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Abstract

Guyon and Lekeufack recently proposed a path-dependent volatility model and doc-
umented its excellent performance in fitting market data and capturing stylized facts.
The instantaneous volatility is modeled as a linear combination of two processes, one is
an integral of weighted past price returns and the other is the square-root of an integral
of weighted past squared volatility. Each of the weightings is built using two exponen-
tial kernels reflecting long and short memory. Mathematically, the model is a coupled
system of four stochastic differential equations. Our main result is the wellposedness of
this system: the model has a unique strong (non-explosive) solution for all parameter
values. We also study the positivity of the resulting volatility process and the martingale
property of the associated exponential price process.
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1 Introduction

Path-dependent volatility models (PDV) are stochastic models for security prices where the
instantaneous volatility is a function of the price path. Starting with [5, 2, 11, 1, 3|, such
models emphasize that prices have a feedback on volatility (e.g., the leverage effect) rather
than the volatility being an exogenous factor driving the price. In their recent paper [4],
Guyon and Lekeufack empirically study the volatility of the S&P 500 index (and other in-
dexes) and conclude that the majority of the variation can be explained by past index returns.
Indeed, the relevant statistics are 1. weighted sum of past daily returns and 2. square-root
of weighted sum of past daily squared returns (i.e., squared volatility). More specifically,
long and short memory are both found to be important, hence the authors recommend using
two decay kernels with different time scales. This leads to four processes feeding into the
volatility: weighted sum of past returns at two timescales (indexed as (1,0) and (1,1) below)
and weighted sum of past squared returns at two (different) timescales (indexed as (2,0) and
(2,1) below).

For practical purposes, [4] finds that exponential kernels provide a tractable model with
good fit. This leads the authors to propose a Markovian model with nine parameters, called
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the Markovian 4-factor PDV model. They convincingly argue that this model captures the
important stylized facts of volatility, produces realistic price and volatility paths, and can
jointly fit S&P 500 and VIX smiles. Specifically, the volatility process of the 4-factor PDV
model is given as

or = Bo+ P1Rit + Ban/ Ry -

Here Ry ; is the convex combination (1 —61)R1 0+ 601 R1,1+ of the past returns weighted with
different decay rates Ay ;; i.e., Ry j; is an Ornstein—-Uhlenbeck process dRy j; = A1 joidW; —
ARy jdt for j € {0,1}. Moreover, Ry is a convex combination (1 — 62)R2 ¢ + 02R2 14 of
the past squared volatility weighted with different decay rates Ag ;; i.e., R j; is an exponential
moving average dRa j; = Ao j (O't2 — Rgm) dt for j € {0,1}.

Altogether, this leads to a coupled SDE system for the four processes (R;;¢), stated
as (4-PDV) below. Due to the square and square-root terms in the dynamics, its wellposed-
ness is not obvious. Most importantly, it is not clear if the system explodes in finite time (the
numerical simulations in [4] truncate the volatility at a fixed upper bound). The purpose of
this paper is to provide existence and uniqueness for (4-PDV). Our results extend to other
models where the relationship between (R ¢, R2+) and o; has a more general form satisfying
certain regularity and growth properties (see Remarks 2.5, 3.3 and 4.4).

The main results are summarized in the subsequent section. There, we first discuss a
simpler model which uses only one timescale for each process R;;, corresponding to the
special case 6; € {0,1}. While [4] details that this 2-factor model does not provide a good
fit in practice, the authors find it useful to gain intuition about the more complicated 4-
factor model. Following their didactic lead, we first prove our results for the 2-factor model
in Section 2. In this case, the equations are simpler and the algebraic expressions clearly
motivate our strategy of proof. Guided by those insights, the 4-factor model can be treated
using a similar strategy (detailed in Section 3), though the expressions are more convoluted.
Section 4 concludes by studying the martingale property of the exponential local martingale
(price) process associated with the volatility models, a problem posed to us by an anonymous
referee.

1.1 Main Results
The 2-factor model of [4] is specified by an SDE driven by a standard Brownian motion W,
or = Bo + B1Rit + Bon/Ray
dR1+ = Mo dWy — MRy dt (2-PDV)
dRoy = (Moo} — MaRay) dt
with parameters
Bo, B2, A1, A2 >0 and 1 <0

and initial values R € R and Ry € (0,00). The above is an autonomous SDE for the
processes (R, Ray), with oy merely acting as an abbreviation. On the other hand, if oy is
given, the equations for R;; and Ra; in (2-PDV) are straightforward: R;; is an Ornstein—
Uhlenbeck process driven by the log-returns o, dW4,

t
Ry = RLoef)‘lt + A1 / efAZ(tfs)O'deS,
0
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and Ra; is an exponential moving average of o,

¢
Ryy = Roge ™' + )\2/0 ole2(=5) g5 > 0.

