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Abstract

Quadratically regularized optimal transport (QOT) is a sparse alternative to entropic
optimal transport. We develop a quantitative stability theory for QOT under pertur-
bations of the marginals, the transport cost function, and the regularization parameter.
The centerpiece is an L*°-stability result for the dual potentials. Starting from an er-
ror bound in an L2-space that varies with the marginals, we use a self-bound for the
potentials to derive a local L°°-Lipschitz bound that is uniform over marginals. This
bound also yields stability of the optimal coupling and of its support. In particular, we
show that for the quadratic transport cost, the support of the optimal coupling is locally
Lipschitz in Hausdorff distance under perturbations of the marginals. To the best of our
knowledge, this is the first stability result for the optimal support in regularized optimal
transport.
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1 Introduction

Optimal transport provides a variational framework for comparing probability measures that
has become ubiquitous across optimization, machine learning, statistics, and analysis. In
applications, optimal transport is often regularized to reduce computational cost and improve
statistical sample complexity. The best-studied regularization is entropic optimal transport
(EOT), where the transport coupling is penalized by Kullback—Leibler (KL) divergence; see,
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e.g., [7, 29, 27]. EOT leads to Sinkhorn’s algorithm and a smooth dual problem. However,
the KL penalty forces the optimal coupling to have full support while unregularized optimal
transport is typically sparse, and weak regularization can cause numerical instability through
exponentially large and small scalings [31]. The most prominent alternative, first considered
in [26, 2, 13|, is the quadratic regularization, or equivalently y2-divergence. It produces
sparse couplings, as observed in [2, 13, 24, 1] and recently analyzed theoretically in [32, 18,
28, 17]. It also replaces the exponential structure in the EOT dual by a quadratic, thereby
avoiding exponential scaling. Recent work has shown that QOT enjoys parametric sample
complexity [16] and linear convergence of several dual algorithms [19, 20|, establishing QOT
as a viable alternative to EOT.

Given probability measures P,Q on R? a cost function c(z,y), and a regularization
parameter € > 0, the QOT problem is

2

. € dm
QOT.(P,Q) := ﬂeﬁl(lIfD’Q)/C(xay) dm(z,y) + 3 HW

L2(PRQ)

where II( P, Q) denotes the set of couplings of (P, Q). In practice, the most important example
is the quadratic cost ¢(z,y) = %||x—y\|2, but we shall develop the theory for a generic Lipschitz
cost on a subset X x Y C R x R%. The dual variables of the QOT problem are the so-called
potentials f, g solving the dual problem

s [ (504900 = - 1@+ o)~ (o)) P 9 Qo)

(f,9)€L?(P)xL*(Q)

where ¢4 := max{t,0}. Its first-order conditions of optimality are
[ 6@ +9) - cew), daw) == [ (H@) +90) - cww), P == (1)
for x € X and y € V, respectively. The potentials are unique up to translation under a mild

connectedness assumption, so that their direct sum h = f @ g is uniquely determined. The
primal optimizer 7 is recovered through

dm 1
_— ith the slack variabl =h— 2
iP&0) 0+ wi e slack variable o c, (2)
and its support is
supp(m) = {(z,y) € Qp x Qg : o(z,y) > 0}. (3)
Thus h = f @ g determines the key objects of QOT, motivating us to view
(P7 Q,c, 5) = h(P,Q,c,E) (4)

as the solution map of our problem.

The present paper provides a quantitative stability theory for this map. Our motivating
question is the stability of the optimal support, about which, to the best of our knowledge,
there are no prior results. In EOT, the optimal coupling always has full support (i.e., the
same support as P® @), and hence support stability is not relevant. Since sparsity is the key
difference between QOT and EOT, support stability is arguably the most interesting aspect



among the stability properties. We answer this question by showing that the optimal support
for quadratic cost is locally Lipschitz continuous (in Hausdorff distance) with respect to the
marginals (P, @), with explicit constants detailed below. In view of (3), our approach is to
develop L*-stability of h = f @ g (and hence of ), and to further ensure that o is not flat
close to its zero-level set (which marks the boundary of the support).

Our analysis begins with a systematic study of the solution map (4). For simplicity,
we focus on perturbations of the marginals (P, Q) in this introduction, and fix ¢,e. While
our results in the main text cover joint variations of the data (P,Q,c,¢), varying (c,e) is
relatively straightforward because it does not change the function spaces. Our analysis can
be contrasted with EOT, where the dual problem is strongly concave and the first-order
condition for the potentials is the Schrédinger system

fz) = —Elog/exp <W> dQ(y),
g9(y) = —5log/exp <W> dP(x).

As shown by [5], stability results can be derived by applying the implicit function theorem
to this system. For QOT, the dual problem is not strongly concave and this approach fails.
However, the recent work [20] showed that a local PL inequality /error bound (see Theorem 2.5
below) holds in L2(P®Q). It is well known (e.g., [3, Section 4.4]) that a PL inequality implies
a stability property. However, a direct application would only lead to a limit result: to work
with a fixed L? space, one would have to restrict to marginals that are absolutely continuous
with respect to fixed reference measures Py, ()g. By contrast, Theorem 3.1 and Corollary 3.3
below provide local L?-Lipschitz estimates where the input data are compared in the 1-
Wasserstein metric. (Here “local” means that the marginals under consideration must have
Wi-distance below an explicit threshold.)

L?-stability serves as a stepping stone for the L>-stability provided in Theorem 4.1 and
Corollary 4.2. The upgrade from L? to L* is based on a self-bound for the potentials. Such
a self-bound is straightforward for EOT, where the Schrodinger system (5) directly expresses
f, g as integrals of themselves. For QOT, the self-bound is nontrivial, but can be shown by
a monotonicity argument and (1) once the potentials are sufficiently close in L? (see Step 3
in the proof of Theorem 4.1).

Stability of the primal objects follows from the dual estimates. Indeed, stability of the
optimal density follows directly via (2). This density is with respect to a reference P ® @
which is itself varying, but nevertheless allows us to conclude local Lipschitz continuity of
the optimal coupling in both total variation and 1-Wasserstein distance. The primal stability
results are stated in Theorem 5.1 and Remark 5.2.

We finally return to the optimal support. Potential stability alone cannot control sup-
ports: when ¢ = 0, the optimal coupling is P ® Q) and h = ¢, so the potentials do not register
changes in the marginal supports. Our result therefore takes the Hausdorff displacement
of the marginal supports as input, in addition to the quantities controlling the potentials.
Under a nondegeneracy condition, Theorem 6.1 then establishes local Lipschitz continuity of
the optimal support in Hausdorff distance. The nondegeneracy condition, detailed in (32),
states that the slack ¢ = h — ¢ detaches linearly outside the optimal support. Intuitively,
this means that the gradient of ¢ is bounded away from zero at the boundary of the support

(5)



(which is itself the zero-level set of o). Whether this holds depends on the geometry of the
cost ¢. For the quadratic cost c(z,y) = 3|l — y||?, the slack o is concave in each coordinate,
and we show in Proposition 6.3 that this implies the nondegeneracy condition with a slope of
at least e/ diam(supp P). As a result, the optimal support is indeed stable for the canonical
cost (Corollary 6.4), answering our initial question. On the other hand, the nondegeneracy
condition is essential for support stability and can fail for certain costs: in Example 6.2, we
construct a setting where the marginals converge, the marginal supports do not move, and
the potentials converge uniformly, but the optimal supports fail to converge.

