
Mock final solutions
1-
'

(a) A = F)
A is not symmetric ⇒ A is not orthogonally diagonalKable .

Eigenvalues : charpoly (A) = de.tl s
= 14 -HIS -d) +4 = I -9×+24

⇒ + = 8l±Ñ
Since 81-424<0, A has no
real eigenvalues ⇒ A is nd

'

0 2 diagonali table .

(b) A = ! ° o 3)
- 3 0

A is not symmetric ⇒ A is

'

not orthogonally diagonalKable .

Eigenvalues :

charpoly (A) = det IA - 1-1-41 = dot "
→ 3)
-3 -×

= 612-1414491

↳ This has no real roots ⇒ A is not diagonalitabk .

(c) A = f-2 -1 I
2 I -2)2 2 -3

A is not symmetric ⇒ A is

"

not orthogonally diagonalKable .

Eigenvalues : charpoly (A) = f-
↳ -1 I
2 I -X -2)2 2 -3 -t

= (2-d) . Det ( I - X -

2) + det (2 -22 →→) + det /{ it)2 -3-t



= 1-2-11 . ( (1-HI-3-71+4 ) + (2.1-3-1) - 2- C-D) + (4-2-(1-1))
= (-2-1) . (1+2,1--3+4) + (-6-2×+4) + ( 4-21-21 )

✗2+2×+1

= -43-2,12 - t - 2×2-4,1-2 -2×-2 1-21-24

= - 13-4,12 - SX -2 1*1

Observe : 1=-2 is a solution : +23-4.22+5.2-2 = 8-16+10-2=0
.

So let's divide by 1×+2) . Now - P - 442-51-2 = (✗+2) (-42-2×-1)
↓

roots : -1 (algebraic
multiplicity 2)

= - (41-2)/4+112
So the eigenvalues are -2 and -1 .
To see whether A is diagonala-able, we need to see if g. , -2 .

Now
g-

= dim /E-=) , and Ez = Fer (A +2-1-3) = Ker (§ } ÷,)
-

Clearly this matrix has rank 2
,

so g- ,
= 3-2=1

Since g- ,
= 1- < 2 = a- i , A is not diagonal☒able .

(d) A-- f! I :)2 1 2

Since A is symmetric, it is orthogonally diagonal izable .

Eigenvalues : char poly (A) = det f-
2- × 2 1

2 1-) 2

1- 2 -2-1)
= (-2-1) . ( ( 1- d) (-2-1)-4) - 2. (2-(-2-1) -2) + (2.2-(-1-4))



= (-2-1) . ( 12 + X - 6) - 2- ( -2×-6 ) + (3+1)

=
- ✗3- +6,1 -2×2-2×+12 +47+12+3+1

= -1,3-3,12+94 +27 (*!

Observe : ✗ =3 is a solution : -33 -3-32+9.3+27

Next
,
divide by ✗ -3 : - ✗3 -3×2+9×+27=(4-3) - (-12-6,1-9)

↓
roots : ✗ =-3

(algebraic mdtipliaty 2)So the eigenvalues are 3 and -3

Eigenspaces :

Ez = Ker / A -3I}) = Ker (É -
É ±

1- 2 § )

÷ !/ f) ⇔± 1 ; ;; / §
"⇒⇔:

42 -2 2 ) → 0 -6 12
*→⇔. I :[¥ :)

:÷.H*¥"=t÷÷:⇒÷÷:| :)
I→±gI ↳t

⇒ Es = 4 (É) : -14124 = Span / 1! )) .

→ Orthonormal basis : ¥ /§) .

E.5- kerf } ¥ ;)
(¥:{ / %) EEE ooo

#→☒± % } ! / :o) ⇒ Es =/ (-2¥ ) : t.se/R }

¥ !
= span /III. Till

Now we find an orthonormal basis of E→.

Let uz=¥ (F)



If w= (f) , wt-w-lw.ud.ua -_ (F) - ÷ - ¥ / = [
Finally ↳=Y,=

µ
% "to ) (

3 0 0 Kro % Yr:o)A = % Yrs -% ° -3 ° ) (-4ps Krs O

O °
-31hr6 0 5hr30 -thro - 2hr30 V30

2. (a) Note that S= Fer (21-1) , so S is a subspace of R?
Since 12 1 - 1) has rank 1

, by rank -nullity , dim (Ker (21-17)=2 .

