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Abstract

Quadratically regularized optimal transport (QOT) is an alternative to entropic reg-
ularization that yields sparse couplings and avoids numerical instabilities due to expo-
nential scaling. From an optimization viewpoint, the dual QOT objective is concave but
features a positive part function which prevents strong concavity and reduces smoothness
of optimizers. Consequently, standard arguments for linear convergence of algorithms
do not apply. In this paper, we nevertheless establish a quantitative curvature property
for the QOT dual. Under mild assumptions covering both continuous and semi-discrete
transport problems, we prove a local error bound and a Polyak-T.ojasiewicz (PL) inequal-
ity, with explicit constants depending only on the problem primitives. These results are
obtained by functional-analytic techniques exploiting that near the optimum, the ar-
gument of the positive part function is positive on the interior of the support of the
optimal coupling. As applications, we derive linear convergence of the gradient ascent,
coordinate ascent, and coordinate gradient ascent algorithms on the dual problem, with
explicit contraction rates.
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1 Introduction

Optimal transport provides a principled framework for comparing probability distributions,
with ubiquitous applications from machine learning to economics. Given compactly sup-
ported probability measures P and @ on R?, the optimal transport problem with cost function
c:REXRT - Ris

OT(P = inf d 1
PQ =t | cla)iney). (1)

where TI(P, Q) denotes the set of couplings (or transport plans), i.e., probability measures
on R? x R? with marginals (P,Q). In particular, the optimal value OT(P, Q) induces the
p-Wasserstein distance when ¢(z,y) = ||z — y[|P. As (1) is computationally and statistically
challenging in high dimensions, the dominant approach in applications is to introduce a
regularization term. Popularized by [7], the most widely used is Kullback-Leibler (KL)
divergence, leading to the entropic optimal transport (EOT) problem

EOT.(P,Q) = . lilr(lij,Q) / c(z,y) dr(z,y) + eKL(7|P @ Q). (2)
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Here € > 0 is a parameter controlling the strength of the regularization. The associated dual
problem is the maximization of

[ (1@ + 9 < (P®Q)(,) 8

f(@)+g9()—c(z,y)
x qvé cacy)d

over functions f,g : R* — R. The celebrated Sinkhorn algorithm can be interpreted as
the (block) coordinate ascent algorithm on this objective. Two key features underlying the
success of EOT and Sinkhorn’s method are the strong concavity of the objective (3) and the
fact that its optimizers ( fi, g«) are automatically as smooth as the cost ¢. In particular, strong
concavity directly yields linear convergence of Sinkhorn’s algorithm [6]. At the same time,
entropic regularization introduces structural distortions. The infinite derivative of tlogt at
zero entails that the optimal coupling of (2) necessarily has full support (the same support
as P ® @), even though (1) is typically sparse. This “overspreading” induces blurring or
bias in applications such as image processing [2] or manifold learning [33]. Moreover, weak
regularization € < 1 leads to numerical instability due to exponentially large and small values
in the Sinkhorn updates [29]. See, e.g., [27, 25] for further background.

The most popular alternative, first considered by [24, 2, 10|, replaces KL divergence by
the squared L?-norm (equivalently, x? divergence), leading to the quadratically regularized
optimal transport (QOT) problem

2

QOT.(PQ) = _int | clainte.n + 5| g "

rell(P,Q) (P®Q)

L2(P®Q)

Its optimal value converges to OT(P,Q) as € — 0 at the rate £2/(*+2) [9]. Unlike entropic
regularization, the optimal coupling is sparse for small to moderate €, as has been observed
empirically in many works including [2, 10, 23, 1] and recently established theoretically
in 32, 17, 26]. Moreover, exponentially large or small values do not appear in QOT. A
variety of computational approaches have been developed, including mirror gradient meth-
ods [24], Newton-type algorithms [10], Gauss—Seidel (coordinate ascent) schemes [2, 23], cyclic
projections and gradient methods [21], as well as neural network methods parameterizing the
dual domain [8, 12, 19, 20, 30].

From an optimization viewpoint, quadratic regularization leads to a markedly different
geometry. The dual problem associated with (4) is the maximization of the concave objective

L'(f,9) = / <f(w) +9(y) - 2*15 (f(2) + g(y) — cla, y))i) d(P @ Q)(z,y). (5)

Note that the positive part function (¢); = max(t,0) destroys strong (and even strict) con-
cavity: T is linear in f ® g as long as f @ g — ¢ < 0, where (f @ g)(z,y) = f(z) + 9(y).
Moreover, optimizers have limited smoothness (not C? even if c¢(x,y) = ||z —y||?, cf. [14, 26]).
Thus, many of the arguments that are used in EOT do not apply. While well established in
computational practice, QOT has long been regarded as difficult to study analytically, and
it is fair to say that the theory is still in its infancy. However, two recent results suggest
that QOT is better behaved than the aforementioned properties suggest: despite the lack of
strong concavity and smoothness, [13| established that QOT has parametric sample complex-
ity (i.e., does not suffer from the same statistical curse of dimensionality as unregularized



optimal transport), and [16] showed that the gradient ascent algorithm for (5) converges
linearly. These results hint that the geometry of the QOT dual may retain some features of
strong concavity, at least locally around the optimum. The goal of the present work is to
crystallize this intuition into a quantitative result.

Indeed, our main result provides an error bound and a Polyak—t.ojasiewicz (PL) inequality
for the QOT dual (5) under mild assumptions, thus offering the first structural understanding
for the optimization and statistical properties of QOT. Denoting by (f«, g«) the (essentially
unique) dual optimizers, Theorem 2.5 states that

1f®g— fs® gullr2(poq) < vemax(||[f © g — fu ® gulloos €) IDL(f, Dl z2(P)x12(Q)

and

1
Yemax (|| f @ g — fs ® gxlloo, €)

IDT(f, 9)72(pyw £2() = (QOT.(P,Q) —T(f,9)),
where DI' denotes the gradient and ~. is an explicit constant. This error bound and PL
inequality are local in the sense that their constants are uniform only for || f®&g— f« P g« ||o < €,
where ¢ is the (fixed) regularization parameter. Such a localization is clearly necessary, given
the aforementioned linear structure of the dual on part of the domain. Our setting assumes
that one marginal has compact and convex support (or more generally, compact connected
Lipschitz support) and a density that is bounded from above and below, whereas the second
marginal is only assumed to be compactly supported and the transport cost c is any Lipschitz
(or uniformly continuous) function. In particular, our setting covers both continuous and
semi-discrete transport problems.

It is well known that a PL inequality enables a host of desirable properties for optimiza-
tion. In this paper, our applications focus on the convergence of several algorithms for the
dual QOT problem (and hence also for the primal problem (4), since the dual optimizers yield
the optimal coupling via the relation (11) below). Specifically, we show in Corollaries 2.6
to 2.8 that gradient ascent, coordinate ascent, and coordinate gradient ascent all converge
linearly (for suitable step sizes), with explicit contraction constants. Of course, the PL in-
equality may also be useful for analyzing other algorithms. Further important applications,
to be developed more fully in forthcoming works, include explicit bounds for the statistical
sample complexity of QOT and quantitative stability for the dual (and hence also the primal)
QOT optimizers. Regarding the second application, we mention that first Lipschitz-stability
results follow immediately along the lines of [3, Section 4.4|, whereas stronger results fol-
low with additional work (see [15]). These implications of the PL inequality offer a marked
improvement over the Holder continuity of optimal couplings shown in [1, Theorem 3.3].

The basic intuition for our main result is the following. The dual objective (5) would
be strongly concave (in f @ g) if it weren’t for the positive part operator. The latter is
active only on the complement of the set S = {(z,y) : f(x) + g(y) > c(z,y)}. When
(f,9) = (f«, g«) are dual optimizers, S is the support of the optimal coupling, by way of (11).
While we expect the support to be sparse, the fact that it carries the solution also implies
certain lower bounds. Thus, if (f,g) is close to (f«,g«), we know that there is a nontrivial
set where the positive part operator is not active, and that set must be exploited as the
source of curvature for our result. However, it is not straightforward to turn this intuition
into a formal argument (in part, because we have very limited knowledge about the shape



and size of the optimal support). The actual proof follows an original approach leveraging
functional-analytic tools: We fix (f,g) and consider the dual objective I'(ft, g;) along the
interpolation (f;,g:) = t(f,g9) + (1 — t)(f«,9x). The main step is to bound the second
derivative O2T'(fy, g;) from below, which corresponds to the coercivity of an integral operator
whose kernel is 1y, (2)4g,(y)>c(z,y)}- For ¢ = 0, this set is the support of the optimal coupling,
linking to the intuition sketched above. Establishing the lower bound boils down to bounding
the minimum eigenvalue of an associated operator, which requires us to develop a tailored
spectral analysis since the operator is not compact.

