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Abstract

The quadratically regularized optimal transport problem is empirically known to
have sparse solutions: its optimal coupling 7. has sparse support for small regularization
parameter €, in contrast to entropic regularization whose solutions have full support for
any € > 0. Focusing on continuous and scalar marginals, we provide the first precise
description of this sparsity. Namely, we show that the support of 7. shrinks to the
Monge graph at the sharp rate ¢!/3. This result is based on a detailed analysis of the
dual potential f. for small €. In particular, we prove that f. is twice differentiable a.s.
and bound the second derivative uniformly in e, showing that f. is uniformly strongly
convex. Convergence rates for f. and its derivative are also obtained.
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1 Introduction

For probability measures pg, 1 on R%, the optimal transport problem with quadratic cost is

OT:= inf )/;Hx—yHQdﬂ(:ﬂ,y) (1)

7€ (po,p1

where II(uo, 1) denotes the set of couplings (or transport plans) of ug, 1. Given a regu-
larization parameter € > 0, we study the quadratically regularized transport problem where
couplings are penalized by the squared L?-norm of their density,

1 € dm 2
QOT,:= inf / z —y||?dr(z,y) + = H 2
= et 5l = yllPdn (2, y) + 3 T (2)

L2 (po®p1)

The basic idea of regularized optimal transport is to approximate the linear problem (1) by
a strictly convex one. Since the influential work of [14| proposing entropic regularization
to enable Sinkhorn’s algorithm, applications of optimal transport have exploded in machine
learning, statistics, image processing, and other domains where distributions or data sets
need to be compared (see, e.g., [40]). Regularization has several purposes in this context:
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facilitating computation as in [14], improving sampling complexity [22, 33|, obtaining stable
couplings [2, 24], etc. Two regularizations are primarily used; entropic regularization penalizes
couplings by the Kullback—Leibler divergence while quadratic regularization penalizes by the
L?-norm of the density. Entropic regularization (EOT) is the most frequent choice and
has the strongest smoothness properties (e.g., [36, 40]). This smoothness is linked to the
full support property: the support of the optimal coupling equals the one of the product
o ® p1 for any value of the regularization parameter, even though the unregularized optimal
transport is concentrated on a graph. This can be undesirable (“overspreading”) depending on
the application—it may correspond to blurrier images in an image processing task as shown
in [5] or bias in a manifold learning task as in [47]. By contrast, quadratic regularization
(QOT) is empirically known to give rise to couplings with sparse support for small e, and can
therefore be useful in such situations. While EOT has been studied in hundreds of works in
the last few years, QOT is traditionally considered less analytically tractable and theoretical
results are scarce.

Focusing on the scalar case d = 1 and continuous (cf. Assumption 2.1) marginals pg, 1,
the present work is the first to describe the sparsity of the optimal coupling 7. for (2). More
generally, we provide a fairly complete quantitative picture of QOT for small regularization
parameteir g. Our main result shows that the support S, of the optimal coupling 7. shrinks
at rate €3. More precisely, this holds uniformly for all sections of the support: there is C' > 0
such that for small ¢,

C7les < 1Sz el < Ces

for all z, where S, . is the z-section of S; and |S; | is its diameter; see Theorem 2.5. Moreover,
S- approaches the support of the limiting optimal transport my at the same rate. Note that
the support of g is the graph of the optimal transport map (Monge map) Ty inducing .
Denoting by d the Hausdorff distance, the convergence can be stated as

Cles < d(Sye, To(x)) < Ces.

More precisely, we show this in L?-norm; see Theorem 2.6. Our result has a direct interpreta-
tion: it guarantees that the solution of the quadratically regularized problem does not place
mass far from the optimal transport map, unlike the solution of EOT. We conjecture that

the rate generalizes to d-dimensional space as srb, however at present we can show this only
in special cases (such as the self-transport case pg = p1). Our convergence rate confirms the
heuristic link between QOT and the porous media equation recently emphasized in [21] (see
also Section 1.1 below): in the small-time limit ¢ — 0, the support of the solution to that

equation tends to the support of the initial condition at the same rate t5 (for d =1, and td%r?
in general). Separately, we establish an interesting geometric fact that has not been docu-
mented before (Proposition 4.2): like the limiting optimal transport Ty(z), the support Sy .
is increasing in z (i.e., for z < @’ there is a bijection ¢ : Sy . — Sy With ¢(y) > y).

Our results on the support are based on a detailed analysis of the dual potentials (fz, g)
associated with 7. via

dm, [Ty — f8($) - gs(y)
d(ﬂo®#1)(x7y)_ ( € )4"

While we refer to Section 2.1 for detailed definitions, one may say that f. is the analogue of
the convex Kantorovich potential fy inducing Monge’s map via its derivative fj = Tp. We



show that f. is C! and twice differentiable a.s., and provide expressions for the derivatives.
The main technical result, obtained in tandem with sparsity, is uniform strong convexity.
More precisely,

cl<flz)<cC

for small e; see Theorem 2.2. We also obtain rates for f. — fo and f. — f| = To; see
Theorem 2.6 and its corollary.

The proof of our main results is based on a geometric approach that, to the best of our
knowledge, is novel. It is easy to bound the following geometric quantity: the product of the
diameter |S; .| and the maximum value of the density W(m, -) . Thus, we study the
relation between these two, which is closely related to the second derivative of the potential.
Specifically, we bound f! in terms of a ratio of diameters of x-sections and y-sections of the
support. At the same time, we bound these diameters in term of the second derivatives.
Analyzing the powers in those relations yields the desired uniform bounds for all quantities.

We remark that a generalization of our results to the multivariate case would have sub-
stantial consequences for the regularity theory of (unregularized) optimal transport because
the Kantorovich potential inherits the properties of f.. Specifically, this approach may en-
able boundary regularity results along the lines of [9] without the a-Hélder conditions on the
marginals that seems to be essential for the Monge—Ampeére approach. (That may be a hint
that the generalization to d dimensions is not straightforward.) We remark that EOT has
been used to obtain regularity results in a similar spirit [11]. However, that approach using
covariance inequalities is valid only for marginals with full support on R?, hence cannot yield
boundary regularity.

