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.
You could have discovered the HOMELY -PT polynomial (if you know Hecke algebras)

HOMFLY -PT polynomial : oriented link L ↳ PCL) c- ④ It" . z"] defined by the local relation :

t + t
"

= e- It
>

= 1
]

How? Braid group : Brn = < Fit . - - T
,
TTT : .it

,
T

. . .

>

Sn Sn -1

Fact, : every link is the closure of a braid :

= trefoil .

Fact 2 : two braids give rise
to isotopic links if they are related by Markov moves :

MI : i.e. conjugation by a

* :

" " "÷

In rep theory , 2/[9+-1] Brn → Hlsn) (quotient by quadratic rel. e.g . s?= (g-a) si + 1)

lwhy Hlsn) ? Endugge,#))
Idea : define a trace Tr : U Hlsn) → 211g",z

"] so that Trlxsn) = 2- Trlx) for xsyttln .

v71

It turns out Trlxy) -- Trlyx) (just a few cases to check) . Normalizing Tra)-1, we get the Ocneanu trace .

Rink : setting 2- =D one recovers the usual trace on Hcsn) .

Now what about ✗si
' ? In order to satisfy MI

, we can rescale the generators so that both moves affect
→

the trace in the same way . This leads to the new basis Sh = 1-§ sn .
This yields : for ✗ C-Brn ,

f- 4¥11
" "

I µ.gg/trCF 2) only depends on the link in . Setting t=F[g , ✗ = of - Yrg , we get

the usual relation .

Essentially : rescale and normalize → Link invariant



Example :(
' '

> = z
-iz f

' '

)
( skip)

=z"t(① ) + it" (#① )
= t+¥



2. Triply graded homology (via Soergel bimodvles)

Khovanov -Rozanski (2004) : KHR from matrix factorizations .

Khorana (2005) : HHH from Gergel bimodles
Elias- Hogancamp (2016) : HHH Horus (nm) - link)
Melli-1 12017) : HHH (torus cnn.nl -knots)

y m ,ny☐

Hogancamp - Melli-112019) : HHH Horus 1min) - link)

Soergdbimoduks in type A

Sm= Csn , -→ Sm-i > Example: Sz -- His 9
• R= ① In , - -→ ✗in] , degxi =L •R=Q[a. xD

• Usual Sm ER
,
Rsi __hrER:sH=r4 • Rs -_ ④ 1k¥ , KEY

' ]

• Bsi = Rgs,.RU) R-bimodde

• Bott - Samdson BS Csi
.
:-. - Sin )=B%④. -☒ Bsi

.

• 135184--13%2=12×013 ⑤ POR (2) = R④psR¥Rl2)Rs R RS

• Soergdbimodules :=☒, ,
a) , § of Bott - Samelson bimoddes

.

Soergd's Categoñfication theorem

Hcsn) has a special basis "

KL
"

: hbw :wEW4

Theorem : h Indecomposable in SBIM 9 ← KL -basis

Multiplication → ④

Example : bsi-qbsitq-b.si BE =R☒ RER (2)Rs

=R④(QlrÑ④tQ¥¥)¥RC2)Rs TF
= 12×01212) to thx R

Rs Rs

= Bsu) to Bsl-1)



"
"

categorisation of the braid group

We have bs = 8s + g- .

How do we categorify 8s ? " Subtractions are cones
"

: Bsi → R (only nonzero map up to scalars, shifts)

fxog ↳ fg
q

Define the complexes Fs= 0→ B±. Rat

Fs-i Rtn_¥ Bsi → 0

Define a map Sii! . . - si ↳ Fs ④ . . -
④ FsiEl

"

Rougier complexes
"

Sis
, ↳

Sif
,

Theorem (Rougier) : this map is audio group homomorphism
(braid rets, FsFst)

Write Ftw) = . . -→ F-Tw)→ f-%) → F'G) → . . .

,
and let HHN be the nth Hochschild homology functor .

Apply HH* to Ftw)
.

The cohomology of this complex is the triply graded homology HHH to)
.

Theorem ( Khorana ) : . Httttlwl is an invariant of oriented links Cup to an overall grading shift .) , as it is EKHR
.

