
Q : When do we have [ MCD : UMI #0 ?

Last time (Verma) : H suffices to put µ= sa . X s- t
. hype because then MIMI↳ Mlt) .

Cer : if we have µ= Sa
.
:
. .

. Sar . X E Sa
,
:-.- Sar - X E . . .

S Sar- X E X (K)

we get HIM ↳ MCH also
.

'

When CK) is satisfied we say µ is strongly linked to X and we write µ T X

BGG Theorem : If [ MCH : UM] to ,
then µ TX.

We will prove this shortly .

Recall that O is split into categories Oy , indexed by g- antidominant weights h .

Assume X is integral
and dot- regular, so in particular X is the unique g - antidominant weight in wet . Then we can rephrase the

( IN .dk/WD
condition will not exclusively in terms of the Weyl group .

IYator.de : the length function l : W → 24. is defined equivalently Sasa
,
@ X Sasazsaz. X

as

llwl = min In l w -- Sai... - San ,
di EAT

= # ha > 0 I wasof
→ " reduced expression

"

Whenever we have w
'
= Saw HEAT)

,
we write w

' Es w
. Saab Sa

,Saz. X
The Bruhat order is then defined as w

'
EW ifl Fa, .. .. an C- At s- t.

W
' -9

. . .
-9 w

Equivalently : Some (every ) reduced expression for w has a subexpression which
is a reduced expression for w '

.

. Sa . )
Prog : If it is integral, dot-regular and g- antidominant , then I

w
'
a X T w . X ⇐ w

'

fw

Proof : It suffices to prove saw P w . X ⇐ saw -2, w
Fist : The highlighted dots are the elements of way

Here X is the lowest weight in Wok and
These are equivalent since is therefore f- antidominant.

Sa (wot tf) s w . X tf
⇐ saw lxtg ) s witf)
⇐ (witty) , a> > O

⇐ C Xty, w -
'I > 7 O

X ⇐ontid0m
w
-la LO

⇐ w
-'
sa a > O

⇐ fl w-' sa) = llw" ) - I
⇐ l l saw ) = llw) - I
⇐ Saw Is W D '

Rtm: The condition w
'

Sw is independent of h ! (so we may only look at Oo)

Summary : [ Mcw. X) : Uw' . X)) to ⇒ w
'
- X T w . X ⇐ w'sw

.

lift dot-ref . f-antidom , integral) •

Reminder on the Bruhaf order : wit, w means w
' -
- saw and llwkllw) - t

w
'
Sw means w

' -9
. . .

w

Algo o Kw) = min 1kt Sai. . .- Sav.=w ) =
• flu-1) = Kw)

(simple)
# t a>0 : wa so g



Rink : it is possible to have w . X s X yet w . X X X (only in rank 73 )

Example : g
-

- Hye , X = Sasa, o f- ha) . Computation shows X -µ = a, tag .
However

,

µ= Sq Sasa.. C-XD

Fig 2 : Sasa, and Sasha, are unrelated (Bwhat order )

The BGG Theorem is a corollary of :
Theorem (Jantzen Filtration) : let t tht arbitrary .

Then MH) has a filtration
MH) -- MCW 3 MIX)' 3

. . . ( NCH'" -

- O)
such that
(a) Each nonzero quotient MH it , has a nondegenerate contravariant form

(b) May =L CX) ( i.e . NCH
'
-

- NCH)
Mal '

↳

§
,

ch Milli = E ch Ml sa. X) ( " Jantzen sum formula
")

x>0
, Sa.XCX

Er :(BGG Theorem). : By induction on K -- Hh ME Wohl pests . If K --1 then his minimal so MCH is simpler
otherwise assume (MH) : Lgu)) > 0 , Max .

Then IMAP : Lgu) ) > 0 so [Mckoy : Lgu)) > 0

for some a > O s- t - Sa . Xs X , so Sa . X T X .
But by induction hypothesis MT sa - X , so pet X. b •

A-pplicationof-antzenlsfiltrationforthene.itapplication of the theorem
,
we need a result that was mentioned last time :

14.10)

Prof : let t be integral , dot - regular, y - antidominant
.
Then for any wok C- Woh

,
Hill = LA) is the

unique simple submodule of Mcw . X) .
Furthermore, [ Mlw oil) : LH ) ) =L .

Prod : We saw the first part last time.
For the second part , it suffices to prove, by BGG Reciprocity , that (PH) : Mlw -H ) S1
Now, recall that -

g is g
- dominant⇒ MC-g) is projective .

Also Wo. X is g
- dominant so woody C- At .

Thus Uwo. X -Ig) is f. dime hence M -

-Ml- f) ④ Llwo-X tf) is projective .



Fact : M has a standard filtration with Miwok) appearing at most once and MH) appearing
only at the top

Using the fact : since M→ MA) we have PCH E T and so PA) has a std filtration with
MCW. H appearing atmost once , as desired .

⑦HireTis projective)

Skip :

Proof of the fact : let us . . . .vn be a basis of weight vectors for Llwo. Xtg) with weights µ . . . . , pen .