Related literature. Classical optimal transport has a substantial stability theory, going
back to [6], which proves weak convergence of optimal couplings under weak convergence
of the marginal distributions. Quantitative estimates were given by [15], which studies the
optimal map from a fixed source to targets moving along a Wasserstein curve. More recently,
[8] proves bi-Holder stability of Brenier maps under Wasserstein perturbations of the target
with dimension-free exponents. See, e.g., [21, 23, 25| for more extensive references.

Quadratic and general divergence regularization. The closest stability result for non-
entropic regularization is [1], which studies divergence-regularized optimal transport for a
broad class of divergences, including the x2-divergence underlying QOT. The authors prove
%—Hélder stability of the optimal couplings in p-Wasserstein distance under perturbations of
the marginals, and also derive sample-complexity bounds for empirical marginals. Previously,
[11] showed Lipschitz continuity of the optimal value. Both works are based on the shadow
technique and the data processing inequality, which do not control the potentials or the
supports. More recently, [16] proves parametric sample complexity and central limit theorems
for QOT, but does not address deterministic stability or the optimal supports. In a different
direction, [12]| studies convergence for vanishing regularization parameter £ — 0, focusing on
the optimal value rather than the optimizers.

Several works analyze the structure of QOT and the support of its optimal coupling.
Duality is developed in [24] and [28]; the latter also establishes a qualitative sparsity result and
uniqueness of the potentials. For quadratic transport cost, sparsity is studied quantitatively
in [32, 18, 17]. These works describe the geometry of the support for small e and fixed
marginals; they do not investigate stability. On the algorithmic side, [19] proves linear
convergence of gradient descent for the QOT dual. Its proof technique is foundational for
the subsequent work [20] proving a local error bound and Polyak—t.ojasiewicz inequality for
the QOT dual in L?(P ® Q), where the marginals P,Q are fixed. The present paper uses
the error bound of [20] as a starting point, but the main developments here are different: the
underlying Hilbert space L?(P ® Q) moves with the marginals P, ), and support stability in
the Hausdorff sense requires L°°-control of the potentials.

Entropic reqularization. For entropic optimal transport, stability is much better devel-
oped. The differential approach of [5| proves well-posedness and smooth dependence of
the Schrédinger system in an L setting via the implicit function theorem. Refining this
approach, [4] show that the potentials are C*-Lipschitz from the L?-Wasserstein space of
marginals when the transport cost is C**!. In a more general setting, [14] use a geomet-
ric approach based on cyclical invariance to prove qualitative stability of the primal EOT
optimizers for weak convergence with respect to perturbations of the marginals and cost. Ana-
lyzing Sinkhorn’s algorithm in a bounded setting, [9] show that its iterates are L*°-Lipschitz
uniformly over the iteration number, and hence that the potentials are L°°-Lipschitz, as



functions of the marginals in 1-Wasserstein distance. In an unbounded setting, [11] establish
Lipschitz continuity of the entropic value and Hélder continuity of the optimal coupling in
Wasserstein distance using the shadow construction. Stability of entropic Brenier maps is
treated in [10], which obtains sharp Lipschitz constants under target perturbations and im-
proves the dependence on the regularization parameter in the semi-discrete regime. Recent
contributions include [33|, which proves quantitative stability for many-marginal Schrodinger
bridges. For the reasons explained above, the techniques used in EOT do not directly extend
to QOT. Moreover, the question of support stability does not arise in EOT.

Organization. Section 2 details the setting and collects basic facts about QOT. Section 3
establishes the L?-stability of the potentials, whereas L>-stability is shown in Section 4.
Section 5 derives stability of the optimal densities and couplings. Section 6 concludes with
the Hausdorff stability of the optimal support. All proofs are gathered in Appendix A.

2 Setting and background

We fix two subsets X,) C R? and denote by €, the topological support of a measure v.
All first marginal probability measures considered in this paper are assumed to have finite
second moments and support contained in X, and all second marginal probability measures
are assumed to have finite second moments and support contained in ). The main purpose
of the sets X', ) is to localize the problem so that, e.g., the quadratic cost becomes Lipschitz.
If ¢ is Lipschitz on R? x R?, one may simply take X = Y = R?. Throughout, we use the
Euclidean norms on R¢ and R¢ x R? unless otherwise stated.

Assumption 2.1 (Cost). The cost ¢: X x Y — R is Lipschitz with constant L > 0.

The quadratically regularized optimal transport (QOT) problem with regularization pa-
rameter € > 0 is

2

QOT.(P,Q):= inf / c(x,y)dw(:c,y)+;“ y dn (6)

m€l(P,Q) (P®2Q)

with the convention that the last term is +o00 if 7 € P ® @. The dual problem is

QOTI(P,Q) = sup o(f @ 9), (7)
(F9)EL2(P)xL(Q)

L2(P®Q)

where f @ g(z,y) := f(x) + g(y) denotes the direct sum and the dual objective function ® is

w(f09):= [ (£ +90) - 5 @)+ o) - o)t ) AP0 Qe 6)

The next proposition summarizes several standard properties. For a function w defined
on a set A, we write ||wl|eo(4) 1= sup,ea |w(2)].

Proposition 2.2. Let P,Q be probability measures on R® with finite second moments and
let ¢ satisfy Assumption 2.1. Then:

(i) The strong duality QOT,(P,Q) = QOTZ(P,Q) holds.



(i) The dual problem (7) admits an optimizer (f,g) € L*(P) x L*(Q). If Qp is connected,
the functions (f,g) are unique in L*(P) x LY(Q) up to translation, in the sense that
fixing one optimizer (f,g), the set of all optimizers is {(f +a,g —a) : a € R}.

(iii) We can choose versions f : X — R and g : Y — R that are L-Lipschitz and satisfy the
first-order condition

{f<f<x> +9(v) ~ clw, 1)+ dQ) =< for all w € X, ©)
J(F(@) + 9() — e(,9)1 dP(x) == for ally €Y.

In the following, we always choose such versions, and call them potentials. If Qp is
connected, they are again unique up to translation.

(iv) If ¢ is bounded on X x Y, then so are (f,g). More precisely, their oscillations are
bounded as oscx(f),o0scy(g) < oscaxy(c) < 2[c| poo(xxy), and

—Sllellexyy +€ < f(@) +9(y) <Sllellrexy) +e (wy) e X xY. (10)

(v) The primal problem (6) has a unique solution m € II(P, Q). It is related to the dual by
dm 1

W@Q)(x’y) = -(f@) +90y) —clz,y),  PoQ-as (11)
and its support is
supp(m) = {(z,y) € 2p x Qg = f(2) + 9(y) — clz,y) > 0}. (12)

Let L4 denote the d-dimensional Lebesgue measure and B, (z) the open ball of center x
and radius 7 > 0. The following additional conditions on the reference marginals P, @ are
used in the error bound (Theorem 2.5) below.

Assumption 2.3 (Reference marginals). (a) The first marginal P has convex, compact
support Qp and admits a density p := dP/dL, that is bounded away from zero and infinity
on 2p, i.e., there exist constants 0 < Ap < Ap < oo such that

Ap < p(x) < Ap forall x € Qp.
(b) The second marginal @ has compact support Q.
Assumption 2.3 implies the following bounds on ball measures.