—
—_
~—

In particular, the expression y/Ra; in (2-PDV) is well-defined.
Theorem 1.1. The 2-factor model (2-PDV) has a unique strong solution.

The proof is detailed in Section 2. There, we first observe that strong existence and
uniqueness readily hold up to a possible explosion time, and then proceed to show the ab-
sence of explosions in finite time. Theorem 1.1 extends to certain more general models
(Remark 2.5). Table 1 reports the parameters used in [4]. In Theorem 2.6, we provide the
condition Ao < 2A1 ensuring oy > 0; that condition is satisfied by the values in Table 1.

Bo Bi | B2 | A1 | A2
0.08 | -0.08 1 0.5 | 62 | 40

Table 1: Example parameters for the 2-factor model from [4, Table 7|
Next, we move on to the 4-factor model of [4]. It is specified by the SDE

ot = Bo + iRt + Po/Roy
Riy=(1—-61)Rios+01Ri1,.
Ryt =(1—62)Ropt+02R21t (4-PDV)
dR1 jt = A1 jodWy — A1 jRy jdt,  j € {0,1}
dRyjy = Xoj (07 — Roju)dt, j€{0,1}

with parameters
/80)/827 >\1,j7 )\Q,j > 07 /61 < 07 017‘92 € [O) 1]

and initial values Ry o € R and Ry o > 0, j € {0,1}. The above is an autonomous SDE
for the four processes (R1 ¢, R2,jt)jefo,13- We note that (4-PDV) generalizes the 2-factor
model (2-PDV); the latter is recovered when 61,602 € {0,1}. Whereas for 61,62 € (0,1), the
difference with (2-PDV) is that Ry, R are proper convex combinations of processes with
different time scales. Once again, 1 ;; and R ;; have straightforward expressions once oy
is given, and Rp j; > 0 as in (1). Our main result reads as follows.

Theorem 1.2. The 4-factor model (4-PDV) has a unique strong solution.

The proof is stated in Section 3. Again, strong existence and uniqueness readily hold up
to a possible explosion time, and we prove absence of explosions in finite time. Theorem 1.2
extends to certain more general models (Remark 3.3). The parameters used in [4] are re-
produced in Table 2. While in the 2-factor model, o; remains strictly positive for a certain
parameter range (Theorem 2.6), that property can fail in the 4-factor model (Proposition 3.4).



Bo b1 Ba | Ao | A | A2o | A2 | 01 | 02
0.04 | -0.13 |1 0.65 | 55 10 20 3 0.25 | 0.5

Table 2: Example parameters for the 4-factor model from [4, Table §|

Finally, we study the martingale property of the resulting price process (X¢)¢>0, a problem
posed by an anonymous referee. We provide a positive result for the 2-factor model; the
problem remains open for the 4-factor model. For the sake of generality, we allow processes
(0t)¢>0 that can become negative (even if those may be undesirable in practice), but stop
them at some level for technical reasons; that gives rise to the volatility process (v¢)i>0 in
the theorem below. If the process (0¢):>0 is nonnegative, as is guaranteed for the parameters
mentioned in Theorem 2.6, then clearly v, = oy.

Theorem 1.3. Let (0¢)i>0 be given by (2-PDV) and vy := o¢pr where T =inf{t > 0: 0y < —C'}
for some C > 0. The exponential local martingale (Xt)t>0 given by

dXt = VtXtth, X[) =9 > 0
1$ a true martingale.

The proof is reported in Section 4. Following an idea in [10] and |7]|, we characterize the
martingale property of (X¢)¢>0 as the non-explosiveness of (14)¢>o under a changed measure,
and then prove the latter by an estimate for the associated stochastic differential equation.
This line of argument may extend to the 4-factor model, but the present argument for non-
explosiveness in the 2-factor case does not apply in the 4-factor case (see Remark 4.5).

2 Analysis of the 2-Factor Model (2-PDV)

We first show, using fairly standard arguments, that (2-PDV) has a unique strong solution
up to a possible explosion time. Then, we prove the absence of explosions. In Section 2.2,
we study the positivity of oy.

2.1 Wellposedness and Absence of Explosions

To detail the aforementioned arguments, we introduce a more concise notation for (2-PDV):
writing Ry := (R4, Ra,t), we can rewrite (2-PDV) as

th = b(Rt)dt + Z/(Rt)th, Ro = (Rl,[), RQ’U)
V(s y) = (M(ﬁo + 5101’ + ﬁQﬂ))
b(a,y) = ( —Aiw )
T\ (B3 + B30 + (B3 — )y + 26051 + 260B2/5 + 26150 /5) )

As the coefficients v(z, y) and b(x, y) are continuous in their domains and the initial condition
is deterministic, the general existence result of |6, Theorem IV.2.3| (applied with /y := 0 for
y < 0) shows the following.



Lemma 2.1. The SDE (2-PDV) has a weak solution up to a possible explosion time.

