x, λ).

Note that Y is compact so a minimizer always exists. Moreover, each ϕi(·) is the pointwise minimum
over xi ∈ Yi of affine functions of λ. As a result, the functions ϕi(λ) and g(λ) are concave.

If for some k we have Qk =
∑

i l
k
i or Qk =

∑
i u

k
i , then feasibility forces xk

i = lki or xk
i = uk

i

for all i, so these coordinates are effectively equality constraints and may be treated as pinned.
On the remaining coordinates where Qk ∈ (

∑
i l

k
i ,
∑

i u
k
i ), one can construct a feasible x̄ ∈ X with

lki < x̄k
i < uk

i whenever uk
i > lki as follows. Since

∑n
i=1(uk

i − lki ) > 0 we can define

αk ≜
Qk −

∑n
i=1 l

k
i∑n

i=1(uk
i − lki )

∈ (0, 1), x̄k
i ≜ lki + αk(uk

i − lki ).

Hence X has nonempty relative interior in its affine hull, which yields a Slater-type constraint
qualification for the polyhedral constraints. Consequently strong duality holds for (52), and there
exists a primal–dual optimal pair (x⋆, λ⋆) forming a saddle point of L̂.

Recall the best-response correspondence Xi(λ) from (18). Since Y is a product set and L̂
separates across i, we have

argmin
x∈Y

L̂(x, λ) =
n∏

i=1
Xi(λ).

Moreover, L̂ is differentiable in λ with

∇λL̂(x, λ) =
n∑

i=1
xi −Q.

Because g(λ) = minx∈Y L̂(x, λ) is concave, its superdifferential satisfies an extension of Danskin’s
theorem (cf. [Shapiro et al., 2021, Thm. 9.27]),

∂g(λ) = conv
{ n∑

i=1
xi −Q : xi ∈ Xi(λ) ∀i

}
(53)

where conv{·} denotes the convex hull. Since Yi is compact and xi 7→ fi(xi) + λ⊤xi is convex and
continuous, Xi(λ) is nonempty and convex for each i. It is then straightforward to verify that the
convex hull in (53) is redundant. Thus

∂g(λ) =
{ n∑

i=1
xi −Q : xi ∈ Xi(λ) ∀i

}
.

Since g(·) is a finite concave function, λ⋆ is an unconstrained maximizer of g(·) if and only if it
satisfies 0 ∈ ∂g(λ⋆). This is, in turn, equivalent to the existence of selections x⋆

i ∈ Xi(λ⋆) such that∑n
i=1 x

⋆
i = Q.

Finally, by strong duality, (x⋆, λ⋆) is primal–dual optimal if and only if it is a saddle point
of L̂, which holds if and only if x⋆ ∈ argminx∈Y L̂(x, λ⋆) and

∑
i x

⋆
i = Q. Using the product

characterization of the minimizers yields exactly the stated condition

x⋆
i ∈ Xi(λ⋆) for all i, and

n∑
i=1

x⋆
i = Q.

This proves Proposition 3.4. ■
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B.3. SAA and LP Formulation
One possible implementation for the account subproblem (17) is a sample-average approximation
(SAA) based on Monte Carlo scenarios. Let p(1)

T , . . . , p
(S)
T be i.i.d. draws from the law of pT , and

define

F̂S(x) ≜ 1
S

S∑
s=1

L
(
x, p

(s)
T

)
= 1
S

S∑
s=1

n∑
i=1

σi

(
xi, p

(s)
T

)
, x ∈ X .

The SAA counterpart of (14) is to minimize F̂S(x) over x ∈ X . For a fixed sample, this is
a deterministic convex program, and introducing auxiliary variables σ(s)

i yields the exact linear-
programming epigraph formulation

minimize
x,σ

1
S

S∑
s=1

n∑
i=1

σ
(s)
i

subject to σ
(s)
i ≥ −Ei − (qi − xi)⊤(pτ − p

(s)
T

)
, i = 1, . . . , n, s = 1, . . . , S,

σ
(s)
i ≥ 0, i = 1, . . . , n, s = 1, . . . , S,
n∑

i=1
xi = Q,

lki ≤ xk
i ≤ uk

i , i = 1, . . . , n, k = 1, . . . , d.

