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Abstract

In optimal transport, quadratic regularization is an alternative to entropic regulariza-
tion when sparse couplings or small regularization parameters are desired. Here quadratic
regularization means that transport couplings are penalized by the squared L? norm, or
equivalently the y? divergence. While a number of computational approaches have been
shown to work in practice, quadratic regularization is analytically less tractable than
entropic, and we are not aware of a previous theoretical convergence rate analysis. We
focus on the gradient descent algorithm for the dual transport problem in continuous
and semi-discrete settings. This problem is convex but not strongly convex; its solutions
are the potential functions that approximate the Kantorovich potentials of unregular-
ized optimal transport. The gradient descent steps are straightforward to implement,
and stable for small regularization parameter—in contrast to Sinkhorn’s algorithm in the
entropic setting. Our main result is that gradient descent converges linearly; that is, the
L? distance between the iterates and the limiting potentials decreases exponentially fast.
Our analysis centers on the linearization of the gradient descent operator at the optimum
and uses functional-analytic arguments to bound its spectrum. These techniques seem
to be novel in this area and are substantially different from the approaches familiar in
entropic optimal transport.
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1 Introduction

Optimal transport has become ubiquitous in many areas where distributions or data sets need
to be compared, such as statistics, machine learning and image processing. Given compactly
supported probability distributions P and Q on R?, the optimal transport problem with
quadratic cost is
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where II( P, Q) denotes the set of couplings; that is, probability distributions on R? x R with
marginals (P, Q). The optimal value OT(P, Q) defines the Wasserstein distance between P
and @ and hence is the target of numerous computational approaches (see [25| for a recent
monograph). Following [6], entropic regularization and the corresponding Sinkhorn algorithm
are likely the most popular as of now. The entropically regularized optimal transport problem
is
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BOT.(P.Q) = _int [ Slla = ylPdne.y) + eKL(xIP 0 Q) )
where € > 0 is a parameter determining the strength of regularization and KL(7|P ® Q) is
the Kullback—Leibler divergence between 7 and the product P ® (). Sinkhorn’s iteration can
be described as the coordinate-ascent algorithm for the dual problem of (2) which seeks a
pair of functions f, ¢ : R* — R maximizing

F@)+9()—§lla—y|?

f(@) +g(y) —ee : d(P ® Q)(x,y). (3)
Thanks to the algebraic properties of the exponential function in (3), the coordinate-wise
maximization (i.e., optimizing separately f or g) has a closed-form solution, leading to the
iteration

o) = —<log (/efnl(w);%llx—yll2 dP(:c)) () = —clog (/egn(y)—%:w—.UQ dQ(y)) .

(4)
The exponential also entails that the dual objective (3) is strongly concave (when restricted to
uniformly bounded f(z)+ g(y)). This implies (see [4]) that the iteration converges linearly to
the maximizer of (3), which in turn approximates the dual solution of the optimal transport
problem (1) in the limit ¢ — 0 of vanishing regularization. Several other proofs of linear
convergence are known, starting with [10] for the discrete case, and a recent body of literature
analyzes the corresponding constants in detail (see [5] and the references therein).

While Sinkhorn’s algorithm has been very successful in many applications, it has limita-
tions. Using KL divergence entails that the optimal coupling of (2) always has full support
(equal to the support of P ® @). This is known as overspreading in applications, as the
true optimal transport for (1) is typically sparse (even given by a deterministic map). For
example, overspreading can correspond to blurring in an image processing task [2] or bias
in a manifold learning task [29]. Separately, a computational limitation is faced when small
regularization parameters € are desired to closely approximate (1): since exponentially large
and small values occur in (4), the algorithm tends to become unstable for small values of ¢,
an issue that can be mitigated only to some extent [26]. See also [17], where a Dijkstra-type
search algorithm is proposed as a replacement.

Starting with [22, 2, 9], an alternate approach is to regularize with a different divergence.
The most tractable choice is the x? divergence, or equivalently, penalization by the squared
L? norm of the density, leading to the quadratically regularized optimal transport problem,
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It is known that QOT, (P, @) approximates the unregularized optimal transport cost OT(P, Q)
at rate €2/(42) as ¢ — 0 (see [8], and [11] for the leading constant). In contrast to entropic
regularization, the optimal coupling 7, of (5) has sparse support for small ¢; this has been
observed empirically since the initial works (e.g., [2, 9, 21, 1]) and established theoretically
more recently in [28, 15|. See Figure 1 for an illustration. A number of computational

Figure 1: Transporting P = N(0,1) to Q = N(1,1); the measures are truncated to [-3,3] and
[-2,4], respectively. Left: Dual solutions of QOT, and OT. Right: Supports of the optimal
couplings are sparse and converge to the optimal transport map.

approaches have been considered, mostly targeting the dual problem of (5),
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or its first-order condition of optimality,

e = / (F@) + g(y) — Lz — yl), dP(a),

(7)

e= [ (@) +9) = dlle — vlP)., dQ0).
Here (t)+ := max{t,0} denotes the positive part function; it appears as a consequence of
the constraint that couplings are nonnegative measures. In the realm of discrete marginals,
[22] proposed a mirror gradient method while [9] used a Newton-type algorithm to solve a
minimum-cost flow problem on a graph. In [2], the authors leveraged a generic L-BFGS solver
and also introduced an alternating minimization scheme. A similar Gauss—Seidel method was
suggested in [21]; the idea is to alternately solve the equations in (7). While Sinkhorn’s al-
gorithm implements the analogous iteration for entropic regularization, the equations in (7)
cannot be solved in closed form. To implement this implicit method, [21] explored both
direct search strategies and a semi-smooth Newton method. These approaches were further
examined in [20] where the authors noted good empirical convergence but a high compu-
tational cost per iteration in large-scale settings. To mitigate this, they proposed several
alternative methods, including cyclic projections, dual gradient descent, and its accelerated



variant. While no theoretical analysis is given, their numerical experiments suggest that all
three approaches are efficient and consistent. (Note that the numerical methods and exper-
iments can be found in the preprint [20]; they are omitted in the journal version [19].) In
the continuous setting, several works including |7, 12, 16, 18, 27| apply neural networks to
the dual problem. For instance, [18] uses neural networks and gradient descent to compute
regularized Wasserstein barycenters.