As the PL inequality is local, drawing the corollaries for the algorithms requires uniform
bounds for the iterates. These bounds are algorithm-specific, but once they are obtained,
the linear convergences are direct consequences of the PL inequality. Of course, this analysis
could be extended to variants of the discussed algorithms, for instance variable step sizes.
As mentioned, linear convergence of gradient ascent was previously shown in [16]. However,
the contraction constant given there is not explicit (due to the proof containing a qualitative
compactness argument). Moreover, the proof is not easily adapted to other algorithms such
as coordinate ascent or coordinate gradient ascent since it relies on a symmetry property
specific to the gradient ascent algorithm. The derivation through the PL inequality in the
present work offers a systematic approach that covers a whole class of algorithms. Apart
from [16], we are not aware of previous results on linear convergence for continuous QOT.

Organization Section 2.1 details the assumptions and collects relevant background results.
The main result on error bound and PL inequality is Theorem 2.5 in Section 2.2, whereas
the linear convergences of the algorithms are stated as Corollaries 2.6 to 2.8 in Section 2.3.
The proof of the main result is given in Section 3, and the corollaries for the algorithms are
derived in Section 4. Section 5 concludes with a summary and practical remarks. Appendix A
extends the results from Lipschitz to uniformly continuous costs, and Appendix B relaxes
the convexity assumption on the first marginal support.

2 Main Results

2.1 Problem statement and background

We first detail our assumptions on the marginals P, ) and the cost ¢. Let L4 denote the
d-dimensional Lebesgue measure and B, (x) the open ball of center  and radius r > 0. We
fix probability measures P and @ on R? and impose the following conditions throughout.

Assumption 2.1 (Marginals). (a) The first marginal P has convex, compact support {2 and
admits a density p := dP/dLy that is bounded away from zero and infinity on €2, i.e., there
exist constants 0 < Ap < Ap < oo such that

Ap < p(z) <Ap forall z € Q.
(b) The second marginal @ has compact support €.

The convexity condition can be relaxed to €2 being the closure of a bounded Lipschitz
domain. All our results extend to that setting, at the expense of an additional constant that
depends on the geometry of €2 and a more complicated proof. This extension is detailed in
Section B.



Remark 2.2 (Lower bounds for ball measures). (a) Since  is compact and convex, it
satisfies a uniform interior cone condition: for every z € 2, there exists a convex cone C,
with vertex z, angle 8 > 0 and height A > 0 such that C, C 2, where 6 and h are independent
of z (e.g., |18, p. 12]). Hence, Assumption 2.1 implies that there exists dp € (0, 1], depending
only on € and Ap, such that

P(B,(z)) > 6p min(r?, 1) for all 7 > 0 and z € €.
(b) Since ' is compact, lower semicontinuity of y — Q(B,(y)) implies

inf Q(B(y)) >0 forall r > 0.
ye)

We note that () can be continuous or discrete, that is, our setup covers both continuous
and semi-discrete optimal transport.

Assumption 2.3 (Cost). The cost ¢ : R x R? — R is Lipschitz with constant L > 0.

Lipschitz-continuity can be relaxed to uniform continuity at the expense of a more com-
plicated expression for the constant in the main results; see Section A.

The quadratically regularized optimal transport (QOT) problem with regularization pa-
rameter € > 0 is

€ dm 2
QOT.(P,Q) := inf /c x,y)dm(z,y) + = H 6
(PQ) = inf (z,y)dn(z,y) + 5 1P Q) | 12poo) (6)
with the convention that the last term is +o0 if 7 € P ® Q. The dual problem is
QOTI(P,Q) = sup I'(f,9), (7)

(£,9)€L?(P)xL*(Q)

where the dual objective function I' : L2(P) x L?(Q) — R is defined by

I'(f,9) = / <f(:v) +9(y) - %(f(x) +9(y) — cl, y))i) d(P ® Q)(z,y). (8)

The gradient of I" at (f,g) € L*(P) x L*(Q) is

or ()= (o ) ()=

and its action on (u,v) € L?(P) x L?(Q) is

(f() +9(y) —c(-,y)),dQ(y) >
(f(z) +9g(-) = c(x,-)) (dP(z)

(OT(1,9), (1 N aipyzzia) = [(wen) (1= (109 -0, ) a0 Q)

Next, we recall a number of known properties. They do not require the full strength of
Assumption 2.1, only that Q,Q are compact and € is connected.

Proposition 2.4. (i) The strong duality QOT (P, Q) = QOT:(P,Q) holds.



(ii) The dual problem (7) admits an optimizer (f«,g+) € L?*(P) x L?(Q). The functions
(fx, gx) are unique up to translation in the following sense: fixing one optimizer (fi, gs),
the set of all optimizers is given by {(f« + a,g9« — a) : a € R}.

(i) We can choose versions fr : © — R and g« : Q' — R that are L-Lipschitz. Those
versions are fixed in all that follows. We call (f«, g«) the potentials.

(iv) The potentials (f«,g«) satisfy the first-order condition

[@) +02(0) )1 dQ(y) =< for allz €9, o)
—c(z,y))+dP(x) =¢ forally € Q.
(v) The primal problem (6) has a unique solution m. € II(P, Q). It is related to the potentials

by
dm

m(x,y) = %(f*(x) +9.(y) — c(z,9)) , - (11)

We refer to the proof of [16, Lemma 3.1] for the uniqueness of the potentials and to |26,
Section 2| for all other claims.

Given functions f: Q2 — R and g : ' — R, we denote (f @ g)(z,y) := f(x) + g(y). The
uniqueness of the potentials up to translation implies that f. @ g« is uniquely determined.
More generally, we observe that the dual objective (8) can be seen as a function of f@®g rather
than the two separate functions f and g. This point of view is used for our main proofs, which
consider the operator ®(f@®g) :=I'(f, g) on the space H = {f®g : (f,9) € L*(P)xL*(Q)} C
L?(P ® Q). This is mathematically convenient and also leads to slightly tighter constants.
On the other hand, algorithms (and scientists) often consider f,g as individual functions
that are updated separately, hence we take that point of view in the presentation of the main
results below.

2.2 PL inequality

Our main result is a PL-type inequality for the dual objective T" of (8). We recall that
(fe,gx) € C(2) x C(Y) are fixed (but arbitrary) potentials and the constants Ap, Ap,dp, L
were defined in Assumption 2.1, Remark 2.2 and Assumption 2.3.

Theorem 2.5 (PL inequality for I'). For (f,g) € L>(Q) x L>®(Q), we have the error bound

[ f®g—fe® 9*||L2(P®Q) < yemax(||f &g — fx © gulloo,€) [IDT(f, g)||L2(P)><L2(Q)
and the PL inequality

1
>
~ emax (||f @ g = fi @ gilloos €)

”Dr(fvg)H%?(P)xLz(Q) (QOTE(Pa Q) _F(fag))a (12)

where
d+2

A 8L \*\ A2 ([SLdiam(2)/z])
Ve =16 <5P1max (6’ 1> > )‘7]: infyeqr Q(Bg (v))

The proof is given in Section 3.



2.3 Convergence of algorithms

Next, we apply the PL inequality to show that three natural algorithms for the dual prob-
lem (7) converge linearly for suitable step sizes: gradient ascent, coordinate ascent, and co-
ordinate gradient ascent. All algorithms have iterates (fy, gn), and linear convergence means
that the suboptimality gap A, := QOT.(P,Q) — I'(fn,gn) = T'(fs«,9+) — I'(fn, gn) satisfies
A, < (1 —¢q)"Ap for some g € (0,1) that is made explicit below. Numerical experiments
for these algorithms can be found in [21] (they are omitted in the journal version [22]). The
experiments suggest that all three algorithms are efficient and consistent in the examples
considered, but no theoretical analysis was given.

The proof of each corollary below is reported in Section 4 and combines three facts: the PL
inequality (Theorem 2.5), the Lipschitz property of DI' (Lemma 4.1), and a uniform bound
for || fn ® gn — f« @ g«l|loo- The latter gives a uniform constant for the PL inequality and has
a slightly different proof for each algorithm; after that, the argument for linear convergence
is standard. As mentioned in the introduction, linear convergence of gradient ascent was
previously shown in [16], but without explicit control of the contraction rate. Apart from
that, we are not aware of any previous results on convergence rates of QOT algorithms. For
the statements that follow, we recall that (f.,g«) € C(2) x C(€Y') are fixed (but arbitrary)
potentials and the constant 7. defined in (13).

2.3.1 Gradient ascent

The gradient ascent algorithm with step size n > 0 is initialized at (fo, go) € L>(€2) x L>°(Y)

and defined by
In+1 9n In

where the gradient DI' has the explicit form stated in (9). It is well known that a PL
inequality implies linear convergence of gradient ascent. Given the specific form of our (local)
PL inequality (12), we only need to bound || f,, ® gn — f« ® g«|/oc uniformly in n.