(54)

Because the sample average preserves additivity across accounts, the dual decomposition of
Section 3.2 carries over directly. Define

fS
i (xi) ≜

1
S

S∑
s=1

σi

(
xi, p

(s)
T

)
, i = 1, . . . , n,

so that F̂S(x) =
∑n

i=1 f
S
i (xi). For a fixed multiplier λ ∈ Rd, the corresponding account-level

problem becomes

minimize
xi, σ

(1)
i ,...,σ

(S)
i

1
S

S∑
s=1

σ
(s)
i + λ⊤xi

subject to σ
(s)
i ≥ −Ei − (qi − xi)⊤(pτ − p

(s)
T

)
, s = 1, . . . , S,

σ
(s)
i ≥ 0, s = 1, . . . , S,
lki ≤ xk

i ≤ uk
i , k = 1, . . . , d.

(55)

Thus each account subproblem is itself a linear program, and the outer multiplier update can be
carried out exactly as described in Section 3.3.
Remark B.2 (Computational scaling). Each account-level program (55) contains deff + S decision
variables and 2S + 2deff linear constraints. For fixed λ, the n subproblems are independent and
can therefore be solved in parallel. Consequently, the computational cost of evaluating the dual
(super) gradient scales linearly with the number of accounts n. The outer dual ascent operates
only in the low-dimensional space Rdeff and requires a modest number of iterations to reduce the
clearing residual below a prescribed tolerance.

By contrast, the monolithic formulation (54) contains n(deff + S) decision variables, 2nS +
2ndeff inequality constraints, and deff clearing constraints. To wit, the decomposition removes the
scalability bottleneck in the number of accounts: coordination across accounts enters only through
the low-dimensional multiplier λ with effective dimension deff .
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Remark B.3 (Consistency of the SAA). Standard SAA theory [e.g., Shapiro et al., 2021] applies in
the present setting. The feasible region X is a compact polytope, and for each realization of pT the
map x 7→ L(x, pT ) is continuous on X . Moreover, monotone deleveraging implies |qk

i − xk
i | ≤ |qk

i |
for every feasible allocation, so for all x ∈ X ,

L(x, pT ) ≤
n∑

i=1

(
Ei +

d∑
k=1

|qk
i | |pk

τ − pk
T |
)

≤ C0 + C1∥pT ∥

for constants C0, C1 < ∞. The uniform law of large numbers then yields

sup
x∈X

∣∣∣F̂S(x) − E
[
L(x, pT )

]∣∣∣ −→ 0 almost surely as S → ∞.

Consequently, the optimal value of the SAA converges a.s. to the optimal value of (14), and every
accumulation point of SAA minimizers is a.s. optimal for the population problem. If the population
optimizer is unique, then the SAA optimizers converge to it a.s.

B.4. Properties of ψ(·)
Proposition B.4. Under Assumption 3.7, ψ(z) ≜ E

[
(ϵz − 1)+

]
is convex and continuously differen-

tiable on R, with derivative
ψ′(z) = E

[
ϵ1{ϵz>1}

]
, z ∈ R. (56)

Moreover, ψ′ is strictly increasing on R.

Proof. Since under Assumption 3.7 ϵ has a strictly positive density φϵ and E[|ϵ|] < ∞, we can write

ψ(z) =
∫
R

( xz − 1 )+ φϵ(x) dx.

For z > 0, the condition xz − 1 > 0 is equivalent to x > 1/z, hence

ψ(z) =
∫ ∞

1/z
(xz − 1)φϵ(x) dx, z > 0. (57)

For z < 0, the condition xz − 1 > 0 is equivalent to x < 1/z, hence

ψ(z) =
∫ 1/z

−∞
(xz − 1)φϵ(x) dx, z < 0. (58)

Finally, ψ(0) = E[(−1)+] = 0.
We differentiate (57) for z > 0 using Leibniz’ rule. The boundary term vanishes and we obtain

ψ′(z) =
∫ ∞

1/z
xφϵ(x) dx, z > 0.

Similarly, differentiating (58) for z < 0 yields

ψ′(z) =
∫ 1/z

−∞
xφϵ(x) dx, z < 0.

At z = 0, we compute the one-sided limits:

lim
z↓0

ψ′(z) = lim
z↓0

∫ ∞

1/z
xφϵ(x) dx = 0, lim

z↑0
ψ′(z) = lim

z↑0

∫ 1/z

−∞
xφϵ(x) dx = 0,
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using E[|ϵ|] < ∞ and dominated convergence (as 1/z → +∞ for z ↓ 0 and 1/z → −∞ for z ↑ 0).
By the right (resp. left) continuity of right (resp. left) derivatives of convex functions, we conclude
that ψ′ exists at 0 with ψ′(0) = 0. Altogether, we see that ψ′ is continuous on R.