While numerous algorithms have been used successfully, we are not aware of any con-
vergence rates in the literature. Note that rates are not obvious given the lack of strong
concavity in (6)—while the early work of [22] mentions examining linear convergence as an
“important avenue for future work,” not much progress has been made in that direction until
the present paper. More generally, conventional wisdom is that quadratically regularized op-
timal transport “works” in practice but is difficult to analyze theoretically. The present work
provides not only a convergence analysis, but also develops techniques that will be useful in
other theoretical studies on regularized optimal transport.

Specifically, we consider the gradient descent algorithm for the dual problem (6). With
I'(f, g) denoting the objective function in (6), the gradient descent (or ascent, to be precise)
in L2(P) x L*(Q) with step size n > 0 is

In+1 In In
for n > 0, where the initial values (fo, go) are given and the explicit form of the gradient is

PN (1R (@) + (@)~ Y - 312),dQ()
or () = ( 1= 17 (7@ + 9(0) ~ Hlz — u?) L dP (@) ) ' )

We observe that the iteration (8) is fairly straightforward to implement, similarly as the
Sinkhorn iteration, however it is free from exponentially large or small values. Indeed, even
a naive implementation is stable for very small parameters €, a key reason for the growing
interest in quadratic regularization. We observe that evaluating the integrals in (9) may
require replacing P and @@ by empirical samples, especially in high-dimensional problems.
In that respect, it is useful to know that the quadratically regularized optimal transport
problem has parametric sample complexity [13]—it does not suffer from the same curse of
dimensionality as optimal transport.

We provide a theoretical analysis in a general setting covering continuous and semi-
discrete marginals; in fact, we will only assume that one of the two marginal measures has
connected support and does not charge small sets. The main result (Theorem 2.3) shows
that for step size 1 < ¢, the iterates (fy,gn) converge linearly in L? to the solution (fs,g.)
of the dual problem (6); that is, there exist 0, < 1 and n > ng such that

H(f”’g”) - (f*ﬂg*)HLQ(P)XL2(Q) < 5:

for all n > ng. Our numerical experiments suggest that this bound accurately captures the
behavior of the algorithm: convergence is approximately geometric after a burn-in period.
Our mathematical analysis centers on the linearization IL of the gradient descent operator
I + nDI' at the optimum (fy,g«). Indeed, we show that the linear operator L, mapping
(frnsgn) — (fes9x) to (frnt1,9n+1) — (f«, g«) converges in operator norm to L. The main



result in Theorem 2.3 then boils down to showing that L is a strict contraction. Thus, we
establish that the spectrum of the self-adjoint operator L is contained in (—1,1). We mention
that a similar proof strategy would likely apply to a class of f-divergence regularizations
that includes LP regularization for 1 < p < 2; more specifically, the class detailed in [14,
Assumption 2.1].

While our analysis does not proceed through a Polyak-Fojasiewicz (PL) inequality or
quadratic growth condition, the following remarks may give additional intuition for the ge-
ometry underlying linear convergence—and also illustrate that the techniques developed in
this paper are useful beyond the proof of Theorem 2.3. Under an additional regularity con-
dition (that P does not charge small sets, like @) in Assumption 2.1), one can check that I’
is twice differentiable at its maximizer (fx,g«). Adapting the proof techniques in Section 4,
one can then show strict positive definiteness,

§:= inf  ([-D?C'(f., g:)](u,v), (u,v)) > 0.

[l (w o)l 2=1

This result is related to a local quadratic growth condition around ( f, g«). However, it is not
clear how to ensure existence of D?T'(f, g) at points (f,g) # (f«,g+) or even the continuity
of (f,g) — D2I'(f,g), so that a rigorous statement is not immediate. Under additional
smoothness assumptions on (P, Q), exploiting the proof techniques in Section 5 and with
additional work, we hope to show in future work that a quadratic growth condition holds in
an L neighborhood:

L(f,9) <T(ferg0) = {6/2+w(I(f,9) = (fes 9)llso) } I(f5 9) — (Fer 94172

for a function w with lim;,ow(¢) = 0. We note that the above inequality is still weaker
than the quadratic growth condition in L? which would be needed to directly infer linear
convergence of gradient descent from standard results.

The remainder of the paper is organized as follows. Section 2 details the setting, the
gradient descent algorithm and our main result on its convergence. Section 3 gathers prelim-
inary results for the proof. Section 4 studies the linearized gradient descent operator L and
forms the core of our analysis. Section 5 completes the proof of the main result by showing
the convergence of L, to L. Section 6 concludes with numerical experiments.

2 Problem statement and main result

Let P, Q be probability measures on R%. The following is a standing assumption throughout
the paper.

Assumption 2.1 (Marginals). The topological supports of P,Q € P(R%), denoted
Q:=sptP and € :=sptQ, are compact.

Moreover, @ does not charge the boundary of any convex subset of R%, and its support ' is
connected.



Roughly speaking, Assumption 2.1 imposes that one of the two marginals be continuous.
As there is no structural condition on the other marginal, it covers both continuous trans-
port problems (where both marginals are continuous) and semi-discrete problems (where one
marginal is discrete and the other is continuous).

