
Lectures :

solotionstothein-dassexera.it
. Compute the image of the transformation with matrix (¥ % ¥ ) , by finding a basis for it .

Solution1 : If we put the matrix into reef , we get ¢ ? .
Since the linear

0 0 0

combinations of the columns of A are exactly those of its rref, we see that the columns

(4) and (4) are a basis
.

The column (Y ) is E. ( ! ) - { (F) .

Solution 2 : We saw that dim ( KerCAD = 1
, so dim / 1m (A1) = dim(IPP) - dim (Ker(A))

=3 - I
= 2

.

So it's enough to find 2 linearly independent vectors in ImcA)
.

3. Solution 1 : Note that 5- 11¥) : ✗+ytz =of = 1¥
,
) : my C-Rt

Now take some pair of vectors such as (4) and (1) .

Claim : these form a basis .

• Linear independence : if I (4) + ↑ / !
,
/ = (9) then

µ
/ = (g) ⇒ 1=14--0 ✓

.

• They span S : a vector in 5 is of the form (4) and this is d- (4) + µ . /! / .

- x-p

Solution 2 : Note that S is the kernel of the transformation T.IR}→ R

It is easy to see that Imt = R .

(E)↳ ✗ +ytz

(
matrix of the transformation:)Rank-nullity : dim /Kerli)) + dim 11mF)) = dim(Pi)

" 11 ( 1- 1 1)
dim (IR) 3
"

1

So dim /Kerth) = 2 . Therefore it suffices to find two linearly independent vectors in S .

For instance, (4) and I;) .



Bigpictore
• Solving linear of equations : Gaussian elimination

.

• Vectors

V1, . . . , VmER
"

are linearly independent ⇔ The only linear combination talk + . . . +1min = 0 is 1.1=12= . . .
-_tm=O

.

⇔ rank (Y .
. _ =n

.

v1, . . . ,vmER
"

are a spanning set ⇔ Every WEIR
"

can be written as w = d.vet . . _ tlmvm
.

⇔ rank ftp..ly/--n .

• Linear transformations : T: R
"

→ Bi given by matrices : ÑÑÉ) /m
1

117+4--174+714Tav) -_ 11TH

1123 1122
^
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• The kernel and image of a linear transformation T : Pi- Rm

Kert) = { v EIR" : TH --04 Larger Kerk) ⇒
"

less injective
"

T is
.

Im (T) = { THEIR" : ve Bit Larger 1m IT] ⇒ "

More surjective
"

T is
.

• Subspaces
^

1 Picture :

• >

f 51,52 ES ⇒ Sits,
ES

SES
,
TER ⇒ XSES

L

2-dimensional subspace of 1133

Subspaces hate bases : v1, . . ..vn/l-ilSpanha.....um)--S .

⇔ maximal fin
. indep -

ins ⇔ minimal spanning set for S

Number of vectors in any basis is dim(5)
.

To find a basis knowing dimG) =D
.

/ 1- suffices to find /
Sti

-

rectors in S ⇒ they automatically spans

s vectors thatspans ⇒ they're automatically fi .



• Bases of Kert) and IMCT)

Ker : solve ( A /
°;) → (rref/A) /%) m one vector for each free variable lie . for each non - pivot column)

.

⇒ Basis ✓

1m : A → rreflA) → Basis : columns i of A such that column i of A has a pivot .

• Rank-nullity theorem : dim lkert)) + dim (lmk)) = dim (domain of -1) .

-

JHfyingttebasesforkerandlmker.fi. : : O O O

→ s • / %
'

; ;)
So / A /

°;) has solutions 1 /
- t -" ) : tis HRS → Tate ( / , (7) .§

Note that the non- pivot columns in rreflA) are 2 and 3
.
The entries 2 and 3 in the vectors

we chose are 1- or 0 : ( ) , ( Y ) .
This ensures that they are linearly independent :

' til +Hit- I :o).

↓

1-
"

¥ / =/ :o) ⇒ i=µ=◦ .

This works in general : the vectors associated to the free variables always form a basis of kert) .

1mi

Theorem 1 : let A= ftp. _ . be a matrix and let rref/A) = ( Y _ "%) .

Then
,
hat . . - ttnvn = 0 ⇔ ×

,wit . _ _ tlnwn .

Proof : It suffices to show that if we have a linear dependence list . - - ttnvn , then apply

a row operation and get _ . . ¥) ,
then lava't . . - tlnvn' =D

.



• Swap two rows : ta /%/ + . . - +tnfi.am?)=0:am
,/

↓ II

✗a /%:/ + . . - + in /4%1=0 ✓ (other rows : same story)
am,/ Amn

• Multiply a row by d : ta /&:/ + . . - + tnf!
"

1=0"
am,/ amn

H

ta + . . - + if = 0 ✓ (other rows : same story )
am,/ Amn

• Add a multiple of a row to another : ✗a /&:/ + . . - + tnf!
"

/ = 0

am,/ Amn

H I→ I+HI

×. /
"ii.÷"/ + . . - +11%1%1=0Am, / Amn

This shows that "row operations respect linear dependencies
"

,
so the linear dependence of A- are those of rreflA) .