To verify (56), note that for any z > 0,∫ ∞

1/z
xφϵ(x) dx =

∫
R
x1{xz>1}φϵ(x) dx,

and similarly for z < 0, so the integral expressions above are exactly E[ϵ1{ϵz>1}]. For z = 0 the
indicator is identically 0, so (56) holds for all z ∈ R.

We finally show strict monotonicity of ψ′. Let z < z′.
Case 1: 0 < z < z′. Then 1/z′ < 1/z and

ψ′(z′) − ψ′(z) =
∫ ∞

1/z′
xφϵ(x) dx−

∫ ∞

1/z
xφϵ(x) dx =

∫ 1/z

1/z′
xφϵ(x) dx.

On (1/z′, 1/z) we have x > 0 and φϵ(x) > 0, hence the integral is strictly positive.
Case 2: z < z′ < 0. Then 1/z′ < 1/z < 0 and

ψ′(z′) − ψ′(z) =
∫ 1/z′

−∞
xφϵ(x) dx−

∫ 1/z

−∞
xφϵ(x) dx = −

∫ 1/z

1/z′
xφϵ(x) dx.

On (1/z′, 1/z) ⊂ (−∞, 0) we have x < 0 and φϵ(x) > 0, so −
∫ 1/z

1/z′ xφϵ(x) dx > 0.

Case 3: z < 0 < z′. Then ψ′(z) =
∫ 1/z

−∞ xφϵ(x) dx < 0 (as the integrand is strictly negative), while
ψ′(z′) =

∫∞
1/z′ xφϵ(x) dx > 0, hence ψ′(z′) > ψ′(z).

In all cases, z < z′ implies ψ′(z′) > ψ′(z), hence ψ′ is strictly increasing on R, by continuity. ■

B.5. Proof of Theorem 3.9
By Proposition B.4 ψ is strictly convex. Fix η ∈ R and define hη(z) ≜ ψ(z) − ηz. Since ψ is
strictly convex, hη is strictly convex, so the minimizer of hη over the interval [ℓi, ℓi] is unique; this
proves the first part of (i). The standard first-order/KKT conditions for minimizing a differentiable
convex function over an interval lead to the cases

ψ′(ℓ⋆i (η)) = η, ℓi < ℓ⋆i (η) < ℓi,

ψ′(ℓi) ≥ η, ℓ⋆i (η) = ℓi,

ψ′(ℓi) ≤ η, ℓ⋆i (η) = ℓi.

Since ψ′ is continuous and strictly increasing, this is equivalent to the clipped rule (22), proving (ii).
By using that (ψ′)−1 must also be strictly increasing on the range of ψ′, the same characterization
implies that η 7→ ℓ⋆i (η) is continuous and nondecreasing, proving the second part of (i).

Next, define

H(η) ≜
n∑

i=1
Ei ℓ

⋆
i (η), R ≜ v⊤

( n∑
i=1

qi −Q
)
.

By (i), H is continuous and nondecreasing. Moreover, by (22),

lim
η→−∞

H(η) =
n∑

i=1
Ei ℓi, lim

η→+∞
H(η) =

n∑
i=1

Ei ℓi.
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Since X ̸= ∅ by Assumption 3.1, pick any feasible x ∈ X . Then for each i, ℓ(v)
i (xi) ∈ [ℓi, ℓi], so

n∑
i=1

Ei ℓi ≤
n∑

i=1
Ei ℓ

(v)
i (xi) ≤

n∑
i=1

Ei ℓi.

Using the identity
∑

iEiℓ
(v)
i (xi) =

∑
i v

⊤(qi − xi) = v⊤(
∑

i qi −Q) = R, we obtain

n∑
i=1

Ei ℓi ≤ R ≤
n∑

i=1
Ei ℓi.

By the intermediate value theorem, there exists η⋆ such that H(η⋆) = R, proving (iii).
Fix η⋆ satisfying (23) and suppose there exists x⋆ ∈ X with ℓ

(v)
i (x⋆

i ) = ℓ⋆i (η⋆) for all i. Set the
shadow-price vector λ⋆ ≜ η⋆v and recall (19). For each i and any xi ∈ Yi we have

E[σi(xi, pT )] + (λ⋆)⊤xi = Eiψ(ℓ(v)
i (xi)) + η⋆v⊤xi = η⋆v⊤qi + Ei

(
ψ(ℓ(v)

i (xi)) − η⋆ℓ
(v)
i (xi)

)
,

so minimizing fi(xi) + (λ⋆)⊤xi over xi ∈ Yi is equivalent to minimizing ψ(z) − η⋆z over z ∈ [ℓi, ℓi].
Hence any xi ∈ Yi satisfying ℓ(v)

i (xi) = ℓ⋆i (η⋆) is a best response to λ⋆. In particular, x⋆
i is a best

response for each i, and the clearing constraint
∑

i x
⋆
i = Q holds because x⋆ ∈ X . Therefore, by

Proposition 3.4, x⋆ is optimal for (14).