The quadratically regularized optimal transport (QOT) problem with regularization pa-
rameter € > 0 is
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r€ll(P,Q) P®Q)
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with the convention that the last term is 400 if 7 &« P ® . This problem has a unique
solution 7, € II(P,Q), and m, is characterized within II(P, Q) by having a density of the
form

dm, 1 .
W(*@y) = - (f*(ﬂf) + g4(y) — 5”1‘ _ y||2> 1)

+

for a pair (fi,g.) € L?*(P) x L*(Q) called the potentials. If (fi,g«) are potentials, then
(f« — ¢, g« + ¢) are also potentials for any ¢ € R. To remove this ambiguity, we work with the
subspace

1= {19 e 2P) < 2@« [ 1= [ 4d@} = 1.~ e B < 2HP) x L@

As a consequence of the connectedness in Assumption 2.1, the potentials are unique in Lé
(see Lemma 3.1 below for all these assertions). The orthogonal projection onto L2 is

o Y, [ 4 9dQ- ) sap)
Projg, : L*(P) x L*(Q) —>L§97 ( p ) = ( g— % ([ 9dQ — [ fdP) ) (12)

and Lé is naturally a Hilbert space with the induced inner product
((f:9), (w,v)) 2 = ((f,9), (w, v) L2(pyxr2(@) = (frw)r2(p) + {9, V) 12(Q)-
The potentials are also characterized as the unique solution of the dual problem of (10),

sup I'(f,9), (13)
(f.9)€Ly

where the dual objective function is

2
() = [ f@ar@ + [awaew - 5. [ (f@+90) - Hle-vl?) are Qo)

2e +
The gradient of I' at (f,g) € L2 is

n(1)-(

(14)
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Thus, the gradient descent algorithm with step size n > 0 is

()= ( g )enmr () 09

for n > 0, where the initial values (fy, go) € Lge are given inputs. Note that (f,,gn) € Lé
implies (fui1, gns1) € L3

Assumption 2.2. The initial values fy : @ — R and g : ' — R are Lipschitz continuous
functions normalized such that [ fdP = [ gdQ. The step size 7 either satisfies

(i) 7 € (0,¢), or
(ii) n =€ and sptm, # Q x .

We remark that the condition sptm, # Q x Q' is harmless. Indeed, Lemma 3.3 shows
that any algorithm should first check the nonnegativity condition (22) which is equivalent to
spt e = Q x Q'; if it holds, the potentials are given by the explicit expression (23) and there
is no need for gradient descent in the first place. In practice, spt m, = Q x €’ only occurs for
large values of € that are rarely of interest.

Theorem 2.3 (Linear convergence of gradient descent). Under Assumption 2.2, there exist
constants 6, € (0,1) and ng € N such that the iterates (fn,gn) of (15) satisfy

”(fnagn) - (f*?g*)HL% < 5:} fOT all n > no.

The proof, which occupies the rest of the paper, has the following structure. We observe
that the iterates (fy, gn) satisfy

(fn+1_f* > - L <fn_f*)
In+1 — G« " In — Gx

for an operator L,, (see Lemma 5.1) which converges in operator norm to a limit . as n — oo
(Proposition 5.5). The limiting operator L is the linearization of the gradient descent operator
at the optimum (fx, g«). The key step is to show that the operator norm of L is strictly smaller
than one (Proposition 4.1). It then follows that L, is a strict contraction for n > ng, which
is the assertion of Theorem 2.3.

Remark 2.4. Assumption 2.2 allows for step sizes n < e. A classical result states that for a
strongly convex function with L-Lipschitz gradient, the gradient descent algorithm converges
linearly for any step size n < 2/L (see [23, Theorem 2.1.15]). In our problem, the gradient
DT is Lipschitz in Lé with Lipschitz constant bounded by 2/e, as can be seen directly by
applying the inequality (¢)+ — (s)+ < Ly>03(t — 5). In that sense, Assumption 2.2 is in line
with the classical result. Our experiments in Section 6 suggest that convergence can break
down for n > ¢.

Remark 2.5. We focus on the transport cost ¢(z,y) = 5|lz—y||? which is the most important
example in practice. While the continuity of this function is used throughout, the specific
form is used only to infer the regularity properties in Lemma 3.2 (i) which, in turn, are used
to argue that certain sets occurring in the proof of Proposition 5.5 are negligible. While
we do not know how to rigorously guarantee the latter in general, it seems plausible that
Theorem 2.3 could extend to more general transport costs. The analysis of the linearized

gradient descent operator in Section 4 directly extends to general continuous costs c(x,y).



3 Preliminaries

Let C(€) denote the space of continuous functions f : Q@ — R. For f € C(Q2) and g € C(Q'),
we denote (f @ g)(z,y) := f(z) + g(y). Consider the quotient space

Co = (C(Q) x C()) / ~a
where (f,g) ~g (u,v) if and only if f ® g = u @ v, and endow Cg with the norm
(e, )llee = inf {JJu + alloc + v~ alleo} -

Next, we detail some properties of the potentials (fy, g«) that will be used throughout
our convergence analysis. The following system (16) can be understood as the first-order
condition of optimality for the dual problem (6).

Lemma 3.1. There exists a unique pair (fx, g«) € Cq solving the system

e = [ (@) +9.) = Hla = ulP),, dPlx) for aly .

(16)

e = [ (@) +0.) ~ iz = o), dQw) for allz c .
The pair (fy,g«) is also characterized as the unique mazximizer of the dual problem (6) and
by the relation (11) with the primal solution .

Proof. Existence of a solution (fx,g«) € Cq of (16), as well as the equivalence of (16) with
solving the dual problem and with (11), are shown for instance in [24]. Uniqueness is also
shown in [24], but only under additional conditions on (P,Q). Next, we provide a more
general proof.
Let (f«,9«) and (f.,g.) be continuous solutions of (16). Fix y € ', then (16) implies
that
PlaeQ: fu(a) + g.() - 3z — gl > 0} >0

in particular, the latter set contains an element xg. Continuity of g, implies that

fu(z0) + 9(§) — 3llzo — §[|> > 0 for all § in a neighborhood Uy of y in Q. (17)
The relation (11) shows that % admits a continuous version, and it is a general fact
that if the density of a measure admits a continuous version, then that version is uniquely
determined at every point of the support. Since (11) holds both with (f, g«) and (f1,gl),
and both are continuous, we conclude from (17) that

Fexo) + 9:(5) — gllwo — Gl = fi(xo) + g4(H) — 3llwo —g*  for all § € U,.