While completing this paper, we learned about concurrent and independent ongoing re-
search by Johannes Wiesel and Xingyu Xu who kindly shared their results. Their work has
the same goal of bounding the size of the optimal support and distance to the Monge map
for small €, but their approach does not involve studying the shape of the potentials in de-
tail. Instead, their arguments start with a relatively direct bound on the maximum of the
density based on equations (14), (15). This bound is very general, allowing for much less re-
strictive assumptions than in our work (multivariate setting, non-convex marginal supports,
unbounded marginal density, etc.) and leading to the first quantitative results in such a
setting. On the other hand, it is not accurate enough to deliver the sharp rate. Assuming

that the Monge map is Lipschitz, the size of the support is bounded from above by Ce?2d+2 2272

and the distance to the Monge map by Ce 4(d+1>2 The sharp rate €d+2 is obtained only when
the Monge map is the identity.

1.1 Related literature

Quadratically regularized optimal transport was first explored by [5] in the discrete setting,
with experiments highlighting the sparsity and theoretical results including convergence for
small regularization parameter. On the other hand, [19] studied quadratic regularization
for a minimum-cost flow problem on a graph, including discrete optimal transport as a
special case. Sparsity is discussed in several examples. Subsequently, [16] considered optimal
transport with convex regularization, again with quadratic regularization as a special case.
The asymptotic questions considered in the present work do not have an exact counterpart
in the discrete case. Indeed, it is known from [32] that the optimal coupling 7. converges



stationarily to the minimum-norm optimal transport my; that is, there exists a threshold
€p > 0 such that m. = my for ¢ < gg. While one cannot speak of a convergence rate, the
recent work [25] can be seen as an analogue, providing the value of the threshold €. Also
in the discrete case, |26 investigates whether the support of 7. is monotone in e before
reaching g, and finds a negative answer.

In the continuous setting, quadratically regularized optimal transport was first explored
from a computational point of view. Several works including [17, 23, 27, 29, 43| approach the
dual problem by optimization techniques. For instance, [29] computes regularized Wasserstein
barycenters using neural networks and finds that the quadratic penalty produces sharper
results than the entropic. More recently, [47] uses quadratic regularization in a manifold
learning task related to single cell RNA sequencing and notes that sparsity is crucial to avoid
biasing the affinity matrix.

The first work rigorously addressing a continuous setting is [31], deriving duality results
and presenting two algorithms. Their problem formulation differs slightly from (2) in that the
L?-norm is taken with respect to the Lebesgue measure rather than pg ® pi. We prefer the
latter as it is generally applicable and behaves naturally under approximation by sampling
or discretization. More recently, [37] derives the basic results of [31] in a more general setting
and studies the uniqueness of the dual potentials. Noting that the potential must converge
to the Kantorovich potential for ¢ — 0 by the Arzela—Ascoli theorem, [37] concludes that
the support of 7. converges to the one of my. This qualitative convergence result is stated in
Proposition 4.1 below.

Prior to the present work, quantitative results were available only for the convergence
QOT,. — OT of the optimal transport cost. Indeed, for a more general class of regulariza-
tions, a rate is provided in [18] based on a quantization argument; the qualitative (Gamma)
convergence was previously shown in [30]. Specializing the result of [18] to quadratic regular-

2 2
ization yields C~1ed+2 < QOT, — OT < Ced*2. The very recent analysis of [21] shows that
this power is the exact leading term and identifies the constant:

ing S0 — € [ (ol (Toa))) T dpo(o)

e—0 cd+z

where Cy is an explicit dimensional constant and wu; is the density of ;. This result is obtained
by establishing a link to the porous media equation d;u = Au?. Namely, an approximate
solution of QOT is obtained by modifying the Barenblatt profile which is a fundamental
solution of the porous media equation (see [45]). Based on the shape of the approximate

solution in [21] one can conjecture that support of the true solution also shrinks at rate 5#2,
which is confirmed by our results.

Finally, we mention that the limit ¢ — 0 has been studied in detail for the EOT problem,
starting with [12] for discrete and [34, 35| (see also [10, 28]) for continuous marginals. See
[1, 3, 4, 7, 13, 38, 39|, among others. Of course, the optimal support has not been of much
interest in EOT, as it is simply the support of pg® p1. There is a direct analogy between the
role of the heat equation in [39] for EOT and the porous media equation in [21] for QOT. In
the present work, our arguments follow a novel route.

The remainder of this paper is organized as follows. Section 2 details notation and
background, then states the main results. Section 3 establishes convexity and determines



the first derivative of the potential f., whereas Section 4 is devoted to the second derivative.
The main part is Section 5, bounding the second derivative and the diameter of the support.
Finally, Section 6 details how those results imply the convergence rate to unregularized
optimal transport.

2 Main Results

2.1 Background and Notation

Let up, u1 € P(R) be probability measures on R with finite second moments and IT(ug, 1)
their set of couplings; i.e., 7 € P(R x R) such that w(- x R) = po(-) and 7(R x -) = py(+).
Given € > 0, the quadratically regularized optimal transport problem between g and pq is

. 1 € dm 2
et [ 3=t 5 [ (gton) Ao

We refer to [37] for the following facts. The problem (3) has a unique minimizer, denoted
me € II(po, p11). The dual problem of (3) is

w / F(@)dpo(a) + / o(y)dur ()

(f,9)€L? (o) x L2 (p1
1

z—y)2\>
o [ (1@ o - E5 i e @

2 +
Given any solution (f,§) of (4), we have the “optimality condition”

<f<x>+§<y>—;<x—y>2> |
.