B.6. Example where Water-Filling Fails
In general, the factor water-filling construction with clipping can fail to produce a solution because
it enforces only the scalar constraint from (20),

∑
i

Eiℓ
(v)
i (xi) = v⊤

(
n∑

i=1
qi −Q

)
,

and cannot generally satisfy the vector clearing constraint
∑

i xi = Q. We provide a simple illus-
trative counterexample here.
Example B.5. Suppose there are d = 2 assets and n = 2 accounts. Assume the single-factor model

pT = pτ + ϵv, v = (1, 1),

where ϵ satisfies Assumption 3.7. We impose that the exchange has the ADL requirement

Q = (Q1, Q2) = (0.2, 0.8).

Take equal initial equities E1 = E2 = 1 and assume that account 1 holds only asset 1 and account 2
holds only asset 2:

q1 = (1, 0), q2 = (0, 1).

As a result, any feasible allocation x = (x1, x2) satisfies

0 ≤ x1
1 ≤ 1, 0 ≤ x2

2 ≤ 1, x2
1 = x1

2 = 0.

Since we require x1 + x2 = Q, we conclude that the unique feasible allocation is

x1
1 = Q1 = 0.2, x2

2 = Q2 = 0.8.
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In terms of factor leverage, this unique feasible allocation leads to

ℓ
(v)
1 (x1) = 1 − x1

1 = 0.8, ℓ
(v)
2 (x2) = 1 − x2

2 = 0.2, ℓ
(v)
1 (x1) + ℓ

(v)
2 (x2) = 1.

If this problem was instead approached via 1D water filling on the factor leverage, each account
solves an identical 1D problem (since their equities and factor leverage constraints are the same),

ℓ⋆i (η) ∈ argmin
z∈[0,1]

{
E
[
(ϵz − 1)+

]
− ηz

}
, i = 1, 2.

Therefore, by symmetry, the solution produces equal factor leverages

ℓ⋆1(η) = ℓ⋆2(η) = ℓ⋆(η)

for every η. At the same time, the necessary condition (20) at an optimal η⋆ reads

ℓ⋆1(η⋆) + ℓ⋆2(η⋆) = 1.

Taken together, this yields ℓ⋆(η⋆) = 0.5. But ℓ(v)
1 (x1) = 0.5 would imply x1

1 = 1 − ℓ
(v)
1 (x1) = 0.5 ̸=

Q1 = 0.2, and similarly ℓ(v)
2 (x2) = 0.5 would imply x2

2 = 0.5 ̸= Q2 = 0.8. Hence there is no η⋆ for
which the water-filling exposures can be realized by an allocation satisfying

∑
i xi = Q.

B.7. Sufficient Conditions for Water-Filling on Factor Leverage
This section describes a regime in which the expected-loss ADL problem (14) admits a generalized
water-filling structure, but applied to factor leverage rather than gross leverage. The key simpli-
fication is that, under a one-factor price model, each account’s expected shortfall depends on its
post-ADL portfolio only through a scalar factor exposure.

Theorem 3.9 is stated as a verification result because, in general multi-asset ADL, the vector con-
straint

∑
i xi = Q need not allow one to realize an arbitrary collection of scalar targets {ℓ⋆i (η)}n

i=1.
A complementary observation is that, at an optimum, the dual multiplier λ⋆ can inherit a strong
structure under a natural “overlap” condition across assets.

Recall the definitions

fi(xi) ≜ E[σi(xi, pT )] , f(x) ≜ E[L(x, pT )] =
n∑

i=1
fi(xi).

Under Assumptions 3.1–3.3, the expected-loss problem is convex and Slater’s condition holds; see
Appendix B.2. Consequently, the KKT conditions are necessary and sufficient for optimality.