Corollary 2.6 (Linear convergence of gradient ascent). Let (fo,go) € L(2) x L>(') and
define (fn, gn)n>1 by (14). For every n € (0,¢) and n > 1,

||fn@gn_f* @g*HooSQHfOEBgO_f* @g*Hoo (15)

and the suboptimality gap A, = QOT.(P,Q) — I'(fn, gn) satisfies

n(1-12)

A, <(1—q)"Ag for q:= .
-9 e (@] o 9o — fo & glleor?)

Moreover,

72 max(2]|fo ® go — fr D gulloc, €)?
n(1-12)

A

1fn @ gn — fi @Q*H%Q(P@)Q) = A (1—q)".



2.3.2 Coordinate ascent

The coordinate ascent algorithm is an implicit algorithm which is initialized at go € L>(Q)
and iteratively optimizes the coordinates of I,

fn = arg;nax L(f, gn), gn+1 = argmax ['(fp, g), n > 0. (16)
g
This is equivalent to iteratively solving the first-order conditions for n > 0:

define fy(z) vin &= [ (fula) + 9a(0) ~ clo.0),, dQv), (a7)
then gp41(y) via e = / (fu(@) + gny1(y) — c($,y))+ dP(z). (18)

These equations imply that the argmax is unique and a bounded function (by the same
arguments as [26, Lemmas 2.4, 2.5]), so that the iterates are uniquely defined.

We remark that the coordinate ascent algorithm becomes Sinkhorn’s algorithm when
the quadratic regularization is replaced by KL divergence (i.e., entropic optimal transport).
In that case, the above equations are solved explicitly as the properties of the exponential
function allow one to take f,, and g,+1 out of the integral. For quadratic regularization, the
definition remains implicit. In 22|, methods such as line search were proposed to solve the
implicit problems.

Corollary 2.7 (Linear convergence of coordinate ascent). Let gg € L>®°(Y) and define
(fmgn)nzo by (16) Then

lgn+1 — gxlloo < Ifn = Filloo < llgn — gulloo <+ < {lg0 — gxlloo (19)

and the suboptimality gap A, := QOT. (P, Q) — I'(fn, gn) satisfies

3

A S 1_an or q:= '
n < ( )" Ao f 279 max(2||go — g«lloo, €)

Moreover,

272 max(2(|go — gxlloc, €)*

A

In the definition of ¢, the constant ||go — g«||co can be replaced by infucr [lg0 — 9« + @00
since the corollary holds for any pair of potentials, including (f« + a, g« — a).
2.3.3 Coordinate gradient ascent

The coordinate gradient ascent algorithm with step size n > 0 is initialized at (fo,g0) €
L>(Q) x L>®(Q) and defined by

fn+1 = fun +nD.I’ < gn ) ) In+1 = gn +n D2l ( fn+1 > ) n 2> 0. (20)
n

gn



Corollary 2.8 (Linear convergence of coordinate gradient ascent). Let (fo,g0) € L™ () X
L>®(Y) and define (fn, gn)n>1 by (20). For every n € (0,/v/2),

max([| fo+1 = felloos lgnt1 = gxlloc) < max([|fn = fillos, [[9n — gslloc) (21)
and the suboptimality gap A, := QOT.(P,Q) — I'(fn, gn) satisfies

Av<(A—qrdg  for  qi= 01~ ) .
27& max<2Hf0 @ go — f* @g*Hoovg)
Moreover,
2’72 max(2”f0 69.90 - f* @g*H 76)2
an@gn_f*@g*H%?(P@Q) < —= 77(1—%) s Ao (1—q)".
g

3 Proof of the PL inequality

Consider the linear subspace
H={ueuv: ()€ LAP) x LAQ)} C LX(P® Q),

which is closed by the argument in [28, p.370|. Hence, H is a Hilbert space with the induced
inner product (-, )3 = (-, ") 12(paq)- We define the operator ® : H — R by ®(fdg) =I'(f,9),
that is,

v(f09)i= [ (1) +90) - 3 (1) +90) — el ) AP © Qo). (2

Working with ® and H will be convenient as the direct sum removes the non-uniqueness of
the potentials. The relation between the gradients of ® and I' will be detailed in Lemma 3.8.

We fix (f,g) € L>(2) x L>°(') in addition to the direct sum fi @ g. of the potentials,
and denote by ¢ the function

0,1] 3t o(t) =—D(fr ®g:), where fidg :=((1—t)fi+tf)®((1—1t)gs+1tg).
Note that ¢ is non-decreasing, convex, C1*! and attains its minimum at 0. Moreover,
00 = [~ Nat-a) (1-Hoa-a.)areq), (23)

and for a.e. t € [0,1],

(1) = - /f (=D -graPeQ). (24)
+ gt>c

Here the differentiation under the integral can be justified by combining the proof of [11,
Theorem 2.27] and the a.e. differentiability of s — (s)4. In particular, we have the expansion

/ &' (s 0) +t¢'(0 / / ¢" (r)drds
+ /0 /0 ¢"(r)drds, (25)



where in the last step, we used (23) and (11) and the fact that =, € II(P, Q) yields

$0) = [(U. =& 0.~ )P e Q) ] =0
In what follows, we set
Cf,g = ”f* D g« _f@gHow ro = min(ﬁ,l) (26>

and show in Theorem 3.7 that ||(f« — f) @ (g« — g)H%Q(P®Q) < 5-¢"(r) for a.e. r € [0,7], for
a certain constant 3.. Note that rg depends on f, g only through C ,; this will be important
below to obtain an inequality for arbitrary f,g. We mention that the choice of such rg is
inspired by an argument of [31] in the context of entropic statistical optimal transport. Once
Theorem 3.7 is shown, the following theorem will be deduced via (24).

Theorem 3.1 (PL inequality for ®). The dual objective ® : H — R satisfies the error bound
1f©g— fe ®gsllL2(Pag) < vemax ([[f © g — fu @ gulloos €) [D(f © 9)ll 12(Po0)

and the PL inequality

1
Yemax (||f © g — fs @ gxlloos €)

IDS(f ® 9)172(peg) = (QOT.(P,Q) - ®(f&g) (27)

for all (f,g) € L=(2) x L>=(Y), where

) ) SL \%\ A2 ([8Ldiam(Q)/e]) "
Ye = 16 (6}31 max (6, 1> > )\75 infyeQ’ C?(BL (y>) .

8L

In this statement, D®(f®g) € H denotes the H-gradient of ®. Its explicit form is detailed
in Lemma 3.8 below.
3.1 Coordinate-wise coercivity of ¢”

With a view toward the second derivative (24), the goal of this subsection is the coercivity
of the nonnegative bilinear form

(udv,0® V) — (udv)(udv)d(P®Q)
fr®gr>c

with respect to the first coordinate, for sufficiently small r € [0, 1].

Lemma 3.2 (Coordinate-wise coercivity). Let ro be as in (26). For all v < rg and (u,v) €
L2(P) x L*(Q),

A2, infyeq Q(Be (y))
d(P > aV; , a="L 8L :
/.f'r@g'r>c(u Sv)d(P®Q) 2 aVarplu), o AP ([8L diaum(Q)/e])dJr2

where Varp(u) = [[u(z) — [u(x) dP(z))? dP(z) denotes the variance of u under P.

10



The proof of Lemma 3.2 uses the following auxiliary result, which is inspired by the
Bourgain-Brezis—Mironescu limits for Sobolev energies (e.g., [4, Theorem 1]).

Lemma 3.3. For any convex and bounded set Q@ C R%, o > 0 and h € L*(Q), the operator

_ /Q /B E(I)mﬂ(h(x)—h(z))zdzdx

/ / )2dadz < ([diam(Q)/0])*2 £,(h).

satisfies

Proof. Fix ,2 € Q and set zj, = z + £(z — x) where m = [diam(Q)/0]. Then

m—1 2
(h(z) — h(2))* = (Z h(zk) — h(%m)) <m Yy (Mapi) = hizg))?
k=0 k=

// Vdz=da
gmz//( ( k+1(z—x)>—h(a:%—:l(z—x)))zdzdx. (28)

'

=g

For fixed k, we use the change of variables

(u,v)-T(m,z)—<x+k+1(z—x),:r+:l(z—x)>
with
1 m—k—1 k+1
DT(z,2) = A® 1y A_m< m—k k >
1\ ¢
det DT'(z, z) = det(A ® I4) = det(A)? = <—>
m
to get

I = md/ (h(u) — h(v))*dudv.
QxQ
We have T'(2 x ) C  x Q by convexity of Q. Noting that (u,v) = T'(z, z) satisfy u —v =

(z — x)/m, we also have ||lu — v|| < diam(2)/m < p for all z,z € Q. As a consequence,
I;; < ma&,(h) and thus (28) yields

/ / )V2dzdz < mat2E,(h)

as claimed. O
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We can now show Lemma 3.2.