9

dm,

e &Y =

(5)

To be in line with convex analysis, it will be convenient to reparametrize the solution as

fla) = 32% = fo(2),  glx) = 397 — (), (6)

so that (5) becomes

dm, ~ (wy — fo(x) — g:(y)
d(po ® pe1) (z.9) = ( € )+ ' g

Under Assumption 2.1 below, the “potentials” (fe, g-) are unique (a.s.) up to a parallel shift;
that is, up to changing (f:, g¢) to (f: + o, g- — «) for some o € R. Moreover, we may choose
(fe, ge) to be (everywhere defined and) Lipschitz continuous on R. See [37, Theorem 3.7,
Lemma 2.5].

Next, we introduce standard notation and results for the (unregularized) optimal trans-
port problem (see [46]),

. 1
nf / (o~ y)Pdn(z,y). (8)

wEII (1o, 1



For absolutely continuous marginal pg, this problem has a unique solution my € II(po, pt1)-
Moreover, mg = (Id xTp)xpo where Ty : R — R is the optimal transport map, often called
Monge map. Here # denotes push-forward, fu(u) :== u(f~1(:)). In the present scalar case, it
holds that Ty = Fy ! o Fy, where Fj(x) = p;((—00, 2]) is the cumulative distribution function
of p;. On the other hand, Ty = f{ is the derivative of a convex function fy called the
Kantorovich potential. Namely, (fo, go) solves the dual problem

mf / f(@)dpo(z / 9(y)dua(y). (9)

(f,9): f(x)+g(z)>zy

Here we have applied the same reparametrization as in (6) to work directly with convex
functions—indeed, (fo,go) is the limit of (f, g-) from (7). Again, (fo,go) is unique up to
parallel shift under Assumption 2.1 below.

Some more notation will be useful. For brevity,

| B| denotes the Lebesgue measure of a Borel set B C R.

We will use this primarily when B is an interval, so that |B| is also the length. As usual, the
essential supremum of f: Qo — R is esssupg, f =inf{M € R: [{z € Qo : f(z) > M}| = 0},
and similarly essinfq, f = —esssupq,(—f). Finally, x4 denotes the (measure-theoretic)
indicator function, ya(xz) =1 for z € A and ya(x) =0 for = ¢ A.

2.2 Results

All results are stated under the following standard condition on the marginals.

Assumption 2.1. The marginals yu; € P(R) are compactly supported and have continuous
densities bounded from above and below. That is, for ¢ = 0,1, there are compact intervals
Q; = [ai,b;]) C R and u; € C(9;) such that du; = u;dx € P(§2;) and

0<A<u;<A<oo onf) (10)
for some constants A, A.

The results below are stated for the potentials f. and the z-sections of the support. As
Assumption 2.1 is symmetric, the same results hold for g. and the y-sections. Our first
result establishes the regularity of the potential f. and most importantly its strong convexity
uniformly in €.

Theorem 2.2 (Regularity). There exist C ey > 0 such that for every 0 < € < &y,
(i) f- is convex and in C1(Qy) (see Proposition 3.2 for a formula for fl);
(ii) f- is twice differentiable a.e.® (see Proposition 4.3 for a formula for f');
(iii) f- is uniformly strongly convex with?

esssup f/ < C  and essinf f/ > C7L.
Qo Qo

(M).

n fact, twice differentiable except at two particular points z("™), z(™); see Section 4.

2Similarly, one can take the pointwise sup and inf over Qo \ {x(m), (M>}



The constant C depends only on the constants and the moduli of continuity of u; in Assump-
tion 2.1.

The condition that ¢ be small is essential for strong convexity. In fact, f. is affine for
large ¢; see Remark 4.4.

Remark 2.3 (Necessity of Assumption 2.1). Given the uniform convergence f. — fo (see [37]
or below), the assertion of Theorem 2.2 implies that the transport map Ty = f{ is Lipschitz
with (a.s. defined) derivative bounded away from 0 and infinity. Recall that Tp = F; o Fy in
the present scalar case, whence the marginals u; have densities bounded above and below. In
that sense, (10) is necessary for Theorem 2.2 to hold. (The continuity of the densities could
potentially be relaxed.)

Remark 2.4 (Multivariate case). We can extend Theorem 2.2 (i),(ii) to the multivariate
case. However, the key result (iii) is much more delicate, which is why we leave the multivari-
ate case for future work. We observe that (iii) implies in particular a similar regularity result
for the Kantorovich potential. It is known that the (boundary) regularity of the Kantorovich
potential is a very deep result in the multivariate case [6, 44, 9].

Our second and main result quantifies the sparsity of the optimal coupling 7.. Specifically,
we describe the diameter of the sections of the support,

Spe={ye: zy— fo(x) — g-(y) > 0}.

Note that each section S;. is an interval due to the convexity of g., hence the diameter is
equal to the Lebesgue measure |S;|. Our result shows that the diameter is (exactly) of

1 : :
order €3, uniformly in x.

Theorem 2.5 (Sparsity). There exist C,eg > 0 such that
Cles < [S,.| < Ces
for all x € Qy and € < €g.

While Theorem 2.5 gives the sharp rate at which the support of 7. shrinks, this alone
does not imply that the support is close to the unregularized optimal transport. The next
result provides the sharp convergence rate for the Hausdorff distance

d(Sx,saTO(l')) = Sup |y - To(x)‘
YESz,e

between S, . and the image {Tp(x)} of Monge’s map; note that the latter is the x-section of
the support of mp. The convergence is measured in L*(Q)-norm ||h|2(q,) = fQO h(z)%dz.
As a consequence, we also obtain the rate of convergence of f! towards Tj in terms of the
same norm.