Introduce multipliers λ ∈ Rd for the clearing constraint
∑

i xi = Q, and for each (i, k) introduce
µk

i ≥ 0 for lki − xk
i ≤ 0 and νk

i ≥ 0 for xk
i − uk

i ≤ 0. The Lagrangian is

L(x, λ, µ, ν) = f(x) +
d∑

k=1
λk
( n∑

i=1
xk

i −Qk
)

+
n∑

i=1

d∑
k=1

µk
i (lki − xk

i ) +
n∑

i=1

d∑
k=1

νk
i (xk

i − uk
i ).

A primal–dual quadruple (x⋆, λ⋆, µ⋆, ν⋆) is optimal if and only if:
n∑

i=1
x⋆

i = Q, lki ≤ xk,⋆
i ≤ uk

i ∀i, k, (59)

µk,⋆
i ≥ 0, νk,⋆

i ≥ 0 ∀i, k, (60)

µk,⋆
i (lki − xk,⋆

i ) = 0, νk,⋆
i (xk,⋆

i − uk
i ) = 0 ∀i, k, (61)

0 ∈ ∂xk
i
f(x⋆) + λk,⋆ − µk,⋆

i + νk,⋆
i ∀i, k. (62)
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Assume now the single-factor model of Assumption 3.7. As in (11), under pT = pτ + ϵv one has

σi(xi, pT ) = Ei(ϵ ℓ(v)
i (xi) − 1)+,

so we may write
fi(xi) = Ei ψ

(
ℓ

(v)
i (xi)

)
. (63)

Moreover, ψ is continuously differentiable with

ψ′(z) = E
[
ϵ1{ϵz>1}

]
, z ∈ R,

and ψ′ is strictly increasing (see Proposition B.4). Using ∂
∂xk

i

ℓ
(v)
i (xi) = −vk/Ei and (63), we obtain

∂

∂xk
i

f(x) = ∂

∂xk
i

fi(xi) = − vk ψ′(ℓ(v)
i (xi)

)
, ∀i, k. (64)

Substituting (64) into (62) yields the single-factor stationarity condition

0 = −vkψ′(ℓ(v)
i (x⋆

i )
)

+ λk,⋆ − µk,⋆
i + νk,⋆

i , ∀i, k. (65)

In particular, whenever vk ̸= 0, by complementary slackness

lki < xk,⋆
i < uk

i =⇒ ψ′(ℓ(v)
i (x⋆

i )
)

= λk,⋆

vk
. (66)

Let
K ≜ {k ∈ {1, . . . , d} : Qk ̸= 0, vk ̸= 0}

denote the set of active assets whose reductions affect factor exposure. Given an optimal solution x⋆,
define the interior coordinates of account i by

Fi ≜ {k ∈ K : lki < xk,⋆
i < uk

i }, i = 1, . . . , n,

and let Kint(x⋆) ≜ ∪n
i=1Fi be the set of active coordinates that are strictly interior for at least one

account.
Definition B.6 (Interior-coverage graph). The interior-coverage graph is the simple undirected graph

G(x⋆) ≜
(
Kint(x⋆), E

)
,

where
E ≜

{
{k, k′} ⊆ Kint(x⋆) : k ̸= k′ and ∃ i s.t. {k, k′} ⊆ Fi

}
.

Equivalently, there is an edge between k and k′ if and only if there exists an account whose reduction
is strictly interior in both coordinates.
Proposition B.7. Let (x⋆, λ⋆, µ⋆, ν⋆) satisfy the KKT system (59)–(62). If Kint(x⋆) ̸= ∅ and the
interior-coverage graph G(x⋆) is connected11, then there exists η⋆ ∈ R such that

λk,⋆ = η⋆vk, ∀k ∈ Kint(x⋆).

Moreover, for any i and any k ∈ Fi, one has η⋆ = ψ′(ℓ(v)
i (x⋆

i )
)
.

11If Kint(x⋆) is a singleton it is trivially connected.
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Proof. Fix any i and any k ∈ Fi. Since k ∈ K, we have vk ̸= 0, and (66) gives

λk,⋆

vk
= ψ′(ℓ(v)

i (x⋆
i )
)
.