Remark 2.4 (Lower bounds for ball measures). (a) Since Qp is compact and convex, it
satisfies a uniform interior cone condition: for every x € Qp, there exists a convex cone C,
with vertex x, angle 8 > 0 and height A > 0 such that C, C Qp, where 6 and h are independent
of z (e.g., [22, p. 12]). Hence, Assumption 2.3 implies that there exists dp € (0, 1], depending
only on Qp and Ap, such that

P(B,(z)) > 6p min(r?,1) for all » > 0 and z € Qp.
(b) Since Qg is compact, lower semicontinuity of y — Q(B,(y)) implies

inf Q(By(y)) >0 forall r>0.
yEQQ



Next, consider the linear subspace
H={udov: (uv) € LX(P) x I(Q)} € LA(P & Q),

which is closed by the argument in [30, p. 370]. Hence, H is a Hilbert space with the induced
inner product (-, )3 = (-, ") 12(pg@)- In the following, we consider the dual objective ® of (8)
as an operator

®:H—-R

and denote by D®(h) its H-gradient. For any h,w € H, the action of D®(h) on w is

(DD(h), 1) 2Py = / wRLd(P® Q). (13)

where

1
Rpi=1--(h=c)s € L*(P®Q).
In particular,
IDO(h)|2pee) = sup / wRyd(P ® Q). (14)

weH: ||lwll 2 pgo)<1

This norm governs the right-hand side in the following local error bound for the dual problem,
established in |20, Theorem 3.1].

Theorem 2.5 (Error bound). Let (P, Q) satisfy Assumption 2.3, let ¢ satisfy Assumption 2.1,
let e >0, and let (f,g) be the associated potentials. Setting h = f & g € H, the error bound

1= hllzzpaq) < 7o max (k= Al =(pagy =) IDR(R) | 2(poq)

holds for all h € H, where

e (1)) 5 (5L )
Ve = 16 (5p < B ’1> ) Xp infyen, Q(Be (y))

d+2

3 Stability of the potentials in L?

Our first result reformulates the local error bound into an L2-estimate for nearby data. The
nontrivial part is (ii), establishing that the locality condition—which is in the stronger L°°-
norm—is automatically satisfied when the data are close enough.

Theorem 3.1 (L2-Lipschitz stability). Let €,&' > 0, let ¢,c satisfy Assumption 2.1, let
(P, Q) satisfy Assumption 2.3, and let (P', Q") be any marginals with finite second moments.
Let f, g be the potentials (unique up to translation) associated with (P,Q,c,€), and let f', ¢
be (any) potentials associated with (P',Q’,c,e"). Set h:= f & g and W' :== f' & ¢, and

/\2 N2 1/2 / /
A::2L(W1(P,P) +W1(Q,Q)) +lle = lp2(pag) + le — &'

Then, the following hold.



(i) Local error-bound: We have
Ve
[ — hIHL2(P®Q) < = max (Hh - h/”Loo(prQQ)ﬁ) A. (15)

(ii) Modulus of continuity into L*°: For § > 0, define

. d 1\
Y5 := dp min { (ﬁ) ,1} yle%zfQ Q(Ba/ sL) (Y )) (16)
Then _
A< Hml(‘;;)\/% —  h =W le(@pxag) <O (17)
€

(iii) Local Lipschitz continuity in L?: We have

eV/Ve

Ih =l 2(peg) < 7e A whenever A < %
3

The estimate in Theorem 3.1 is asymmetric—both the norm and the constants are tied to
the reference datum (P, @, ¢, ). The next definition introduces a class on which the relevant
constants are uniform, yielding a symmetric corollary.

Definition 3.2 (Class © of data). Fix constants
e,D,L € (0,00), 0<A<A< oo, <d,q<
Let ® =®(g,D, L\, A, 9, q) be the class of all quadruples (P, @, c,¢) such that:
(a) e>¢g
(b) ¢: X x Y — R is L-Lipschitz;
()
(d) P admits a density p = dP/dLy satisfying A < p(z) < A for all z € Qp;
)
)

c) Qp is compact and convex, and diam(Qp) < D;

(e) P satisfies P(B,(z)) > 6 min(r?, 1) for all z € Qp, r > 0;
(f) Qg is compact and inf,cq, Q(Bg/(SL) () = q.

The preceding theorem becomes symmetric on this class, after applying it with each
datum as the reference.

Corollary 3.3 (Uniform L2-stability). Let ® be as in Definition 3.2, and define

q
vi=suin{(£)"1}a
VY
2y

2|



For (P,Q,c,e) €D, let hpg ce) = f © g, where (f,g) are the associated potentials. Given
(Pu Q7 Cu 8)7 (PIJ Q/7 Cl? 8/) 6 97
abbreviate h := h(p g cey and h' := hipr v o oy, and set

2 2 1/2
Ay = (Wl(P,P) + Wi (Q, Q") )
A:=2L Ay + ||C — C,||L2(p®Q) + |€ — 5"
A":=2L Aw + [le = 2 (progr) + e — €]
_PeQ+P @
B N 2
A:=2L Ay + ||C - C,HL?(;]) + |5 — €/|.

=

If
max{A, A’} <7,
then
Ih =Ml L2pag) < TA (18)
|h =B\l 2(progy < TA (19)
I =1l L2@y < T A (20)

4 Stability of the potentials in L™

Our next result upgrades the L?(P ® Q)-estimate of Theorem 3.1 to an L (X x )))-estimate.
This is important in two respects. First, it removes the dependence on the marginals in the
definition of the norm measuring the error, thus allowing for a statement that is uniform
across a class of marginals. Second, L°°-control will be crucial to control the optimal support
in Hausdorff sense in Section 6.

Theorem 4.1 (L°-Lipschitz stability). Let e, > 0, let ¢, satisfy Assumption 2.1, let
(P, Q) satisfy Assumption 2.3, and let (P', Q") be any marginals with finite second moments.
Let f, g be the potentials (unique up to translation) associated with (P,Q,c,e), and let f', ¢
be (any) potentials associated with (P',Q',c,e’). Set h:= f @ g and I := f' & ¢, let - be
as in Theorem 2.5, and let 9. be as in (16). Define

Ay = d@((P7Q7C7 6)7 (P,,Q,,C/,€/))
/N2 AV 1/2 / /
— 2L, (Wl(P,P) +W1(Q,Q)> e = ¢l grsy) + e — € (21)

- := yiEIgQ Q (Bs/(4L) (y))

Re := 5pmin{<i>d, 1}

a = min{sx/ﬁ‘g €q: € Re }
° 27 ’ 2(1‘*‘%)7 2(1+'72) .

(22)



Then @z, ke, N > 0. If

A, <7, (23)
then, writing a :== [(¢' — g) dQ, we have
If = f = alleo(ry < (1 +72)7 " A, (24)
lg =g +allpeyy < (L +7e)R2 " A, (25)
and consequently
7= Bl oo sy < (1+72) (@ +527) Ase (26)

By making the constants uniform over a class ® of data, we immediately obtain a uniform
version of Theorem 4.1.