☐

Application to 1m : the columns in rreflA) with a pivot will be f. i. and span the other columns in rrefla)

⇒ A basis for 1m /A) is given by the columns in A corresponding to pivot columns in rufa) .

JTH-fyig-hatdbaefabspaehathesamenmkrdet.rs (Warm up for nextweek) .

1*2 : let S≤ Ri be a subspace and let v1, . . . ,vm be a basis for S.
Then any SES can be

written in a uniqueway-ass-tavat.it/mVm .

Proof: The fact that s = fist . . . ttmvm for some ta, . . . , 1m is obvious since v1, - - sum spans .

Uniqueness : Suppose hunt . . .ttmum = 141Vat . . . tplmvm .
are two ways to writes as a linear

combination of v⇒ . .
_ ,
von . Then (11-141)vet . . . +Hm-14m)Vm=O ⇒viarel.i.li/Yi---.--tm-pem=o

⇒ ti=µi for all i. ☐



Theorem 3 : Any two bases of a subspace SEIR
"

have the same number of vectors
.

Proof: let v1. . - → um be one basis and let was . . _ , wa be another basis
.

Then Wi can be written uniquely as Tiaret . . . ttimvm for each i=1, . . .sk .

Vi can be written uniquely as
pliaw, + . .

. +14in We for each i=1, - - in .

Consider the linear transformations Is:B: IR
"

with matrix A- =/
"" "" ' ' ' "m

, Taz .
. . 4am )

I :B"→pin with matrix B = ( 14-1-14"
- - - Mk

): :

14mi 14mi - - µMk

claim : A and B are inverse to each other
, therefore square , therefore m=k .

Proof of the claim :

If we write V1 = µ " wit . . . tfhkwr

= µ " (t , , Vit . ._ ttimvm) + plizcz, Vit . - - themVm) + . . .
+ Minstrel Vit . . . tcumvm)

= (Min +1412×21 + . . .

+ flint Ki)V1t (plaint . . - t flint K2)Vzt . . . + (µ, , him +
. . _ tpliklkm)Vm

- -

(1strow ofA) • (trcdumnofb) (last row of A) • ( 1st column of B)

Doing this for each vi. we get

AB = () ¥
° ' " ? ) . Similarly BA = (& !iÉ ) and theclaim follows. ☐

o . _

' É ii. ' ol



Assorted questions and sohtions

(True or false ? )

s / ( ) : Ri→ IRS rat + nullity
= 6 ⇒ False !

¥
T

(True or false? )

False : dim / lmk)) = 5
,
domain = IR" ⇒ 4 = St dim≥¥r) Impossible .

bite linear transf . associated to A
- injective Ctleiefove invertible )

True : n= di¥Tf) + dimfkert))

¥

False: no 5 1.i. vectors in IR"

False : III. III. I:| .

False : (: :) , I:?)
.

Provethat

A' =O : R'° → R'
°

→ R"

t
this
hills 1mA) i. e. Im /A)≤ ker(A) .

So dim / Im (A)) ≤ dim/ KerlA)) = 10 - dim( IMCA))

⇒ 2 dim /A) ≤ to ⇒ dim /A) ≤ 5
.



◦ 3Want them to span IR
"
⇒ Want rank ( to

°

,

° 2

0 0 I 4 ) =4
2 3 4 K

I

f
I 0 0 2

0 I 0 3

0 0 I 4
° ° 0 y- y -g. ,,

) ⇒ K=2g

v. 11¥.
¥ /- × , + ×, -2×3)
) " ✗"" CYR /

⇒ (8%1,1%4)
,
/ span the subspace .

Claim: they are fi .

Proof :
%
,

/ +1T¥,/+it = (E) ⇒ (¥¥÷µ+, ,,/ =/¥/ ⇒ "" " it. -_ ◦ ✓

⇒ They form a basis of V.

T.IR
}
→ IR"

µ § ) Ker ⇒ because they are e. i.
Im = V because they span V

Yy - Yy 112



Consider T.IR
"

→ R
.

Then V= Kerk)
.

( ;) ↳ Gat- - - tcnxu
Since some Ci -40

,
1m IT) = IR

.

Then n= dimlker-TD-dimz.IR) ⇒ dimlv)=n -1
.

✓

Hyperplane in IR? a plane
in IR? a line .

In - class exercises :

-
Prove that S=|: × , + ×, , ×,

, × ,
= ,

4 is a subspace of R
"
, find a basis for it /You most show it is a basis) .



Example's / Discussion
Recall a system of equations looks like :

Intuition : a linear transformation is a transformation
✗11-2×2 - ✗3 = 2

2×1 - Xz 1- ×, = 3

- ✗at ✗z + 3×3 = 4

Writing both sides as vectors
, we get

✗11-2×2 - ✗3 2

$ - ×. + =
- ✗at ✗z + 3×3


