
 KCR Algebras Properties
The main source for this is ED

I Z Rcu
We workwith a fixed p CI Et and V Evil EN CI Irl m
Recall that
Sequ sequences in Im with i EI occurringVi timesR Rcu p jaggy top p bottom E

For TeSeq s we have PolCvE e ere
where Pollo T I 2 exist same
contains diagrams with dots but no crossings

recall that xu I to
i in

let Pollo gestequPollr t
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Notice that for t jESeqG E1jjte Gere is injectiveas all bigons can be removed using relation 2.3
giving etyj It as a linear combination of
diagrams with no crossings only dots
Recallrelation2.3 I O i ji j 0i j pig't i j I
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ordering of vertices occurring in 8
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Since multiplication by JIT is injectivewe must have ye o te so 3 0



consider an element ofgory where j ji jir

T.jti.it jjIiidrigIgt
vertices that occur no

j jf.jf.jo jr jr
Any strand connected to a jt musteventually return to the ja section

meaning that any crossings over strands
labelled j's for s t t are doublecrossingsand so can be removed via relation 2.3
until all strands labelled je are entirelyin the je section
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so we have that jRj QINHut
Since the centre of NHd is symmetric
polynomials in d variables we obtain
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Now assume zg 0 for zEZ Rcu and
let Cj feseqawle Czy E Aymer where we Esm
satisfies we y j Then z Cj EZ Rcuis such that Cz Cj 5 0 Ey Rj
By our previous result this jRy component
being zero implies y Cj 0 ie zaCyso Z RCU C SymG Since we know SymGCZERGwe have equality

I
we have Sym r c Polly c RG so Rev is
finite free over SymCu

we assume from now on that all modules are left gradedand finitely generated



2 Bijection between simples and IndecomposableProjectives

Any simple Rev module is finite dimensional
let Synter be the unique maximal idealof Sym r and let s be a simple gradedRev module

Prof Sym r S O

PI since s is simple Synth S is either Soro
since s is finite dimensional it has an element
of some highest degree Synth containselements
of positivedegree so Symter S willhave elements of highest degree strictlylarger than s and so must be 0

D
So S is a gradedmodule over RG SynthRGThere are finitely many simple modules inRCU mod up to isomorphism andgrading shift From eachsuchequivalence
class we choose a representative sb
Any simple Rev module is isomorphic
to a unique Sb a Each Sb has a uniqueindecomposable projective cover Pb and

any indecomposable object in res prodis isomorphic to some unique Pb a

Iain There is a bijection between indecomposable
projectives of RG and simples of Rev

If Let P P be indecomposable projectives
such that

fifties
since they are projective there existmapsf p p and g p p such that
T20 f IT and Tio g Iz Then gofEEnd PA corollary to Fitting's lemma see Col gives
us that got must beeither nilpotent or invertible
If got 0 for some n we would have

IT gof 0 a contradictionTherefore
got is invertible Since P P are indecomposable
we have pep Therefore if S has a projective
indecomposable cover it is unique
Such a cover must exist smee RG
is a finite dimensional algebra see C2
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3 The Bar Involution

For P ERG prod the category of projective objects
we define

p Hom p ro 7
at Hom M R a

all graded Rev module morphisms
Recall that Pe gjeqqRGi is a left gradedprojective
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Let Ko Rev bethe Grothendieck group of RG prod and letGo RG be the Grothendieckgroup of RG fmod finitedimensiona
graded RG modules

We define a Icq qt bilinear pairing
C KoCRG x Go RCD Icq qt
by P M gdimik P o M

Claim Pb Sa Sba
PI Pb Sa HomPb Sa

Sab
see pg 14 of 31

Let Seqd v E i it na ein naia r

ex Seqd 2itj iij iji jig icaj ji
For E eSegal v ee ein ein no
where the ei n are minimal idempotent in
the nil Hecke rings
Let i n ur where m gift



and let E i i iz iz in in Note thatI e iff te degli e É kÉFFor E eSegal r define Pe Rcu711cg
and EP 1 RG i 3 left and rightgradedprojectives respectively Then we have

PE I pÉ and Ept
ex Pic I Pitt Pitt pic I Pics E is

4 Quantum Serre Relations
Let To go denote sequences that onlydiffer at the positions of to go
claim there are isomorphisms of graded
projective right Revs modulesa ij P E ji P if i j o

b i ji P E iosj jica P if i j I

Note There are similar equivalences forleft modules Both the statements
and proof follow from the rightcasevia Y

PI a Multiplication by l
is a grading preserving isobetween ij P and ji P for i.jo

b let Bo iji P ing Pt jica P
and B jaj P ji P
be the grading preservingmapsgivenby the matrices

J and B Hy jiBo

Then Bob if dj jit
ijf
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Ice is the identity on the projective P

so the last matrix is the identitymatrix we need

On the other side
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so Bo B are isomorphisms
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