Hence, ¢.(9) — ¢.(9) = fi(xo) — f«(xo) =: c for all § € Uy, showing that g, — g, is locally
constant in Q. As Q' is connected, it follows that g, — g, = ¢ is constant in €. It now
follows from (16) that f. — f. = —c (see, e.g., [24, Lemma 2.4|) and hence (fs, g«) = (f1, %)
in C@. ]



Next, we detail two properties of the set
£:={(z,y) € Ax Q' : fu(a) + g:(y) — 3llz — y[* > 0}. (18)
We denote its sections by

Sei={y e ful@) + g.(y) — sllz —y|* > 0}, z€Q, (19)
Ty={r e Q: @) +aly)— Mo —yl? >0}, ye. (20)

Lemma 3.2.

(i) For any x € Q, there is a convex set Cp C R% with nonempty interior such that

So={ye: f(z)+ay) —3lz—yl* >0} =Cn,
Ne={yeQ: fu(@)+g.(y) — $lz —ylI> =0} = 9C. N Q.

In particular, N is Q-negligible.
(1t) There exists a constant A > 0 such that Q(S;) > X and P(Ty) > X for all (x,y) € Qx Q.

Proof. (i) This is due to a concavity property that was previously used in [15, 28]; we detail
the proof for the sake of completeness. One first observes that f, g. of (16) can be extended
to continuous functions on R such that

€= / (f<(x) + 9:(y) = 3z = y[?), dP(x) for all y € RY, o
e = [ (@) + 9.) ~ dlla = ul?), dQUy) for allw € B,

Let f., g« satisfy (21). Write F(z) = fi(z) — Ha:H /2 and G(y) = g«(y) — |ly||*/2. We show
that F': RY — R is concave. Indeed, let z, 2’ € R? and p € [0, 1]. Convex1ty of t — (t)+ and
using (21) at both x and 2’ yield

[ F@)+ (1= )F) + Gl) + o + (1= p)a'0)] Q)
<p [ [F@)+ G + )] Q) + (1 p) [ [F) +6) + ()] Q) =

On the other hand, (21) at 2" := pz + (1 — p)a’ yields

[ 1w+ 1= p)a!) +6) + (oo + (1= ' )] Q) =

Together, it follows that pF(z) + (1 — p)F(2') < F(pz + (1 — p)a’), as claimed.
Analogously, G is concave. In particular, for any x € €2, the function

Y ful@) + g4(y) — 2z —yl

is concave, which implies that its super-level set S, = {y e RY: fu(x)+g.(y)— %Hx—yw >0}
is convex. Moreover, (21) implies that the open set {y € R? : f.(z) + g«(y) — 3|lz — y[|* > 0}



has positive @-measure and in particular is nonempty. As a consequence, S, is a convex set
with nonempty interior and its boundary in R? is the zero-level set {y € R? : f.(x) + g«(y) —
%Hm —y||> = 0}. Since the boundary of a convex set is Q-negligible by Assumption 2.1, the
proof is complete.

(ii) This follows from an argument given in the proof of [1, Proposition 5.1] for a class of
divergences; however, for the present case, we can also give a straightforward proof: Set

C:= sup fi(@)+9:(y) — 3llz —yl*.
e, yelV

For any x € €, (16) yields € = [ (fu(z) + gi(y) — ]|z — ylI?), dQ(y) < Q(S:)C, and now
the claim Q(S;) > A follows with A :=¢/C. The proof of P(7,) > X is analogous. O

The last lemma shows that the case sptm, = Q x Q' of full support is straightforward.
Lemma 3.3. Set p = [xdP and ¢ = [ydQ. Then sptm, = Q x Q' if and only if

e+pq—qr—py+{(z,y) >0 forall (z,y) € 2 x Q. (22)
In that case, the potentials are given by

1 €+ pq 1 €+ pq
fol@) = Sl =+ =2 gy) = Syl = py + = (23)

Proof. Let f(x) and ¢g(y) denote the above right-hand sides and note that (22) is equivalent
to f(z) + g(y) — 1|z — y||*> > 0 for all (z,y) € Q x Q. Assuming spt, = Q x ', we see
from (11) that the potentials satisfy f.(z) + g.(y) — 5|z — y[|* > 0 and hence (16) simplifies
to

e = [ £.@)+ 0.0) - dlle ol dP()
e = [ £.0)+9.0) - bz~ ol dQ(y).
It is then straightforward to verify (fi,g+) = (f, g). Conversely, if f(z)+g(y)— %[z —y||* > 0

for all (z,y) € Q x €/, the fact that (f,g) solves the above system means that (f,g) also
solves (16), and we conclude by the uniqueness in Lemma 3.1. O

4 Contractivity of linearized gradient descent

In this section, we study the (formal) linearization of the gradient descent operator

(1) (1) ()

at the dual optimum (f;, g+); namely, the operator L : L2, — L2,

A (Fa=108y) -2 s, 9dQ
L (g) = projg (g (1 _ gp(ﬁ))) _ g fT((‘))fdP 7 (25>

10



where z — S, and y — T, were defined in (19) and (20).! We will show that L is self-adjoint
on the Hilbert space (L2, (-, ") 2 ), so that its operator norm can be computed via

[Lllop = sup  [(IL(f, 9), (f,9)]-

H(fvg)”L%9 <1

The main result of this section is the following.

Proposition 4.1. Under Assumption 2.2, the operator L : Lé — Lé 18 a strict contraction;
i.e., ||[Llop < 1.

The proof, which occupies the rest of the section, has the following structure. Since L is

self-adjoint, either o := ||L||op or a := —||LL||op belongs to the spectrum of L, and
o= s (L(fg).(foh o a= inf  (L(f.g),(f.9)s.
Il g =1 I(f9)ll 2 =1

We deduce that

H( Fal(1 =) = 2Q(50)) = 2 [, 9dQ + b )

0
(1) = LP(T() = 2 [, fudQ = b ”

L2(P)xL*(Q)

for a sequence (fy,,gn) € Lge with unit norm. Moreover, we establish that the sequence

fs(‘) 9ndQ
[

is strongly pre-compact. We deduce that ( f,,, gn)n is strongly convergent along a subsequence,
and then, that one of the numbers +||L||op, is an eigenvalue of L. We conclude by proving that
all eigenvalues of L lie in the open interval (—1, 1), which is the main part of the argument.

