
4. Equivalence relations: how to glue in math

we have been talking about gluing spaces such as

-

•

I
⇒① ⇒ •

•
i

Recall : a surface without boundary is a subset of 3D space such that around every point
there is a

"disk
"

: a copy of B2 = 1×2+42<-14 =

Examples : Nonexamples :

①-
0 ≈

"ˢi ≠

-
☐ ≈

Goal : We want to
"

glue
"

surfaces together
For instance, take the square with

" identified sides"

> >

> > c^ a ≈ in a ≈

> >

Question : how does one make this mathematically rigorous ?



Thelanguageofsets
A set is a collection of objects without order or repetitions .

Examples : { 1.2.31
,
IR , { knots in Pi } , . . .

↳ finite ↳ Infinite

• Element in a set : 1- C- { 1.2.35 means
"

1 is an element of the set 11.2.31
"

↳ Negation : elephant ¢-4112,35

• Equality : two sets are equal if they have the same elements :

{ 1,2 , 3) = { 2 , 1,3, 2 }
↳ repetitions are

"

ignored
"

• Empty set : ∅ =L I

• Subsets : A ≤ B A is a subset of A if every element in A is in B

11,25 ≤ 11.2.35 bit { 1,7J ¢-41,213 }

• Union : AUB = { elements in A or in BS

11,2 } U { 2,3 , 4 } = { 112,3, 4)

• Intersection : AAB = Klement in A and B }

41,25 Ah 2. 3,45 = 425

• Set defined by condition : { ✗ ER / × > 05 = { positive real numbers }

In EI / n is even f = { 0, -1-2,1=4 , . _
. }

• Product of sets : A- ✗ B = { (a)b) I ac-A.beB)
. Example : IR? 113×113

Remark : A set may contain other sets
, for instance { 1 , 11,2} } is a valid set .

A

Onedin : prove that ANCBUC) = CANB) UIANC)
B C



Equiralencereations

Very often we want to say two elements in math are not equal , but "equivalent
"

in some sense .

Examples :

• Days of the week : March 25 ≠ March 18 but they were both Saturdays

• Two spaces are homeomorphic but not equal :

{ =

Two sets which have the same site but are not equal .

Definition : a relation ~ on a set ✗ is a subset of ✗ ✗ ✗
.

It is an equivalence relation f. additionally ,

• (Reflexivity) : For all ✗ EX , ✗ ~ ✗

• (symmetry ) : For all × ,yEX , ✗~y⇔y~x .

• (Transitivity) : For all ×,y,zEX , xny , you 2- ⇒ ×-7
.

Example : the relation on 2 given by ✗my ⇔ ×-y is a multiple of 3 is an equivalence relation .

• Reflexivity : x - ✗ =O =3 • 0
,
so xnx . ✓

• Symmetry : xny ⇒ × - y =3
- n ⇒ y - ✗ =3 .tn)⇒ you × ✓

• Transitivity : ✗ - y =3
- na , y - 2- =3

-hz ⇒ ✗ - 2- = × -yty
- 2- = 3. (natha) ⇒ ✗Nz ✓

Equiralencedassese
Given an equivalence relation, the equivalence class of an element ✗ EX is the set 1×1=4 2- EX znx }

Example : using ~ as above, [17=4 not I n -1 is a multiple of 35

Picture :

(1) = ._
.

0 • ⑨ • • ⑨ • •

z 3 4 S 6 7- 7 -6 -s - y -3 -2 - , O " • • ⑨ • a ② - _ .

[2] = .-
. ⑨ 0 & ⑨ • • ⑨ • 0 ⑨ • a ⑨ a co - _ ,

- 7 -6 -s - 4 -3 -2 - I 0 1 2 3 4 5 6 7

(O) = .-
.

0 ⑨ & o ⑧ • • ⑨ 0 • ⑥ a • ⑥ co - _ ,

- 7 -6 -s - 4 -3 -2 - I 0 1 2 3 4 S 6 7



The set of equivalence classes forms the quotient by the relation ~ . In this case ,

@ @ • o • • • • o • • a • a co - _ . §µ2% = [ .

→ -6 -s - y -3 -2 - I 0 1 2 3 4 S 6 7

I 4 • • • f
[0] [1] [2]

Quotients allow us to glue !

Example : Take the circle ✗ and choose points A. B. GD on ✗

B. •
A

•
&

c D

Define the equivalence relation on ✗ : { ANDBnc
Then the quotient ✗In is the set of equivalence classes :

• [p] for p≠AiB , CID

• [A] = LA , D} = [D]

• [B] = } B , C } = [ C]

In other words
,
the quotient space is in bijection land this bijection is a homeomorphism) with

I
[B] [A]

Except : Take ✗ = unit disc = { lay) I ✗Hy
'
≤ 1 }

S = unit circle = { (xiy) 1×2+42--1 }

Define the equivalence relation ~ on ✗ by : { ✗
~× for all ×

✗ ny for all ✗YES
" glue all the points of S together

"

s
⑨

→ →✗= ✗ In =

↳ a single point a sphere !



Finally, we can make sense of the pacman question :

> >

(x ,
0) ~ (× ,1)

n n =
[0,1] ✗ [011% ,

where
10, y) ~ (1) Y )

> >

Furthermore, this is homeomorphic to the usual torus in 1133
, given by

[0,1] ✗ [0,1% → 1123

> >

n n

> >

(Hy)
- (cos /×) coscy) , Costain (y) , sink))