Next, we establish pathwise uniqueness. The usual local Lipschitz condition (e.g., [6,
Theorem IV.3.1]) fails because of the term ,/y in the coefficients. However, as this failure
only occurs at the boundary of the relevant domain, a modification of the usual proof applies.

Lemma 2.2. The SDE (2-PDV) satisfies pathwise uniqueness.

Proof. Following the proof of [6, Theorem IV.3.1], we consider two solutions (R,W) and
(R',W) of (2-PDV) on the same probability space (2, F,P) with Brownian motion W, and
with the same initial values Ry = R{, = (R1,0, R2,0)-

Given N, e > 0, there exists K. xy > 0 such that

[v(a.y) = v )" + o) = b )| < Ko [[(2,9) = @8]
for all (z,y), (z',y') € R? with ||(z,y)|, |(z',¥")|| £ N and y,3’ > e. Define
Sy:=inf{t>0: ||R >N}, T.:=inf{t >0: |Roy| <€}
and similarly S}, T/ for R’ instead of R. Set S y := Sy A Sy AT. AT, and note that

t/\Ss,N t/\SE,N
Rinson — Ripg, = /0 (V(Rs) — v(R.)) dW, + /0 (b(Rs) — b(R.)) ds.

Fix T € (0,00). For t < T, Itd’s isometry and Holder’s inequality yield
E (|| Rins..x = Bins. o |?)

o ) )

t 2 t 2
< 2E ( | s )~ vifens, )| ds) T 2TE ( [ otens. ) = s, o ds)
0 0

tASs,N tASs,N
/ (v(Ry) — v(R.)) AWV, / (b(Rs) — b(R.)) ds
0 0

¢ 2
<2(1+T)K:nNE (/ HRsASE,N — Rins. NH ds) ;
0 :
and then Grénwall’s inequality shows

E (1 Rins.n = Rins, ) = 0.

As T > 0 was arbitrary, this holds for all ¢ > 0.
Next, we let € — 0. In view of the positivity (1), we have T.,T! — oo and conclude that

_ /
Rt/\SN/\SEV _Rt/\SN/\SEV thO

Together with the continuity of the paths, it follows that Sy = S, and since this holds for
all N > 0, we have shown that R = R’ up to a possible (common) time of explosion. O

As weak existence together with pathwise uniqueness implies strong existence [6, Theo-
rem IV.1.1], the results so far establish the strong wellposedness of (2-PDV) up to explosion.



Corollary 2.3. The SDE (2-PDV) satisfies strong existence and uniqueness up to a possible
explosion time.

Turning to the main contribution of this section, we now show the absence of explosions.

Lemma 2.4. A solution (Ry, Ray) of (2-PDV) cannot explode in finite time. Moreover,
SUpi<r E(Rit + Ray) < oo for any T € [0, 00).

Proof. Fix M > 0 and define the stopping times

Typ:=inf{t >0: R}, > M*} Ty :=inf{t>0: Ry > M?*}
Tar:=Tiy ATy

Fix also t > 0, and note that
M?P(Ty < 1) = E(M?17,,<;) < E(max(RE 1,05 Romyne) < E(RE gy 0 + Romygne)-
In the main part of the proof below, we show that
E(RY gy, p¢ + Royne) < c(t) (2)

with ¢(t) < oo independent of M. It will then follow that limp;_ P(Tas < t) = 0, showing
that R; and Ry have bounded paths on any compact time interval and hence completing the
proof.

To show (2), we first apply [td’s formula to obtain

tAT s ATy
RYiary, = Rio+ /0 2\105 Ry (AW + /0 (Alo? — 2\ R3 ,)ds.
As 0,Ry s is uniformly bounded up to the stopping time t A T}y, it follows that
tATw
B ) = o +E( [ (02— 20 ) )
and thus, by Fubini’s theorem,
t
BB 100 = R+ [ B ((¥o? 20 R Lucun ) ds. 3
Next, we insert the definition of o2 to get
t
E(R%,TMM) = R%,o + / E <{/\%(50 + B2y/Ras)?
0
+2X3B1 Ry (B0 + Bov/Fa) + (F8F = 20) RS P losinty, ) ds.

Using the elementary inequalities

2ab < a® + b? and (a+ b)2 < 242 + 202



we deduce
t
By, 0) < REo+ [ ({20368 + 20283 R+ NF + MOERE,
0
+NRBRRS  + AR Ras + (357 — 20 BE, Hlacinny, ) ds

and therefore
t
B ) < Fho+ | B (N + 305 Ro+ (35} — 20) R ) Lecun, ) ds
0
t
< R} + 3A165t + max {3A]3, (3AT} — 2A1) } / E (R} sar,, + Ra,snty, ) ds
0

t
=:c1,1 t et + Clyg/ E (R%,s/\TM + R273ATM) ds (4)
0

where the constants ¢ ,1,¢1.2,¢1,3 > 0 are independent of M and t.
Our next goal is a similar bound for Ry instead of R%. From the SDE for Rs,

E(RQ,TM/\t)
tAT g
= Ry + ME ( / (02 — Ras) ds>
0
¢
=Rop+ /\2/ E ((02 — Ros)Ls<iaty, ) ds
0
¢ 2
= Roo+ /\2/ E ({(50 + B1R1s)° +2(Bo + B1R1s) Bor/Ras + (B3 — 1)32,5} 1s§t/\TM) ds.
0
Similarly as above, we obtain
t
E(Ro 1y nt) < Rop + )\2/ E({%@ + 287 R}, + B + B3 Rays
0

+ R, + B3Ras + (B — )Ry Plosinty, ) ds.

