
Lecturers

In-class exercise from last time : diagonalize the matrix A=(
1-

1) over E.

1-

char poly (A)= det (¥ ? E) = -13+10 1 -t

g.
Use long division)

Roots of -43+1 : 4=1 works since -13+1=0 .
So divide -13+1 by d-I → -1,3+1 =-A -D. (1+4+1)

Now the roots of tilt 1 are t+i¥ and -15¥ .
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f.
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Useful observation : let A- = (aij)i;⇒→n ,
and i = / .

If Av=O
,
then A- J = AT = 5=0

In other words , vE Ker (A) ⇔ JE Ker (A)

Therefore E+ = Span f)
1 -¥B -¥13Finally , S= ( a -11¥ _ti¥ )
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T-inishing-p.AE#kons
False : Hi)
True (By definition)
True : A- = ( " ' i. ya) where Xi is the eig _ ofei
True : A3v= Pv

False : char poly has deg 5 , say pH) . Then yplH and him pill are to ⇒ There is
p→ - -

some HEIR

s.t.PH)=0 .

False : A- =L} ;-)
False : A- = ( 9. f) , 13--19 ;) AB=(} °, )

t ↓ t

True : Av=3v eigs ±r2 eiss -1-1 eigs 2,1

⇒ A2v=9v

g- False :({8)
True:(A-+B)r=Av+Bv=tv+µv=Htµ)v
False : (8^-0)=188) isdiagonalieabk , but % ;) is in JNF and is

not diagonal

False : (1¥) is not diagonalieabk : a1=2 whereas g.
= dim (Ea)

=dimlker(%))
= 2- rank 1%1=1



Today and next week : orthogonality
Idea : length and angles

let v= / .

Then one can define the length of v asÉ
.

Vn

This matches our intuition :

• In Pi
, 7

• .

?
. .
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v. ⇒ length (v) = FEE (Pythagorean theorem)
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Next , fix a vector u = /
"

of length 1 .

One can consider the transformation T.IR
"

- IR

given by the matrix fun. - - - un)
.
This represents an

"orthogonal projection
"

onto the line

spanned by u :

%
⇒ Tlv) =3

u

^ 7

v this is explained in 3Blue1- Brown 's
video)

Observe that u and v are
"

perpendicular
"

Iff 714--0 i.e
. if uTv=O .

Definition 1 : • let v. w ER
"

, r-f.IN/.w--F:.n) .

Then the dot product of v and w is

v.w = VTW = V ,
W

,
t . . .
+Vnwn

.

• The length of v is 1141 = Fu . If 1141=1, then v is a unit vector .

• The vectors v and w are orthogonal iff v - w = 0
.

Let s be a subspace of Pi . In what follows, we will be interested in finding bases of s

consisting of unit vectors, all pairwise orthogonal .



Definition2 : let u , , . . . . ur. C- R
"

. Then u≥ . . . . , un are orthonormal if Hill = 1 for all i and

Ui - uj = 0 for all i ,j sit. i≠j . (More soccintly : vi.vj = / 1 "↓0 i≠j
)

Example 1 : the vectors (Eg ) , /%) , /f.) are orthonormal
.

Theorem 1 : Orthonormal vectors are linearly independent.

Proof: Suppose uns . _ , un are orthonormal
.

Talk a linear dependence t.ua . . _+hear. .

We want

to show that d.= . . .=ta=0
.

Now 0 = ui.IO) = Ui -Hint . - Adnan) = Xi for all i , as desired
. ☐

↓
Ui -Uj= /§

Corollary : let s ≤R
" be a subspace of dimensions .

Then, any set of s orthonormal vectors in S

forms a basis of S .

Orlhogonalprojections
Fix a subspace S ≤ R

"

,
and assume Uas . . . , us is an orthonormal basis of S .

Definition 3 : let VER
"

.
Then the orthogonal projection of v onto S is given by :

✓
"
= (Niv) U,

+ (Uz- V) Uz t . . - t / Us -V)Us

Picture : Ui . V is the
"coordinate in the direction of ui

"
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Definition 4 : The perpendicular component of v is vt = v - v" .

Theorem 2 : The vector vt is orthogonal to the subspace S lie
. orthogonal to every vector in S) .

Proof: First note that ui.vt-ui.lv- v" )
= (Ui.v) - Ui • ( (Niv) U,

+ (Uz- v)Uz + . . - t / Us -V)Us)

= @i.v1 - (Ui • V) -(Ui;¥ =D
.



Now
, if W ES

,
we can write it as w = hurt . . _ + tsUs , so ✓t.w-hlvt.at) +

. . .tts(v÷s)T

= 0
. ☐

Example 2 : consider 5- Span ( (%) , / )) ,
and v = /%) .

Note that u , = ¥ /%) , a.=/ ) form an orthonormal basis .

Ther, V
"
= (V. Ui) - U , + (v. Uz) -Uz = ¥2 < U , + 3 -uz = ({§)
a-= . -" =/

"

%) .

Observe : it- u, =
-¥ + ¥ = 0

Vt - Uz = 0 + 0 = 0

Remark : observe that every REIR
"

can be written uniquely as v= v
"
+ vt :
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Important remark : v
" and vt are always in reference to some subspace S ≤R

"

.
Sometimes

,
we

write ✓
"
= projslv) every time, to be less ambiguous .

Observation : If 5=113
"

, prog's
= identity map , so if u , , . . . > un is an orthonormal basis of Pi ,

every ✓ EIR
"

can be written as v= Minuit . . _ + Can• v)Un .

Definition 5 : The orthogonal complement of a subspace S ≤Rn is Sᵗ= / vepi : v is orthogonal /
to s

= /VER" : v. w=O for 4
all WE S

Theorem 3 : Let SEIR
" be a linear subspace and let us, . . _ , us be an orthonormal basis of S .

Then the transformation projs : R
"
→R

"

is linear
,
its image is S and its kernel

is St
.



Proof: To see that projs is linear , we need to show :

• projscvtw) = projslv) + pnjscw) ( In - class exercise)

•

projs (tu) = luibv) uit . . _ + Ian. A)Un .

I tluiv) uit . . _ + Han
• v)un

dot product
is linear

= ✗ ( (Uiv) uit . . _ + (an• V)Un)

= tprojslv) .

1m15)=S An-class exercise)
.

Ker(5) = hvER" :(Uiv) uit . . _ + Can• v)Un = 04

I hv ER" : Uiv = Uzev = . .
_

= Unit=D }
41, . . ., Un f.i.

= tv ER
"

: iv. v=0 for all WES {↓
his - -→

Un spans

= St
.

☐

Corollary : St is a subspace of R
"

Natural question : what is the matrix of projs ?

Example 3 : consider f- Span ( (%) , / )) ,
and v = (E) again .

Then projs (%) = (e.• a) - ait Haz) -uz

= ¥ . U , +0 - uz = ¥ /
"

f)
proj, (g) = iez.u.ru , + lez .ua .az § projs is given by the matrix

= ¥ hi = ¥ / ↓) (¥ ¥
°

⇐ ÷ :| .

pnj ( / = Ceilidh , + lez.ua)Uz
= Out Uz = (§)

Next time : how to find orthonormal bases ?



In -class exercises :

let s = Span / (%) , /%)) .

let v= (%) .

Find v" and it
. Verify that it is orthogonal to 5 .