Proof of Lemma 3.2. Fix r < rg and (u,v) € L?(P) x L?(Q). For each y € ' we define the
section T,® = {z : fi(z) + g«(y) —c(z,y) > 5} of the set {fx © g« —c > §}. Asr < rg implies
{fr ©®9r > ¢} D {fe ®ge—c> 5}, we have

1= [  wevkdreq:z|  wevdpreoQ)
fr®gr>c Fsx®gs—c>5

= [, ] o)+ e@rar@ace)
> [ min / (ula) + $PdP)dQ(y).

For fixed y, the minimality property of the variance of u under the probability measure
P(dx)/P(T;) yields

ggél/;(u( z) + 5)2dP(x T // )2 dP(z)dP(z).

Using also P(7;) < 1, we conclude that

=5[] ; | (w@) ~ u2)Pap@)ape)aw) (29)
Choose a measurable selector

Qoz -y e argmax (fu(@) + gx(y) — c(z,9))+
yE

and set

me = max (f(z) + g:(y) - c(z,y))+.
yE

Recalling (10), we then have

me > [ (fla)+ 9.00) = o)1 dQ) =
Since fy, g« and ¢ are L-Lipschitz, we deduce

J(2) 4 9:(0) = e(2,9) 2 Fulw) + 9 (@) — el y(@)) = 2L — 2] = 2L () ]
=my — 2Lz — 2|| — 2L|jy(z) — y||
> ¢~ 2L - 2| - 2L|ly(x) — |

and hence

fe(2) + g4(y) — e(z,y) — 5 2 5 —2L|jx — z[| = 2L[ly(x) — y|-

Let o:= g7 and x € Q. If 2 € By(x) and y € By(y(x)), then

g € £
fo(2) +9:(y) —e(zy) =5 2 5 —2Le—2Lo=5 - 71— 7 =0, (30)



meaning that z € 77. This applies in particular to z = z, so x € 7. Equivalently, for all
z,z € Qand y € ', we have

18,(y(@) (Y) 1B,(2)(2) < 17s(2) 172(2) 1, (y(2)) (¥)-

Applying this in (29) gives
1
725 [ ] 15 15) () — u(2))? aP (@) dP() Q)

1

Z2/uélfﬂﬂwmwl&m®ﬂwﬂ—UQWWP@MP@MQ@)
1

= 2/9 Q(Bg(y(x)))/Bg x)(u(x) — w(2))2dP(2)| dP(z)

- ;<JQ£/ / /B u(2))? dP(2) dP(x).

Recall from Assumption 2.1 that the density p of P satisfies Ap < p < Ap on €2, so that

// w(2))2dP(2) dP(z) > A5 £,(u).

By Lemma 3.3 applied with ¢ = 8%,

ZOES e mdﬂ// 2 41 d.

Moreover,

// 2 dndn > // )2 dP(z) dP(z) = A2%3Varp( u).

Combining the last four displays,

Y- 1
I > (inf Q(By(y)) )% Varp(u),
(yGQ’ ¢ )A% ((diam(ﬂ)/g})dH
which gives the claim after recalling that ¢ = ¢7. O

Remark 3.4. For a given y € ', applying the argument around (30) with x replaced by
z(y) € argmax,cq(fe(z) + g+(y) — c(z,y))+ and y(z) replaced by y yields that z € T, for
any z € By(x(y)) N Q. That is, (By(x(y)) N Q) C T,;7. Symmetrically, we have for any x €
that (B, (y( ))NQ') C S; for the z-section S := {y : fu(x) + g« (y) —c(z,y) > 5}. Recalling
that o = g7, we have in particular

inf Q(B: () <Q(S3),  inf P(B () < P(T). (31)

ye €N
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3.2 Uniform coercivity of ¢”

Fix r € [0,1]. By the Riesz representation theorem, there exists a unique bounded linear
operator M : H — H such that

(& B, M(u & ) :/f.@ _(@e 8w viPeQ) (32)

for all (u®wv), (0®0) € H. Denote by S, , and 7y, the sections of the set R, := {f, ® g, > c},

ST,JE = {y e fr(x) +gr(y) > c(a:,y)}, 7;,1/ = {l' €Q: fr($) +g7"(y) > C(xyy)}'
Moreover, define
m(u@v)::/ udvdP®Q) €R.
fr®gr>c

Lemma 3.5. The operator M : H — H has the explicit representation

M(u ® v) = My (u @ v) & Ma(ud v), (33)
where
(o) = uQ(s, o)+ [ vag- "2 e rp),
ST’(A)
Mo (u ® v) = UP(7;7(.))+/ udP—M € L*(Q).
Tr() 2

Proof. The definition (32) can be stated as
<’U~}, Mw>L2(P®Q) = <'lf}, 1'Rrw>L2(p®Q) for all UN), w e H.

This implies that Mw is the orthogonal projection of 1z, w € L?(P ® Q) onto the subspace
H C L*(P ® Q). For arbitrary h € L?(P ® Q), define

he(o)i= [ hla)dQ),  w e
ho(w) i= [ hlz,)dP(a),  ye .
him [ b) d(P© Q).
We verify below that the orthogonal projection of h € L?(P ® Q) onto H is
projh :=hp ® hg — h.
Specializing to h := 1z, (u @ v), we have
projh = (hp - ;ﬁ) P (hQ - ;%) =M (u®v) & Ma(udv),

showing the claim.

14



It remains to prove that projh is indeed the orthogonal projection. Given h € L’ (P®Q),
clearly hp € L*(P), hg € L*(Q) and h € R, so that projh € H. To complete the proof, we
need to show for all @ @ v € H that

0= (a®®v, h—proj h>L2(P®Q)

- /QXQ/(a(m) +3(y)) (h(z,y) — hp(x) — ho(y) + h) dP(z)dQ(y) =: I1 + L,
where
= [ (1) ~ ko)~ haly) + F) dP@AQW)

and Iy is defined analogously with ¢ instead of #. Next, we show that I; = Iy = 0. By
Fubini’s theorem,

[ atate) apa)i) = [ aw) ( [ 1o dow) ) ap) = [ ihe() ira)

Moreover,

[ itanot) ar@aew) = ( [awar®) ( [rewaew) = [ i) re)

Expanding I; into four integrals, this shows that the first two and the last two integrals
cancel, so that Iy = 0. Similarly, Is = 0, completing the proof. O

The next lemma is an important technical step for the derivation of our main result.
While M is not compact, the lemma uses the explicit form of M to establish that the minimum
Rayleigh quotient is an eigenvalue. The proof technique is adapted from [16, Proposition 4.1].

Lemma 3.6. For any r € [0,1], the operator M : H — H is bounded, self-adjoint and
positive. Let

A= inf (u®ov,M(udv))y (34)
[uevllp=1

and suppose there exists a constant kg > 0 such that
Q(Sy, () —Xo = ko P-as, P(Try) — Ao = ko Q-a.s. (35)

Then Ao is an eigenvalue of M. As a consequence, the infimum in (34) is attained and \g is
the smallest eigenvalue of M.

Proof. Step 1. We readily see from the definition (32) that M is bounded, self-adjoint and
positive on the Hilbert space H. For the remainder of the proof we abbreviate A := Ay,
(-,)=(,)nand | -] = - ||, whereas | - ||op denotes the operator norm. Noting

0 < (w, Mw) :/

{fr®gr>c}

we have 0 < M < I, where I denotes the identity. Define the linear operator . : H — H by

W d(P® Q) < / w?d(P Q) = ||,

L:=1-M.

15



Then L is also bounded, self-adjoint and positive, so that its operator norm can be expressed
via the Rayleigh quotient as

ot = sup (Lu,w) = [Lop. (36)
[lw]|=1

For w € H with ||w|| = 1, clearly (Lw,w) = 1 — (Mw, w), so that A =1 —a™.
Step 2. By the definition of a*, there exists a sequence wy, = u, v, € H with ||Jw,| =1
and (Lwy,w,) = a™. As ||L||op = a implies ||Lw,| < ot for all n, we have

INwn — Mg [|* = [|(L = e Twn|* = [[Lwn|* + (a™)? — 20 (Lwy, w,)
< 20" (aF — (Lwy, wy)) — 0. (37)

Below, we prove that w, converges strongly to a limit w # 0 (along a subsequence). Once
that is shown, we have \w = Mw and ||w|| = 1, completing the proof.

