
Lectured

solutions to in-class exercises :

1
.
Find the QR factorization of (&, ¥) .

Gram - Schmidt : a- ¥1:| , ri- = " -"i" " = I:tÉÉ:/ = / 'it / It. :/ =L!÷¥;fEÉuz = ¥ ( ! ) .

2
. let 5- Im /A)

.

Find the matrix of png's .

: matrix of prop is QQ" (¥; ¥7,1 /
'

¥
,
%
,
%)

= (% 43 - %
Both are ≥° 43 '13 43 )

3
.
11TH/F- Tcu) •TH = v.v = 11412 ⇒ 1117411=1141 -46 113 %

((ABF) ;; = jth row of AT • ith ed of B) , and AT/ i; = ith row of B • jthat of AJ , so CAB)T = BTA?

Recap : • A linear transformation with nxn matrix Q is orthogonal iff Q= ftp..nu;)
↳ Equivalently , QTQ = In lie

.

QT = Q
")

.

orthonormal basis

↳ Equivalently , T preserves the dot product : Tcu) • Tcw) = v. w

Today : more on orthogonality + orthogonal diagonalnation .

First : howtopictureothogonaltransformations
What does it mean geometrically that T preserves the dot product? We have seen it preserves length .

Now we'll see : if T is orthogonal, then it preserves angles .

Question : what's the relation between the dot product of v and w and their dot product?

Answer : if we pit v and w on the plane, and v on the x-axis of Pi , we get :
>r

w w -v

o
) ⊖ >

V



Notice first :// w -v /[= (w - v ) . (w-v ) = v.v + iv.w - 2v.w

= 11412 -111Mt -2v.w *)

On the other hand , the coordinates of w are, by trigonometry, fllwtkoso, llwllsino) .

the coordinates of r are dearly 11141,0)

So 11W-v11 = 11111whoso -1141
,
llwllsin0-111

= (Hull cos0--11415+11wltsinDCOSZO-ts.in?0---1
% 11h12 + HWIP- 211VII. HWHCOSQ

Comparing this with (*)
,
we get v. w = 1141.1141 cos 0

Upshot : dot product encapsulates lengths tangles , so if T is orthogonal,
cos (angle (Tcu),-11W)) = Tlw)

1117111-11%111
= 1%17%11 = cos / angle /v.w)) .

Zihorthogonalmatrices
let Q be a 2×2 orthogonal matrix . Then the columns of Q are unit vectors at a 90° angle, so

^ ^

rotation by ,
Q = ('" ⊖ - sin

Ojr e sin ⊖ cos 0 )
• > j •

T

OR

n n

J r
rotation with vectors swapped , Q = f- Sino '" ⊖J cos a sin ⊖ )

• > I •

I

Observe : these preserve lengths and angles .

Remark : the orthogonal 3×3 matrices of determinant 1 represent all possible rotations in 3D -space . They

form a group called 5013)
,
which has important applications in physics and engineering .



Orlhogonaldiagonalization
Recall : diagonalizing T: IR

"
→ IR

"

is finding a basis 8 such that [Tho is diagonal .

Definition 1 : Let T.IR
"
→R" be a linear transformation .

Then orthogonally diagonalizing T is finding
an orthonormal basis B such that [1-3g is diagonal .

Example 1 : let A- = (} f) . Eigenvalues : char poly (A) = (3-131-1) -4--12-3×-4 = (1-471×+1)

Ey = Ker (-1-4) = Spank 'll ⇒ Orthonormal basis : ui-tp.fi )
E-

,
= kerf ! f) = Span / .

⇒ Orthonormal basis : uit (Iz)
"

Luckily" , u , and uz are orthogonal : U
,
• Uz = gt (2.1+1.1-23)=0 ⇒ ai, uz are an orthonormal

basis of eigenvectors .

