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Today : intro to sln -foams

Next time : HOMELY-PT foams , approach to Hochschild homology , etc .



1. How to get a link invariant from a braided category .

Let E be a monoidal category with duals Eeg .

e- Rep
'

,
or e- A -mod

,
A Hopf algebra)

Example : let A- be a Hopf algebra Cbialgebra + antipode) , such as Ulg) t :
☒ K) = ✗④ 1+1☒✗ ✗Eg

(Ea) = ✗ c-g

51×1 = - ✗ ✗ c-g

We say that e is braided if it has a 2- morphism c : ④ → ④°P st
.

:

•

cµ : ✗ ④Y → Y☒✗ invertible
,

inverse cxi
'

✗ 4

• Depict oxy as and ↳×
"

as ✗ so =/ / =
✗ Y Y ✗

*

@
←

¥, -- YiXI
IX

k

•
⇒ = YX

IX kl

Note : this introduction is not chronological



Q : how to make A-mod braided ? (A Hopf algebra)

Cxy : = ✗ ④ Y → Y ✗ Conditions on R : swap
o Ala)= Rafa)R-1

"Universal R-matrix"

↳ (A- ☒ id ) (R) = Riz Rz}
R.

✗☒y

/
swap

a lid ④ A) (RT R ,} Riz

A A

key example : A = Uqlgl , R = Eai ④ ai
.

Such Hopf algebras are called quasi triangular .
ai basis of Ulb+)

(technically infinite , fave completion and restrict
. . . )

thegn (Restetikhin -Turaev, 1990 ) :

Braided monoidal categories with duals yield invariants of colored oriented links
. technically framed . . .)

✓

by objects in e



Construction (Reshetikhin -Turaev) :

Example : Take the full subcategory of Uqlgln) -mod ④ -generated by AV , . . . ,
NV

and their duals AVI
. . .
,ÑV*

✗ A
*

µ
'

ÑV*④ÑV ④ V* ④ V
*

T

↳

I I
ñ% it ④ iv. v

i i t

nzv AV -

- V ÑV*④ÑV ④ it ④ V

Ei Éq) 1

So Pgenl ) = pig)

Av Av

If we color every component by V
,
we get HOMELY (⑤I ) (g. E- of)

Q



2. Webs CMOY calculus)

For some categories , hom spaces have nice combinatorial bases
.

Example 1 : E E Uqldz) full subcategory ④ -generated by V C- Gigi )

①IQFÑV g-fiiieinej w Vxov qe , ④e , + ezxoez
Then the morphisms I 9 and T IN

Vxov eiÉej 64-1 1

④
,
o - generate all Hom spaces , i.e . all morphisms are linear combinations of things like :

V ④ V ④ V ④ V

V ④ V Vxov
U

" =Inn
. V ④ V V ④ V

✓ ④ ✓④V ☒ V0 V ⑤V v ④ V ④ Got ④ V ④ V

Wait . . . where did the crossings go ?

nV ④ V V ☒VL#
U V ④ V ④ V ④ V ④ V ④ V

Yi = -all +

n
✓ ④ V v ④ V V④ V

12m41: these diagrams are the morphisms of the Temperley - LiebV ④ V vain V ☒V

v category for 8=-123☒ = -9--111 +

A Rink 2 : Kar (e) = Uqlsln) -mod so morally this controls all of it✓ ④ V v ④ V V④ V

Q



Example 2. Take again e- full subcategory of Uglgln) ④ -generated by AV , . . .
,NV

and their duals 1%5
. . .
,NV*

Then every morphism is o.o -generated by :

V ÑV ☒ Abv E - II'Jle±④e,g-
I"%IuJ TAI IUJ=KF

^
atb |^

a b
atb f.

# EIÉEJ In-5-0 - en
hav ④ Abv Aa+bv

①(g) qlI<Int
- lIn<Ilg±, ①(g)

e¥Ces)

iI -

MV ④ ÑV* e±Ñeg* A"V* ④ AV ④esI. I
.

eI④e¥ÑV ④ AaV* Ee±④eI* half ④ fav Eq-
LIN't / + II'INle±④e±*

III__a III __a

^

I 1
iCllq) 619-1 1



Example 2 : Take again
e-- full subcategory of Uglgln) ④ -generated by AV , . . . ,

NV

continued) and their duals 1%5
. . .
,ÑV*

For instance :

v ☒ÑV v④ÑVT ④ b ¥

q
qbµ ① 3

• ,
=
- f-

' ¥71 +

*
y↳y→

↳ V④V

it • v
a

Such combinations are called webs
,
or 1404 graphs :

at ^ flop

*¥
fz 2

€¥.¥⇒l
A web f- MOY graph)

A closed web ①(f)

Note : ¥ :=¥f.




