Step 3. We may choose representatives (un,v,) € L?(P) x L*(Q) of wy, = u, ® v, with
[ undP = [v,dQ. Recall the operators M; and My with M(u @ v) = M (u, v) ® Ma(u,v)
from Lemma 3.5. Fubini’s theorem shows that this split gives a balanced normalization,

/Ml(u,v)dP _ /Mg(u, 0)dO.

Note also that if (f,, gn)n>0 C L2(P) x L*(Q) satisfy [ fodP = [ g,dQ for n > 0, then
the convergence f, ® g, — fo ® go in L?(P ® Q) already implies the separate convergences
fn — foin L2(P) and g, — go in L?(Q), thanks to the fact that

1
100 = [ 108 00w -5 [ fr05.dPQ)
and analogously for g,,. As a consequence, (37) and M(u & v) = M (u, v) & Ma(u,v) imply
|un(X = Q(S,.()) — Aron + $m(uy, vn)HLQ(P) -0, (38)
|vn(A = P(Tr. () — Agti + 3m(un, & vn)HLQ(Q) — 0,

where we have abbreviated the integral terms with the operators

Ay I2(Q) — L3(P), Awwzl;mmmwx

T,

Ao : L3(P) = L*(Q), Aogu(y) := [r u(z) dP(x).

™Y

These are integral operators with kernels in L?(P ® Q) and hence compact (cf. [5, Theo-
rem 6.12]).

As the sequences (u,) C L?(P) and (v,) C L?*(Q) are bounded, the Banach-Alaoglu
theorem yields (after passing to another subsequence) the weak convergences

u, —u in L*(P), v, = v in L*(Q),
for some u € L%(P) and v € L*(Q). By the compactness of A; and Ay, this implies

Aqv, — Ajv in LQ(P), Asu, — Asu in LQ(Q).

16



Moreover, m is clearly weakly continuous, so that m(u, @ v,) — m(u & v). We can now
revisit (38): as Ajv, — Ajv strongly and m(u, ® v,) — m(u @ v) are constants, u, (A —
Q(S,,()) must also converge strongly. Multiplication with 1/(A — Q(S,,(,))) is a bounded
operator thanks to the uniform bound (35), so that w, also converges strongly; the limit
must coincide with the weak limit w. Similarly, v, — v. As noted after (37), this completes
the proof. O

Now we show the main result of this section.

Theorem 3.7 (Uniform coercivity of Ml). Let ro be as in (26) and dp as in Remark 2.2. Set

X infyeo QB )

C T A (8L diam(@)/2) T

: RQ wnere K : min
3 1 ) P 8[ 9 — I

Then for all r < ro and (u,v) € L*(P) x L*(Q), the operator M = M(r) of (32) satisfies

(u® v, M(u & v) 12(paq) = Bellu @ vl22pag): (39)

and as a consequence, for a.e. r < 1,

€
Be
Proof. Step 1. We first derive lower bounds on the sections 7., and S, of {f, ® g» > c}.
Recall from Remark 3.4 and from the beginning of the proof of Lemma 3.2 that

1(Fe = 1) @ (9 = D2 (pag) < 7" (7). (40)

Be (x(y)NQ C Ty = {z: fulx) + g:(y) — c(x,y) > 5} C Try-

3L
In view of Remark 2.2, it follows that
€ d
P(T;,y) > 0pmin (8—L, 1) =k foralye. (41)
Analogously, S; := {y : fu(2) + g«(y) — c(z,y) > 5§} C Sy, so that (31) yields

Q(Srz) > ylélgfll Q(B& (y)) =1 qo forall z € Q. (42)

Step 2. Let Ao be as in Lemma 3.6. If \g > [, then (39) holds and we are done. We
may thus assume that A\g < B.. Noting that x,a < 1 and «a < g, the definition of 3., (41)
and (42) then yield

P(Tr,y) — o
Q(Sr,x) - )\O 2

v
N [JURANGV]

>3k >0 forallye(, (43)
Q(Srz) > 3g0>0 forallze .

In particular, we may assume that (35) holds.

Step 3. Hence, by Lemma 3.6, it suffices to show that the minimal eigenvalue \g of M
satisfies \g > B.. Let w = u ® v # 0 be an eigenvector of M with associated eigenvalue
Ao > 0 and suppose for contradiction that

Ao < Be. (44)
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We may choose representatives (u,v) € L?(P) x L?(Q) with the centering [udP = 0. The
eigenvalue equation \g(u @ v) = M(u @ v), the centering of u and Lemma 3.5 imply that

vdQ — uQ(S,, () + de) dP
® / < v /SM»)

v = vP(T,)) + / udP. (45)
Tr()

Aou = uQ(S,, () + /S

T

and

On the other hand, the eigenvalue equation, Lemma 3.2 and the centering of u yield
Nollu @ vl 72(pag) = (4@ v, M(u® v))2(pag) > a Varp(u) = allulZap)

The centering also implies [|u & v||7, (P2Q) HuH%Q(P) + HUHiQ(Q), and we conclude that

Ao >« HUH%Z(P) .
2 ulZap + 1,

(46)

Next, we bound ||UH%2(Q). Note that (45) yields the inequality

< an(,) |u|dP .
Ao = P(Tr )l
Using (43), we deduce
Fp WP [y uldP
P(Tr)) =20 = 2P(T)

Taking squares, applying Jensen’s inequality for P(dx)/P(7,,), integrating with respect to Q,
and using (41) again, we get

o] <

" /fmu P 16 Il
LQ(Q -9 P('E,(.)) -9 - K '

As u @ v # 0, this shows in particular that u # 0. Therefore, substituting the last display
into (46) and using x < 1 yields

lullZ2p ko1
) SOk 2 BE?

)\0> Z «
lulZeip) + 2lullep /s w+2 73

contradicting (44) and completing the proof of (39).
Step 4. Finally, set wy := (fi — f) @ (g« — g); then (24) and (39) yield
sw=2 [ W (P ® Q) = = (1., Muw.) 2(pog) > w22 pec)
{fr@gr>c} € €

which is (40). O
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3.3 Conclusion of the proof of Theorem 3.1

We can now complete the proof of the error bound and the PL inequality for ®.

Proof of Theorem 3.1. Using (40) in (25) yields

Tgﬁa
2e

d(ro) > ¢(0) + 1(fe = F) @ (95 = DI72(pog)-

On the other hand, the convexity of ¢ and the resulting monotonicity of ¢’ show

d(r0) < ¢(0) +70¢'(10) < (0) + 106’ (1).

Together, we obtain

2
Tgfg [(fs = f) ® (g« — g)”%2(P®Q) < ¢(ro) — ¢(0) < T’g(b/(l)

=ro(DO(f©9), f+®ge— fDG) 12(Pag) < TolDP(fOI) 2P I(fx—F)®(9x—9) | 2(Po0)

and hence
2¢e
[(fe = f) ® (9« — Dllz2(Pog) < MHD‘DU ® 9 r2(Peqg)- (47)
Noting that

2e 2e 4
i = =4 Ct,,e/2) <4 Ctas
- in(chfg, 1) W(1/C;9.2/) max(Cfq,€/2) max(Cfg,€)

and

RSP 8L \%\ A2 ([8Ldiam(Q)/e])"*
/Bs =4k« —4(51: max <671> ))\% infyeQ/Q(Bi(y)) )

this gives the first claim of Theorem 3.1. Moreover, concavity of ® yields

<|[D2(f @ g)llL2(poq)ll (f+ — f) & (95 — 9)l2(Poq)

and now bounding ||(f« — f) ® (9+ — 9)llz2(Peq) by (47) yields the second claim. O

3.4 Proof of Theorem 2.5

Finally, we translate the result of Theorem 3.1 from ® to I', that is, from the space H to
L?(P) x L*(Q).

Lemma 3.8. Let (f,g) € L?(P) x L*(Q) and

o ::/(1—i<feag—c>+) i(P©Q).
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The gradients of ® : H — R and T : L?(P) x L?*(Q) — R are related by

D&(f & g) =DiB(f ©g) ©Ds®(f B g), where DiB(f @ g) =DiT(f.g)~ 3lo  (43)
and the explicit form of D;I'(f, g) is given in (9). As a consequence,
IDP(f ® 9)lI72(paq) = IIDT(f, D)72pyxr2(@) = 16 < IDT(f, 9)72(p)x2()-
Proof. For all (f,g), (u,v) € L*(P) x L?(Q), we have

D8 @ 9)ue harsg = (W) (1-2(f o904 ) dPoQ)

= <1 - %(f S g — C)+,’U, @ U>L2(P®Q)
= (DI'(f, 9), (u,v)) L2(Pyx12(Q)-

Now (48) follows as in the proof of Lemma 3.5. Moreover, using the above identity with
u=D1®(f P g) and v = Da®(f @ g) yields

HD‘I)(f@g)H%z(p@Q) = ”Dlr(fvg)H%Q(P) + [|D2I(f, 9)||%2(Q)
1 1
- §<D1F(f, 9);lo)r2(py — §<D2F(f7 9), 1) r2(@)

= IDL(f, D72 (pyxr20) — Lo- O
Proof of Theorem 2.5. Combine Theorem 3.1 with I'(f, g) = ®(f ® ¢g) and Lemma 3.8. [

4 Proofs of linear convergence

We first record several Lipschitz constants associated with DI'. Recall the components
DiI'(f,g) € L*(P) and DoI'(f, g) € L*(Q) from (9).