Theorem 2.6 (Convergence). There exist C,eg > 0 such that for every e < &y,
(i) the Hausdorff distance between the optimal supports satisfies
< Ces,

11
Cles < Hd(Sx,E,TO("E))HLQ(QO,dJJ)

7



(1t) the deriwatives f. converge to Monge’s map Ty = f according to

1

£ = Toll L2(09,a2) < CeS. (11)

The rate (11) for the derivatives of the potentials implies a rate for the potentials them-
selves. As the potentials are only determined up to an additive constant, convergence can
only hold if the constant is chosen in a suitable way. For instance, we can normalize the
potentials symmetrically; i.e.,

/k@m@=/%@m@, /h@mm=/m@m@- (12)

Another popular normalization is [ g-(y)u1(y) = [ go(y)pa(y) = 0; the subsequent result
also holds for that choice. We use the Holder norm

h
—sup @)+ sup M@ =PI
0) z€Qo x,y€Q0,x#£Y ‘1’ - y‘i

1l ot

Corollary 2.7. Let the potentials be normalized according to (12). There exist C,eqg > 0
such that for every e < g,

1

1f= = foll < Ces.

c%3 (0

Remark 2.8. We conjecture that the rate (11) is sharp, whereas the rate for || f; — fol| in
Corollary 2.7 is not. The sharp rate for ||f. — fo|| is conjectured to be =3

2.3 Outline of the proofs

Theorems 2.2 and 2.5 are proved simultaneously though several steps. First, in Section 3,
sy vdu1 ()

H1 (Sz,s) ’
which implies that f. is convex. In Section 4, we show that f; is twice differentiable (except

possibly at two points) and provide an explicit formula for f”(z). In Section 5, this formula
is used to bound f/(z). First, in Section 5.1, we provide a relationship between the diameter
|Szc| of the support and the maximum (over y) of the density of m., whereas Section 5.2
shows that f/(z) is approximately at the center of the support S; .. In Section 5.3, we give
an initial bound on f/(x) in terms of the ratio between the diameters of different supports.
Roughly, the bound is of the form

we prove that f; is differentiable with a monotone increasing derivative fl(z) =

ot in |SQ(C08)‘ < fl(z) <C sup ’SJ(CS|,
el 510 1258151

where 835?6) is the y-section of the support (the symmetric analogue of S, . with reversed roles
for z,y). We proceed by relating and simultaneously bounding the four objects S; ¢, f and

SZ(,OE), gr. A key 1ntermed1ate result is a bound for |S; .| in terms of op/(fz) = esssupgq, fI

and o, (fe) = essinfq, f/, namely

<az\;fa)>é S |8ael < <am?fa)>é = (13)

8




as well as an analogous bound for |815?€)| in terms of oas(g:) = esssupg, g7 and 0,,(g:) =
essinfq, g”. Using these bounds, we are able to relate the derivatives of f. and g. by

ou(fe) < C <”M(9€>>é, omlfe) >+ ("m(%)) |

W=

o (£2) 1 C \om(fe) 1
oty <0 (BN = & (20!

After some algebra, this implies uniform bounds for all four quantities o, (fe), onr(fe),
om(9e), oa(ge), establishing the results on f/(z) in Theorem 2.2. Now, (13) also yields
the rate of |S; | in Theorem 2.5.

The proof of Theorem 2.6 is obtained from the rate of |S, |, the rate for the regularized
transport cost from [18] and an argument that we adapt from [8].

3 Convexity and first order regularity

In this section we prove that the potential f. is a C!, convex function. Recall the notation
introduced in Assumption 2.1 (which is in force for the remainder of the paper) and the
continuous functions f; and g. defined by (7), which satisfy (see [37])

/(:By — fe() — 9-(y))+du1(y) =€ for all z € Qo, (14)

[y = £:0) = 9.0 sdpo(a) = ¢ forall y € . (15)

These equations express the fact that the measure 7. of (7) has marginals 1o and up. Recall
also the sections of the optimal support,

See={y €M ay— fe(z) — g:(y) > 0},
and note that (14) implies p(Sz ) > 0 for any = € Q.
Lemma 3.1. Let x € Qg and t > 0 be such that x +t € Qy. Then
o v a0 - 1)

T.(x) := (S0 satisfies T.(x+1t) > " > T.(x).
In particular, T, is monotone.
Proof. The inequality
(a)-f- - (b)-f— < XaZO(a - b)? a,beR, (16>

where xq>0 :=1if a > 0 and x>0 := 0 otherwise, yields

(xy — fo(x) = ge(¥)+ < (w+ D)y — fe(x +1) = ge (V) + + XS,e (felx +1) — fo(x) —ty) (17)

as well as

(y — fe(®) = ge(¥)+ = (@ + )y — fe(@ + 1) — g:(¥))+
+ XSppre (felx +1) — fe(z) —ty) . (18)

Integrating (17) with respect to p1 and using (14) yields fz(z+t) — fo(x) > tT.(x). Similarly,
integrating (18) yields the second inequality in the claim. O



Noting that T.(z) € Q is uniformly bounded, Lemma 3.1 implies in particular that f. is
Lipschitz. Next, we prove that in fact f. € C*(£)y). We write int A for the interior of a set A.

Proposition 3.2. For all € > 0, the function f- is convex on Qq. Moreover, f- € C}(Qo)
with derivative

, B fgam ydp(y)
fe(m) - Nl(sx,e)

Proof. As T, is monotone by Lemma 3.1, there is a l.s.c. convex function ¢ : Q3 — R such
that

€intS,. forall x € Q. (19)

T.(z) € 0¢(x) :={y € R: ¢(z) > &d(x) + y(z — z) for all z € R}

for all z € Qp; cf. [42, Theorem 12.17]. Since d¢(x) is the singleton {¢'(z)} for a.e. z € Qo,
it follows that T (z) = ¢'(z) for a.e. z € Qp. Call ) the set of all z € Qy where the latter
holds. Then 7} is continuous on €f; cf. [41, Theorem 25.5.]. On the other hand, since f;
is Lipschitz, Rademacher’s theorem yields a set Qf C €y with [Q \ Q2§ = 0 on which f;
is differentiable. In view of Lemma 3.1 we conclude that f. = T, = ¢/ on Q) N €. This
implies that f; = ¢ + « on Qp, for some constant « (cf. [15, Lemma 2.5]), and completes the
proof that f. is convex. Symmetrically, g. is convex, which in particular implies that S, . is
convex; i.e., an interval. (The convexity of the support € is crucial here.)