We conclude that
t
B(Ramynt) < Roo + >\2/ E (360 + 361 Rt s + (363 — 1)Ra,s) Lezenty,) ds
0
t
< Ry + 3X\2f5t + max{3p7, 355 — 1} / E (R a1y, + Rosnty,) ds
0

t
=:ico1+ 627275 + 0273/ E (R%7S/\T1W + RQ’S/\TM) ds, (5)
0

where again the constants do not depend on M and ¢.
Writing ¢; = ¢1; + ¢2,;, combining (4) and (5) yields

t
E(R%,TMM + R27TM/\t) <cFoet+ 63/ E (R%,s/\TM + RQ,S/\TM) ds,
0



and now Gronwall’s inequality shows
E(R%,T]M/\t + RQ,TM/\t) < (Cl + CQt) e,
This establishes (2) and hence completes the proof. O

Remark 2.5. The results in this section generalize to volatility models having the same
dynamics as (2-PDV) for (R1 ., R2;) but a more general functional oy = f(R1, R2¢) where

(i) f:R xRy — R is continuous, and Lipschitz on compact subsets of R x (0, 00),

(ii) there are Kj, K3 € R such that

flz,9)? < Ki(2® +y) + Ko. (6)

Indeed, continuity and local Lipschitz continuity imply analogues of Lemma 2.1 and Lemma 2.2.
Inequality (6) implies that bounding (2) is enough to bound the expectation of 02. Moreover,
it implies that

Mf(r,y)? — 2022 < Kypq(2? 4 y) + K12
for some K 1, K2 € R, so that a bound analogous to (4) holds, as well as
f(z,y)* —y < Ki(2® +y) + Ko,

so that a bound analogous to (5) holds.

2.2 Positivity of o,

In this section we show that o, > 0 under certain conditions. More precisely, we exhibit a
lower bound o; > Y; > 0 which also shows, e.g., that 1/0¢ has finite moments of all orders.
This strengthens the result in [4, Section 4.1.5] where it is observed that oy > 0 since the
drift of oy would be positive whenever o, reaches 0.

Theorem 2.6. Consider the solution (Rit, Rayt) of (2-PDV) up to a possible time T of
explosion. If the initial values (Ri, R20) are such that o9 = Py + f1R1,0 + P24/ R0 > 0,
and if moreover Ay < 2A1, then o > 0 for all t < 7. More precisely, we have oy > Yy, where
Y} is the stochastic exponential (10).

Proof. By It6’s formula, oy satisfies the SDE

A2f2 0F — Ray
2 Roy

doy = (ﬁMlRLt + ) dt + B o dWy . (7)

Using the assumption that Ao < 2X1, we can bound the drift of oy from below:

A 02— R A A o?
—B1 MRy + 262 0; — Rae = —Ai(0y — o — B2/ Roy) — 2aba Ra s + 202 _oi
2 Rg’t 2 2 RQ,t
Ao Aoy of
> Aoy + Bod + B [ M — 22 ) /Ry + 222
> —Aog + Bo 52( 1 2) 2.t 2> R
> —\oy (8)



because all the other terms are nonnegative. Inspired by (8), we define a process Y via
dYy = =\ Yidt + B\ Y dWy . Yo = op. (9)

Note that Y is simply the stochastic exponential
1
Y; = ogexp <51)\1Wt — it — 25%A%t> (10)

and, in particular, Y; > 0 for all ¢ > 0.

The SDEs (7) and (9) have the same initial condition o, the same volatility function
v(x) = A1z and their drift functions are ordered according to (8). Moreover, both drift
and volatility functions are continuous on the relevant domains, the drift function of Y is

Lipschitz, and
&
/ v(x) " 2dr = oo
0

for every ¢ > 0. In view of these conditions, the comparison result for SDEs! [8, Theo-
rem 5.2.18] yields that oy > Y} for all t < 7. O

3 Analysis of the 4-Factor Model (4-PDV)

In Section 3.1 we prove our main result on the wellposedness of the 4-factor model and the
absence of explosions. In Section 3.2 we show that o; need not remain positive under the
stated conditions.

3.1 Wellposedness and Absence of Explosions

The general wellposedness of (4-PDV) is shown using the same arguments as in the 2-factor
model; we therefore omit the proof.