If k, k′ ∈ Fi for the same account i, then the same identity holds for k′ and hence

λk,⋆

vk
= λk′,⋆

vk′ . (67)

Thus, along any edge {k, k′} ∈ E, the ratios λk,⋆/vk and λk′,⋆/vk′ agree.
If |Kint(x⋆)| = 1, the conclusion follows immediately by setting η⋆ ≜ λk,⋆/vk on the unique

vertex k. Otherwise, connectivity implies that for any k ∈ Kint(x⋆) there exists a path from a
fixed reference vertex k0 to k, and the edge-by-edge identity (67) propagates along the path to
yield λk,⋆/vk = λk0,⋆/vk0 for all k. Setting η⋆ ≜ λk0,⋆/vk0 gives λk,⋆ = η⋆vk on Kint(x⋆), and the
identification η⋆ = ψ′(ℓ(v)

i (x⋆
i )) for k ∈ Fi follows from the interior stationarity equality above. ■

Remark B.8. Proposition B.7 is an ex post structural statement: if the optimal allocation features
enough strictly-interior overlap across active assets so K = Kint(x⋆) and G(x⋆) is connected, then
the optimal shadow prices for the active assets must align with the factor loading. In large venues,
such overlap is more plausible when many large accounts hold genuinely cross-asset portfolios,
creating interior reductions in multiple assets simultaneously.

The alignment λ⋆ = η⋆v on interior active coordinates is the structural condition under which
the expected-loss ADL problem reduces to a one-dimensional (clipped) water-filling rule in factor-
leverage space.
Definition B.9 (Connected Partial Deleveraging). We say an optimal allocation x⋆ satisfies the con-
nected partial deleveraging condition if Kint(x⋆) = K and the interior-coverage graph G(x⋆) is
connected.
Proposition B.10. Let (x⋆, λ⋆, µ⋆, ν⋆) satisfy the KKT conditions for (14) and assume x⋆ satisfies
the connected partial deleveraging condition of Definition B.9. Suppose further that if Qk ̸= 0 then
vk ̸= 0. Then there exists η⋆ ∈ R such that for every account i,

ℓ
(v)
i (x⋆

i ) ∈ argmin
z∈[ℓi,ℓi]

{ψ(z) − η⋆z},

equivalently,
ℓ

(v)
i (x⋆

i ) = ℓ⋆i (η⋆),

where ℓ⋆i (η) is the clipped factor water-filling target from Theorem 3.9.

Proof. By Proposition B.7 and the assumptions Kint(x⋆) = K and connectivity of G(x⋆), there
exists η⋆ ∈ R such that

λk,⋆ = η⋆vk, ∀k ∈ K. (68)

Fix an account i. By Proposition 3.4, x⋆
i minimizes the per-account Lagrangian

min
xi∈Yi

{
fi(xi) + (λ⋆)⊤xi

}
. (69)

Under the single-factor model,

fi(xi) = Ei ψ
(
ℓ

(v)
i (xi)

)
, ℓ

(v)
i (xi) = v⊤(qi − xi)

Ei
.
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We partition coordinates into two disjoint sets:

Z ≜ {k : Qk = 0}, K = {k : Qk ̸= 0}.

Note that under the standing assumptions K takes this simplified form. By the directional bounds
(10), k ∈ Z implies xk

i = 0 for all xi ∈ Yi, so
∑

k∈Z λ
k,⋆xk

i ≡ 0 and can be dropped from (69).
Thus, up to additive constants independent of xi, the per-account objective in (69) reduces to

Ei ψ
(
ℓ

(v)
i (xi)

)
+
∑
k∈K

λk,⋆xk
i . (70)

Using (68), we have ∑
k∈K

λk,⋆xk
i = η⋆

∑
k∈K

vkxk
i .

Moreover, since xk
i = 0 for all k ∈ Z we obtain

∑
k∈K

vkxk
i =

d∑
k=1

vkxk
i = v⊤xi.

Finally, by definition of ℓ(v)
i ,

v⊤xi = v⊤qi − Ei ℓ
(v)
i (xi).

Substituting these identities into (70) yields, up to the additive constant η⋆v⊤qi,

Ei

(
ψ
(
ℓ

(v)
i (xi)

)
− η⋆ℓ

(v)
i (xi)

)
.

Therefore minimizing (69) over xi ∈ Yi is equivalent to minimizing

ψ(z) − η⋆z over z = ℓ
(v)
i (xi) ∈ [ℓi, ℓi].

Hence
ℓ

(v)
i (x⋆

i ) ∈ argmin
z∈[ℓi,ℓi]

{ψ(z) − η⋆z}.