We start with several auxiliary results and detail the proof of Proposition 4.1 at the end
of the section. Denote by B, (z) the open ball of radius r around z.

> € L*(P) x L*(Q)

Lemma 4.2. The following operators are compact:

dQ
A LX(Q) = L*(P),  Ai(g) = %,

fdpP
Ag: LA(P) = L2(Q),  Ao(f) = f;(()fr())

Proof. We prove that A is compact, the second claim is analogous. It suffices to show that if
{un}n C L*(Q) converges weakly to zero, then [|A; (un)|| 12(py — 0. In view of Lemma 3.2 (i),

Un (y) d 2 2

!The expression in (25) serves as the definition of .. While linearizing (24) is the intuition giving rise
to (25), differentiability of (24) may not hold under the stated assumptions as 97, need not be P-negligible.
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2
Set hy,(z) == (fsz un(y) dQ(y)) . As u,, — 0 weakly in L?(Q),
ho(z) = (Ls,, un)%z(Q) — 0 forallxz € Q.

On the other hand, Jensen’s inequality yields hy,(z) < ||un\|%2(Q). As weakly convergent
sequences are norm-bounded, this shows that (hj) is uniformly bounded by a constant.
Using the dominated convergence theorem, we conclude that [|A1(uy)||p2(py — 0. O

Lemma 4.3. For A1, Ay as defined in Lemma 4.2, the equation

A(g) Y\ _ ( f
(ah)=-(7) 20)
on L*(P) x L*(Q) has the solution set {(f,g) = (¢,—c) : ¢ € R}.

Proof. Let (f,g) € L?(P) x L*(Q) be any solution of (26), and recall the definition (18).
Using the first row of (26) yields

L@+ sn@auart) = [ ( e +g<y>>h<x>d@<y>) dP(x) = 0

€T

for all h € L?(P). In particular, choosing h := f yields

0= / (F2() + F(2)9(y))AQ(y)dP(z).
£

Analogously,
L) + r@ewidaw)ir =o

Adding the two displays shows that [¢(g9(y)+ f(2))*dQ(y)dP(x) = 0 and hence that g& f = 0
holds P ® Q-a.s. in £.

Next, we argue that f and g admit continuous versions. Recall (11) and that fi, g« are
continuous (see [24, Lemma 2.6]). In particular, 7, is supported in &£ and its density is
continuous. For any test function h € L%(P), it follows from ¢ @ f = 0 P ® Q-a.s. in & that

0= /h(a;)(g(y) +f(x))d(1§lg@

:/<h(:z)f(a:)+h(a:)/d(;,h;®(x,y)g(y)dq)(y)> dP(z).

(z,y)dP(x)dQ(y)

Therefore,

@) = = [ pag @ nsw)iQ) Pas. 27)
and as the right-hand side is continuous in z, this shows that f admits a continuous version.
The argument for g is analogous.

It remains to show that the continuous versions f, g with ¢ ® f = 0 on & satisfy (f,g) =
(—c,c) on Q x , for some ¢ € R. Let y € . As in (17), there exist z9p € Q and a
neighborhood Uy of y in €' such that {zo} x U, C €. Thus g(y) = —f(xo) for all § € U,.
We have shown that g is locally constant. As €' is connected by Assumption 2.1, it follows
that g = ¢ is constant on ', and now (26) implies that f = —c on Q. O
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Lemma 4.4. The operator L is self-adjoint in (L%, (., ->Lge).

Proof. We first consider the auxiliary operator M : L?(P) x L?(Q) defined by

f-Q(S(~))+/ 9dQ
M<f> _ S0
g g-P(Ty)+ | fdP
],

The following representation readily yields that M is self-adjoint:

f STz ) (f(2) + 9(')dQ(yY)
M( g > (@y) = ( JIe(@',y)(f(2") + g(y))dP (') >

where

e~ {en e ax Y w) +0.0) 2 e}

As a consequence, M induces a self-adjoint operator Mg, := proj, M on L%e. Indeed, for
every (f,g), (u,v) € L we have
<(f7 9)7 proj@ M(u7 v)>L§9 = <(f7 g)? M(u7 U)>L2(P)><L2(Q)
- <M(f7 g)a (U, U)>L2(P)><L2(Q) - <pr0j@ M(fa g)) (’LL, v))L%'
Recalling from (25) that . = I — ZMg, it follows that L is also self-adjoint. O

Proof of Proposition 4.1. To show that ||L|o, < 1, recall (e.g., [3, Proposition 6.9]) that
Lemma 4.4 implies ||Ljop = max{|a™|,|a~|} where

T L Z = inf L 2.
@ ||(f7;ﬂfél< (f’g)?(f7g)>L®7 « ||(f,91)r||nge:1< (fag)a(f’g»[/@

We set
at, if ||L||ep = o],
o [Ellop = fo™] (28)
o, otherwise.
Suppose for contradiction that ||L|o, > 1. Note that this implies @ > 1 in the first case
of (28) and o < —1 in the second.

By the definition of «, there exists a sequence (fn, gn)n With [|(fy, gn)||L§B = 1 such that
(L(fn, gn), (fn,gn)>L§3 — a. Recall that (f,,g,) can be considered as elements of L?(P) x
L*(Q) with [ fndP = [ g,dQ. Note that ||L|op = |a| implies HI[.,(fn,Lc]n)HQLé < o? and hence

I = 1) fas g2 = ~20(L(fas 9n)s (Fus 002 + 02 + IL(Fns 90132
< 2a(a - <L(fnvgn)v (fnygn»Lé) — 0.