• Its Euler characteristic , after some normalization + change of variables, is the HOMFLYPT .

The three gradings : • Homological grading in the complex I cohom at HH#ik)))
• Hochschild grading ( HHN )
• Internal grading of each bimodal ( HH!Fila) is a graded vector space)

Remarks : • Functional but not factorial
• story is analogous with HH*

,
because there is a graded) Poincaré duality HHN ← Htm"

• There is a colored HOMELY homology . Gorsky, Gukov
, Stosic 12013) conjecture a fourth grading on it .

Also a y- ified version .



3. Hochschild homology is easier for polynomial rings .

Hochschild homology : R k - algebra, Ren = R&R" .

Then HHN f) = Tor?
"

"(R
,
-7

.

(Usually barres , ,
bad idea

Resolution for R ?
"

if R is a polynomial ring then koszvl complex works : if V= Spanish. - - xml , then

K
•

= AMV ⑤R%Ñv☒Rew→ . . .

→ ÑV④Ñ_ V ⑤Re"→ Ren → R → 0 is a free resolution for R .

So HHr.IM = nth homology group of KIM .

Exainple : 12--101×3=14
, graded : dg☒=2 .

✗④I - /④✗

K•= Re"Y-2)→ Rem (explain sign ) ⇒ K°④R= RED -712

So HH (R) = { R * =o

* RC-2)
.

* = 1

Example : 12=0-1×43 degx=degy=2 .

M graded R-module

(5¥,?¥;) 4*1-1*1, #-1*1Reny-2)
K
•
= Rew f-4 )→ ④ → Renu

Renu C-2)
(✗

'C) - l 7. ✗

KIM = MC-4) jh
) Mfz)

(y-11 -ay, x.cl
- c) x)

→ M
④

MC-2)

I



4. Triple example of triply graded homology
>

is the closure of id c- Bra, hence
. we want HHH

* **
(Foliot))

.

Here F-(id) = o→E→0
,
where R= [is

Hochschild deg 0
The only nonzero term in the complex occurs at 0, and HHHo**(F) = HH*(R) =/ ①""

④ 1×31-2) 1

The Euler char is 4++2-1 #+ . . . ) + acid -1g" +of -1 . . -7 = ^É
1-g-
2

'
→ HOMELY

change ofvars,
normalization

# is the closure of a- C-Bra
.

F.(E) =o→ By -1> Rat→ 0, where R= ① lay]
.

Here 9 If☒g) = fg

We want to compute the cohomology of the complex HH# Bsl - HHCR)*

The Koszd complex for R is simply 121-4) °→Rt4tRt2)°→ I Caroll up)

Let r=✗+y, t= ✗ - y .

Then R=Q[r.tt , = R ④

☒my
RCM and the Kostal complex for Bs is :

Bsl-4)
Bsl-2) C-f. f)
to → Is where flm) := Emt - Itm
Bsl-2)

Easy check : Ker G) = { mtttm :mEBs4
The induced maps from Bs t→RHave:Im Ifl = Zmt- tm : m c-Bsl

- 0

cohomdg : 1
Thus HHo(Bs)= Bs✗m(g) ERM Ra) = HH.FR)

HH , CBs)= { cnn.nl c- Bsl- 2¥
'

: m-nc-kerlftkm.my-m.in#g--~RfDt0Kerlf)f2)-idYRl-11+02 = HH.IR)

i

HHz(Bs) = Ker /f) C-4) → RC-37 = Hitz (R)

Therefore, HHHo* HHHH.sn)

Hochschild dg : O O O

n
. 0 Qlr](-1) E HHH (1) in previous example after shift
2- 0 ⑦Cr]f3)

is the closure of si c-Brz .

Here F.Csi)= (BIRU)) = BI
'# Bs"' t÷:D •

* Bsa, ÷ RG)

Rmk : can replace R= ④Ir
,
-13 by F- ☒ It] , so Bs becomes Cs=QtH④ ④It] (1)

,
etc

. The point : Gaussian elimination
OKEY

G.En)
( G-H) i can simplify the complex

SO get 502 ¥
Cs G) p

☒ga, ¥ ④""" →

\g , ,,¥. QITJIZ)Csa)
141



(1-1--4)
Gaussian Elimination : = CII) → Csa ) →t Sk)

Taking HH* : HH. I
± said. scz)

HH, 5-1-41 °→ SED# s

HHHo** HHHn** HHHz* -

Hoch .deg0 ④[ rit] 0 0

1 Qtr, -1] C-4) 0 ④[r]

.