By uniqueness of ℓ⋆i (η⋆) (Theorem 3.9), we conclude that ℓ(v)
i (x⋆

i ) = ℓ⋆i (η⋆) for all i. ■

The need for verification disappears when ADL is required in only one asset, because the vector
clearing constraint reduces to a single scalar equation.
Lemma B.11. Assume Qk = 0 for k ̸= k0 and vk0 ̸= 0, so xk

i = 0 for all k ̸= k0. Then for each
account i,

ℓ
(v)
i (xi) = 1

Ei

( ∑
k ̸=k0

vkqk
i

)
+ vk0

Ei

(
qk0

i − xk0
i

)
,

and the map xk0
i 7→ ℓ

(v)
i (xi) is an affine bijection from [lk0

i , u
k0
i ] onto [ℓi, ℓi]. Its inverse is

xk0
i = qk0

i −
Ei ℓ−

∑
k ̸=k0 v

kqk
i

vk0
, ℓ ∈ [ℓi, ℓi]. (71)

Proof. With xk
i = 0 for k ̸= k0, the displayed affine form follows directly from the definition

ℓ
(v)
i (xi) = v⊤(qi − xi)/Ei. Since vk0 ̸= 0, the coefficient of xk0

i is nonzero, so the map is injective
and maps the compact interval [lk0

i , u
k0
i ] onto a compact interval, which must equal [ℓi, ℓi] by

definition. Solving the affine relation for xk0
i yields (71). ■
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The following special case corresponds to Theorem 3.10 in the main text.
Corollary B.12. Assume Qk = 0 for k ̸= k0 and vk0 ̸= 0, so xk

i = 0 for all k ̸= k0. Let η⋆ satisfy the
budget equation (23), and define targets ℓ⋆i (η⋆) by (21). Define an allocation x⋆ by setting x⋆,k

i = 0
for k ̸= k0 and

x⋆,k0
i ≜ qk0

i −
Ei ℓ

⋆
i (η⋆) −

∑
k ̸=k0 v

kqk
i

vk0
, i = 1, . . . , n.

Then x⋆ ∈ X and x⋆ is optimal for (14).

Proof. By Lemma B.11, each target ℓ⋆i (η⋆) ∈ [ℓi, ℓi] corresponds to a unique x⋆,k0
i ∈ [lk0

i , u
k0
i ], so

the constructed x⋆ satisfies the per-account constraints.
It remains to verify the clearing constraint

∑
i x

⋆,k0
i = Qk0 . Using the definition of ℓ(v)

i and that
x⋆,k

i = 0 for k ̸= k0, we compute

n∑
i=1

Ei ℓ
(v)
i (x⋆

i ) =
n∑

i=1

∑
k ̸=k0

vkqk
i + vk0

( n∑
i=1

qk0
i −

n∑
i=1

x⋆,k0
i

)
.

On the other hand, since Qk = 0 for k ̸= k0,

v⊤
( n∑

i=1
qi −Q

)
=

n∑
i=1

∑
k ̸=k0

vkqk
i + vk0

( n∑
i=1

qk0
i −Qk0

)
.

Subtracting these equalities and using (23) gives vk0
(∑

i x
⋆,k0
i − Qk0

)
= 0, hence

∑
i x

⋆,k0
i = Qk0

because vk0 ̸= 0. Thus x⋆ ∈ X .
Finally, by construction ℓ

(v)
i (x⋆

i ) = ℓ⋆i (η⋆) for all i, so Theorem 3.9 implies that x⋆ is globally
optimal. ■

Remark B.13. Corollary B.12 formalizes the sense in which the single-asset case admits a true
water-filling solution in factor-leverage space: the scalar budget equation (23) is then equivalent
to the (scalar) clearing constraint, so the water-filling targets are automatically implementable. In
contrast, when |K| > 1, implementability can fail because a multi-dimensional clearing constraint
cannot generally be enforced by matching only one scalar target.

B.8. Single-Factor Analysis for More General Risk Measures
This section briefly sketches how the single-factor analysis for the expected loss extends to more
general risk measures. The crucial observation is that, in the single-factor case, comonotonicity
leads to separability across accounts, even for risk measures such as CVaRβ.

Assume the single-factor model pT = pτ + ϵv and recall that

ei(xi, pT ) = Ei
(
1 − ϵ ℓ

(v)
i (xi)

)
, ℓ

(v)
i (xi) ≜

v⊤(qi − xi)
Ei

.

We restrict attention to accounts with positive factor exposure. Namely, we impose ℓ(v)
i (xi) ≥ 0

as an additional feasibility constraint for allocations x and restrict to accounts with nonnegative
factor exposure before the ADL event. We assume that, within this subset of accounts, the modified
feasible set

X ∩
{
x : ℓ

(v)
i (xi) ≥ 0, ∀i

}
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is nonempty. Then σi(xi, pT ) is a nondecreasing function of the common scalar factor ϵ for each i,
and hence the collection {σi(xi, pT )}n

i=1 is comonotone.
For any comonotone-additive risk functional ρ, including spectral risk measures such as ρ(·) =

E[·] or ρ(·) = CVaRβ(·), we then have

ρ

(
n∑

i=1
σi(xi, pT )

)
=

n∑
i=1

ρ(σi(xi, pT )) .