Let {x,} C Qo satisfy z,, — = € Qp. As f. is continuous, the boundary points of the
(nonempty) intervals S;,, . converge to the ones of S; .. Since p is atomless, this implies

11(Snne) = p1(See) and / ydu (y) — /S ydus (y).

>

As a consequence, T. is continuous, which by Lemma 3.1 implies that f. € C'(€) with

d,
flz) = To(z) = % This weighted average over S;. is an element of S, . by

convexity, and it cannot lie on the boundary as pu; is absolutely continuous. O

4 Second order differentiability

This section investigates the sign and the differentiability properties of the first derivative f..
For brevity, define

§(w,y) = —fe(x) — g:(y) +2y.

For each x, the function y — {(x,y) is concave, so that the set S, . = {y € Q; : {(x,y) > 0}
is a compact interval

Sx,s = [ym(l')v yM(m)]

(The dependence on ¢ is suppressed in some of our notation). For ease of reference, we state
the qualitative result of [37, Theorem 4.1] as follows.

Proposition 4.1. The support of w. converges to the support of o in Hausdorff distance d
as € — 0. Since the support of mg is the graph of the Lipschitz map Ty, it follows that

lim sup d(Szc,To(z)) =0 and lim sup [S; .| =0.

=0 4eQy €0 2eQ0

10



We already know that

e Js. .y (y)dy

xr) = ——F
: MI(SJJ,S)

is monotone, hence differentiable a.e. We shall derive an expression for the derivative f/(x).
Note that numerator and denominator are both of the form

_ yn ()
S(z) = / h(y)dy (20)
ym(f’?)

for a continuous function h on ;. We first establish that y,,(x) and yys(z) are continuous
functions of = which are differentiable except at those points  where the boundary of S; .
overlaps with the boundary of €2;. The continuity follows from the continuity of f. and
convexity of g. (recall that |S;.| > 0 for all x € Qq); cf. Proposition 3.2. Turning to the
differentiability, recall from Assumption 2.1 that €y = [a1,b;]. We start by claiming that
{z €Q: yu(z) =by and &(z,yp(z)) = 0} is at most a singleton, denoted {z(M)},
{€Qo: ym(z) =a; and £(z,ym(z)) = 0} is at most a singleton, denoted {z(™}.

By (19), for any (z,y) € Qo x 4,

y = fi(x) implies y € (ym(x),yn(x)) C (a1,b1). (21)

Fix y € ©; and suppose there are two points z; < 2 in Qg such that 0 = £(z1,y) = &(x2,y).
Then as x — &(x,y) = 2y — g-(y) — fe(x) is differentiable, there exists x € (1, z2) with

Hence (21) shows y # a1, b1 and both claims follow.

The qualitative convergence result Proposition 4.1 shows sup,cq, [ya(2) — ym(x)] — 0
as € = 0. In particular, we can pick 9 > 0 such that sup,cq, [ya(z) — ym(2)| < $Q4] for
€ < €0, which implies that S, . can include at most one of the two boundary points of 2.
Fix ¢ < g9. We partition Qg \ {z(™, 2™} into the three (relatively open) sets where S,
includes the lower, no, or upper boundary point:

Q(()l) = {x € Qo: ym(x) < by and {(z, ym(z)) > 0}7
982) ={ze€Q: a1 <ym(z) <ym(z) <bi},
Q) = {z € Qo+ &(x,yn (@) > 0 and Y (2) > a1}

If x € Q((f) U Q(()S), then vy, (x) is a zero of

y = &(x,y) =2y — g:(y) — fe(a).
Since 9y&(z,y) = x — g.(y) cannot be zero at ym, () by (21), the implicit function theorem
yields

/

! (.’E) _ _ym(x) — fs(x)

) = (@)’ (22)
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(For = (™), this holds only if 4/ (z) is interpreted as the right derivative, whereas the
left derivative is zero.) Note that y,,(z) — fl(x) < 0 by (21) whereas x — ¢.(ym(z)) =
Oyé(x, ym(z)) > 0 by concavity. Hence y/,(x) > 0, showing that y,, is strictly increasing on
ng) U Q(()g). For x € Qél) U Q((]z), the same argument yields

yuila) - fl(a)
7 — gL (ym (@)

e () = >0 (23)

and strict monotonicity of = — v}, (z) on Q(()l) U Q((]Q). In particular, we have established that

) then implies that

Ym, Yas are increasing continuous functions. The definition of the sets Qg
each Qg) is an interval.
Next, we check that Q(()Z) # () for all 4. This is clear for 982) (otherwise, by the choice

of €0, no mass is transported to the middle third of €;). We claim that g.(a;) € Q(()l). Note
first that, by the symmetric counterpart of (19),

Js_ zduo(@)
Mo(éégk)

where Sé?a) ={x e Qo: fo(x)+ g-(y) — zy < 0}. The concave function £(g.(a1),) attains
its maximum at any y € 3 solving ¢g.(a1) — ¢g.(y) = 0. Clearly y = a; satisfies the latter,
so that a1 € argmax,cq, £(g-(a1),y). Hence, we must have £(g.(a1),a1) > 0, for otherwise

ul(Sc(l??g) = 0 contradicting (14). It follows that y,(g.(a1)) = a1 and, as |Sy/(a,).| < §1Q21],

9L (a1

c S(O)

ail,e

gi(ar) = C Qo,

that yar(gl(a1)) < by. In summary, g.(a1) € Q(()l). Similarly, gL(b1) € Q(()?’).
As Q(()Z) £ () for all 4, it follows that the points 2™ and () indeed exist and lie in the
interior of Qo = [ag, bo]. Since the union of the three intervals is Qg \ {z(™), z(M)}, necessarily

O = [ag, ™), QP = (@0 00y o) = (0D py).
The following summarizes our discussion.

Proposition 4.2. Let ¢ > 0 be small enough such that sup,eq, [Seec| < 1|u|. There is
exactly one x € (ag, bo) with yar(x) = by and &(z,yp(x)) = 0, denoted ™), and exactly one
x € (ag,by) with ym(x) = ay and &(x, ym(x)) = 0, denoted ™. The interval-valued map
x> Spe = [ym(2), ym ()] is increasing in the sense that

= ym(z) and xw— ypy(x) are increasing.