For good measure ,
here is the trefoil :

F.Csi)= Else)④ f-
•

Csi)

BiH)
= BIC-17 → ⑦ →

Bst"
→ Rts)⑦

Bs Bse)

Some Gaussian elimination later. . .

0 It-4
= Bs → Bslo) → Bs (2) I Ros)

After taking HHO
,
HH :

HHHo** HHHn** HHHz* HHH
>* *

Hah .deg0 O O O O

1 0 ④[r](-3) 0 ④[r] (1)

Remark : m=2 is easy this pattern continues)
-

There exist implementations; performance depends on

choosing minimal complexes cleverly . Seems to workup to 7- crossings .



5. knot homology meets geometry (future talks? )

Braid varieties

Let Bilz)= (
"
"
01

^ "

Then an easy computation shows BiH? Bink? Bitts) = Bin (Zz) Bi (2-2-712-3) Bi+^( 2-n)

Given a positive braid f- sin :-. - Sin , Bpttn .-Ar) = Bi, 17,1 : . . . Bi , G-r)
" braid matrix

"

, indep of braid relation
(up to change of variables )

The braid variety is { Czi ,-izr) : Bplzn , -itr) is upper triangular } , indep of braid word .

Example : ✗(trefoil) = ✗(d) = { ltz,-2-2=04 = ✗ ①
↳

y
There is a torus action (E)

" "

E ✗( p) , n= # strands
.

Example : Gritz ,3)t.la, -12-251+2-3)
.

For knots the action is free.

T

theorem (Trinh, 2021) HBM
,
*
(✗(P)) has a nontrivial weight filtration .

Its associated graded is = HHH
, **
(p)

Example : Htm
,
*

( Xltrefoil)) = H*(s ' ) .

Chas a grading on it)

Remark : Trinh has a version of this for all a- degrees using Springer theory .



Hilbert schemes

• Oblomkov - Shende conjecture (20^2) .

(Roughly :) C integral (plane) curve , p singularity , CY Hilbert scheme of points , lenghtl,
supported at p .

Then HOMFLY (pinup,)= (g)Ñ°r
number

oflfaz)m✗(c§hl+m3) \

hm

• Oblomkov - Rasmussen- shade conjecture 12018) : replace ✗ by cohomology of CHAM
]

p
.

,
which has a filtration,

N

giving a new parameter . This agrees with HHH .

Concrete example:HHHn(w) = ④ H*( Hills'
"
(Cp))

K=O

Verified for Toros knots by Melli , using Elias - Hogancamp.

the computation
""".si?..!iii..:i:ii:.:i:i:i.::i:.-

⇒ """ ""← •""* *

Open question : verify for algebraic links with positivity conditions
.

Gln
a

free
V = an ⇒ Hilbun = { ( KY, v1 c- bnxnn ✗ V : axil>v=V{/B

"

non-comin analog of the nested Hilbert scheme
"

skip
Probably | Action ①

✗

✗ ¢-0 Hdb,??? let 8 trivial bundle over Hilb!?e

Construct § c- K"
"

(QGh(Hills!:))
,

IH"C$p1= 11-118
,
④ N'B)

fix

Theorem : this categoñfies HOMELY

Conjecture : this is the same as HHH .

• Gorsky - Negot - Rasmussen (20161

dg version of the Flag Hilbert scheme : ✗= FHilbi.tt/A:)

Conjecture : Monoidal functor K" ( SBIMn) ± Db ( (oh
✗⇐
( XD

f. HHH%
2/+03- graded ④ - rect

"

6. Questions?
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¥13

-

•→ Cxy -e) Oµ→ One → 0×-10

Cxy-1) 6,473
11

H°CI) H°UÑ) 1-1010×1

H' (1) 1-1^(1×-2) H' (a)
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' ) H' (9)