Corollary 4.2 (Uniform L>®-stability). Let ® = D (g, D, L, A, A, 8, q) be as in Definition 3.2.
For (P,Q,c,e) € D, let hipgce) = f @ g, where (f,g) are the associated potentials. Then
the map*

D> (P, Q,c, 8) — h(P,Q,c,s)

is uniformly locally Lipschitz with respect to do, defined in (21). More precisely, let
d+2

=16 <5 max <8L,1)d> EM

€ 22 q

S5 =
i
\Oq

|y
i
\Oq
Cr) r—’H r—’H

7, = min { — €4 £R }
L 27 20 +7) 20 +7) )"
C=Q1+7 (¢ +&"). (27)
Then, for any pair (P,Q,c,e),(P',Q',d &) € D satisfying
d@((P7 Q7 675)7 (P/7 Q/7C/7€/)) <7y

we have

Hh (P,Q,ce) — h(P’,Q’c s/)HL‘X’ (XxY) < 6 ((P ch E) (Pvalaclﬂ‘s/))' (28)

5 Stability of the optimal coupling

We now turn to the stability of the primal optimizers. Throughout this section, we work on
the admissible class ® = D(g, D, L, A\, A, 6, q) from Definition 3.2. Given probability measures
i, v on a measurable space, we write

I = vllwy := sup|p(A4) = v(A)|

f ¢ is bounded on X x Y, then this is a map into L (X x }). In general, the difference h(p,Q,ce) —
h(pr 0" e’ ery in (28) is in L (X x Y), even though the two terms need not be bounded individually.

10



for the total variation distance. The next theorem provides stability estimates for the optimal
coupling as well as its density with respect to the product P ® @ of the marginals (where
P ® Q is itself varying).

Theorem 5.1 (Stability of primal optimizers). Let ® = D(g, D, L, \,A,d,q) be as in Def-
inition 3.2. Let (P,Q,c,e), (P,Q,c,¢') €D, let h,h' be the corresponding direct sums of
potentials, let m € II(P,Q),n" € II(P’, Q") be the corresponding optimal couplings, and denote
their densities as

(=Yoo, =)

I 1)
Set /
+

p=PeQ 4 =PoQ, @§=" 2M’

N2 N2 1/2

Ay = (WI(P,P) +W1(Q,Q)) )

Apy := [P = Pty + 1Q — Q'[lov,

and

A:=2LAw + ¢ = ¢ 2 + e = €],

A, = QLAW + HC — C/HLQ(M/) + |8 — 5/|,

A = QLAW + HC — C/||L2(ﬁ) + |€ — €/|.
Let 7 and 1 be the constants from Corollary 3.3 and define

I':.= (QP U Qp/) X (QQ U QQI), O .= (QP X QQ) U (Qp/ X QQI),

6 C o0 6 cl oo
D, := sup ||z —7|, A;:1+m7 A’::l—i—MI(F)
2,2/ €O € 15

)

and

>

/

. {vA +lle =Nz + Ale —&'| FA+|le— €|l + Ale — €] }
‘= min , .
g 19

Assume that

max{A, A’} <7,
then the following hold.

(i) L?-stability of the density: )
1€ = 2y < A (29)

(i) TV-stability of the optimal coupling:

A A+ A
|7 —a'[|lrv < 51t

Ary. (30)

11



(iii) W1-stability of the optimal coupling:

W1(7T,7T) <

A+A’ V2+1)LD, /1 1
4 4) (g+3) A (31)

Complementing the L2-stability of the density in (29), we have the following L>-stability
if the perturbation of the cost function is quantified in L°.

Remark 5.2 (L*-stability of the density). Let A, := do((P,Q,c,¢), (P, Q',c,£')) be as
n (21) and C as in (27). Using the notation of Theorem 5.1, but replacing A by

As = min

A . {(JA +lle— ooy + Ale — €| TALA+ |le— €|y +A|5—5\}

€ e’
we have the following L* bound: if A, < 7,, where 7, is as in Corollary 4.2, then

1C = ¢ llpry < A

The proof is the same as for (29), except that now the application of Corollary 3.3 is replaced
by an application of Corollary 4.2.

6 Stability of the optimal support

As the support of the optimal coupling is characterized by (12), we expect that stability of
the supports is linked to stability of the potentials. However, the latter alone is not sufficient.
This is most evident in the degenerate example ¢ = 0, where it is easy to see that the optimal
coupling is the product 7 = P ® @ of the marginals (for any ¢ > 0). In particular, the
potentials satisfy f @ g = ¢, independently of (P, @), showing that control of the potentials
alone cannot imply control of the supports. For that reason, the stability result below features
a direct control Ag on the marginal supports on the right-hand side of (33), in addition to
the quantities needed to control the potentials.?
Given compact sets ) # A, B C R™, their Hausdorff distance is denoted

dy(A, B) := max { sug dist(z, B), suIB) dist(z, A)}
z€ ze

We recall that dist and dy are computed with respect to the Fuclidean norm, i.e., for z =
(z,y) € R x RY, we use [[z]| = ([|l=]* + [ly[I*)"/>.

To guarantee stability of the optimal supports, the next theorem requires the nonde-
generacy condition (32) which will be discussed in detail below. In particular, we will
see in Proposition 6.3 that (32) is satisfied with a = ¢/diam(Q2p) for the quadratic cost

c(z,y) = ||z —y||*>. On the other hand, Example 6.2 will illustrate that, in general, stability
can fail when (32) is not satisfied.

20ne could, of course, choose a metric such as Wx to obtain simultaneous control, but that would yield
a very loose bound. E.g., in a case where the marginals vary but their supports are fixed, our control Ag is
vacuous, but W, would give a strong restriction.
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Theorem 6.1 (Support stability). Let ® = D(g, D, L, \, A, 6, q) be as in Definition 3.2 and

C, M, as in Corollary 4.2. For (P,Q,c,e) € D, let hpg.ce) = f © g, where (f,g) are the
potentials corresponding to (P, Q,c,¢). Let

(Pa Q7 C, 8)7 (Pla Qla Cl) 6J) € 9’ A* = d@((Pv Q7 C, 6)7 (P/7 le C/, 8/))'
Set
) o\ 1/2
Aq := (dH(QP,QP/) —i—dH(QQ,QQ/) ) ,
h = h(P,Q,c,€)7 h/ = h(P’,Q’,C’,s’)a
o:=h-—c, o =n-/, T = T(PQce)s 7= TP Qe ')
Y := supp(~), ¥ := supp(7’), bp i= C Ay + |lc = || oo (2 1)
Assume that there exists a > 0 such that
0(z) < —a dist(z, %) for all z € Qpgg \ X, (32)

and that the same bound holds for (¢’,3', P',Q"), with the same constant a. If A, <7, the
Hausdorff distance of the optimal supports satisfies

(V2 + 1)L> 5

duy(2,%) < <1 + Aq + E (33)

Under the nondegeneracy assumption (32), the value o(z) is comparable to — dist(z, %)
outside the support ¥ = {z € Qpgq : 0(z) > 0}:

— Lip(o) dist(z, %) < 0(z) < —adist(z, X) for all z € Qpgg \ &,

as ¢ > 0 on Y. This linear detachment prevents instability. In general, if o is nearly flat at the
boundary of the support, a small perturbation of ¢ can cause a large change of the support.
Indeed, the following example, where the marginals vary without changing support and ¢, e
are fixed, shows that support stability for the optimal coupling can fail if the nondegeneracy
condition (32) is removed.

Example 6.2 (Failure of support stability). Let

x=1[0,1, Y={01}, e=1.