Bonus : Easy to diagonalize! let Q = ("B "B) .
Then

Yrs -Yrs

A- = Q (8°, / Q
"

= Q.fi?)QT
= ("☐ "☐ 118%1%1%1Yrs %

Orthogonal diagonalration of A
Recall : A is diagonala-able ⇔ Eg×=n .

Obvious question : when is A orthogonally diagonal#able ?
Observe that if A= QDQT

,
then AT= QDQT = A

.

o¥hog . dtiagonal

Definition 2 : An nxn matrix is symmetric iff AT-_ A .

So
, orthogonally diagonal☒able matrices are definitely symmetric .

Now
,
which symmetric matrices are

orthogonally diagonal☒able ?
Answer : amazingly , all of them.



Theorem 1 (Spectral theorem) : Let A be an nxn symmetric matrix . Then

1) The eigenvalues of A are real
.

and E a> = n
ieig . of A

2) The eigenspaces of A are mutually orthogonal (if vEE× , wtEµ , X≠µ, then v. w=0 )
.

37 A is orthogonally diagonalrabk .

Proof : 1) Consider the eigenvalues of A over 6
,
X , , . . . .tv. By the

"

fundamental
"

theorem of algebra, ax, + . _ . taxa =n
. So it suffices to show that tis . . . .tn are actually

real . So take one of the eigenvalues d = at bi
.

We want to show that b--0 .

Now , take an eigenvector vtiw C- Ex
.

Then

lvtiw)TA€iw = la- bi) lvtiw)T(v - iw)
(a-bi ) (v-iw) { ⇒ a-bi = atbi i.e. b=0 .

(vEAlv -iw) = Catbi )lv+iwTlr -iw)
(AT lvtiw))

"
= CALEY
↓

Asymmetric Catbi) (vtiw)

2) Similar trick : if ✓ C- Ex and we Eµ ,

VTAW = vT( Aw) = µvTw
4 since 4-1-14 , VTW =D

VTAW = (Av)-1W = ✗ v.tw

3) Proof for n=2 : take an eigenvector v and complete it to an orthonormal basis 8 : u, , u.

Then. A- = QT /! ¥)Q .
Now notice that / ! ¥/ = QAQT ,

and the RHS is

symmetric : (QAQT)? QATQT = QAQT
.

It follows that ( ¥ ) = (§ %) , as we wanted .

Proof for n =3 : take an eigenvector and complete it to an orthonormal basis ui.ua, us .

Then A-= QT / ¥ ¥, ¥. ) Q .

Same argument ⇒ A- (¥ ¥1 ) .

Now by the previous

case , B = QED Qo , so A-= QTQOT % QQ
, as desired ☐

.



Algorithm for orthogonal diagonalnation
1. Is A symmetric ? If not, A is not orthogonally diagonalnoble .

2. Find an eigenbasis (always possible) .

3. Find an orthonormal basis for each eigenspace .

Example 2 : Orthogonally diagonalize the matrix a- = (%" I %") .

Bly 0 714

char poly (A) = det (% - t
° ¥4)is, Hit

= ( I - X) . de-1 (SH-t %my Hy -× ) = ( l - t ) - (I - 3.x + ¥, - %) = ( I - +742-d)

E. = Ker /A - ZI;) = Ker (-3%4%4) = Span ( → Orthonormal basis : ± (Ks)
Bly 0 -44

E. = Ker / A- Is) = Ker (¥
,
I %;) = Span / , (9) )

Next, Gram- Schmidt for the basis v. = %) , vi. (f) of Et :

a. =¥ / ,
v.± v.- lair-in = (f) - I / = 'sftp.t.ui-zts / ¥ ) .

112 0 1hr3
0 Hrs Yrs ) (Krs Krs -Krs )Finally ,

A = µ
,

"

,,
"¥ [ 2 z , -Krs % "%☐

In-class exercises :

1. Prove that an orthogonal matrix must have determinant 1 or -1.
2. Find the orthogonal diagonal ization of (4-12)