Proposition 3.1. The SDE (4-PDV) satisfies strong ezistence and uniqueness up to a pos-
sible explosion time.

The next result contains our main contribution.

Lemma 3.2. A solution (R1j, R2 jt)jefo,1y of (4-PDV) cannot explode in finite time. More-
over, SUp;<r E(R%,O,t + R%,l,t + Root+ Ra1t) < oo for any T € [0,00).

Proof. We follow the guidance provided by the 2-factor model. Fix M > 0 and define

T =inf{t>0: Ry, >M?*} Ty :=mf{t>0: R}, >M?}

T3 = 1inf {t > 0: Ryg; > M?} T3 :=inf {t >0: Roy, > M?}
Tar =Ty ATy AT AT

1To be precise, the cited theorem is stated for SDEs where the drift and volatility functions depend only
on time and the solution process. Here, they are random as they depend on (Ri,, R2:). The proof holds
without change.



Fix also ¢ > 0, then
M2P(TM <t)= E(MQlTMSt)
< E (max (R} g a1y, BT 1.0n7y» R2.0.40T0r» R210070, )
< E (Riosnry + B 1iry + R2ointy + Rapinty) = E(Uinzy,)
where
U= B g R+ Rao+ R

We shall prove that
E(Uinty,) < C(1) (11)

for a continuous C(t) independent of M, and that will imply the claim.
To prove (11), we note as in (3) that

t
E (R%,j,t/\TM) Rl 13,0 + /0 ({)‘1 j0s — 2N JRl J s}1$<t/\TM) ds. (12)
We first focus on j = 0. Inserting the definition of o2 and then the one of Ris, we have

/\%,003 - 2)‘170R%,0,s
= A 0(Bo + Bav/Ra,s)? + 2% 0B1(Bo + B2v/Ras)Riys + A oBIRT, — 2M10RT 0
< 33083 + A% B3Ry + BN BIRY, — 2\ 0RY
< 3M 085+ 3A% 085 (Ra0,s + Rao1s) + M 0BT (RY o + BT 1) — 2M10R: o
=3\7 050 +3A7 0/32R2 0.5 + 3A7 052R2 1,s + 37 OB%Rl 15+ 3 %,05% - 2)‘170)R%70,5

where we used the elementary convexity inequalities

R%,s =((1 —91)R1,O,s+91R1,1,s) (1—91)R1os+91R11s < R105+R11s7 (13)
Rys=(1—62)Ro0s+62R21s < Rops+ Rois- (14)

Using this inequality in (12) yields

t
E (R}, inTy) < R%,O,O + / E<3)\%,05§ + 3A% 033 Ro,0,sn 1
+3)7 OBQRQ’LS/\TM +3A7 0 1R1 1,sATas (3)\%,0512 - 2)\1,0)R%,0,5ATM)dS

t t
=:c100(t) + 01,0,1/ E(R2,0,s71y, )ds + 61,0,1/ E(R2,1,sa1y, )ds
0 0

t

t
+61,0,1/ E(R%,l,sATj\{)dS"’—cl,O,?/ E(R o, onry, )ds
0 0

where ¢ 0,0(t) is affine in ¢.
Symmetrically, we have for j = 1 that

)\1 10' 2)\1 1R113 SgA%l/BO+3A1 162R203
+ 3)\1,152R2,1,s +3A7 15 i 0,5 (3)\%15% - 2)‘1,1)R%,17s

10



and then

t
B (B inr,,) < Rhao+ [ B(3¥,68 + 30 15 Raoonr,
0

+ 3)\%,1ﬁ§R2,175/\T1V1 + 3>‘%,15%R%,0,3ATM + (3>\%,1»3% - 2)‘171)R%,1,3ATM)d8

¢ ¢
=:c110(t) + 01,1,1/ E(R2,0,sn1y,)ds + 61,1,1/ E(R2,1,5n1y,)ds
0 0

t t
+Cl,1,1/ E(R%,O,SATM)dS—i_CLlQ/ E(RY 1 on1y,)ds.
0 0
Combining the results for j = 0 and j = 1 yields
E (R%,O,t/\TM + R%,l,t/\TM)

¢
<ecipo(t) + 01,1/ E(R2,0,sn1y, + R2,1,507),)ds
0

¢
9 2
+ecip / E (R 0,571y, + Bi15n1y) d5
0

where the constants have the obvious definitions.
Next, we derive a similar bound for Rs ; instead of Rij. From the SDE for Ry ;,

t
E (Rojinty) = R2jo + Ao / E ((02 = Rajs)ls<inty, ) ds.
0

Focusing again on j = 0 first, we insert the definitions of o2 and R3 s and estimate

2
oy — Roos

= (Bo + B1R1.s)* + 2B2(Bo + B1R1s)\/Ras + B30 Ro1 s + (B3(1 — 63) — 1)Ra s

(16)