Define
1
07 ngéla
u@)={F(r-1), 1<v<3,
8, ;<z<1

Then w is Lipschitz, 0 < u < 8/5 < 2, and fol u(z)dr = 1. We consider the cost function

c(z,0) = u(x), c(x,1) =2 — u(x),

13



and note that ¢ can be extended to a Lipschitz function on R x R. Moreover, we define a
family of marginals indexed by 0 < n < 1 as follows. The second marginal is fixed to be

1 1
QU_QO_, -
250 2517

whereas the first marginal P7 is defined via its density

() == v z) =

dpPm 1+,
x

_n
3

Then P has density bounded above and below on the fixed convex compact support [0, 1],
PY is the uniform measure on [0, 1], and P7 — P in total variation.
For the marginals P°, Q°, the sum of the potentials is given by

RO (z,0) = h%(2,1) = 2.
Indeed, this gives rise to
o%(z,0) = h%(x,0) — c(z,0) = 2 — u(x), o%(z,1) = K2z, 1) — c(x, 1) = u(z).

In view of (c%(z,0) 4+ 0%(z,1)) = 1 and folo (x,1)dx = fo x)dr = 1, the plan with
density (0°); with respect to P° ® QU satisfies the margmal constralnts and is optimal. Its

support is
20 = supp(7?) = ([0,1] x {0}) U ([3,1] x {1}).

1

4
We note that the nondegeneracy condition (32) fails: as ¢°(0,1) = 0 and dist ((0,1), %) = 1,
there is no a > 0 such that

0(2) < —a dist(z, X°) for all z € Qpoggo \ »0.
Now consider P, Q". In view of fol u(x)py(x) de =1 — 3, putting

W(2,0)=2—08,  h'(z,1)=2+6, 6=

w3

gives

o"(z,0) =2 —u(x) — oy, o'(z,1) = u(x) + 6.

For 0 < 1 < 1, both quantities are positive on the whole of [0, 1]. Moreover, ;(a”(ac 0) +

o"(z,1)) =1 and fo o"(x,1) dP"(x fo (u(x) + 8,)py(x) dz = 1. Thus the optimal plan
for (P7,Q", ¢, 1) has density (0’7)4r Wlth respect to P ® Q", and therefore
¥ = Supp(ﬂ‘n) = [07 1] X {Oa 1}

Consequently, X7 does not converge to X
1
dp (27, %% = 1 for every 0 <n < 1.
On the other hand, P7 — P% and Q"7 = Q°, and the marginal supports Qpn = Qpo = [0, 1]

and Qgn = Qgo = {0,1} do not move, so that all conditions of Theorem 6.1 except (32) are
satisfied for sufficiently small 1 > 0.

14



To apply Theorem 6.1, we need to verify the nondegeneracy condition (32). The next
proposition shows that for the key example of quadratic cost, the condition holds as soon as
one marginal support is convex and compact.

Proposition 6.3 (Nondegeneracy). Let (P, Q,c,¢) satisfy the hypotheses of Proposition 2.2
and assume that Qp is conver with Dp := diam(Q2p) < oo. Set

h:=hpg.ce) o:=h-—c, T 1= T(PQ,ce)s Y := supp(7).
Assume that for each y € g, the map
x> o(z,y) is concave on Qp. (34)

If Dp =0, then Qpgg \ X = 0; if Dp > 0, then

o(2) < —Di dist(z,%)  for all € Qpgo \ 3, (35)
P

in particular, the nondegeneracy condition (32) holds with a = ¢/Dp.
The assumption (34) holds in particular for the quadratic cost c(z,y) = 3|z — y||*.

Combining Theorem 6.1 and Proposition 6.3 yields the following corollary, where we also
specialize to e = ¢’ to simplify the expressions.

Corollary 6.4 (Support stability for quadratic cost). Let ® = D(e, D, L, )\, A, 6, q) be as
in Definition 3.2 and C, 1, as in Corollary 4.2. Let X,Y be such that the quadratic cost
c(z,y) == %||lz — y||* is L-Lipschitz on X x Y. Consider marginals (P,Q) and (P',Q’) such
that (P, Q,c,e) and (P',Q’,¢c,€) belong to ©. Set

1/2 1/2
Ay = (Wl(P,P’)2+W1(Q,Q’)2) L Ag = (dH(QP,QP,)2+dH(QQ,QQ,)2) .

If 2LAw < 7,, the corresponding optimal supports 3,5 satisfy

Aw.

dn(3,5) < (1 T W) Aq + 2EPC

A Proofs

A.1 Proofs for Section 2

The basic structural properties of QOT in Proposition 2.2 are known or follow by known
arguments. For completeness, the following gives details and references.

Proof of Proposition 2.2. By the McShane extension theorem, ¢ admits an L-Lipschitz ex-
tension to R% x RY, still denoted by ¢. As this extension is of linear growth and P,Q have
finite second moments, we are in the setting of [28] with ¢ € L?(P ® Q). In particular, [28,
Section 2] shows (i), (i) with (f,g) € L*(P) x L}(Q), and (11). It also yields the existence of
L-Lipschitz versions of (f,g) on (Qp,$), implying that (f,g) € L?(P) x L?(Q). Moreover,
it shows the validity of the first-order condition (9) for all z € Qp and y € Qg, respectively.
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We can then uniquely extend f to X by enforcing the first equation of (9), using the mono-
tonicity of a — (a+ g(y) — ¢(z,y))+ and the intermediate value theorem as in the argument
stated below [28, Eq. (2.11)]. Similarly for g on ). As the proof of the L-Lipschitz property
in [28, Section 2] is based solely on the first-order condition, the constructed extensions are
also L-Lipschitz.

If one of the two marginal supports is connected, the proof [19, Lemma 3.1| shows that
(f,g) are unique on (Q2p,Qq) up to translation. Uniqueness on X and ) then follows by the
aforementioned uniqueness of the extensions satisfying (9). The cited lemma is stated for
c(z,y) = ||z — y||* on a compact domain, but the proof remains valid without changes for
uniformly continuous costs on X' x ).

Regarding (iv), the oscillation bounds are stated in [28, Lemma 2.5|; again, the proof is
based solely on the first-order condition, hence the bounds hold without exceptional set for
the chosen versions. To infer (10), set

Ci= ey, Mi=sup(f@g),  m:= Il (f@g).
X

Since

< < <
osc(f ©g) < ose(f) +ose(g) <2 gsc(c) <AC,

we have
M —m < 4C.

To prove the upper bound, note that for all (z,y) € X x ),
f(@) +gly) —clz,y) > M —4C -~ C = M - 5C.

Taking positive parts, integrating with respect to P ® Q, using Qp x Qg C & x Y, and (9),
we obtain

5:/(f@9—0)+d(P®Q) > (M —5C)4,
which implies M < 5C + ¢. For the lower bound, we similarly have
f(x) +9g(y) = c(z,y) <m+4C +C =m+5C

for all (z,y) € X x ). Proceeding as above yields 0 < ¢ < (m + 5C)+ = m + 5C, that is,
m > —5C +e.
Finally, the support (12) readily follows from (11) and the continuity of f, g, c. O

A.2 Proofs for Section 3

For ease of reference, we record the following fact about decompositions of w € H.