Reorder the
basis so that Mi Epej ⇒ i Ej and so that Va has weight X (which is minimal since Wo (wo. ftp.xtg )

Now tensor the filtration of Ulb) - modules

G-
g
④ Spake (Vn) E G.jxo Spay Cvn .vn-D E - - E Eg ④ ( (wook-1g) (with quotients Ey ④ qui )

Note : witty) appears only once
with UG) ⑤um, - (which is exact of f.dim WH-modules)

.

We get

UG) ④ucb, @ - g
④ Spancub,had

a
- - - c UG) b)

(Eg ⑤ Llwood tf))
L )

( Wg) ucb,
E-g) ⑤ Llwoolctf )

11

HI- f) ⑤ L two- Itg)

and each quotient is isomorphic to UG) ④yay (Eg ④ Qui ) = MC Mi - g) , in particular
14441- g) = MCH.
Rink : Result ⇐ Pw

.wo = I tw .
Also , KL (

'

79) : Xlyl rat smooth iff Pw
, y
'
- A ttwey , so Pw

,Wo =L tfwewo
"

because
"

Break ? ax Him!M- am; 7=19 Yudin " Nuo) = BIBI
,
= GIB smooth

(hence rat smooth )



FindiytkcompositionfaetorsofMCHHintgral,dotrg1fors#

Recall that knowing I ch Mcw .d) Swear in terms of L ch Kw et) lwew (or vice-versa)
⇐ Knowing ( M (w - X) : L (w' . X)] Vw,w

' EW .

g-- she , t integral , dot- regular , g - antidominant leg.

X= -2g)
4

So far we have ch MH) = ch L ( X) (since t p- antidom, MA) simple)
Next

, CMC said) : Usa
, oh) ) -- I

[Nsa:X) : LCH3=1 (by the Proposition)
and these are all the candidates , so

ch MCs.. .cl/--chLCH+chLCsa .
. t )

<

Sim : ch M ( said) = ch L H) t ch L ( Sa . X) Sasa
,
. X Sa

,Sasa. . )/ A.a. .

1¥!:÷÷.is?iYsas::ii::--ausasa.xs:uxn .
.
.

sasami

[Mlsa
,said) : Ilsa

,
. xD

,
[ Mesa.sn . X) : Usa:X))

Jantzen 's sum formula sq . X
- i
⇒ if, ch MlSasa. . X)

= ch Ml sa:X Itch Mlk. - X)

= ch L (said) tch Lisa . ,l) t 2 L CX) Fig 2 : The orbit way. Hehe µ , '-Mz
Since [ Mansa . X) : LCH]=f , we deduce M (Sasa. . d)

'
=L( t) and means Mi T th

ch M (Sasa . 1)
1-
= ch L (said) tch Usa . X) + ch Lil)

Therefore, CM (sa
,said) : L ( sa

.
. X) ) = I = [Mlk,sail) : L Isao X))

sin : l M (Sasa, . X) : L ( Sa .. H 7 = 1 = [ M (Sasa, . X) : L (sa , ok) ]

Finally . for Sa
, Sasa . . X = wood

,
we have

"Eo ch M (wood)
"
s ch M (Sasa. . X) t ch M ( Sasa, oh) t ch LCH

= ch

LlSa.sa.X1tchLlSa.Sa.oHt2Cchhlsa@HtchL1sazoXDt3chLCHAgain.since [Ml wook) : LCH7=1
, we deduce Hcwo . d)

3
-
- LCH

Two possibilities remain :

chMCwo.tl! oh Lisa
,
ok) tch L Csa

.
- X) tch LCH{ oh Mlwo@H' ' oh L (Sasa. X) tch Llsazsa , ok) ttchllsa.cl/t1ohLCsazoHtchLH)

/

or



oh MCwo.tl
'
-

- ch LCH (x)( ohMCwo.cl/IohLCsa.SqoHtchLlSazSa.oHt2chLCsa..klt2ehLCsazoHtchLCH
Humphreys claims this case can be dealt with using the same tools as in the previous cases

,
but I don't

see how
. Instead

, here is an ad hoc argument: the weight space Mlwo- Hsa;, has dimension 2 and
'

Ll sa . -Hsa
.
. y
=L
, L (Safa, - d) sa

,
.y= 1

( since M (Sasa
,

o ?) sq. , = 2 and we know ch HlSasa, .la) )
so [ MIwook) : L ( Sa . . X) ) E 1
We thus discard CK) and conclude [ MCWood) : LC w . X)) = 1 Hw EW

Incidentally , this provides an example of the question we discussed lastweek :

Soc ( 141011 , c. 2g,
) 314101421.2g, = Usa, of# to Usa . I-2g)) =L C- f - a.) ④ Ll - g -da)

Skip : (Proof of to : let YE Out ( Rsa) corresponding to gig
.

.

Then if M-

- M (o)
MY = M

,
action twirled by y .