Lemma 4.1. The gradient DT : L?(P) x L*(Q) — L*(P) x L?(Q) is %-Lipschitz. Moreover,
D,I'(f,) and D;I'(-, g) are 1-Lipschitz for i = 1,2, for all (f,g) € L*(P) x L*(Q).

Proof. For (f,g), (u,v) € L?(P) x L?(Q), the inequality |(t)+ — (s)+| < |t — 5| yields
DIN(9) - Dl )] < 2 [ [(@C)+ o) = elw),, = (FC)+ 90) = <0), | dQ(w)
< {0 =01+ [19) - olaew)}-

Using (a + b)? < 2a? + 2b? and Jensen’s inequality, we deduce
2
ID1T'(f, 9) — DIF(U,U)H%?(P) < 22 <||f - UH%Q(P) +1lg - UH%Q(Q))

2
= €7||(f79) — (4, ) 172(py 12(0) - (49)

Note that if f = u or g = v, the factor 2 is unnecessary, showing the claimed %—Lipschitz

property of D1I'(f,+) and D1I'(-, g). On the other hand, combining (49) with its analogue for
DI yields

4

IDT(f, ) = DT (w, 0)||72(pyu 200y < =5

c H(f7g) - <u7v)H%2(P)><L2(Q)' O
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Remark 4.2. For any bounded functions f: 2 — R and g : ' — R, we note that
1f @ glloc = i (If — alloc + [lg + alloo)-
a€R

Recall that if (f., g«) are potentials, then (f. — a, g« + a) are also potentials, for any a € R.
Thus, if some inequality

has been established for arbitrary potentials (f, g«), we can already conclude that
A(f,9) < B(f,9,lf ® 9 — f« ® gxlloo)-

4.1 Proof of Corollary 2.6 (gradient ascent)

This proof is standard; we state the argument for the sake of completeness.

Proof of Corollary 2.6. The bound (15) for the iterates is shown in [16, Lemma 5.2]. (The
norm in that reference is defined differently but has the same value by Remark 4.2. Moreover,
the reference assumes that c is the quadratic cost, but the proof applies to any bounded c.)

By Lemma 4.1, DI is %—Lipschitz on L?(P) x L?*(Q), hence I' is %—Smooth. In particular,

1
F(f +u,g+ U) > F(f7g) + <DF(fa g)a (’LL, U)>L2(P)><L2(Q) - g”(uvv)H%?(P)XLQ(Q)‘ (50)

We apply (50) with (f,g9) = (fn,9n) and (u,v) = nDI'(f,, gn). Using the update rule (14)
and n € (0,¢), we obtain

2
n
F(fn—&—lagn—i-l) > F(fmgn) =+ 77‘|Dr<fn7gn)H%Q(P)XLz(Q) - ?HDF(fnagn)H%Q(P)XLQ(Q)

n
= F(fmgn) + 77(1 - g) ”Dr(fmgn)H%Q(P)XLQ(Q)‘

Subtracting this from the optimal value QOT,(P, Q) gives

n
App1 <Ay, — 77<1 - g) IDT(fo, 9u) 122 (pyx 22() (51)

Using the PL inequality (12) at (fy, gn) and the bound (15),

1

IDT (£, )1 72(pyx r2(@) 2 oM Ap, M :=max(2[|fo ® go — [« @ gxloc, ),
£

hence we conclude that

An+1SAn—n<1—Z)%1]\/IAn:(1—q)An, q:= 1 n(l—ﬂ).

Iterating this estimate yields A, < (1 — ¢)"Ay.
It remains to prove the bound for the iterates in L?(P ® Q). By the error bound in
Theorem 2.5 and the definition of M,
1o ® 90— F+ © 02 32pn) < MDD (s 90) 2y 2200 (52)

21



On the other hand, (51) implies
/r] n

Substituting this estimate into (52), we conclude that

an@gn_f*@g*||%2(p®cz) < AO(l_Q)n- [

n(l—mn/e)

4.2 Proof of Corollary 2.7 (coordinate ascent)

Again, the proof has two steps. The first step is to bound the iterates. Once that is achieved,
the second step follows the standard argument for deriving linear convergence of coordinate
ascent from a PL inequality.

Proof of Corollary 2.7. Step 1. Set

Se={yeQ: fuil@)+ay) = clz,y)}, SP={yeQ: fulz)+gnly) >c(z,y)}. (53)

Using (10) and the definition (17) of f,,, as well as the inequality (a)+ — (b)+ < (a —b)14>0,
we have for every x € ) that

0= [ (1) + 900) = (o)., — (o) + 90l0) = cl.1) Q)

< s f*($) + g*(?/) - fn(x) - gn(y)dQ(y)
and hence

(falz) — o (2)Q(S:) < / 0.) — 9 ()AQW) < gn — 9./l Q(S.).

Se

Symmetrically, (fi(x) — fn(2))Q(S2) < |lgn — 9+]|cc@Q(SY). Noting that (10) and (17) imply
Q(Sz) > 0 and Q(S2}) > 0, we conclude

an - f*”oo < Hgn - g*Hoo-

Arguing analogously for g,4+1 yields

||gn+1 - g*”oo < ||fn - f*HOO

Combining these two inequalities yields the claim (19).
Step 2. Recall the expressions of D1I" and DaI" from (9). By Lemma 4.1, D,;T" is %—Lipschitz
in each of its coordinates. In particular, the descent lemma yields

L(fign) = T(fa-1,9n) + (D1l (fa-1,9n), f — fn71>L2(P) - 271€||f - fn71||%2(P)

for every f € L?(P). Taking supremum over f and recalling the definition of f,, we obtain
1
C(fnsgn) = T(fn1,9n) + Sl]J;p {(Dlr(fnlygn)a - fn71>L2(P) - 27€||f - fn1|%2(P)}

IS
= F(fn—lagn) + §”D1F(fn—17gn)||%2(1:))
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Analogously,
€
L(fn-1:9n) 2 T(fn-1,9n-1) + §HD2F(fn—1,%-1)”%?(@)-

Combining the two inequalities yields
€ 2 2
F(fnagn) > F(fnflagnfl) + 5 (HDl]-—‘(fnflvgn)HLQ(P) + HDQF(fnflagnfl)HLQ(Q)) )

but as D1I'(fr—1,9n—1) = 0 and DoI'(f,—1, gn) = 0 by the first-order conditions (17) and (18)
for f,_1 and g,, respectively, this even gives

€
P(fasgn) 2 T(fn-1,9n-1) + 5 (HDF(fn—lagn)||2L2(P)><L2(Q) + ”Dr(fn—lvgn—l)”%Q(P)XLQ(Q))
€
= F(fnflvgnfl) + 5||Dr(fn717g’nfl)H%Q(P)xLQ(Q)‘ (54)
Next, we apply the PL inequality (12) to the last term. Using that

||fn71 @D gn-1 — f* @g*Hoo < an,1 - f*”oo + ||gn71 - g*Hoo < 2”90 - g*”oo

by (19) and abbreviating M := max (2||go — g«||c0, &), We obtain

F(fnagn) > F(fn—l;Qn—l) (QOT (P Q) (fn—lygn—l)) .

€
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Subtracting this from QOT.(P, Q) gives A, < A,_1(1 — ﬁ) and hence the claim for the
suboptimality gap. The claim for the iterates follows via the error bound, as in the proof of
Corollary 2.6. O

4.3 Proof of Corollary 2.8 (coordinate gradient ascent)

Once again, the argument has two steps.