More precisely, ym(z) = a1 for z € [ag,2(™)] whereas x — y(x) is strictly increasing on
(2™ bo] with derivative (22). Similarly, yar(x) = by for x € [xM) bo] whereas x — ypr(x)
is strictly increasing on [ag, z™)) with derivative (23).

We can now take the derivative in (20): Leibniz’ rule yields that f’ is differentiable on
Qo \ {z™), (M)} with derivative

fi(@) = ym (2)
z = ge(ym(@))

After some calculations that we omit, the following formula is obtained.

fi(x) — ym ()

E(z) = h(ym(z)) Xo@ o () + h(yM(ﬂﬂ))mXQé%Qg) ().

12



Proposition 4.3. Let ¢ > 0 be small enough such that sup,cq, |Se.e| < |Q1|. Then using
the notation introduced above,

() = uy (ym(z (fi(x) = ym(x))? )
- (7) = u1 (Yml( ))(az 9L (ym () (yar (z) — (x))XQ(Q)UQ(g)( )
v ))(Qs(yM( ) — )( ( )—ym(x))xgél>ug82>( ). (24)

Remark 4.4. Of course there is also a regime (for large e, due to m. — po ® p1 [25,
Remark 2.9]) where &(x, -) is strictly positive on € and in particular S,y . = ; for 2’ close
to . Then it is immediate from (19) that f/(z) = 0. (In fact, when 7. has full support, the
functions f. and g. are affine and can be found in closed form.) In particular, the condition
e < gg is essential to guarantee the strong convexity in Theorem 2.2.

+ w1 (ynmr

5 Bounds for the second derivative

Recall our notation

§(,y) = —fo(2) —9:(y) + 2y,  See={y€Qi: &(z,y) > 0} = [ym(x), ym(2)].

In this section, we bound f! by geometric arguments. First, in Section 5.1, we relate |S; .|
to the maximum of £(z,-); i.e., to the maximum of the density of 7.. In Section 5.2, we
show that fI(z) is approximately at the center of the support S;.. Section 5.3 uses these
two auxiliary results to prove a crucial intermediate bound relating |S; .| with the minimum
and the maximum of f”; cf. (30). Finally, we deduce the desired bounds on f!.

5.1 Geometric approach

For each x € Qq, the function £(z,-) is concave, behaving roughly like a parabola open
to the bottom. Our starting point is the following simple observation, relating the height
maxycq, £(,y) to the size |S; | of the support of ({(x,-))+.

Lemma 5.1. There exists C > 0 such that

e < max€(,y)|See| < Ce
ye

for all x € Qy and € > 0.

Proof. Using (14) and Assumption 2.1,

o= [ (e din) <A [ (e )edy < AS.c mxe(e. ),

giving the lower bound. On the other hand, as y — &(x,y) is concave, its graph lies above
the graph of the piecewise affine function ¢(y) interpolating the three points

(Y (@), £, Y (), (argmaxax ), max (2, ym( >>), (a2, €2, yar (),

yeQ
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which, in turn, lies above the “tent” interpolating the points

(Ym(2),0), <aryg€rsr)1?><£(w, Y), gégf&(x, ym(:v))> ; (ym(z),0),

by the definition of y,(z),yar(x). The integral of the latter tent corresponds to the area of
a triangle, giving

LY (1)) ady > 510 mase(a,)

951

@%@M@zA/

971
after recalling that |S; .| = yar(z) — ym(x). This establishes the upper bound. O

In view of Lemma 5.1, our goal is to control the ratio between maxycq, {(x,y) and
p1(Sze) (or equivalently |S;c|). Clearly this ratio is closely related to the second derivative
of &(z,-), or equivalently g”. The following result shows the equivalence of maxy,cq, {(x,y)
and max,/cq, £(2, fL(x)), which will be important for controlling f/ and ¢/ later on.

Lemma 5.2. There exists C > 0 such that for every x € €,

C‘liré%f&(w,y) < €@ fi(@)) = max £, fe()) < max £(7, ).

Proof. We can write (14) as

[ i) = om0 - [ adt) ==
Sze

.

Therefore,
fSﬂC,E xydp(y) @) fsm 9= (y)dpa (y) 5
J— < x —_ = .
H1 (S:v,z-:) H1 (‘Sﬂc,s) H1 (S:v,s)
d
Recalling from Proposition 3.2 the formula f!(z) = %, we deduce
Js.. 9:(y)dpu (y) e

zfi(w) = fel) = m(See)  (Sec)

As g. is convex, Jensen’s inequality and the aforementioned formula yield

&
Nl(sm,s)

and now the first inequality follows from Lemma 5.1. The second inequality follows trivially,
whereas the equality holds by the first-order condition: y := fl(z) satisfies %f (x,y)=0. O

< —fe(@) — g-(fl(x)) + 2 fl(x) = &(z, fL(x)),

5.2 Distance of f/(z) to the boundary of S, .

Proposition 3.2 shows that f/(z) € S . The following result states that the distance between
fL(x) and either of the two boundary points ym,(z),yam(x) of Sy, is of the same order as
|Sz.2| = ynr(z) — ym (), and more precisely that f(x) is located in the center half of S, . for
small e.