This is isomorphic to M since 461=0,
KC-25) '

"+

However Lf-y - a ,)4= L l- g - az) so one can 't be on top of the other)
•



Proof of Jantzen 's Filtration Theorem
#

"

key lemma
"

let A be a PID and M -- Ar with a nondegenerate bilinear form 4 ) with determinant D#O.

let p EA be prime . Define a filtration M = MID SMH) 3 . . . by Mln) = Im EM : Cm ,
M)Cpn A 7

Write also A-A1 IT = 141pm etc.Then PA'

Cal Vp (D) = §
.

dim MTN (MTN --o for n large)
E

(b) I , In =p
-Y, ) induces a nondeg form on MTI,/ya⇒

Skip? : Proof omitted . Example instead : A- QCTI , M -- AX AY
,

bilinear form (20T
Then
MCO) = AX ④ AY MIT) = GX to ICY

MH) = AX ⑤ AY MIK QX to icy

Mcz) = thx ⑦ AY MIK Gy } 4=4-1 TY ) and eg MTH has form ( 2 )
M (3) = IT IX ⑦ AY MT)-- ICY HTC)
1414) = IT

'
IX ⑦ ITH Ml4) = o

Theorem (Jantzen Filtration) : let t tht arbitrary .
Then MH) has a filtration

MH) = MAY 3 MIX)' 3
. . .

3 MINN -

- O

such that
(a) Each nonzero quotienti.im#...=uiiMmii:.h::::ii:i;.-wan

§
.

oh Milli =

a
,§
, s. ., , ychtllsa.cl

) ( " Jantzen sum formula
")

We need to define Mali . The idea is to introduce a free variable T by setting A- QCTI,
'K -- ECT) and g ,

= Kxoeg , ga = A ⑤a g .

let Xp : = Xt Tg E h¥ .

The theory over K is the same as over G , and since EXT tf , d
' > -421 Va C- It , http

is antidominant and therefore MCH is simple, so the contravariant form on it is nondegenerate .
Also

,
the weight spaces are MATH

,- o for r E Rt

We also have an A - form Matta C MAH .
Write My

,
- v

= Math
,
- rn HAHA

Finally , set Mattia : = fer, Mt, - r lil

To get the filtration for MCH
,
set to ie

.
Magi . MHTIAY

1- Mltthis
The key lemma tells us T- it , ) induces a

. nondg contravariant form on MIX )
"

#Him .

Since MAY,yqp is also a hw
.
module

,
it mustbe simple .

This proves lat and lb)
.



Example of this construction : shoe , it = - ha . Then he = - X, +Tg .

We look at a single weight space Mt, - a , - a.Now My
,
- a

,
- a.

has two basis vectors : a-- La, faut and b-fam.Vt

T
'
-TThe contravariant form wrt this basis is

f.y zy,y )
For instance

, Cfa, fait , fa,faut) = ( Vt, enea, fa . faut) .

eaeafa.faif-eafa.eaafavt-eaha.favt-ex.fm ha, rt tea. faut = ( Atha? haart
T

= CH ha
.
) C-Hetty ) (a) rt = T CA t C-ditTg) Ca )) rt = Tvt

n

- -
T A - ITT
Aa to Ab i -- o

Theodore Mt
.
. . . - a.
lil -- /q÷I¥¥g

,
!÷÷ . Mania -ai 19¥

"

in

Ga i -- 2
Z

O i 7,3

•

In order to verify ca §
.

oh Milli =

a,
}
, s. ., ,

ychtllsa.tl , we need to compute §
,

dim Maclin
,

The key lemma tells us that this is v,
IDrift ) ( Here Drat) is the determinant of the form on

M
# r

= Matta h HHT) r )

claim : (Shapovalov ) Drift ) -- III.okttty.am - r )
""")

(Hen P ( rt #h ways to write 8 as

a sum of positive rootsy)
Using the claim

,
note http ,

ah - r = CX tf , aus
-rt T is a mdtipk of Tiff

atg.a> = r ill sail a H . So KCDrCH) = R Cr- stay ,a >x ) and therefore

§
.

ch Milli = ES PG - stupa's a) ex
-r

VER
"

no,

Sahil

= E E
.

ply.) ex - Gtf,a>a - r
'

f sa: Vert

PG- Hepa>a) to
so V 's V - city,a>a E Rt

On the other hand
,
oh Ncsa. x ) = qq.pt P (v't est

" - r'

,
and Cc) follows .



Skip? Shapovalovlsdekrminastaformk
In order to get the bilinear form on My - r above

, we computed the contravariant form by
simplifying the PBW monomials as follows

( fut , fut) = ( vt , Tcf) f rt) = (rt , Tvt) , where te Uch)
.

Then Tut -- I
,
Hi;) uti wj i j ij ij ij

The determinant of the form is then def Chitti;D , but we can also get this by

detftij) rt = detldttijllvt

Ultimately, knowing detctij) will tell us Drat) for all X. This is Shapovalov 's formed:
Dr = detltijl-LI.ro that lift> - r)

""")

,
already computed, others are easy

Continuing the previous example, we would have ftp.fhplhatt) - hp

whose determinant is hphafhathp.my
- hp hathp

) '

comment on the proof strategy?
Comment on what happens if we replace g by something else?
•