Proof of Corollary 2.8. Step 1. Recall the notation (53). The bound (21) follows by a similar
argument as, e.g., [16, Lemma 5.2|; we give the details for completeness. From (20) we obtain
that for all z € Q,

Fusa0) = £.2) =fule) = £+ (2= [(ale) +.0000) ~ el 1Q))
+ g (/(f*(x) + 9:(y) — c(z,9)+ — (falz) + gn(y) — c(z, y))+dQ(y)>

< @)= £+ 2 ([ 20 +0.0) = (Gulo) + sul0)dQ))
(1-"acs ) fn(x)—f*(x))—z< [ 9ut) = 0.0
<(i

Se

—2Q(80)) £ = Felloo + 2Q(S:) g0 = gellc:
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which is a convex combination of || f,, — f«||co and [|gn — g«||co- Analogously,

n n
fol@) = fura(@) < (1= 2Q(SD ) 1 = Fellow + 2Q(S) 90 = 9-
Together, we have
an+1 - f*Hoo S max(an - f*Hoo, Hgn - g*Hoo)
Repeating the argument for g, gives

[gnt1 — gslloo < max(|[ frnr1 — felloos |90 — gslloo) < max([|fn — filloos [[9n — gxlloo)

and combining the two bounds yields (21).
Step 2. Lemma 4.1 implies

1
L(fnt1, gnt1) = T(fnt1, gn) + (D2l (frg1, 9n)s gn1 — gn>L2(Q) - %Hgnﬂ - gn”%?(@)-

The definition of g,,11 shows that g,+1 — gn = 7 Dal'(fn+1, gn). Substituting this gives

L(fnt1, gnt1) = D(fnt1,90) +1 (1 - 2%) D2 (far1, 9n)ll72(g) - (55)
Analogously, we have
D(fatrs9n) = D(fas ga) +7 (1= 55) IDIT(fas g7y (56)

Plugging (56) into (55) yields

L

C(fn+15 gn1) = (s gn) +1 ( 2

) (IDAT s 90 320y + DT (st )32 ) - (57)

Note that the inequality [[u]®* > 3|/v[|> — |[u — v||* holds in any normed space. Applying
this with u := Dol'(fu11,9n) € L?(Q) and v := Daol'(fn, gn) € L%(Q) yields

1
ID2T(frt15 gu) 1220y = §HD2P(fnagn)H%2(Q) — [ID2T(frt15 9n) = D2l (f, 9n) 172 (-

By Lemma 4.1 and the definition of f,,;1, the last term satisfies

1 n
D2l (frt15 9n) — D2l (frs gn) 220y < ngn—&-l — fall2py = EHDIF(fnagn)HLQ(P)y

so that

1 n?
D2 (frt1, 90) 17200 = 3 D2 (f, gn) 172 — 57\|D1F(fn7gn)\|%2(13)'

Plugging this into (57) and recalling that 1 € (0,£/v/2), we deduce

7 (1= 52) IPL(ns ga)F2(pyrzcy -

This bound has the same form as (54) except for the different constant. Moreover, (21)
implies that || fn — felloo + l9n — gelloo < 2([[fo = filloo + [l90 — gxlloc). We can now proceed
exactly as after (54) to deduce the final result, except that we also use Remark 4.2 to replace
Ilfo = felloo + 190 — gxlloo by [[fo @ go — f+ @ g«lloo. Once again, the claim for the iterates
follows via the error bound, as in the proof of Corollary 2.6. 0

P(fn-i-l?gn-‘rl) Z F(fnagn) +
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5 Conclusion

In this paper we established a local Polyak—t.ojasiewicz inequality for the dual objective
of quadratically regularized optimal transport. The proof proceeds by a uniform coercivity
estimate for the second-order form obtained from the dual objective along the segment joining
an arbitrary pair (f, g) to an optimizer (fs, g«). This yields the error bound and PL inequality
of Theorem 2.5; the dependence of the constant on the L*° distance to the optimizer reflects
the local nature of the result which is unavoidable given the shape of the dual objective.

As an application, we derived linear convergence rates for three natural dual algorithms:
gradient ascent (14), coordinate ascent (16), and coordinate gradient ascent (20). Coordinate
ascent is implicit for QOT, since each coordinate update requires solving (17)—(18). By
contrast, gradient ascent and coordinate gradient ascent are explicit schemes, but they require
a choice of step size. The sufficient step-size assumptions in Corollaries 2.6 and 2.8 ensure
monotonicity, uniform L control of the iterates, and hence a uniform PL constant along
the trajectory.

Qualitatively, the theoretical results predict the behavior observed numerically. In prac-
tice (see, e.g., the plots in [16] for gradient ascent), we observe a finite burn-in phase followed
by a clear linear convergence regime. The constants in Section 2.3 are necessarily conser-
vative: in practice the burn-in is typically much shorter, and the asymptotic contraction is
often much faster than what is guaranteed by the explicit bounds. While the constants in
Theorem 2.5 have a pessimistic explicit dependence on &, numerical experiments often show
that the number of iterations required to reach a fixed accuracy scales closer to 1/ over
moderate ranges.

The step-size restrictions are likewise conservative. Our theory requires n < ¢ for gradient
ascent and n < g/ V2 for coordinate gradient ascent. These assumptions are sufficient for
the estimates in (15) and (21), but they are not sharp as stability thresholds. Numerically,
convergence does fail when the step size is taken too large, but the breakdown often occurs
at values larger than those imposed by the proof (see also [16]). In particular, the optimal
step size (obtained a posteriori by grid search) is often relatively large.

Lastly, let us briefly comment on some practical aspects that are not captured by our
theory. The comparison between the two explicit schemes is nuanced. Coordinate gradient
ascent typically requires fewer outer iterations than gradient ascent, because each iteration
uses the updated first coordinate before updating the second. However, each such iteration
is more expensive. At the conservative step sizes guaranteed by Corollaries 2.6 and 2.8,
the wall-time performance of the two schemes is therefore often comparable. If, instead,
the best stable step size is supplied by an oracle, coordinate gradient ascent is frequently
faster; its advantage then stems from its ability to use a larger effective step size while
retaining a faster contraction per iteration. In practice, an adaptive choice of step size
(such as monotone Armijo backtracking with Barzilai-Borwein initialization) substantially
accelerates both schemes. Then, we often observe that coordinate gradient ascent converges
faster (certainly in iterations, but even when measured in wall-time), especially when ¢ is
small. Gradient ascent is sometimes faster for large ¢, thanks to the simpler iteration. In both
cases, the final step size is often a multiple of ¢, and these large steps seem to be responsible
for the improvement. The implicit coordinate ascent scheme does not require a step size,
but instead requires solving the first-order equations. Implemented with an efficient solver
(such as an active-set Newton method), coordinate ascent is competitive with the explicit
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methods, and often the fastest when ¢ is moderate—while the implicit nature makes each
iteration costly, a better contraction constant more than compensates for that. Broadly
speaking, the three methods seem comparable, with wall-time ratios rarely exceeding 3 for
moderate experiments. However, extensive experiments and sophisticated implementations
are left for future work.

A Extension to uniformly continuous costs

This appendix shows how to generalize our results from Lipschitz costs ¢ to costs that are
merely uniformly continuous. Set

R :=1Vdiam(Q) V diam(Q’).

Assumption A.1 (Cost with modulus of continuity). There exists a modulus of continuity
w: [0,00) — [0, 00), that is, a nondecreasing continuous function with w(0) = 0, such that

le(z,y) — (@, y)| < w(||lz — 2| + |y = ¥]]) forall z,2’' € Q, y,y € . (58)

Under Assumption A.1, Proposition 2.4 remains valid, except that item (iii) is replaced
by
[fe(@) = fe@) S wllz = 2'1), 1g9:(y) — 9] < wllly = ¥/ I]); (59)
cf. [26]. We fix these versions of the potentials throughout the remainder of the appendix.
To state the results, define the radius

O 1= sup{r €[0,R] : 2w(r) + w(2r) < } >0 (60)

| ™

and the constants

A% infyeor Q(By. ., (¥))
ew T g 7 ’ 61
Gew =2 (Tdiam(2)/0-., 1) o

. 1
Rew ‘= op mln(@a,w, 1)d’ /Ba,w = Z’?&,w@e,w; (62)

oA ([diam(@)/0-..])
/\%3 infyeor Q(By. . (y))

Remark A.2. If one strengthens (58) to the coordinatewise estimate

d+2

Vew =4 ;ul) =16 5};1 min(oz w, 1)

le(@,y) — e, y)| < w(llz = 2"[]) + w(lly = ¥l

then one can replace (60) with any radius satisfying w(g..,) < €/8. In particular, denoting
by w™! the (generalized) inverse of w, one may take the more explicit radius

0 = w *(¢/8) AR.

Lemma A.3 (Coordinate-wise coercivity with a modulus of continuity). Let rg be as in (26).
For all v <1y and (u,v) € L*(P) x L*(Q),

/f@ N (u®v)?d(P® Q) > ae, Varp(u).
rogr=C
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Proof. The proof is identical to that of Lemma 3.2 up to (29). It remains to replace the
estimate following the definition of m,.
Choose a measurable selector

Qo2 y(x) e argmﬂaX(f*(fﬁ) + 9:+(y) — c(z,y))+
ye

and define
My = max(f*(.%') + g*(y) - C(.’B, y))-i-'
ye

As before, (10) implies m, > ¢ for all z € Q. Let z,2z € Q and y € . Using (58) and (59),
we obtain

[e(2) + 9:(y) — c(z,y) > fiu(z) + 9+(y(2)) — c(z,y(7))
—w(llz = zl) = w(lly(z) —yl) —wlllz — 2]l + [[y(z) —yl)
=my —w(llz - 2[]) — w(lly(z) —yll) — w(l|z — 2| + ly(=) — yl).