Hence, there exists a sequence {b,}, C R such that

fall1 = 0) = 2Q(S()) — 1 [, 9dQ + by
gal(1-a)

~IP(T) ~ 2 fr FadQ ~ by -0 29)

LA(P)xL2(Q)

13



In fact, the sequence {b,}, is bounded by the choice of (f,, gn), hence converges to a limit b
after passing to a subsequence. After passing to another subsequence, the Banach—Alaoglu
theorem yields that the bounded sequence (f,,, gn)n has a weak limit (f, g) in L2(P) x L*(Q).
Recalling Lemma 4.2 and the fact that compact operators map weakly convergent to strongly
convergent sequences, it follows that

A1(gn) > < A1(g) )
- — 0.
H< A2 fn A2(f) L2(P)x L2(Q)
Together with (29), we deduce that
1[5, gdQ+b
In (1—a)=2Q(S() T2 2
< 0 — 2y, FdP—b in L*(P) x L*(Q),

(1—04)—§P(T<4>)
where we have used that the denominator is bounded away from zero thanks to || > 1 and
TP(T(y), 2Q(S(y) € (%, 1], where A is as in Lemma 3.2 (ii). In particular, the sequence
(fn, gn) converges strongly. It follows that (f,, gn) converges strongly to its weak limit (f, g),
and in particular that [|(f, g)||Lé =1and [ fdP = [ gdQ. Thus, the equation

s, ng+b
fY_ | - ) 7Q(S()
g 2 FaP—b
admits the solution (f, g) € L2, or
f((1—a) = 2Q(S,)) =1 f‘s(‘) 9dQ + b,

9(1 =) = 2P(Ty) = L[5 fdP —b. (30)

Next, we show that b = 0. Integrating the first and second equation of (30) with respect
to P and @), respectively, and applying Fubini’s theorem, we obtain

(1=a) [ @)@ =L [ (@) + ) d(P © Q)fan) +1 (31)
(1-a) [ o aQ) =2 [ (1) + o) dP & Q)a.s) = (32)
Subtracting (32) from (31), we find (1 — «) ([ fdP — [gdQ) = 2b, and recalling that

[ fdP = [ gdQ, we conclude b = 0.
In summary, (f,g) satisfies ||(f,g)HLr§)9 =1land [ fdP = [ gdQ and solves the system

F(a=a)=2Qs) =2 [5, 940,

(33)
g (=)= 2P(T0)) =T [y faP

14



Case a > 1 or o < —1. Then, (33) implies

2Q(Sz) 2P(Ty) .
1flloo < 1/ oo sP2y oo Tmarr TPy o> 1
= 1Q(Sy) 1P(T,) )
||f||oo Supx,y 1—04—262(51) 1_a_glg(7-y) if o < —1.

We observe that the above supremum is < 1 in either case, and thus that f = 0. Similarly,
g = 0, contradicting that ||(f79)HL§9 =1.
Case a = 1. In this case, (33) specializes to

1S = - Js, 90,

which by Lemma 4.3 means that (f,g) = (0,0) in L%, again contradicting ||(f, g)HLé =1
Case a = —1. In this case, (33) can be written as

2f(z) = 2 [, (f(2) + 9(¥))dQ("),
29(y) = 1 [ (f(@") + g(y))dP(2)).
Adding these equations, taking squares, applying the inequality (a + b)? < 2(a? + b?) and

then Jensen’s inequality, we deduce

€

<2 (7 (( / () + g(y’))dQ(y’)>2 + ( /T

Yy

2
1(f(2) + ()7 = (1) ( [ U@ +ownieu) + [ )+ g(y))dP(x’>>
2
(F) + g(y))dP(sc'>) )

<2(1)" (@) [ + a2 + P [ (6 + swPara))

9

and now integrating w.r.t. P ® @) yields

[ @+ s ar@iew) < (1) (PeQ)E) [(f) + 9)*dP)da).

Recalling Assumption 2.2, we have either n < ¢, or n = ¢ and (P ® Q)(£) < 1. As a
consequence, the factor (2)2 (P®Q)(E) is strictly smaller than one and we obtain the desired
contradiction to H(f,g)HLge =1 O
5 Proof of linear convergence

Recall from (15) that the gradient descent iterates satisfy

fn _fn - n . 5_f(fn(')+gn(y)_lu '—Z/HZ) dQ(y)
( gnii ~—9n > e Pl ( €= f (fn(x) + gn(-) — ;H : ) ‘ Y

15



We first represent the iterates in a form convenient for our analysis, with the operator L,
introduced in Lemma 5.1. To prove the main result, it then remains to show that L,, converges
to L in operator norm. We first show that (f,,gn) — (f«, g«); this is a straightforward
Arzela—Ascoli argument (Lemma 5.4). Next, the proof of I,, — L is given in Proposition 5.5.
Combining ||L,, — L|jopp — 0 with the fact that L is a contraction (Proposition 4.1), we
complete the proof of the main result in Corollary 5.6.

Let £1(\) denote one-dimensional Lebesgue measure.

Lemma 5.1. The gradient descent iterates (fn, gn) satisfy
In+1 — Gx In — G«
for the operator

Y (T LS — e s, 9w)dlLi © QI(A\.y)
L”( >‘:p“’"@<g< L e P T -1y . (30)

where

Proof. In view of (16), (34) implies that

< fn—i—l_f* > o ( fn_f* )
9n+1 — 9= 9n — G«
_ T proj J (£ + @) = 31 =l = (Fal) + 90 (w) = 311 - —ul?) , dQ(y)
T\ (fe@) +9:() = 3l —-17) L = (Fal@) + 9n () = llz —-I*) L dP(x) |
(37)
After applying the fundamental theorem of calculus in the form
1
6(1)+ = 00) = [ 2601

to the functions

B) = M) + 0a()) + (1= N)(fa(e) + 9 (v)) ~ gz — I
d

O] =Tsz0  (£+(2) + 9+ (v) = fal®) — 9n(v)),

we get

fn - f* fn - f*
< gnj:—g* ) B < 9n — G« )

a (U= P QIS +fsn(> 9(y) = 9:(u))dIL1 ® QI(\,y)
— e PR (w9l @ PUTL ) + [, (Fal@) = @)Ly © PI(A, )

and the claim follows. O

7
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The next two lemmas establish that the gradient descent iterates are uniformly bounded
and equicontinuous.