Remark A.1. For w € H, the decomposition into w = u ¢ v is not unique. If w = u P v is
any decomposition with (u,v) € L?(P) x L*(Q), then

Jwli ) = lulzqe) + 013y + 2( [ waP)( [ viQ),
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and in particular

lulZagp + 12200y = l0)220pmgy i /udP —0or /de —0. (36)
Writing @ := [ wd(P ® Q), a balanced choice of decomposition is

u(w)i= [ wie.)dQw) - .
Then,

o(y) = / w(z,y) dP(z) —

/ wdP = / vdQ = %
and in particular

[\D‘ I

HUH%%P) + HU”%%Q) < lulz: p) T HUH%Q(Q) TS = HWH%%P@Q)'
Next, we prove the basic L2-estimate for perturbations of the data

(39)

Proof of Theorem 3.1. Since Qp and Qg are compact, f' and ¢’ are bounded by Proposi-
tion 2.2, and Theorem 2.5 applies to h'. Moreover, by Proposition 2.2

/ (F'() + ¢ (5) — ¢ (29)4 dQ(y) =<' forall z € X,
/ (f'@) + ') — ¢ (@,p)4 dP'(z) = ¢ forall y € Y

(40)
Step 1: We show [|[D®(R')||2(pgo) < Afe. Let w € H satisfy [|w]|r2(pggy < 1. Let (u,v)
be the balanced decomposition w = u @ v given by (37), and write w := [wd(P ® Q
Recalling (13) and using Fubini’s theorem, we have
/ 1 /
Do) wh = [ u@)(1- 1 [ e9) = cla)1 dQw) dP(@)
P
1
[ o (1= [ @ - o) dP@) da). @)
Q
For x € Qp, define

&:(y) == (W (z,y) -

C/(IE, y))-‘ra
Then (40) implies

ye ).

/ & (y)dQ' (y) = ¢’
and hence

for all x € Qp,

+1 [ewa@ -Qw

w2 f [(h’(x,y>—c’<x,y>>+—<h’<x,y>—c< D] Q). (42

1
1—=

L [0 - ca)dQe) = S5

17



Similarly, for y € Qq, defining n; (z) := (h'(z,y) — ¢'(z,y))+, we have

e—¢ 1

1= 2 [(0Gw) - elwp))sdP@) = =5 42 [ai@)d(P - P)(w)

1 [ [0 — ) — (o) — clep)s] aPla). 43

Substituting (42) and (43) into (41), and using (38), we obtain

<D(I)(h/)vw>7-[

e—¢

= 0 44
o (44)
1
+ = / ’UJ(J), y) ((h/(l', y) - C,('Tv y))Jr - (h,($7 y) - C(QZ’, y))+) d(P X Q)($, y) (45)
€ JQapxQqg
1
w1 [ uo( [ewae -w)are (16)
P
1 / /
+2 [ o)( [ @ de = P)) day) (47)
Q
Next, we estimate each term. For (44), noting |w| < ||w|r2(pgg) < 1, we have
e—¢ | _|e—¢| le — €|
E’w‘ < . lwllzz(peg) < P (48)
For (45), using that t — ¢, is 1-Lipschitz and the Cauchy—Schwarz inequality,
le — [l r2(pe e = cllze(pe
(45)] < D Jw) 2pog) < e, (49)

£

In (46), the function &, is 2L-Lipschitz, uniformly in z, because ¢’ and ¢’ are L-Lipschitz and
t — t4 is 1-Lipschitz. Thus, by Kantorovich—Rubinstein duality,

] [ewa@ - Q|2 m@Q)  wrarzeoy,

showing
2L
(46)] < ZEW(Q, @) g2, (50)
Similarly,
2L ,
(4D < —Wi(P P [[v]l2(@)- (51)

Write Ay := [W1(P, P')>4+W1(Q, @)?]*/?. Combining (50), (51), Cauchy-Schwarz, and (39),
2L / /
1(46) + (47)] < = (W@ @) [ull 2y + Wi(P, P[] 120
2L 1/2
< Zaw (Iulfege) + W)

2L 2L
< ?AW H’LUHL2(P®Q) < ?AW~ (52)

18



Collecting (48), (49), and (52), we obtain

—

A
(DB(), w)u| < = (2L Aw + lle = ¢ pa(pog) +1e = <1) = =

Since w was arbitrary in the unit ball of #, (14) yields

A
DLW 2(Pag) < —- (53)

Step 2: Proof of (i)-(iii). Applying the error bound from Theorem 2.5 to h’, and using (53),
we obtain (15), completing the proof of (i). To show (ii), let § > 0 and assume the left-hand
side of (17) holds. Set

0:=h—"n,  m:=|0]r~@pxa0)

and suppose for contradiction that m > §. The function 6 is continuous on the compact set
Qp x Qq, so there exists (xg,y0) € Qp x Qg with |§(xg,y0)| = m. Replacing 6 by —6 if
necessary, we may assume that
0(z0,y0) = m.
Let
0
0= ¢r-
For all x € By(zo) NQp and y € By(yo) N Qg, the L-Lipschitz continuity of f, f/,g,¢" yields

0(x,y) > 0(z0,y0) — | f(x) = f(xo)| = |f'(x) = f(x0)] = 9(y) — 9(y0)| — 19" (¥) — ¢'(v0)|

o _m
2 m —2L||z — ol = 2L{ly = yol| 2 m — 5 = 5.
Therefore,
2 m?
1602 peg) > "5 (P © Q)((Bolwo) N 9p) % (Bylao) N 00)
m2
= TP(BQ(CUO))Q(B@(ZJO))
2
m . d . Vs 2
> — -9
>~ 0pmin(e ,1)y1€rgQQ(Bg(y)) A
or equivalently,
2
m < NGE 10l 22 (Peq)- (54)
On the other hand, (15) gives
7
16]lL2(pag) < — max(m, ) A. (55)

Moreover, distinguishing the cases 6 > ¢ and § < ¢, we see that m > § implies

max(m, e) < °

min(d, €)
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Combining (54), (55), and (56), we obtain

2%
0 < ————A||0 .
H ||L2(P®Q) — min((s,e)\/z?ig H HLZ(P®Q)

As [|0]|2(peg) > 0, this contradicts the left-hand side of (17). Therefore, m < §, completing
the proof of (ii). Finally, (iii) follows by taking 6 = ¢ in (ii) and applying (i). O

We easily derive the symmetric L?-stability statement.
Proof of Corollary 3.3. Applying Theorem 3.1(iii) to (P, Q, ¢,e) and (P',Q’,c,¢’) yields (18)
and (19), respectively. It follows that

2
lh = 1|72 <

N‘Q\

(A2 + (A/)2) )
It is elementary to show that £(A? + (A)?) < A?, so that (20) follows. O

A.3 Proofs for Section 4

We can now upgrade the L?-estimate to an L™>-estimate for the potentials.

Proof of Theorem /.1. The positivity of ¢, . is stated in Remark 2.4, and k. > 0 is imme-
diate. Hence, 7. > 0. Again, by Proposition 2.2,

[ @ +d0) ) dy) =< orallae . -
5
[ @ +90) - @) dP(a) =< torallye,

Clearly, (26) follows from (24) and (25). Steps 1-3 below prove (24), and then Step 4 explains
how a variant of those arguments proves (25).