14



Lemma 5.3. There exists eg > 0 such that for all € < eg and x € Qy,
1 /
Z’S:vﬁ’ < yM(x) - fs(m) < ‘83876‘7
1
Z’Sx,sy S fs/(x) - ym(x) S ‘83376"

Proof. The upper bounds are trivial due to fl(z) € Sye. Fix z € Qy and define the mid
point of S; . as

m(e) i= St = 2L bel),

Let 0 <7 < 1. As u; is uniformly continuous on €y and u; > A > 0, and as sup,cq, [Sz,c| — 0
by Proposition 4.1, there exists ¢y (independent of z) such that ¢ < g( implies

< wmy)

7))

For any bounded function h(y), it follows that

<1+mn forall y,y €S,.. (25)

1
111 (Sz.e) Sau.e

h(y)dpn (y) M)y < 5 | hlw)ldy.

|Seel Js.c

Using this with h(y) := y—m(x), the formula f!(z) = m fsz _ydp (y) of Proposition 3.2
yields 7 ’

- = 1 1
(@) = m(z)| = 5-/ —m(x))d — ) d
| fe() ()] 11(S0) Sz’g(y (z))dpa(y) I S‘m(y (x))dy
n 1 .
=1 —m(x)|dy < / Seeldy = 21S,.|.
’ .’E,E’ Sx’s |y ( )| y 2’8:2,5 Sx’E | ,€| y 2 | ’€|

(We remark that this conclusion holds for all e > 0, that is with 9 = oo, if (25) holds
everywhere on 2;.) The stated lower bounds are derived via the reverse triangle inequality

fi(@) = ym(@) = [m(z) = ym(2)| = | fL(z) — m(2)]

_ lym(x) ; Yym(@)| |fL(z) — m(z)| > 1_TWWM(JU) — ym(z)|

by taking n = 1/2, and similarly for ys(z). O

5.3 Bounds for the second derivative

We now proceed to bound the second derivative f! in terms of the size of the support. Recall

that S?S?g) ={zr € Qo : fe(x)+ g-(y) — vy < 0}. Next, we use the symmetric version of
Lemma 5.3 with exchanged roles of the marginals: for ¢ < g9 and y € Qy,

< |gL(y) =z (y)] < S§2].



Specifically, we fix z € o and use this for y = ypr(x). Noting that xy(yar(z)) = z, we
obtain
0
,, S el < lglym (@) =2 < S ]
Similarly,
0
180 | < 1oL m(a)) — ] <189, .

We now plug these estimates, as well as the estimates stated in Lemma 5.3, into the for-
mula (24) for f”(z). Recalling from Section 4 that

g(ym(x)) — 2 >0 for all z € Q(()l) U Q(()Q), gr(ym(z)) —x < 0 for all x € Q(()S) U Q(()Q),

we obtain for all z € Qg \ {z(™), z(*)} that

: |Sz.el
(x) < CA S0 e () + (0)7EXQ(()3>UQ(()2> (x) (26)
‘ ym ()€ ‘ ym ()€
and
A ISz |Sae
J(@) > C S(O)igxﬂgﬁuﬂgz) (z) + m)isxﬂgf)ugéz) (@) | - (27)
Ym(z),€ ’ ym(x)e
From these two bounds and Lemma 5.1, we see that
m = f ! > 0,
om(fe) €80\ {f(lm) x(M)}f (z)
om(fe) = sup fi(x) < +oo.

2€Q0\{z(m) (M)}

We define 0,,(g:) and op/(ge) in a symmetric manner. Next, we prove that these four
quantities are upper and lower bounded uniformly in . Recall from (15) that

bo
c= / (!, £1(x))) 4 dpo(’) > A / (!, () da’. (28)

Define the convex conjugate fZ(y) := sup,cq, {2y — f(x)} . A second order Taylor develop-
ment of f.(z') around z gives

(@, fix) = —fe(a’) — ge(fL(2)) + 2 fL(x)
= [f2(fi(@) = ge(fi(@))] = [fe(@") + f2 (fL(2)) — 2" fL(2)]

o x—x')2
> [2(£1(w) ~ ge(fL(@)] - I =T

(29)

Call t = [fX(fL(z)) — ge(fL(x))]. As above, the qualitative convergence result Proposition 4.1
yields g9 > 0 such that sup,cq, \8505)| < %|Ql\ for ¢ < gp, and hence at least one of the
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conditions ag ¢ Sgs(,)s) or by ¢ SZ(,?E) must hold for any y. Assume w.lo.g. that by ¢ S?S?E) .
Returning to (28) and applying (29) to the integrand, we deduce

£ / (e S

> )\/:’ <t_ UM(fa)(Qw—w')2>+dml

00 t U2
N )\UM(fE)/o (UM fo) 2>+du

(
3/2
2\3/;/\01\/[(_]"5) <0’]\/[t(fg)> = 2\3/5)\(0'M(f€))1/2t3/2.

By the same means, ¢ < 4—\?)@A/\(U,n(!)"a))_1/2753/2. In summary, for all € < g9 and z € €,

22 Now (1) V2 < £ <« V2 A1) VR

Here t = f2(f2(x)) — 9:(fi(%)) = maxprcq, £(«', fi(x)) due to (2, fi(x)) = fi(x) - fi(a').

Recalling also from Lemma 5.2 that

< ! <
Cc~ Zl;ré%xf(m ,Y) max @, fl(x)) < ;ré?ilcﬁ(x,y) for all = € Qy,

and allowing C' to vary from line to line, we deduce

C M (oar(£)) 7 max(€(x, 1) < & < Clow(£)) 72 max(€(x,y) Y.
ye yeiy

In view of Lemma 5.1, this implies
C_l(UM(fs))_1/2|Sx,€|_3/2 < e !/? < C(Um(fs))_1/2|8w,€|_3/27

and after rearranging we conclude

We observe that Theorem 2.5 will follow from (30) once uniform bounds for ops(f:) and
om(fe) are derived. To established the latter, we plug (30) into (26) and (27) to obtain the
following bounds for all z ¢ {z(™), z(M)}.

f;'<:zc>sc<°'M(gf>>é and [y L (am<gg>>;'

om(/fe) C \om(fe)
By taking the supremum in the first expression and the infimum in the second, we deduce
(9:))* L (omlge)\®
OM\YGe Om\Ge
<C and oy, > — . 31
nia) =0 (245 027 (2255) oy
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Symmetrically,

1 1
O'M(fs) 3 1 Um(fs) 3
< > — .
om(ge) <C <0m(gs)> and  op,(g:) > c <UM(95) (32)
Plugging (32) into (31) yields
1
om(fe) \ 9
oulf) <0 [ = | o (Tl
E) om(92)
UM(fE)
and .
O'm(gs) 9 2
L foue) | 1 (omlge)\?
O'm(gé‘) Z 5 U]M((fe)) - 6 O'M(fg) )
Om\ZGe

which implies

o

o) <0 (5) o)z g (5o )

4

O'M(fz-:) < CUM(fE)‘TQ

for some C' > 0. It follows that op/(f:) and o,,(ge) are uniformly upper and lower bounded,

respectively. Symmetric statements hold for op/(g:) and oy, (fz), completing the proof of
Theorem 2.2. Moreover, Theorem 2.5 now follows from (30).

and finally B .
and  om(g:) > C7 opm(ge)®

6 Convergence to unregularized optimal transport

The goal of this section is to prove Theorem 2.6 and its corollary. We first prove a rate for
the barycentric projection of ..