Lemma 5.2. Let n € (0,¢], then

fn f*
|Gzl ==l Ca=)l, @
Proof. Up to taking equivalence classes in Cg, (37) states that
fn 1 — f* o fn - f*
< gnil—g* ) B ( In — Gs >
L J(fe() + gu(y) = 2H —yI17), = (fa() + 90(v) — 51 - —vl*), dQ(y)
e \ S (Fu@) +9:() = gllz —I7) . = (fal2) + ga() = szE— | ) dP(z) |
Using the inequality
)+ = (8)+ < Iysop(t —s) (39)

with = £,(2) +g.(s) — 3z — ol and s = Fu(@) + gu(0) — 3z — y]2, we infer
rna(®) = £:2) < (@) = £ + 2+ [ (1) = o)+ (00) ~ 9 00)iQ0)
= (ful) — 2o (1= 2 8 / ()4Q()
<= fulloo (1= 2 - QS >) QSo)llgn = 9o

Note that the right-hand side is a convex combination of ||f,, — filloo and ||gn — g«llcc as
€ (0,¢]. Writing

Sua = {U €0 fu@) 4 0nls) 2 glo—ulPf, wER nen (40)
we analogously get
£u@) = Fur(@) < 1= Foloe (1= 2 QS00)) + 2+ Q(En)llgn — g1l
a convex combination of the same quantities. Together, it follows that
1 = felloo < max (|[fn = felloos [lgn — gxlloo) -
Repeating the same argument for ||gn+1 — g«|loo, We conclude

maX(an—l-l - f*”om lgnt1 — gslloo) < max (|| fr — filloo, Hgn — 9xllo)

for all n and hence

max ([ fot1 = felloos l9n+1 = gxlloo) < max ([ fo = filloos llgo — gxlloc) -

The claim follows after recalling the definition of the norm || - |cg . O

17



Lemma 5.3. Let n € (0,¢] and let (fo,g90) be Lipschitz with constant Ly. Then for every
n > 1, the gradient descent iterates (fn,gn) are Lipschitz with constant L, where

L = max{Ly,C}, C:=max{|z—y| :x € ye N}
Proof. Arguing by inductively, let L,,_1 denote the Lipschitz constant of f,,_1. Fix 2,2’ € Q
with o # 2/. By (34),
1
&) = 0) = Gua(@) = Faa) = L+ [ (Faale) +90a0) = 3llo — 7))
+
n / 1., 2
+ = [ (faa@) + gna(y) = Sl2" —yll” ) dQ(y).
3 2 +

Recalling the definition of S’n_m/ from (40) and using the inequality (39), we get
fn(x) - fn(x/)
—ull? — Iz’ — 2
< (ur@) = fu @D+ L [ (aa@) = fumata) + I g

3 2

n—1,z/

- T — 2 _ T — 2
< (ae) = fuae N1 = 2@+ 2o [ EEIEEIE= g,

n—1,z/

< (ot (@) = fama @D = T QEu1.0)) + 1 - Cll = 2/ Q(S1.01).
where C' = max{|lz —y| : x € Q,y € Q}. As a consequence,

fa(x) — fal2)

n 5 n 5
<Lp1(1—=-Q(S,—1.4 = Q(Sp—1.4)C.
Hﬂ? _ x/H = 1( - Q( 1, )) + - Q( 1, )

Noting that the right-hand side is a convex combination of L, and C, we have

fa() = fu(2)

< L,1,C

fow = o)

and the claim for f, follows. The proof for g, is analogous. O
We can now conclude the convergence of (fn, gn) to (fx,gx) in Cg.

Lemma 5.4. Let n € (0,¢], then ||(fn,gn) — (f+; 9+)|lce — 0.

Proof. In view of Lemmas 5.2 and 5.3, the Arzela—Ascoli theorem shows that after passing
to a subsequence, (fn,gn) converges to a limit (foo, goo) in Cg. By the continuity of DI, it
follows from (15) that

(foo>:<f°° >—|—17-DF<fOO> and hence DF(foo>:0
Joo Joo Joo Joo

in L%, meaning that (fs,geo) solves (16). Recalling from Lemma 3.1 that (f.,g.) is the
unique solution of (16), the claim follows. O
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We can now prove the main technical result of this section.
Proposition 5.5. Let Assumption 2.2 hold. We have ||L, — L||op — 0.

Proof. Comparing the definitions of L and L,, in (25) and (36), we see that ||L,, — L|jop — 0
is implied by the two limits

1[£1 ® Q(Sn,()) — QIS 2Py — O, (41)
sw | [ b o @0 - [ hwdw| 0 (42)
IRl L20y<1 |7 Snu) S L2(P)

and the symmetric results for the second component. Clearly (42) implies (41) by specializing
to h =1, hence we focus on (42). Separating h = (h)4+ — (h)_, it even suffices to prove

sup
1Pllz2 @) <1

— 0. (43)
L2(P)

/ h)dIL1 © Q) y) — / h(y)dQ(y)
S

S0

h>0

Consider z €  and h > 0 with ||h[[z2(g)<1- Note that the sets

Stei={v €2 £+ 0.0~ Yool 2 F(ss) - (o)l

satisfy
0,1] xS, C Spa C [0,1] X 5;@
and thus
o< [ OOE / HOIE QI < / QW)

Hence, it suffices to show that

e - | ( [ ntwaew - | h(y)d@<y>> dP(z) =0 (1)

n,x

uniformly in k. We show this for &, the proof for £, is similar. In view of ||h||12(g)<1, the
Cauchy—Schwarz inequality yields

2
e = [ ([ 5.0 - T b ) arw
< hlBaqq) [ s;, ~ s Baq)dP(@) < [ sy, ~ Ls.3xq)dP(a),

and we note that the right-hand side is independent of h. As [[g+ (y) — Ls,(y)| < 1, it
suffices to show that |Ig+ (y) —Is, (y)| — 0 for (P ® @)-almost all (z,y). Write & (z,y) ==

fe(®) + g(y) — 3llz — y||*. Since the set {(z,y) € A x Q' : &(z,y) = 0} is (P @ Q)-
negligible by Lemma 3.2 (i) and Fubini’s theorem, it suffices to show [Ig+ (y) —Is, (y)| — 0
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for (z,y) € Q x Q' with & (z,y) # 0. Fix such a pair (z,y). By Lemma 5.4, there exists ng
such that

1
||(fn7gn) - (f*ag*)HC@ < §|§*($7y)| for all n > no-

If & (2, y) > 0, it follows that Is, (y) = Is+ (y) =1 for n > ng, whereas if {(z,y) <0, then
Is, (y) = Is+ (y) = 0for n > ng. In either case, [I5+ (y)—Is,(y)| = 0for n > ng, completing
the proof. 7 ’ O

Combining Propositions 4.1 and 5.5, we deduce that IL,, a uniform contraction for n > ny.