Step 1: L*-control. As |lc — ¢||12(pgq) < llc — ¢|| L= (xxy), the condition (23) implies that
the quantity A of Theorem 3.1 satisfies A < A, < %, and therefore Theorem 3.1 yields

|h — h,HL2(P®Q) <7 A < A (58)

Next, fix the additive constant in (f’,¢'). By changing (f’,¢') to (f' + a,¢’ — a) for
a:= [(¢' — g) dQ, we may assume without loss of generality that

/(g’—g)dQ—O-

Set

Then [vdQ = 0, and so (36) yields

1P = W l2pog) = lullizip) + 0]72(q)-
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As a consequence, (58) implies
ullL2(py < 7e As, vl z2(Q) < Ye As. (59)

Step 2: Slope estimate. Fix x € X, and define

Fia) = [(a+9l) - o) dQ),  ack
By the first identity in the first-order condition (9),

F:v(f(x)) =E&.

Since y — (f(z) + g(y) — c(z,y))+ is continuous on the compact set Qg, there exists

y(z) € argmax(f(z) + g(y) — c(z,y))+
y€Qq

Using (9) once more, we have

(f(z) +g(y(x)) — c(z,y()))+ = /(f(x) +9(y) — c(z,y))+ dQ(y) = ¢,

and hence
f(@) +9(y(z)) — c(z,y(x)) = e

Now let a,b € [f(z) — /2, f(z) +¢/2] with a <b, and let y € B. /) (y(x)) N Qq. Since the
map y — g(y) — c(z,y) is 2L-Lipschitz, we obtain

=0.

a+g(y) —c(z,y) = f(z) - % +g(y(z)) — c(z,y(x)) — 2L|ly — y(z)| > & — % — %

Therefore,
(b+9(y) —cl@,y))+ —(a+9(y) —c(z,y))y =b—a
for all such y. As the left-hand side is clearly nonnegative for any y € ), we deduce that

(0+g(y) — clz,y))+ = (a+9() —c(@,y)+ =2 (b —a)lp_, ., (y=)n0e (¥)
for all y € V. Integrating against Q(dy) and recalling Q(B. /r)(y(7))) > G, we conclude
F.(b) — Fy(a) > q- (b—a) for all @ < bin [f(x) —e/2, f(z) + /2] (60)
We claim that this implies

[Fe(a) — el > Gela— f

—

z)|  whenever |a — f(z)| < /2. (61)
= (a, f(z)) yields

e — Fy(a) = Fu(f(z)) — Fu(a) 2 ¢-(f(z) — a),
whereas if a > f(z), then (60) with (a,b) = (f(z),a) yields

Fy(a) —e = Fi(a) = Fo(f(2)) = ge(a — f(2)).

Indeed, if a < f(x), then (60) with (a,b

~—
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Step 3: The bound for f — f'. Fix = € X. The first identity in (57) yields
B (f () — <] < ] [ @)+ ) = s — (@) + o ) ~ cla)- d@<y>\

[ [0@+ 40 - o = () + 46 - ] aQ()

| [@ 4w - e d@- @)+ el (62)
Since ¢ ¢, is 1-Lipschitz, the first term in (62) is bounded by

[ 19 - W1 4QMw) < vl12(¢)
The second term is bounded by
[ et~ @) Q) < e = 1

as x € X and Q¢ C V. Finally,

y= (f'(z)+4'(y) — ¢(z,9)+

is 2L-Lipschitz on Y, so the third term is bounded by 2L W1(Q, Q’). Using (59), we obtain

o~

€4
2 )

|[Fa(f'(2)) — el < (T +72) A < (63)
where the last inequality is due to (23) and (22).
We claim that (63) implies |f'(z) — f(z)| < £/2. Indeed, if f'(z) > f(x) + /2, then the
monotonicity of Fy, together with (60), yields
€4e
2 9

Fo(f'(z)) — e = Fo(f(2) +/2) = Fa(f(2)) =

contradicting (63). If f'(z) < f(x) — &/2, we instead have

~

€Qe
2 )

e - B(f(@)) 2 Falf () — Fulf(x) — ¢/2) >
again contradicting (63). Hence

(@)~ f@) < 3.

Now (61) applies with a = f/(z), and using also the first inequality of (63), we have
G 1f'(@) = f@)] < |[Fe(f'(2) — el < (14 7:) A
Since x € X was arbitrary, we conclude that
ul| oo vy < (1 +72) T A,

completing the proof of (24).
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Step 4: The bound for g — ¢'. Fix y € Y, and define

Gy(b) = [(f@) + b~ cla))sdPl@),  bER,
Arguing as in Step 2, but now integrating against P(dz) and using the constant k., we obtain
Gy(b) — Gy(a) =2 ke (b—a)  foralla<bin [g(y) —e/2,9(y) +¢/2],
and therefore
|Gy(b) — el = Relb —g(y)|  whenever |b—g(y)| < /2. (64)

Arguing as in Step 3, we further see that

eR
1Gy(d'(y) — el < (1 +7)As < 25,

which is analogous to (63) but has K. on the right-hand side. As before, this implies first
that |¢'(y) — g(y)| < 5, and then, by (64),

Relg'(y) — 9] < 1Gy(d'(y)) — el < (1 +72)As.
Since y € ) was arbitrary, we conclude that
0]l ey < (1+72)R: ' A,
proving (25). O
Finally, we make the constants uniform over the admissible class.

Proof of Corollary 4.2. This follows directly from Theorem 4.1 and the definitions of the
constants in Corollary 4.2. O

A.4 Proofs for Section 5

Next, we transfer the stability of potentials to stability of the primal optimizers.
Proof of Theorem 5.1. By Proposition 2.2(v),
dm = (dpu, drn’ = (' dy'. (65)
Step 1: Stability of the density. By Corollary 3.3,
[h — Wl 2 <7TA. (66)

Moreover, Proposition 2.2(iv), applied to (P, @, c,e) and (P, Q’,, ") with localization sets
QpUQp and Qg U Qg , yields

—Slelemy +e <h<5lellpem +e, =5l ey +&" < H <5 ||y + €

on I'. Hence
0<(h—c)y <€A, 0< (W —d)p <A on I
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Using

Uy Ny ) N S A
(- € +(5 5’>(h )+
the fact that ¢ — ¢4 is 1-Lipschitz, and (66), we obtain
h_h/ —+ C—C, _ A/ *A_’_ C_C/ *+A/€—€,
16— ¢l < I 22y + |l I 22(n) + e < v | 22 \ ’
9 e c
Similarly,
_ /_(h—C)+—(h/—Cl)+ l_l 3
¢(—('= 5 +(2-35) -0,

and therefore _
A+ ”C — C,HLQ(;]) + A|8 — €/|

8l

¢ — CIHLQ(;]) <

Taking the minimum of the two bounds yields (29).