<263 +287RY  + B85 + B3 Ras + BIRY o+ B3 Ras + B302Ra 16 + (B3 (1 — 62) — 1) Ra 06

< 365 + 3BT RT . + 385 Ra1s + (385 — 1) Ra,6
<385 +361R3 s+ 3BTRT 1+ 3B5Ra1s + (365 — 1)Ra s

Applying this in (16), we conclude that
E (R20ta1y,) < R20,0 4+ A2,0 /Ot E<3B§ + 3B R g snty,
+3BTRY 1 saty, + 3B5Ro1,sn1y + (385 — 1)R2,0,5ATM)dS
=:ca00(t) + 201 /0 t E (R} g 41y, ) ds + c201 /0 t E (R} 41, ) ds

t t
+C2,0,1/ E(R2,1,5ATM)dS+CQ,0,2/ E (R2,0,sn1y,) ds-
0 0
Symmetrically, we obtain for j = 1 that

07 — Ro1s <365 + 357 Ri o5 + 30T Ri 1 s + 385 Ra0,s + (365 — 1) Ra1

11



and then
¢
E (R2,1,4a7),) < R21,0 + >\2,0/ E<35§ +3B1RT .,
0

+367RS, + 363 R0 + (303 — 1)Raa s )ds

t t
=: 62,1,0(t)+02,1,1/ E(R%,O,SATM>d5+CQJ,1/ E (R} 1 onry,) ds
0 0

t ¢
+ 21,1 / E (R2,0,sa1),) ds + 62,1,2/ E (Ra,1,5n1y,) dS-
0 0
Adding the two inequalities, we deduce
E (R2,0,ta1y; + R21,e01T0;)

t
2 2
S szo(t) + 6271 /0 E(RI,O,S/\TJW + Rl,l,s/\Tj\/I)dS

t
+ 62,2/ E (R2,0,snTy, + R2,1,57Ty,) 5. (17)
0

We can now add (15) and (17) to obtain

t
E(Ut/\TM) < Co(t) + 61/ E(US/\TM)dS
0
where ¢y(t) is affine and nondecreasing in ¢ and c¢y(t),c1 do not depend on M. Grénwall’s
inequality then yields
E(Uinty,) < co(t)e™
which is the desired bound (11). O

Remark 3.3. The results in this section generalize to volatility models having the same
dynamics as (4-PDV) for (Ri,0¢, R1,14, R2,0,t, R2,1¢+) but a more general functional

or = f(Ruig, Rat) = f(Riot, Raae, Roor, R21t),
where
(i) f:R? xR% — R is continuous, and Lipschitz on compact subsets of R? x (0, 00)?,

(ii) there are Kj, K3 € R such that

f(xo,71,90,91)* < K1 + Ko + 23 +yo + v1). (18)

These conditions for f are satisfied in particular if f satisfies the conditions of Remark 3.3;
this can be seen using inequalities (13) and (14).

Indeed, continuity and local Lipschitz continuity imply the analogue of Proposition 3.1.
Inequality (18) implies that bounding (11) is enough to bound the expectation of o?. More-
over, it implies that, for j € {0,1}, f satisfies

/\ijf(xoa 1,90, Y1) — 2)\1,ng < Kijo+ Kiji(ed + 23 +yo + 1) (19)
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for some K j0, K11 € R, so that a bound analogous to (15) holds, as well as, for j € {0,1},
flxo, 21, 90,1)° — yj < K1 + Ka(x§ + 27 + yo + y1),

so that a bound analogous to (17) holds.

3.2 Failure of Positivity of o, in (4-PDV)

In [4] it is reported that for realistic parameter values, the volatility o; remained positive in
simulations of the 4-factor model. Nevertheless, existence of a reasonable sufficient condition
for o4 > 0 (or even just o, > 0) in (4-PDV) remains open. Below, we explain that a direct
generalization of Theorem 2.6 fails. Indeed, in the 4-factor model, o follows the SDE

Aafl2 0f — Ry
2 Roy

doy = (—515\1R1,t + ) dt + Br Ao dW, (20)

where

- — 1—0;,)\0R; OiNi1R;
i = (1=0;)Nio+0i\i1, R;; = ( JAio ;\t T O g

as seen in [4]. The analogue of the condition in Theorem 2.6 is Ao < 2);.

Proposition 3.4. Under (4-PDV), it may happen that o9 > 0 but P(oy < 0) > 0 for some
t >0, even if Ao < 2A1.