Corollary 5.6. Let Assumption 2.2 hold. There exist 6, € (0,1) and ng € N such that
ILnllop < 6x for all n > ny.

In view of (35), Corollary 5.6 implies Theorem 2.3.

6 Numerical experiments

In this section, we provide numerical experiments for the gradient descent algorithm. The
key quantity of interest is

An = [|(fs 9n) = (a1 9a-1)ll 2 -

On the one hand, we see from (34) that

<a—fwwwmam—;w—m%¢@@>>

AT
e |\ e— [ (ful@) + 9u() = 3l —[]?) L dP(z)

2
L@

and hence A, has a direct interpretation as n/e times the L? norm of the constraint violation
in (16). This captures how far the measure with density (f,(2) + gn(y) — 3|1z — y||2)Jr is from
being a coupling of P and (). On the other hand, we will observe that A, ~ 7 for large n,
for some d, € (0,1), implying that also ||(fn, gn) — (f*79*)HL§e ~ 0. This will confirm that
Theorem 2.3 accurately captures the convergence behavior.

The left panels in Figure 2 plot log(A,,) against n for three different pairs of marginals
(P, Q) and for numerous different step sizes 1. The regularization parameter e = 10~! and the
initialization fy = go = 0.5 are fixed. The gradient descent iteration is run until A,, < 10710,
The integrals in (14) are approximated using the regular trapezoid rule over a discretized
mesh of [-0.1, 1.6], with step size 0.001, giving approximately 1700 discretization points for
the one-dimensional marginals, while the same integration procedure is applied on a mesh
of [-0.1,2] x [-0.1,2], with step size 0.05, to obtain approximately the same number of
discretization points.

For all step sizes n < €, we observe a linear behavior after a burn-in period, confirming
that A, ~ ¢} where 0. € (0,1). We also show some step sizes with n/e > 1; specifically, we
increase the step size until convergence breaks. In the three experiments, convergence breaks
when 7/¢e reaches the values 1.13, 1.28, and 1.42. This suggests that the condition n/e <1
in Assumption 2.2 is fairly sharp; see also Remark 2.4.

20



o
=
°
o
o
w B
2 3
«©
N Lo
g £
2 =
@
w
o
e ~
' =
e
0 o
i
T T T T T T T T T
0 50 100 150 200 0.0 0.2 0.4 0.6 0.8 1.0
Iterations ©
o
8 |
-
°
0
a |
S
o
8
o
0 23
5 EER
g N
2 €
° S Q
58
o o
= grez "
c R
o
R
S
n
- =
T Y T T T T T T T T T T
0 50 100 150 0.0 0.2 0.4 06 . 08 1.0 1.2 1.4
Iterations "
o
P
o4
o
o
» &
~ o
I3 Q ©
2 ® S
g £
2 =
173
w
S ~
N o
©
S
0
9
' T T T T T T T T T T
0 50 100 00 0.0 0.2 0.4 0§, 0.8 1.0 1.2
Iterations B

Figure 2: Gradient descent algorithm for three pairs of marginals: (top) P = U|[0, 1] and
Q@ = UJ0.5,1.5], (middle) P = U[0,1] and Q = 3(0.1,0.2), (bottom) P = U([0,1] x [0,1]) and
Q=U(1/v2,1+1/V2] x [1/v/2,1+1/+/2]). Left panels show the convergence for different
step sizes 1 , right panels show the estimated &, for different 1, both for fixed e = 10~
Step size is increased until convergence breaks, which happens at n/e = 1.13, 1.42, 1.24,
respectively.

21



The right panels in Figure 2 show an estimate of J, for each step size. The estimate is
obtained by a linear regression over log(An_g), £k =0,...,9, where N is the iteration where
the convergence criterion is reached. We observe that J, depends substantially on /e, with
a distinct V shape. Overall, the value of §, is quite small for a large range of step sizes
(bounded away from zero and the break point), indicating fast convergence. As a caveat,
we emphasize that the estimated J, pertains to the particular trajectory of the algorithm
which depends on the chosen initialization, meaning that the constant in Theorem 2.3 could
be worse.

1.0

log(,)
-10
Estimated 5.
07 08

-15
0.6

20
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°
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Figure 3: Repeating the first experiment (top row of Figure 2) with smaller values of &
and warm-start initialization. Left panel shows convergence for ¢ = 10™* and different step
sizes 1. Right panel shows estimated J, for several values of £ and varying step size 1. Step
size is increased until convergence breaks.

Figure 3 repeats the first experiment (i.e., the top row in Figure 2) but varies the reg-
ularization parameter €. In addition, the experiment for ¢ = 107% is initialized with the
potentials found for ¢ = 107%*1. Even so, a longer burn-in period is observed for smaller
values of ¢ (for constant initialization, the burn-in period would be even longer). We observe
that the break point as well as the optimal ratio 7/e increase as € decreases, extending beyond
Assumption 2.2. Comparing with Remark 2.4, a possible explanation is that for small values
of e, the Lipschitz constant of the gradient DI is substantially smaller than 2/e. Specifically,
the positive part operator in (14) implies that the integral is approximately taken only over
the support of the optimal coupling. This support is conjectured to be sparse, with sections

1
of diameter ~ £7+2 (see |15, 28]), which suggests a Lipschitz constant that shrinks with e.
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