Defining the one-dimensional factor-risk function

ψi,ρ(ℓ) ≜ ρ(Ei(ϵℓ− 1)+) , ℓ ≥ 0,

the exchange objective becomes separable across accounts,

ρ(L(x, pT )) =
n∑

i=1
ψi,ρ

(
ℓ

(v)
i (xi)

)
.

This is analogous to (15), but now driven by comonotonicity rather than linearity of the expectation.
After this observation, the analysis becomes analogous to the expected loss in the single-factor

model. As in (20), the clearing constraint implies a fixed equity-weighted aggregate factor exposure,

n∑
i=1

Ei ℓ
(v)
i (xi) =

n∑
i=1

v⊤(qi − xi) = v⊤
( n∑

i=1
qi −Q

)
, ∀x ∈ X .

If the KKT multiplier satisfies λ⋆ = η⋆v (as implied, for instance, by an analogous interior-
coverage12 connectivity condition; cf. Proposition B.7), the corresponding per-account Lagrangian
subproblem (cf. (17) for the expected loss) depends on xi only through ℓ(v)

i (xi) and reduces to the
one-dimensional program

min
ℓ∈[ℓi,ℓi]∩R+

{
ψi,ρ(ℓ) − η⋆Ei ℓ

}
,

where [ℓi, ℓi] = {ℓ(v)
i (xi) : xi ∈ Yi} is the feasible factor-leverage interval. If ψi,ρ is differentiable

and strictly convex on R+, the induced optimizer satisfies the clipped water-filling rule

ℓ⋆i (η⋆) =


ℓ+i , η⋆ ≤ ψ′

i,ρ(ℓ+i )/Ei,

(ψ′
i,ρ)−1(η⋆Ei), ψ′

i,ρ(ℓ+i )/Ei < η⋆ < ψ′
i,ρ(ℓi)/Ei,

ℓi, η⋆ ≥ ψ′
i,ρ(ℓi)/Ei,

where ℓ+i ≜ max{ℓi, 0}. As was the case for the expected loss, even when the targets {ℓ⋆i (η)} satisfy
the scalar budget

n∑
i=1

Ei ℓ
⋆
i (η) = v⊤

( n∑
i=1

qi −Q
)
,

a selection of allocations xi ∈ Yi achieving these targets need not exist in general because the
clearing constraint

∑n
i=1 xi = Q is vector-valued. Nonetheless, as in Theorem 3.10, when only a

single asset is deleveraged, the same argument shows that the “clipped water-filling” solution in
factor-leverage space is attainable by admissible reductions satisfying the clearing constraint and
is therefore optimal.

12In the present setting, an “interior” condition must also account for the additional constraint ℓ(v)
i (xi) ≥ 0.
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B.9. Numerical Example
This appendix details the one-factor approximation of the bivariate GBM model in Section 3.5.
Note that we take v from the price increment ∆p ≜ pT − pτ of the GBM model, rather than from
log returns, so that v has the correct dollar units in the additive model pT = pτ + ϵv. Under the
model stated in Section 3.5, the covariance matrix of ∆p is

Σ∆p =

 (pBTC
τ )2

(
e(σBTC

ann )2∆ − 1
)

pBTC
τ pETH

τ

(
eρ σBTC

ann σETH
ann ∆ − 1

)
pBTC

τ pETH
τ

(
eρ σBTC

ann σETH
ann ∆ − 1

)
(pETH

τ )2
(
e(σETH

ann )2∆ − 1
)


≈
(

44,494,130.91 1,341,048.70
1,341,048.70 56,064.46

)
.

We then compute its principal eigenpair numerically via the symmetric eigendecomposition of Σ∆p,
normalizing the eigenvector to unit Euclidean norm and choosing the sign so that its BTC loading
is positive. This gives

λ1 ≈ 44,534,564.19, u1 ≈
(

0.99954578
0.03013680

)
, v ≜

√
λ1 u1 ≈

(
6670.3910
201.1156

)
.
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Figure 5: Samples of price increments under the bivariate GBM model (blue) and the one-factor
approximation collapsing the bivariate distribution onto the dominant covariance direction (red).
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