Lemma 6.1. Let Sc(x) be the barycentric projection of m; that is,

Se(x) == /y <§(i’y)>+dm(y)-

There exists C' > 0 such that for all € € (0,1],

1
| To — Sellz2(00,dz) < Ce3.

The argument follows [8, Section 4.2 where a similar result is shown in the context of
entropic optimal transport.

Proof. Recall that (fy, go) denote the potentials for the unregularized optimal transport prob-
lem, which are convex conjugates of one another. Since gg is convex and e~ (&(x,y)) +du1 (y)
is a probability measure for each z € Qg by (14), Jensen’s inequality implies that

[0 ((22) =00 (5 (£22) ) =50,
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This yields the inequality in
0= [ awdr.o) - [ awdm)
= / (/go(y) (f(:v,y dul(y)> dpio () —/QO(TO(SU))dMo(fL’)

€ /4

> [ o0 (Sc(a) drofa) ~ [ ol (o).
As g is strongly convex,

90 (S(2)) = go(To(x)) > (Se(x) — To(2))go(To(x)) + C~'(Se(x) — To(x))”

for some C' > 0 and we deduce
0> /gé(To(fB)) (S=(@) — To(x)) dpo(x) + AC™[|S2 = Toll72 (0 a) -

In view of g((Tp(z)) = =, it follows that

ACTH18=(2) = Toll72 (0 a0 < /($T0($) — 25:()) dpio(x)

- [st@ote) - [ [y (5(2y>)+dm<y>du0<x>

= /xTQ(x)dug(x) _/xydwa(a:,y)

=3 ey - [T )

The last line is the difference between the transport cost of 7. and the optimal transport
cost. As the quadratic penalty is nonnegative, that difference is dominated by the difference
between the optimal regularized transport cost and the optimal transport cost. By [18,
Corollary 3.14], the latter satisfies

1 1 d 2

5 [@=vdnen) - 5 [ To@)Pdpo(e) + 2 |- < Cef

2 2 d(lu’o ® /’Ll) Lz(u0®u1)
for all € € (0, 1], for some C' > 0. (This rate is sharp by [18, Proposition 4.4].) As a result,
|S:(x) — TOH%Q(Qo,dz) < Ce3, which was the claim. O

Proof of Theorem 2.6. By Proposition 3.2 we have f.(z) € S; for all x € . Thus
1f2(2) = To(@)l 2(00,dz) < ld (Sees To (@)l 1200 )
and hence the second claim in Theorem 2.6 follows from the first claim, namely that
11 1
Cles < Hd(Sxﬁ,To(x))HLz(deM < (Ces.

Note that the lower bound already follows from Theorem 2.5. Whereas for the upper bound,
in view of Theorem 2.5, it suffices to exhibit measurable functions {S¢ }.~o such that S.(z) €

Sz for all x € Qo and ||.S: —To || £2(0g,d0) < Ces for all e < g9. By Lemma 6.1, the barycentric
projection has these properties. O
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Proof of Corollary 2.7. By (11) we have
1

/ ! =
€ Jdz) > 3.
£z = foll 200,42y < Ce (33)

Let
1

(fe(x) = fo(a))dx
1] Ja,
Poincaré’s inequality [20, Theorem 1, p.275| applied to (33) shows
1
1fe = fo — acllr2o,d0) < ClFL = follL2(0o,d0) < CeB (34)
where the constant C' is allowed to change but is independent of €. Let
o= [ (fela) = foDofo)

The mean a, under the Lebesgue measure is not directly comparable to the mean 8. under pyg.
However, using the variational characterization of the mean and Assumption 2.1,

Qe 1=

1fe = fo = Bell2(uo) = mf [fe = fo—allr2g) <C mf I fe = fo — allz2(0,dz)
which in conjunction with (34) yields

1
”fs /BEHLZ (po) S Ces. (35>
We argue below that
1
|Bc| < Ces. (36)
Then, (35) implies ||f: — foll £2(ue) < Ce3, and thus Ife = follz2(0p,dz) < Ces by Assump-
tion 2.1. Together with (33), we now have
1
| fe = follwrz(qy) < Ces3,
so that Morrey’s inequality [20, Theorem 4, p. 266] yields the claim.

It remains to show (36). In fact, we prove the stronger claim
215 = | / ) = Ro@Dno(e) + [ 6:0) ~ gou)m )| < €3 (37)
where the equality is due to (12). Since 7 is optimal for the transport problem, (2) implies
e|__dm_ | < QOT,.—OT. (38)
2 |ld(ko @ p1) || 2 (uo@pn)

Next, we use the strong duality of QOT. (e.g., [37, Theorem 2.2]). The dual expression (4)
for QOT, (taking into account the change of variables (6)) and the analogous dual of OT
yield

QOT. —OT = /(fo(f) — fe(@))po(@) + /(go(y) i) - o ||

2
2 H d(po ® p1)

L2 (po®p1) '
In view of (38), this implies

QOT.-0OT < / (fo(z) = fe(2))po(x) + / (90(y) — 9=(y))p1(y) < 2(QOT. —OT).

The claim (37) follows as C~le5 < QOT.—OT < Ces by [18, Corollary 3.14 and Proposi-
tion 4.4]. O
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