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Definton 4 coteomnn

Formally, a field is a set F together with two binary operations on F called addition and multiplication.!"] A binary operation on
Fis amapping F x F— F, that i, a correspondence that associates with each ordered pair of elements of F a uniquely
determined element of F.[2I%] The result of the addition of @ and b is called the sum of @ and b, and is denoted a + b.
Similarly, the result of the multiplication of @ and b is called the product of @ and b, and is denoted ab or a - b. These
operations are required to satisfy the following properties, referred to as field axioms (in these axioms, a, b, and ¢ are
arbitrary elements of the field F)
« Associativity of addition and multiplication: a + (b +c)=(a+b)+c,anda - (b - ¢)=(a - b) - c.
« Commutativity of addition and multiplication: @ + b=b+a,anda - b=»b - a.
« Additive and multiplicative identity: there exist two different elements 0 and 1 in Fsuchthata + 0 =aanda - 1 =a
« Additive inverses: for every a in F, there exists an element in F, denoted —a, called the additive inverse of a, such that
a+(-a)=0.
« Multiplicative inverses: for every a # 0 in F, there exists an element in F, denoted by @~ or 1/a, called the multiplicative
inverse of a, such thata - @ ' = 1
« Distributivity of multiplication over addition: @ - (b+¢)=(a - b) + (a - ¢).
This may be summarized by saying: a field has two operations, called addition and multiplication; it is an abelian group under
addition with 0 as the additive identity; the nonzero elements are an abelian group under multiplication with 1 as the
m identity; and on distributes over addition.

Even more summarized: a field is a commutative ring where 0 % 1 and all nonzero elements are invertible.
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Axiom Meaning
Associativity of vector addition ut(vtw)=(ut+tv)+w
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. " There exists an element 0 € V, called the zero vector, such that
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inverse of v, such that v + (—v) = 0.

Compatibility of scalar multiplication with field
,p, ) k4 p a(bv) = (ab)v 3]
multiplication

Identity element of scalar multiplication 1v = v, where 1 denotes the multiplicative identity in F.

Distributivity of scalar multiplication with respect
. a(u+v)=au+av
to vector addition

Distributivity of scalar multiplication with respect

: o (a+b)v=av +bv
to field addition
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