(b) let us find an orthonormal basis of S .

Now, a basis for S is
, (f) ( dims)=2 and these are li . )

.

Gram- Schmidt : a. = # (E) , vi-= (f) - Is - ¥1k) = [ .

⇒ Uz = 1-

Fish (F) = ¥0 (F) .

let Q = µ -2%050
sarzo ) -

The matrix of projs is

Yrs 'V30

↳+4/30 -1930 % -730

QQT = ! -2/530 ( "☐ ° %
-1%0 2%30 5130

O S/Fso ) -21530%30 "B)
= [ 2g -2/30 430 41st21ps I/Fso

43 -1/3 113
= (-1/3 % 46) .

Its 116 %



(c) V
"
= QQT (§ ) = ( "3-% +313

'

-113+1%+316 ) = ( §g )113+46+146
.

a- = vii. = %) '

3. char poly (A) = det (Yai;) = F- at +1
Roots : ✗ = a±[T .

This is a single value if and only if a2 -4--0
, if a=±2 .

If a--2, ✗ = 1
,
and E1= Yer [ I F) , so g. = 1 < 2 = az ,

so A is not diagonal☒able .

If a = -2 , t = -1 , and E.
,
= Ker (11--1) , so g. a. = 1 < 2 = a-z .

so A is not diagonal☒able .

4. (a) : T.IR → 1122
.

Indeed
, KerCT)= 404 but lmk) = Span ((f)) ≠ R?

✗↳

(b) : A- = (01-12) , by Exercise 2 .

(c) A- = (°, f) ,
since charpoly (A) = ✗2+1

.

This has two distinct

eigenvalues over € , so it is diagonalruble our E , but the eigenvalues are complex ,

so A is not diagonalitable over R .



(d) A = [11 , 1 Indeed
,
Ker (A) = Span (es , es, et) ≤ Rt

1
Im (A) = Spank, , ez.es , e4) ≤ R2

%

(e) Consider the nonorthogonal vectors (b) and (1) , and take A suchthat

A- (f) = (b) , A. (1) = 2- (1) . Then A- (9) = A- (111-1611--2.111-11)
=L:) .

So the matrix A- = (GI) works
.

5. (a) False : ( f) is orthogonal bot not symmetric .

(b) True: recall that Eax ≤ degree of charpoly (A) = n
,
and
g, ≤ a, for all X , so

Eg, ≤ Eat = n .

(c) True : since v ES, projslv)=v
4 ⇒ v=0

.

* c-ST projslvl -0

(d) True : let A- = fly .
. . Y) .

Then ATA = µ!"
"•" " - Vi"

vi. i. "÷/ =/
""iii.

"%) .

(e) : True : the Jordan normal form of A is either

f- '%) , f- ii. e) , /"%;) .fi : ;) ,
or f- ii. ±)

In each case, A- I 5
'
JS - IES

-' ( I -I )S ,
so

(A-I)" = 5' (J- Iis
-

zero in every case :(%:|:-[ % ,/
"

= [%;)
"

-

- Iii;)
"

-
- [%;):-(!



6
.

Since VT is invertible
, using the hint, Im (A) = Im / U E.) .

Now

Im / U (Do 8) ) = Span ( first r columns of 6) = Span fun . .
_ , ur) .

Now obviously u ,, . . _, ur form an orthonormal basis of Im (A)
,
since they are

orthonormal and they span 1m /A)
.

Next
, Ker (AT) = HER" : Atv -04

= { v EIR" : V2 Utv = Of
SVD
←

= { v EIR" : EUTV C- kercv) }

1- HEIR
"
s . -1 . EUTv=O 4

term -_ 404 × , .lu ,
•4=0

= / v EIR" s. -1 .
'

:

tr - her. v1 = o
\

= hv EIR
"

: first r columns of U are 4
orthogonal to v

= Spanky . -surf

clearly , Urta , . . - sun form an orthonormal basis of this subspace .