Proof. We choose initial conditions Ry < 0 and Ry 10 > 0, and coefficients 61, A1 0, A11,
such that Ri9 > 0 and Rl,O < 0. Next, choose 51 = —1 (say), and then S > 0 such that
B1R1 + P21/R2o = 0. Consider for the moment 3y := 0, then the preceding identity means
that o9 = 0. Inspecting (20), we see that at ¢ = 0, the volatility vanishes while the drift rate
is

Aofa Roy
2 Roy

—515\1R1¢ -

By continuity of the paths, it follows that P(o; < 0) > 0 for all ¢ > 0 sufficiently small.
Next, we modify the above by choosing [y strictly positive, so that o9 = Gy > 0. We
may see g as a parameter of the SDE determining o;. If the solution is continuous with
respect to [, it follows that P(oy < 0) > 0 for 5y > 0 and ¢ sufficiently small. Continuity is
a standard result for SDEs with Lipschitz coefficients (e.g., [9, Section 4.5]). To see that the
Lipschitz result is sufficient, note that for the present purpose of showing that P(o; < 0) > 0
for some small ¢ > 0, we may truncate the non-Lipschitz coefficients in (4-PDV); that is, we
replace \/R27t by \/R27t vV and o2 by o2 AJ~! for a small constant § > 0. O

4 Martingale Property of the Price Process

In this section we study the martingale property of the price process (X;);>0; cf. Theorem 1.3.
Following [10, Proof of Lemma 4.2] and [7, Section 5.3], the idea is to rephrase the martin-
gale property into non-explosiveness of another process, and establish the latter. Given a

13



continuous adapted process (4):>0, consider the exponential local martingale (X;)¢>0 given

by
dX; = X dWy, Xog= x> 0. (21)
For M > 0, we define the stopping time
Ty :=inf{t >0: || >M}. (22)

Given also t > 0, Novikov’s condition allows us to define a probability measure I@’M,t < P by

d]?) Trr At 1 T At
dg[’t = exp {/0 vedWs — 3 /0 Vfds} .

We have Ty — oo a.s. given that (14)¢>0 does not explode in finite time. The martingale
property of (X;)¢>0 is characterized as follows.

Lemma 4.1. For the local martingale (X¢)i>0 given by (21), the following are equivalent:
(1) (Xt)t>0 is a martingale,
(11) Bminfpyoo BE(X7,17,,<t) =0 for all t > 0,

(#3) liminfy; o ]IE’M,t(TM <t)=0 forallt > 0.

Proof. As (Xt):>0 is a nonnegative local martingale, it is a supermartingale by Fatou’s lemma,
hence a martingale if and only if zy = E(X}) for all £ > 0. The bounded process (Xia1,,)t>0
is a martingale, hence

Lo = E(Xt/\T]\/I) = E(thTMZt) + E(XTM 1TM<t)‘
Using monotone convergence for E(X;17,,>¢), this yields
Trog = E(Xt) + 1]1\}[n_>1c1>10fE(XTM ]-TM<t)

and now the equivalence of (i) and (ii) follows. For fixed M > 0 and ¢ > 0,

T 1 [Tm )
E(XT]\/[ 1TM<t) =E (960 €xXp {/ vedWy — 2/ Vg ds} 1TM<t>
0 0

Ty At 1 T At
= o (exp {/o vedWy — 2/0 Vfds} 1TM<t>

= 2P (Tar < 1), (23)
showing the equivalence of (ii) and (iii). O

Proposition 4.2. Let (0t)t>0 be given by (2-PDV). For a fized constant C > 0, define
the stopping time T := inf {t > 0: 0y < —C'} and set vy := oypnr. Then the exponential local
martingale (X¢)i>0 of (21) is a true martingale.
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Proof. Define the stopping time
Syi=inf{t >0: |oy| > M}.

Fix t, M > 0. By Girsanov’s theorem,

V~V5:WS—/ ordr, 0<s<tASy
0

is a Brownian motion under ]fDMﬂg up to time ¢ A Sys. The system (2-PDV) for (R, R2s)
can be stated up to time t A Sy as

os = Bo + B1R1s + P2/ Ras
dRy s = \osdWys + M\ (02 — Ry 4)ds
dRys = (A202 — Ao Ry ) ds.

By the same arguments as in Lemma 2.1 and Lemma 2.2, this system has a unique strong
solution up to time t A Sy; under I@M,t. The solution (o) of (2-PDV) up to time t A Sy; under
Pyrs has the same distribution as the solution of (2-PDV~) in Lemma 4.3 below under P.
For M > C, we also note that t A Syy > t ATy A 7. By the assertion of Lemma 4.3, it
then follows that limp; o ]fDMJ(T v < t) =0 for any ¢t > 0, which by Lemma 4.1 shows that
(Xt)t>0 is a martingale. O

Lemma 4.3. The following SDE under P has a unique strong solution (os)s>0 up to a possible
time of explosion:

os = Bo + B1R1s + Por/Ras
ARy s = MosdWs + M (02 — Ry 5)ds (2-PDV")
dRos = (A20? — AaRa ) ds.

Given C > 0, define 7 = inf{t > 0 : 05 < —C}. Then the process (ospr)s>0 a.s. does not
explode in finite time.