Step 2: Control of the reference measures. Writing
p—p=FP-P)eQ+P o (@Q-Q),

one sees that
I =t |lrv < NIP = P'lvv +1|Q — Q'|lrv = Ary. (67)

Moreover, if vp € II(P, P’) and g € II(Q, Q") are optimal couplings for Wy (P, P’) and
Wi(Q,Q"), then vp ® ¢ is a coupling of p and . Therefore,

Wa (i) < / I ) — (&)l dOve ® 10) (@ 23, o)

< / e — /|| dyp (e, ') + / ly — 'l dvo(y, )
=Wi(P,P)+Wi(Q,Q") < V2Aw. (68)
Step 3: TV-stability. Let

d /
wem Wy W
dpn dpn

Then u + u' = 2 fi-a.s., and by (65),

dm o, ,
=t
Using u + u' = 2, we obtain
drm dr’ /0 / ¢+ /
ﬁ—diﬂ—gu_cu—(C_C)"‘ 9 (u—u’). (69)
Hence,
dom  dn’ 1
o — 7 _||ém _am <—,——|—/+/d—,.
I~y = |5 - oy SNl 45 [ (€ e
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Since [i is a probability measure, (29) yields
1€ = ¢y < A.
Moreover, by the definitions of A and A’,
0<(¢<A,  0<(¢<A  onT,
and supp |p — p/'| € © C T'. Therefore,

1 A+ A
5 [ = p < FEE | xR = (A4 A=

Combining the preceding estimates with (67), we obtain
2|l —7'|lrv < A4 (A+ A)Aqy,

which is (30).
Step 4: W1i-stability. Let ¢ : © — R be 1-Lipschitz. As subtracting a constant from ¢ does
not change [ pd(m — '), we may assume that

D,
ol Lo @) < EX

Using (69), we find
[eam—m)= [otc=rdn+ 3 [ec+¢)du— )
For the first term, (29) gives

‘/@(C—C/)du‘ sg*/\g—g’w

D. D. A
< THC — 2y < 5

For the second term, define

1/1::%90@4—(’) on O.

Since ||¢ + ¢'[| @) < A+ A’, and since h, b’ are V/2L-Lipschitz while ¢, ¢’ are L-Lipschitz,

we have
< M7 Lip((:/) < M

€ e

Lip(¢)
Consequently,

1 1
Lip(¥) < 5 Lin(9) € + (o) + 5lI¢ll (o) Lin(¢ +¢')

A4+ A 24+1)LD, /1 1
< L V2D (t+1)
2 4 e ¢
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By Kantorovich-Rubinstein duality on the compact set O, and using (68),

1
5 [ ran=)|=|[va-
< Lip(¢)) Wi (p, ')
A + A 2+ 1)LD,/1 1
<va p WZEDED (L 1)),
4 € €
Collecting the bounds for the two terms, we conclude that
D A A+ A 24+ 1)L D, /1 1
pd(m—7') +V2 +(\[+ ) (f—l-—) Ayy.
2 4 e ¢
Taking the supremum over all 1-Lipschitz ¢ proves (31). O

A.5 Proofs for Section 6
Next, we prove the Hausdorff stability bound for the optimal support.

Proof of Theorem 6.1. We have ||h — h'|| oo xy) < C A, by Corollary 4.2, so that
lo = o'l (rxy) < Ih = Wllpoc(exy) + lle = | Lo (axyy < 0 (70)

Step 1: Level set stability. We first show, without requiring (32), that

{Z S QP®Q N Qp/@Q/ : O'(Z) > 5*} C )3 C {Z S Qp/@Q/ : O'(Z) > —5*} (71)
and
DAY ¢ ({z € Qpog N Uprag : |o(2)] < 6., |0'(2)] < 5*}) U(QprooApag).  (72)

Indeed, by (12),

Y ={z€Qpgq :0(z) >0}, Y ={z€Qpgq :0'(z) >0}
If z € Qpgg N Qprgg satisfies o(z) > &y, then (70) yields
o'(z) > a(z) — 8, > 0,

so z € ¥/, Passing to closures gives the first inclusion in (71). Conversely, let z € ¥/ If
0(z) < =04, then (70) implies 0’(z) < 0, which by the continuity of ¢’ contradicts z € ¥'.
Therefore o(z) > —J,, which proves the second inclusion in (71).

Now let z € BAY'. If z € QpgAQpgqr, then z already belongs to the right-hand side
of (72). If z ¢ QpgAQpigg, then z € Qpgg N Nprgg. In that case, z € XAY and a
similar argument as above shows that |o(2)| < d, and |o”(2)| < ds, proving (72).

Step 2: Hausdorff stability. First note that
dH(QP®QuQP’®Q’) S AQ

26



Indeed, if 2/ = (2/,y') € Qpigqr, we can choose z € Qp and y € Qg with ||z — 2/|| <
dH(QP,Qp/) and Hy —y/H < dH(QQ,QQ/). Then

I(,y) = 21 < (di(Qp, 20)° + dn (909, 9)%) " = Ao,

and the reverse inclusion is analogous.
Let 2/ = (2/,y') € ¥'. Since 2’ € Qpigq, we can choose z = (z,y) € Qpgq such that

Iz = 2|l < Aq. (73)

By the second inclusion in (71),
o(2') > —0..
Moreover, since h = f @ g is v/2L-Lipschitz and ¢ is L-Lipschitz, ¢ = h — ¢ is (\/§ +1)L-
Lipschitz. Hence
o(z) > a(2) = (V2+1)L|jz = 2| > =6, — (V24 1) LAq.
If z ¢ ¥, then (32) yields
—a dist(z,%) > 0(z) > =0, — (V24 1)LAq,

that is,
Ot (V2 +1)LAg

a

dist(z, X)

If z € ¥, the same estimate is trivial. Combining this with (73), we obtain

dist(2',2) < ||2' — z|| + dist(2, %) < Aq +

6 + (V24 1)LAg
- :

Therefore

2+ 1)L Ox
sup dist(2/, %) < (1 + (\[H) A+ —.
z'ed! a a

The analogue holds when primed and unprimed quantities are exchanged, and (33) follows.
O

Finally, we verify the nondegeneracy condition under the concavity hypothesis, which
holds in particular for the quadratic cost.

Proof of Proposition 6.5. If Dp = 0, then Qp = {x0}. The second identity in (9) gives
o(zo,y)+ = ¢ for all y € Qg, hence o(xg,y) = € for all y € Qg. By (12), Qpgg C X, so
Qpwg \ ¥ = 0. We may therefore assume that Dp > 0.
Fix z = (z,y) € Qpgq \ X. By the first-order condition (9), there exists z, € Qp such
that
o(xs,y) > e

Define
Sy ={2 € Qp:0o(z,y) > 0}.
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Since x + o(x,y) is continuous and concave on the convex set {2p, the set S, is nonempty,
closed, and convex. Moreover,

Sy x{y} C X. (74)

Indeed, if 2 € Sy and o(Z,y) > 0, then (Z,y) € ¥ by (12). If 0(Z,y) = 0, then for every
te(0,1),
o((1 =) +tww,y) > (1 - t)o(Z,y) +to(zs,y) > te >0,

where we used concavity of o(-,y) and convexity of Qp. Hence
(1=t)Z +txy,y) €D for all t € (0,1),

and letting ¢ | 0 yields (Z,y) € X, showing (74).
Let z = (z,y) € Qpgq \ . Then (74) implies that ¢ S,. By continuity of & — o(Z,y)
along the segment from z to x, there exists A € (0, 1) such that

zo:= (1= XNz + Az, € 5y and o(zg,y) = 0.
Using concavity once more, we obtain
0=o0(z0,y) = (1 = No(z,y) + Ao(zx,y) 2 (1 = Ao(z,y) + Ae,

and therefore

A
/\5 > )e.

— >
o(z,y) 2 7
On the other hand,

dist(z, Sy) < ||z — xo|| = Allx — z«|| < ADp.

Combining the last two displays yields

—o(z,y) > < dist(z, Sy).
Dp
Noting that dist((x,y), ) < dist(z, Sy) by (74), the claim (35) follows.
For the quadratic cost c(z,y) = %||z — y||?, it is known that o(z,y) is concave in each
component, so that (34) holds. Specifically, o(z,y) = (z,y) — ¢(z) — 1 (y) where @, are
convex functions; see [32] or [18]. O
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