Hence, if z € B,, ,(x) and y € B, (y(x)), then by (60),

fo(2) + 9:(y) — c(z,9) > € — 2w(0ew) — W(20e0) >

)

| ™

so that z € 7;7. Thus the inclusion used in the proof of Lemma 3.2 remains valid with €/(8L)
replaced by o .. Repeating the remainder of that proof with o = o, yields the claim. [

Remark A.4. The proof of Remark 3.4 is unchanged with ¢/(8L) replaced by g... In
particular,
QB (1) < QD inf P(By.. (@) < P(Ty) (64)

Theorem A.5 (Uniform coercivity of M under a modulus of continuity). Let ro be as in (26).
Then for all r < rg and (u,v) € L?(P) x L*(Q),

(u®v,M(u®v))r2Peg) = Pewlu® UH%?(P@Q)? (65)

and consequently, for a.e. r € [0,ro],

1(fe = 1) @ (9 — DN 2(pag) < 7—9¢"(r)- (66)

£
Bew
Proof. The proof of Theorem 3.7 carries over once (41) and (42) are replaced by

P(,ﬁ",y) > 0p min(Qs,w7 l)d = Ke,w Q(Sr,x) > yiélél Q(ng,w (y))-

These follow from Remark A.4 together with Remark 2.2. Note also that
Qe < yi&g, Q(B.Qe,w (y))a

so Step 2 of the proof of Theorem 3.7 is unchanged as well. Therefore the same spectral
argument yields (65), and (66) then follows from (24) exactly as before. O
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Corollary A.6 (PL inequality for ® with a modulus of continuity). Theorem 3.1 remains
valid under Assumption A.1, with ~y. replaced throughout by 7z .

Proof. Replace Theorem 3.7 by Theorem A.5 in the proof of Theorem 3.1. Since the proof
depends on the cost regularity only through the constant 5., the same argument yields the
conclusion with S, in place of ., hence with ¢, = 45, L in place of e. O

Corollary A.7 (PL inequality for I' with a modulus of continuity). Assume Assumptions 2.1
and A.1. Then for every (f,g) € L(Q) x L>(Q'),

1f ®g— fe® gullr2(pog) < Vewmax(|[f ® g — fu ® gulloos &) IDT(f, 9) | 22(Pyx£2(0)»

and

2 QOTE(P, Q) _F(f’g)
HDF(fvg)HLQ(P)XL?(Q) > o maX(HfEBg _ @g*Hoo,e)'

Proof. Lemma 3.8 is unchanged. Therefore, Corollary A.6 implies the stated bounds exactly
as in the proof of Theorem 2.5. O

Remark A.8. If w(r) = Lr, the explicit radius from Remark A.2 becomes

3
— — AR
Oe,w 3L

and (63) reduces to (13) (up to the truncation at R). That is, the results in the present

appendix recover the results in the main text when specialized to a Lipschitz cost c.

B Extension to connected Lipschitz supports

This appendix shows how the convexity assumption on the support 2 of P can be relaxed to
O="U, U ¢ R% is a bounded connected Lipschitz domain. (67)

Apart from this relaxation, we keep the rest of Assumption 2.1. Since U is Lipschitz, |0U| = 0,
and we freely identify Lebesgue integrals over U and over €.

Remark B.1 (Lower bounds for ball measures). There exists a constant dg € (0, 1], depend-
ing only on €2, such that

1B.(x) N Q| >dqrd,  2€Q, 0<r<diam(Q). (68)

Indeed, any bounded Lipschitz domain satisfies a uniform interior cone condition; see [18,
Theorem 1.2.2]. Consequently,

P(B,(z)) > épmin(r®,1), z€Q, r >0, where dp := min(1, \pdg). (69)

The other geometric input needed in the proof is the following nonlocal Poincaré estimate,
whose proof reduces locally to the convex case. It replaces Lemma 3.3.
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Lemma B.2. There exists a constant Cq > 1, depending only on ), such that for every
0> 0 and every h € L*(2),

/Q/Q(h(x) — h(2))*dzdx < Cq FMZ(QW " Eo(h), (70)

where

= HZ’—Z2Z.I'.
%mfﬁémmwu h(z))? d= d

Proof. If o > diam(€Q2), then B,(x) D Q for every z € Q. If p = diam(2), this remains true
up to a Log-null subset of Q x Q. Hence &,(h) equals the left-hand side of (70), and there is
nothing to prove. We assume below that 0 < p < diam(£2).

Choose a finite collection of open sets Uy, ..., Ups covering ) and set

Qi = Uz N €.

We choose this Lipschitz atlas so that each €2; is, up to a null set, the image of a bounded
convex reference set V; under a bi-Lipschitz map

Such an atlas follows from the standard finite Lipschitz atlas for U and compactness of U.
After a refinement, connectedness of U allows us to choose the atlas so that the overlap
graph, with vertices 1,..., M and edge relation

i~ = |NQ >0,

is connected. Let all constants denoted by Cq depend only on this fixed atlas, including the
bi-Lipschitz constants, the number of charts, the multiplicity of the cover, and the overlap
measures |€2; N §2;| along the chosen connected graph. We allow Cq to change from line to
line.

Fix 7 and set g; := h o ®; on V;. Since V; is convex, Lemma 3.3 applied to V; at scale
comparable to g gives

AA&M%%WF@WS%[

Using the identity

. d+2
dlam(mw / / (9i(w) = gi(v))? dv du.
e Vi JViNB, ¢, (1)

/ / (gi(u) — gi(v))2 dvdu =2|V;| inf [ (g; — a)2 du,
‘/7,' V:L CLGR

Vi
we obtain
diam ()%™
inf / (g; — a)? du < Cq [-‘ / / (gi(w) — gi(v))? dv du.
a€R Vi Y f V;'ﬂBQ/CQ (u)

Changing variables z = ®;(u) and z = ®;(v), and using the bi-Lipschitz bounds, yields

inf /Qi(h —a)?dx < Cq [dian;(mw " /Q /QmBQ(m)(h(x) — h(2))?dzdx. (71)

a€eR
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Define the local means and local oscillations

1
m; = / h(zx) dz, E; = / (h — mi)2 dz.

By (71),
diam(Q)74+2
B < Cq [lam(w / / (h(z) — h(2))? dz dz. (72)
Y Q;NB,(x)
If ¢ ~ j, then Jensen’s inequality gives
Im; —mj|* < L (\h—mil2+\h—mj\2) dz < Cq(E; + Ej).
€6 N Jo,ne;

Since the overlap graph is finite and connected,

M
mi —ma? <Co ) Ej,  i=1,...,M.
j=1

Therefore,
M M
/(h—ml)Qd:ﬁ < 2/ (h—mi)*de < Co ) Ei.
L i=1 /% i=1

Combining this with (72) and using the finite multiplicity of the atlas,

inf /Q(h —a)?dz < Cq [diw;(mw " Ey(h).

a€R
Finally,
/ / V2 dzdx = 2|9 1nf/(h—a)2dx,
a€R Jo
and the factor 2|Q| is absorbed into Cgq. O

We can now repeat the proof of Lemma 3.2 using Lemma B.2 instead of Lemma 3.3. This
gives the same assertion as in Lemma 3.2 except that its constant « is replaced by

~ 2 q0

(65—
c A2 8L diam(Q
o [ anno)

yesy

TM, g = inf Q( e )) > 0. (73)

The proof of Theorem 3.7 then carries over with modified constants. Specifically, the
assertion now holds with 3. replaced by

~ ~ . (€ d
55 = /@Eag, Ke ::5pm1n<8—L,1) ,

with 0p from (69) and a. from (73). Finally, we obtain the corresponding PL inequality and
error bound.
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Theorem B.3 (PL inequality on connected Lipschitz supports). Assume Assumption 2.1,
except that convexity of  is replaced by

0O=U for a bounded connected Lipschitz domain U C R,

and Assumption 2.3. Then the assertions of Theorems 2.5 and 3.1 remain valid with e

replaced by
8L diam(Q)—‘ d+2

d\ p2 Cq |2dam)
~ A2 Ca
3. =16 (5;1 max<85L, 1> > P { © , (74)

E q0
where dp is defined in (69) and qo = infycor Q(B:/s1)(y))-

Corollary B.4 (Linear convergence). If 7. is replaced by 3= of (74), all assertions of Corol-
laries 2.6 to 2.8 carry over to the setting of Theorem B.3.
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