Proof. Existence and uniqueness again follows as in Lemma 2.1 and Lemma 2.2. For M > C|
let

Ty :=inf{s > 0: |osar| > M} =inf{s > 0: 0, > M},
Sy =inf{s > 0: |os| > M}.

Note that 7 < Ty implies Ty = oco. For fixed ¢ > 0, we can then write

MP(Th <t) =E(otary, 11y, <t) = E(otary 1y, <t1r>1y,)

(Ut/\SM 1TM§t1T>TM) < E((C + UMSM)]-TMSt17'>TM)

E
E(C + otrsy) = C + E(otasy,)- (24)

IN

Below, we show a bound E(oyps,,) < Ko + Kit that is uniform in M. Then, (24) implies
that limps 0o P(Ths < t) = 0, which is the claim.
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Choose Bg_> 0 small enough such that S1 A + Bg)\Q < 0, and then choose B2 > 0 such
that Bav/x < o + Pox for all x > 0. The first equation in (2-PDV™) then yields

E(0insy,) < Bo+ Ba + E(B1Ritnsy, + B2Rainsy,) (25)

and we can focus on bounding the last expectation. Using the last two equations in (2-PDV7),
we have

E(B1R1 408y + BaRainsy) = BiRio + B2Rz,o+ﬂ*3</ {(51/\1 + Badg)o?
0
—MpB1R1s — )\252R2,5}1s§t/\SMd3>- (26)

Defining « := 1 A1 + Bg)\g < 0, the term under the integral is

ao? = M\ B1R1s — AofaRos = aff2 + afiRy + aﬁfRis + 2af0p1 R s
+ 2080Ba\/Ra.s + 208182 R1 s7/Ra.s — MB1R1s — NafaRas
=C + By/Ros+ ARy

where
C = af +afiRY + 206081 R1s — MBiR1s
B =208+ fiRis), A=aBs— p
and A < 0 due to a < 0 and Aaf2 > 0. Thus, the term is bounded from above by

402 B3(83 + B3 RT , + 2B0f1R1s)
A(af3 — Aaf)

C — — =afi+afiR; , + 20601 R1s — MB1R1s —

=C'+B'Ris+ AR,

with
2 22 92 202 32
C' = aff + — 02 b0l 5, B =2apf1 — B+ 7aA6250ﬂ12,
A2 — af3; Aof3 — af3;
-
Aof2 — a3

Here again A’ < 0 due to a < 0 and )\232 > 0, so that the term is bounded from above by
2
the constant L := C’ — fA,. Using this bound in (26) yields

E(B1R14n5y, + B2Roinsy ) < Bi1R1o + f2Roo + E </ L18<t/\SMd3>
0

< B1R1o + BaRayo + |L|t

and thus
E(otrsy) < Bo+ B2+ BiRip + BZRQ,O + |L|t =: Ko+ Kt

as claimed. O
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Remark 4.4. Proposition 4.2 and its proof generalize to volatility models having the same
dynamics as (2-PDV) for (R ¢, R2+) but a more general functional oy = f(Ry ¢, Ra), where f
satisfies the conditions of Remark 2.5 and in addition there exist constants Lq, Lo, L3, L € R
such that

f(l',y) S LO + le + L2y7
(L1A1 + LX) f(7,9)? — MLz — Ao Loy < L.

The constant L typically needs to be negative, as in (2-PDV) where L1 = 51 < 0.
Our final remark details why the above proof does not extend to the 4-factor model.

Remark 4.5. The general line of argument given above may extend to (4-PDV). Indeed,
the following SDE under P has a unique strong solution (os)s>0 up to a possible time of
explosion:

ot = Bo+ B1Ri + Ban/Roy
Rit=(1—61)Rios+61Ri1y
Roy = (1—=02)Ro04 + 021214 (4-PDV")
dR; gt = =)\ ]O'tth + M ](Ut Ry g, t)dt jE {0, 1}
dRQJt = )\2] (Ut RQJ t) dt j € {0, 1}
Given C > 0, define 7 = inf{t > 0: 05 < —C}. If the process (gsar)s>0 a.s. does not explode
in finite time, then the assertion of Theorem 1.3 extends to (4-PDV). However, the proof for
non-explosiveness given in Lemma 4.3 does not extend directly to the present setting.

Indeed, the system (4-PDV7) satisfies bounds analogous to (24) and (25). Applying the
same procedure as in the proof of Lemma 4.3, and recalling the notation used in (20),

E(B1R1tnsy + BaRatnsy,) =B1Rio+ faRao + ]E(/ {(515\1 + Badg)o?
0
— M 10181R11s — Mo0(1 —601)B1R1p,s
— X2.102B9Ra 1 s — Aao(1 — 92)3232,0,3}1s§mst5>-

The integrand is bounded from above by a quadratic form in (R1,0s, R11,s, \/R2,0.5, \/R2,1,5):
however, the matrix defining the form is not negative definite. Hence, we cannot bound it
uniformly as we did in Lemma 4.3.
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